Universidad de los Andes, MATE-4241
Monika Winklmeier, Fabian Latorre

Operator Theory Problem Sheet 10

Hand in: 5th of November 2010

1. Let Q be a domain in C and ¢ € C(2) an unbounded function with supco{Req(§)} <
o0. Let X = Cp(?) together with the supremum norm and M (X — X) the maximal
multiplication operator corresponding to ¢ and define 7 = (T'(t))s>0 by

(T(t)f) () =e""@f(E), feX, (e

(a) Show that 7 is a strongly continuous semigroup.
(b) Show that 7 is not uniformly continuous.
(c) Show that M is the generator of 7.

A semigroup is called uniformly exponentially stable if there exist w > 0 and M > 1 such
that | T(t)|] < Me™“t for all t > 0.

2. Let X = Cp(R) and ¢(s) = —ﬁ + is. Show that the corresponding multiplication
semigroup is not uniformly exponentially stable but converges strongly to 0.

3. If T = (T'(t))i>0 is a uniformly continuous semigroup, then the following is equiva-
lent:

(a

7 is uniformly exponentially stable.

)
(b) limye ||T'(2)] = 0.
(¢) There exists a to > 0 such that |T'(¢o)|| < 1.
(d) There exists a t; > 0 such that r(7T'(¢1)) < 1 where r(T'(¢1)) denotes the spectral

radius of T'(¢1).

4. Let X be a Banach space and K C R a compact set. For a function F' : K — L(X) the
following is equivalent:

(a) F is strongly continuous.

(b) F is uniformly bounded on K and there exists a dense subset D C X such that for
every x € D the following map is continuous:

K—X, te— F(t)x.
(¢) For every compact subset C C X the following map is uniformly continuous:

KxC—X, (tz)— F(t).



