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1. Let X be a Banach space, T (X → X) a closed operator and D0 ⊆ D(T ). Show that D0

is a core of T if and only of (T − λ)D0 is dense in X for one (for all) λ ∈ %(T ).

2. Let X be a Banach space and A(X → X). Let Γ be a positively oriented Jordan curve
which does not intersect σ(A).

(a) Show that
1

2πi

∮
Γ

(λ−A)−1 dλ is a projection.

(b) Show that, if A is bounded and Γ encloses σ(A), then

exp(tA) =
1

2πi

∮
Γ

eλt(λ−A)−1 dλ.

3. Show that every continuous solution f : R→ R of

f(s+ t) = f(s)f(t)

is differentiable and consequently of the form f(t) = ceta.

4. Define the semigroup T = (T (t))t≥0 by

(T (t)f)(ξ) = f(ξ + t), f ∈ X, ξ ∈ R.

(a) Show that T is a strongly continuous, but not uniformly continuous semigroup if
X = BUC(R) or X = Lp(R) with 1 ≤ p <∞.

(b) Show that T is not strongly continuous if X = L∞(R).


