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2 CONTENTS

These lecture notes are work in progress. They may be abandoned or changed radically at any
moment. If you find mistakes or have suggestions how to improve them, please let me know.

Nothing in this lecture notes is new. My main sources are excellent books by H. Bauer, Measure
and integration theory [BauO1], J. Elstrodt, Mafi- und Integrationstheorie [Els05], G. Folland, Real
analysis [Fol84], P.'Halmos, Measure theory [Hal50], W. Rudin, Real and complez analysis [Rud87],
H. Widom, Lectures on measure and integration [Wid69).

An important part of any mathematics lecture are exercises. For each week there is a problem
sheet with exercises (stolen from various books) which hopefully help to understand the material
presented in the lecture.

Corrections, comments and remarks on the text are most welcome!

Bogotad, August 2026,
Monika Winklmeier.
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Chapter 1. Rings, Algebras, Contents, Measures 3

Chapter 1

Rings, Algebras, Contents,
Measures

1.1 Rings and Algebras

Throughout this section, let X be a set and let A, B C X.

The characterstic function of A is

—_

, if x €A,

X = C =
X4 o xal@) {0, if zd A

Of course, we can view x4 also as function from X to R.
Definition 1.1. The symmetric difference of A and B is
AAB :=(A\B)U(B\A)=(AUB)\ (AN B).

Clearly,
AND = A, ANX = X\ A, ANA = @.

Remark 1.2. Let A,B C X.

(i) AAB = BAA.

(ii) f AN B =@, then AAB =AU B.
(iii) If A C B, then AAB = B\ A.

Theorem 1.3. The triple (P(X),A,N) is a commutative ring with identity, where A is addition,
N 1s multiplication, & is zero, and X is one.

Proof. The claim follows from straightforward calculations.

An alternative, shorter proof is achieved by identifying sets with their characteristic functions.
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4 1.1. Rings and Algebras

Let K = {0,1} be the field with two elements and let
R:={f:X—-K}

be the set of all functions from X to K. It is easy to check that R is a commutative ring with
addition and multiplication defined pointwise. Its zero element is f = 0 and its one is f = 1.
We define the map

o :P(X) — R, A— xa.

Clearly, ¥ is a bijetion and

V(AN B) = U(A)¥(B), U(AAB)=U(A)+¥(B). A BCX. (1.1)

The first equality in (1.1) is clear, the second equality follows from
V(AAB) = x(a\B)u(B\A) = XA\BTXB\A = XA\B+XB\A+XAnB + XanB = Xa+XxB = V(A)+¥(B).
_—
=0
Hence (PX,N, A) is a commutative ring with

0=010) =0 (xo) =2, 1=0'1)=0"'(xx)=X. O

Definition 1.4. Let X be a set.
(a) A family R C P(X) is called a ring over X if it is a subring of (P(X), A, N).

(b) A family A C P(X) is called an algebra over X if it is a ring over X and X € A.

Theorem 1.5. Let X be a set and let R CP(X). The following are equivalent:

(i) R is a ring over X.

(i) @ € R and, for all A;B € R, one has AAB € R and ANB € R.

(ill) @ € R and, for all A,B € R, one has AUB € R and A\ B € R.

(iv) @ € R and, for all A,B € R, one has AAB € R and AUB € R.

(v) @ €R and, for all A,B € R, one has AAB € R and A\ B€TR.
Proof. Let us start with a remark on the condition @ € R. Note that a ring is never empty because
it contains at leat the empty set. Therefore, in (ii)—(v) we need explicitely the condition @ € R
because R = @ would satisfy closedness under unions, intersections, etc., but it would not be a
ring.

Alternatively, we could could replace the assumption R # @ by @ € R. Then, under each of the
assumptions in (ii)—(v) it follows that @ € R because & = AAA = A\ A for every A € R.

