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1. (a) Is the right shift on `2(N) the Cayley transform of a closed symmetric operator A?
If so, find A and its deficiency indices dim(rg(A± i)⊥).

(b) Is the left shift on `2(N) the Cayley transform of a closed symmetric operator B?
If so, find B and its deficiency indices dim(rg(B ± i)⊥).

2. Let (Eλ)λ∈R be a spectral resolution on a complex Hilbert space H. Let x ∈ H and
f ∈ C(R,C). Then the following is equivalent:

(a)
∫ ∞
−∞

f(λ) dEλx exists.

(b)
∫ ∞
−∞
|f(λ)|2 d〈Eλx , x〉 exists

(that is, f ∈ L2(R,dαx) where αx(λ) = 〈Eλx , x〉 for λ ∈ R).

(c) The map ϕ : H → C, ϕ(y) =
∫ ∞
−∞

f(λ) d〈Eλx , y〉 is a bounded anti-linear functio-

nal.

3. Let A be a selfadjoint operator on a complex Hilbert space H with spectral resolution
(Eλ)λ∈R. Then

s- lim
ε↘0

1
2πi

∫ b

a

[
(A− λ− iε)−1 − (A− λ+ iε)−1

]
dλ =

1
2
(
E([a, b])− E((a, b))

)
.

4. Use Stone’s formula to find the spectral resolution of at least one of the following opera-
tors:

(a) T =
(

1 0
0 2

)
on C2.

(b) Let (X,µ) be a measure space. For a µ-measurable function g : X → R define the
maximal multiplication operator Tg on L2(X) by

D(Tg) :=
{
f ∈ L2(X) : fg ∈ L2(X)

}
, Tgf := gf for x ∈ D(Tg).


