
Universidad de los Andes, MATE-4241
Monika Winklmeier, Fabián Latorre

Operator Theory Problem Sheet 3

Spectral theorem. Hand in: 26th of August 2010

1. Let H, ϕ : R→ (a, b), (Eλ)λ∈R and (Fλ)λ∈R be as in Problem Sheet 2, Exercise 3.
Moreover let f : (a, b) → R such that f |[a0,b0] ∈ I[a0, b0] for every compact subinterval
[a0, b0] of (a, b). Show:

(a)
∫ ϕ(β)

ϕ(α)

f(λ) dEλ =
∫ β

α

(f ◦ ϕ)(λ) dFλ for all [α, β] ⊆ R.

(b) Let x ∈ H. Then ∫ b−0

a+0

f(λ) dEλx := lim
λ↘a
λ2↗b

∫ λ2

λ1

f(λ) dEλ

exists if and only if∫ ∞
−∞

(f ◦ ϕ)(λ) dFλx := lim
λ↘−∞
λ2↗∞

∫ λ2

λ1

(f ◦ ϕ)(λ) dFλ x

exists.

2. Let a : [0, 1]→ R be continuous and A : L2(0, 1)→ L2(0, 1) be defined by

(Ax)(t) := a(t)x(t), t ∈ (0, 1), x ∈ L2(0, 1).

(a) Show that A is selfadjoint.
(b) Find m := infx∈H,‖x‖=1(Ax, x) and M := supx∈H,‖x‖=1(Ax, x).
(c) Find the spectral resolution of A.

3. Let A and B be bounded selfadjoint operators on a Hilbert space H with spectral re-
solutions (EA(λ))λ∈R and (EB(λ))λ∈R. Show that dimEA(λ) ≤ dimEB(λ) 1 for every
λ ∈ R if A ≥ B.

4. Let H be a Hilbert space and A ∈ L(H).

(a) Show that Exp(A) :=
∞∑
n=0

1
n!
An converges in the operator norm. Show that

(
Exp(A)

)∗ =

Exp(A∗). In particular, Exp(A) is selfadjoint and
(

Exp(iA)
)∗ = Exp(−iA) if A is

selfadjoint.
(b) Show that Exp(A) = exp(A) for selfadjoint A where exp(A) is defined via the

continuous functional calculus.

1using the notation dim P := dim(rg P ) for an orthogonal projection P .