(i) <= (ii) is just the definition of a ring.
(i) = (iii): Let A,B € R. Then

AUB=(AAB)A(ANB)eR, A\B=(AAB)NA€ER.
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Chapter 1. Rings, Algebras, Contents, Measures 5

Note that for the second equality we could also use for instance that A\ B=(ANB)AA € R.
(ili) = (iv): Let A, B € R. Then

AAB = (A\B)U(A\B) e R.
(iv) = (ii): Let A,B € R. Then
ANB=(AUB)A(AAB) € R.

(ii) = (v) is clear because (ii) implies (iii).
(v) = (ii): Let A, B € R. Then

ANB=A\(AAB) e R.

Just to practice a bit algebra with sets, we note that (iv) = (iii) follows from
A\B=AA(AUB) e R,
and (ii) = (iv) follows from
AUB = (AA(AUB))AB € R.
Remark. You should also show directly that (v) is equivalent to each of the other assumptions.
Theorem 1.6. Let X be a set and let A CP(X). The following are equivalent:

(i) A is an algebra over X.
(ii) X € A and, for all A,B € A, one has X\ A€ A and AUB € A.
(iii) X € A and, for all A,B € A, one has X\ A€ A and ANB € A.

Proof. (i) = (ii): Follows from the definition of an algebra and Theoreem 1.5, (i) = (iii).
(ii) = (iii): Let A, B € A. Then

ANB =X\ [(X\A)u(X\B)] €A
(i) = (i): Let A, B € A. Then
AAB = (AUB)\ (ANB) = (AUB) N [X\(ADB)]
- (X\ [(X\A)m(X\B)]) N [X\(AmB)} €A
Therefore, A is a ring. Since it contains X, it is even an algebra. O
Examples 1.7. Let X be a set.

(i) For every A C X,
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6 1.1. Rings and Algebras

e {&, A} is a ring over X; it is an algebra if and only if A = X.
e {&, X, A, X\ A} is an algebra over X.
(ii) P(X) is an algebra over X.

(iii) If X # @, then
E:={AC X : Ais finite }

is a ring. It is an algebra if and only if X is finite.

(iv) If X # @, then
C:={AC X : Ais countable }

is a ring. It is an algebra if and only if X is countable!.
(v) If X is uncountable, then
{AC X : Ais finite or X \ 4 is finite}

is an algebra over X.

Definition 1.8. Let X be a set.

(a) A family R C P(X) is called a o-ring over X if R is a ring over X and for every sequence
(Aj)jen in R one has

[j Aj eR.
j=1

(b) A family A C P(X) is called a o-algebra over X if X € A and A is a o-ring over X.
Theorem 1.9. Let X be a set, R CP(X), and A CP(X).

g eR,
(a) R is a o-ring over X = A,BeR = A\BEeR,
(4j)jen CR = UjZ, 4, € R

X e A,

(b) R is a o-algebra over X — <= Ac A = X\AcA,

(A4j)jen €A = Uj2, 4, € A
X eA,

(¢) R is a o-algebra over X <= Ac A = X\AecA,
(4j)jen €A = ;21 4; € A

LA set is countable if it is finite or countably infinite.
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Chapter 1. Rings, Algebras, Contents, Measures 7

Proof. (a): “=" is clear. For the direction “<=", fix A,B € R and set A; := A, Ay := B,
Aj:=@for j > 3. Then AUB = U;i1 Aj € R. Therefore, R is a ring by Theorem 1.5.

(b) “=" is true by defnition of a o-algebra. “«<=" follows as above using Theorem 1.6.
The right hand side of (c) is equivalent to the right hand side of (b) because

U =x (ﬁX\A) wd (14,3 (U ap). O

Jj=1 Jj=1

Examples 1.10. Let X, Y be sets.

(i) P(X) is a o-algebra over X.
(ii) Every finite ring is a o-ring; every finite algebra is a o-algebra.
(iii) {A C X : A is countable } is a o-ring over X.
(iv) If f: X - Y and R is a o-ring over Y, then
JUR) = {7U(B) BER)

is a o-ring over X.
(v) If A is a o-algebra over Y, then f~!(A) is a o-algebra over X.
(vi) If X CY and C is a o-ring/o-algebra over Y, then

Clx ={BNX:BeC(}
is a o-ring/o-algebra over X. it is called the trace of C on X.

