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1. 1. Let H be a Hilbert space. If (xn)n∈N is a sequence of pairwise orthogonal vectors in
H, then the following are equivalent:

(a)
∞∑

n=1

xn converges in the norm topology of H.

(b)
∞∑

n=1

||xn||2 <∞.

(c)
∞∑

n=1

〈xn, y〉 converges for every y ∈ H.

2. Let P1 and P2 be orthogonal projections acting on the Hilbert space H. Then we have

‖P1 − P2‖ = max{%12, %21}

where

%jk := sup
{
‖Pjx‖ : x ∈ rg(Pk)⊥, ‖x‖ ≤ 1

}
.

3. If P and Q are orthogonal projection on the Hilbert space H such that
||P −Q|| < 1, then we have

dim (rgP ) = dim (rgQ), dim (rg(I − P )) = dim (rg(I −Q)).

4. Define the right shift operator S on `2(Z) by

(Sx)k = xk−1, k ∈ Z,

where x = (xk)∞k=−∞ is in `2(Z). Find σp(S), σc(S), σr(S).