Note that this is a special case of (iv) and (v).

Remark 1.11. (i) The intersection of a family of rings is a ring.
The intersection of a family of o-rings is a o-ring.

(ii) The intersection of a family of algebras is an algebra.
The intersection of a family of o-algebras is a o-algebra.

Let X be aset and ) C PX. Since PX is a o-algebra (in particular also an algebra and a (o-)ring),
the intersections

RY):= [) R o-R(Y) = N R,
YCR YCR
R ring over X R o-ring over X
A(Y) = N A A= N A
YCA ycA
A algebra over X R o-algebra over X

contain . By Remark 1.11, R(Y), o-R(Y), A(Y), o-A(Y) are a ring, o-ring, algebra, o-algebra,
respectively. Clearly, they are the smallest ring/o-ring/algebra/c-algebra that contains ). This
justifies the following definition.
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8 1.1. Rings and Algebras

Definition 1.12. Let X be a set and ) C PX. Then the ring/o-ring/algebra/o-algebra generated
by Y is the smallest ring/o-ring/algebra/o-algebra over X that contains ).

A very important example are the Borel o-algebras.
Example 1.13 (Borel o-algebra). Let X be a topological space and let 7 be the topology on X
(that is, 7 is the set of all open sets in X). Then
B(X) := o(7) := o-algebra generated by 7
is called the Borel o-algebra on X.

Definition 1.14. Let X be a set. A family H C P(X) is called a semiring over X if
(i) @ € H;
(i) A,B € H implies AN B € H;
(iii) for all A, B € H, there exist pairwise disjoint Cy,...,C, € H such that

A\ B = UFICJ—.
Examples 1.15. (i) The family {@} U {{a} : a € X} is a semiring over X. It is a ring only in

the trivial cases where | X| < 1.

(ii) The families
J :={la,b) :a < b, a,b € R}, {(a,b] : a < b, a,b R} (1.2)

are semirings over R.
In contrast to Remark 1.11, we have the follwing.

Remark 1.16. The intersection of two semirings is not necessarily a semiring.

For example, let Hy := {@, {a,b}, {c}, {a,b,c}} Hy := {2, {a}, {b}, {c}, {a,b,c}}. Then H;

and Hs are smeirings but H; N Hs is not.

Lemma 1.17. Let H and K be semirings over X and Y, respectively. Then
HxK:={AxB:A€H, BeEK}

s a semiring over X x Y.

Proof. Clearly @ = @ x @ € H x K. Moreover, let C; = A} x By, Cy = Ay x By € H x K. Then
ClﬁC’Q:(AlﬂAg) X (BlmBQ) c HxK.

In order to see that C; \ Cy is the disjoint union of elements in H x K, we write A; \ As = U?ZlC'j
and B \ By = U}, Dy, as disjoint unions of elements in H and K. Then

C1\ Cy = (A1 x By) \ (A2 X By) = ((A1\ A2) x B1)U|(A1 N Ag) x (B \32)]
ZO(ijBl)L’J m((AlﬂAQ)XDk). 0
Jj=1 k=1
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Chapter 1. Rings, Algebras, Contents, Measures 9

Corollary 1.18. Let n € N and let a = (a1,...,an), b = (b1,...,by) € R™ with a; < b; for all j.
Define
[aab) = [ahbl) Koo X [arubn), (avb} = (alabl} Xoeee X (anabn}'

Then
J" = {[a,b) 1 a,b € R™, a; <b; for all j}
and

K" :={(a,b] : a,b € R", a; <b; for all j}

are semirings over R™.

Theorem 1.19. Let X be a set and let H CP(X) be a semiring over X. Then

- n

R(H):{ Aj :neN, A1,...,An€H}. (13)

j=1

Equivalently, every element of the generated ring is a finite union of sets from the semiring. Such
a union may be chosen pairwise disjoint.

Proof. Let R be the set on the right hand side of (1.4). Clearly H C R and if every ring that
contains H, must also contain F. So it remains to show that R is a ring, because in that case, it is
the smallest ring containing H. Note that & € H € R. Hence, Theorem 1.5 we have to show that
AUBeR and A\ Be R forall A,BeR.

Let A,B € R. Then we write them as A = J;_; N; and B = U, M; with N;, M € H.

Consequentrly, AU B = (U?Zl Nj> U (Upey My) € R.
That A\ B € R, is shonw by induction. If m = 1, then

A\B=A\M = O(Nj\Mﬂ,

=1

Since each N; \ M is the (disjoint) union of sets elements in H, it follows that A\ B € R.
Now assume that the claim is true for some m and let B = Uzz'll N, with My,...,M,,+1 € H. Set
B = ;- Ni. By the hypothesis of induction, A\ B € R, hence, by the base case, also

A\B=(A\B)\ M1 € R. O

Remark 1.20. It is easy to see that also
R(H) = {UHAJ» :neN, A,... A, € H} (1.4)

Definition 1.21. Let X be a set. Then 91 C PX is called a monotone class if for every sequence
(Aj)jen C M the following holds:

(i) AyC Ay CA3C--- = UA]-EDJT,
j=1
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10 1.1. Rings and Algebras

j=1

Remark 1.22. (i) Every o-ring is a monotone class. (Use that ﬂj’;l = A1\ U;il(Al \ 4,) for
decreasing sequences (A;);jeny C M.)
(ii) Every monotone ring ia s o-ring.
(iii) The intersection of monotone classes is a monotone class.
(iv) PX is a monotone class.
(v) A monotone class does not need to be a ring. For instance, M := {[0,z) : © € R} is a
monotone class, but not a ring.

Let Y C X. As in Definition 1.12, we call the smallest monotone class containing ) the monotone
class generated by Y. It is given by

M) := N M.
MCR
R mon. class in X

Theorem 1.23. Let R be a ring over a set X and let
S := o — ring generated by R, N := monotone class generated by R.
Then S = M.
Proof. 9 C S: By Remark 1.22, S is a monotone class, hence 9t C S.
S CIM: It is sufficient to show that 9 is a o-ring. Let us fix A € M and define
QA)={BCX : A\B, B\ A, AUB e M}.

This is the set of all sets B so that the “ring operations with A are good”.
Clearly, for each fixed A € 9, the set Q(A) is a montone class Moreover, for A, B € 9, we have

AeQ(B) <<= BeQ4). (1.5)
We note that
(a) Ae R = 9 C Q(A) because clearly R C Q(A) and Q(A) is a monotone class;

(b) Be M = M C Q(B) because for all A € R, we have B € Q(A) by (a), hence also
A € Q(B) by (1.5). Therefore R C Q(B), so also M C Q(B) because Q(B) is a monotone
class containing R.

For all /T, B € M we have
e AUB, A\ B € M by definition of Q(B since A € Q(B) by (b).

e O & M is clear because & € R C M.
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Chapter 1. Rings, Algebras, Contents, Measures 11

Therefore, 9 is a ring by Theorem 1.5. It is even a o-ring by Remark 1.22. O

Corollary 1.24. Let A be an algebra over a set X. Then

o-algebra generated by A = monotone class generated by A.

Definition 1.25. A family D C PX is called a Dynkin system over X if
(i) X € D;
(i) Ae D = X\ Ae D;
(iii) if (A;)jen € D are pairwise disjoint, then
+ 00

AJ‘ED.

=1

Clearly, PX is a Dynkin system, and arbitrary intersections of Dynkin systems are Dynkin systems,
so again there exists a smallest Dynkin system containg a given subset ) C X, and it is the
intersetcion of all Dynkin systems containing ).

Theorem 1.26. Let D CPX. Then

XeD,
D is a Dynkin system <= A BeDwithADB — A\Be€D,
D s a monotone class.

Proof. Assume that D ia a Dynkin system. Then @ = X\ X € D. Now let A, B € D with B C A.
Then

A\B:X\[(X\A)uBu@u@... e D.

Now let (Aj)jEN Q D. If A1 Q A2 g --- we define Bl = A1 and Bj = Aj \Aj—l fOI‘j Z 2. Then
Bj € D for all j € N, they are pairwise disjoint and

IfA]_QAQQ"',theIl

Thus D is a monotone class. .
Conversely, suppose that the right hand side in the claim holds. We have to show that U;;Aj eD
if (A;);en is a sequence of pairwise disjoint elements in D. We first prove the following claim: if
A,B € D with AN B = @, then AU B € D. Note that by hypothesis C' € D if and only if
X \ C € D. Therefore, it suffices to show that X \ (AU B) € D. This follows from

X\ (AUB) = (X \ 4)N(X\B) = (X\4)\B.
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12 1.2. Contents and Measures

Since A € D, it follows that X \ A € D. Moreover, AN B = & implies that B C X \ A, hence also
(X\A)\BeD.

.k .+ 00
The claim now shows that By, := (J,_;A; € D for every k € N, but then also (J,_, 4; = Ure, Bk €
D because D is a monotone class and By C B, C ---. O

Corollary 1.27. Let D C PX be a Dynkin system. Then

D is stable under intersections <= D is a o-algebra.

Proof. “<=" is clear because every o-algebra is stable under intersections.

“="" If D is stable under intersections, then it is an algebra. By Theorem 1.26 it is also a
monotone class. Therefore, by Corollary 1.22, D is a o-algebra. O

Theorem 1.28. Let Y C PX be stable under intersections. Let

D :
A := o-algebra generated by Y.

Dynkin system generated by Y,

Then D = A.

Proof. D C A: This is clear because A is a Dynkin system and ) C A.

A C D: By Corollary 1.27 it suffices to prove that D is stable under intersections. This will be done
similar as in the proof of Theorem 1.23. Let A € D and define Q(4) :={B C X : AnNB € D}.
Then Q(A) is a Dynkin system. Moreover,

e AcY = Y CQ(A) because ) is stable under intersections,
= D C Q(A) because D is the smallest Dynkin system that contains )

e D C Q(B) for all B € D because if A € Y, then B € D C Q(A) by the above, hence also
A € Q(B) by definition. Since D is the smallest Dynkin system containing ), it follows that

D C Q(B).

Therefore, for all A, B € D we have that A € Q(B), hence AN B € D, showing that D is stable
under intersections. O

1.2 Contents and Measures
We use the following convention: For a € R and b > 0,
a+ 0o = 00, o0 + 00 = 00, b- 00 = o0.
Definition 1.29. Let H be a semiring over X. A map
p:H—RU{oo}
is called a content on H if
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Chapter 1. Rings, Algebras, Contents, Measures 13

(a) (@)= 0;
(b) p(A) >0 for every A € H;

(c) if Ay,..., A, € H are pairwise disjoint and U?ZlAj € H, then
-n n
ﬂ( Uj:1 Aj) = z;/i(Aj)-
=

A content is a premeasure on H if the finite additivity in (c) is replaced by o-additivity:

((c)) if (Aj)jen C H is a sequence of pairwise disjoint sets and U;;Aj € H, then
M( Uj:1 Aj) = Zlu(Aj)-
]:

If H is a o-algebra and pu is a premeasure on H, then p is called a measure on H, and (X, H, p) is
called a measure space. A content, premeasure, or measure is called finite if u(A) < oo for every
AeH.

If H is a ring, then the condition U;L=1 € H in (c) is automatically fullfilled. Similarly, if H is a
o-ring, then the condition U;il A; € H in ((c)’) is automatically fullfilled.

Remark 1.30. (i) If at least one summand in (¢) or ((c)’) is infinite, then the sum/series is
infinite.
(ii) The order of summation in ((c)’) is irrelevant because all terms are nonnegative and therefore
the series can be reordered arbitrarily without changing its value. The series either converges
in R or is oo.
(iii) The condition p(2) = 0 excludes the somewhat trivia case u(A) = oo for all A € H.
(iv) For a finite content, u(@) = 0 follows from positivity and finite additivity, since

1(2) = W@ U o) = w(o) + u(2).
Examples 1.31. (i) For n € N let
J ={[a, b) :a,be R", a <b}

the semiring from Corollary 1.18. Then

p(la,0) =[] (b —ay)

=1

<.

defines a content on J".

(ii) Let H be a semiring over a set X.

defines a content on H.
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14 1.2. Contents and Measures

(iii) The counting measure on a set X is

Al|, A finit
@i PX — RU{oo}, Wl):{' | A finite,
oo, else.
It is easy to verify that u is indeed a measure.
(iv) Let X be a set and fix a € X. The Dirac measure at a is

1, a€eB
0.(B) =1 =< ’
«(B) z(a) {0, a ¢ B.

It is easy to verify that (X,PX,Jd,) is a measure space. More generally, if (a;);eny € X are
pairwise distinct and a; > 0, then Zj’;l a;d,; defines a measure on X. We say that u is
concentrated on {a; : j € N}.

(v) Let X be countably infinite. Then
A:={ACX:Aor X\ Ais finite}

is an algebra, but not a g-algebra, and

0, A finite
A — ) )
#A) {1, X \ A finite

defines a content on A4 which is not a premeasure.
Proof. Homework. O

Lemma 1.32. Let pu be a content on a semiring H, and let A, B € H with A C B. Then

1(A) < u(B).
Proof. Since H is a semiring, we can choose pairwise disjoint C1,...,C, € H such that B\ A =
Uj-, Cj. Then
- n n
uB) = n(A0l_ ) = na) + > H(Cs) 2 (A O
]:

Proposition 1.33 (Extension of a content). Let H be a semiring over X and let p : H —
R U {oo} be a content. Let R(H) be the ring generated by H (see Theorem 1.19). For A € R(H)
choose pairwise disjoint Ay, ..., A, € H such that A = U?:1 Aj, and define

Then
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Chapter 1. Rings, Algebras, Contents, Measures 15

(i) @ is a content on R(H);

(ii) @ is a premeasure on R(H) if u is o-additive;
) i
(iv) p mquely determined by (i) and (iii).

Proof. First we show that [ is well defined. Let M, ..., My, and Ny, ..., N, in H with M;NM;, = @
and N; ONk—Qfor];&ksothatU] M = UJ 1N =: A € R(H). Note that M; N N;, € H for
all j, k and that M; = Uk 1M; NN and N; = U 1IN N Mj,. Therefore we obtain

m m n n m

SO u(My) = SN w0 0N = SOS wM AN = 3 (V).
k=1

j=1 j=1k=1 j=1i=1

This shows that 1 is well defined and that (iii) holds.

Now let us show that f is a content. By definition of i we have 1(@) = 0 and (M) > 0 for all
M € R(H). For pairwise disjoint A4,..., A, € R(H) choose pairwise disjoint B, € H such that
Aj = UZ;JlBjk- Then

it = S ut = (U = 10U o) = (U], )

To prove (ii) let us now assume that 1 is o-additive. Let (A;),en be pairwise disjoint elements in
R(H) with A = U 1A; € R(H). Choose pairwise disjoint Bj, € H and C,, € H such that

-y " n
Aj - LJk:lBjk7 & Um:lcm.

We have to show that f1(A) = > 72 | fi(A;). Note that

cmzcmmAzcan%o A~:U:O Chn N A;) UJ 1Uk (Cn By,

Aj=A;nA= U BjkmU U“U (Bjk N C),
and that Cy,, N B, € H. Therefore

n

i) = 3w = S w(U U, G i)

m=1 m=1
nj

> u(Com N By
i(4)

n oco Ny

P OHWICUER :i

o

=AU, U, ennBa) =

J

~[M8 1M

where the o-additivity of p is used in the third step.
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16 1.2. Contents and Measures

For (iv) let u' be a content on R(H) with u/|g = p. Then, for any A = Un

me1Cm € R with
C,, € H, we have

p'(A) = Z 1 (Cp) = Z 1(Cr) = [i(A). O

Theorem 1.34 (Properties of a content). Let R C PX be a ring, let A,B,A; € R, and let
1:R —RU{oo} be a content.
(i) if BC A and u(B) < oo, then u(A\ B) = pu(A) — u(B);
(if) pu(A) +pu(B) = u(AUB) + u(AN B);
) subadditivity: p (U?Zl Aj) < >ion m(Ay);
) if the A; are pairwise disjoint and U;; A; C B then

(i
(iv

oo

> u(4)) < pu(B);
j=1
(v) if the A; are pairwise disjoint and U;;Aj € R then

> ulAy) < u U:; Aj);
j=1

(vi) o-subadditivity if p is a premeasure: if p is a premeasure and B C Ujil Aj, then

oo

W(B) < 3" (4.

Proof. (i) Note that

n(A) = p((A\ BY)U B) = p(A\ B) + u(B).

Since p(B) < 0o, we can subtract it on both sides of the equality and obtain the claim.

(ii) follows from
1(A) +u(B) = p(A) + n((B\ A) U(ANDB)) = p(A) + u(B\ A) + n(ANB) = (AU B) + p(AN B).

(iii) Note that for all n € N we have that Uj_; A; = U;;l (A45\ Uf;llAk). Therefore

=

1(

) = (U, (A U2A0) = S on(A,\ Uiz A < oAy

<.
Il

(iv) Note that B D U?ZIAJ- for all n € N. Therefore,
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Chapter 1. Rings, Algebras, Contents, Measures 17

Taking the limit n — oo on both sides shows (iv).
(v) follows directly from (iv) by taking B = U;;Aj-
(vi) Note that

oo . o0 Jj—1 RPN Jj—1
B=snlJ4,=80_ (4 \Ua)=U_ Bn(4\U4).
j=1 k=1 k=1

€rR
Therefore, since p is o-additive, we obtain
) j—1 00 j—1 o
pu(B) = M(szl BN (Aj U Ak)) = Zu(B N (Aj U Ak) ) <> ul4y) O
k=1 j=1 k=1 j=1
CA;

Remark 1.35. (i) Note that in (iv) and (vi) we did not assume that Ujil Aj eR.

(ii) Strict inequality in (v) is possible. For example, let X = {z,, : n € N} be a countable and
infinite set, A:={B C X : B or X\ B is finite } and p: A — RU {oco} u(B) :=0if B is
finite and p(B) = oo if X \ B is finite. Then A is an algebra, 4 is a non-o-finite content and

iu({wj} =0#1 =M(U{$j}) =pu(X) =1

For another example, see Example 1.41.

Theorem 1.36 (Characterization of o-additivity). Let R be a ring over X and let p: R —
R U {oo} be a content. Consider the following statments:

(A) p is a premeasure.

(B) For every sequence (Ap)nen C€ R such that Ay C Ay C ... and A := UZ,O=1 A, €R,

lim ji(A,) = p(A).

n—roo

(C) For every sequence (Ay)nen C R such that Ay O Ay D ... and A :== ()., A, € R and
H“(Al) < oo,
lim i(An) = p(A).

n—oo

(D) For every sequence (An)nen € R such that Ay D Ay D ... and ﬂzozl A, =@ and p(Ay) < oo,

lim u(A,)=0.

n— oo

Then
(A) <= (B), (C) = (C), B) = (C),
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18 1.2. Contents and Measures

If w is finite, then also (C) <= (D),

Proof. (A) = (B): Sea By:=A; and B; := A;\ A;_; for j > 2. Then A =J2, 4; = U;ilBj
and A, = {Jj_, By, hence

o= (U, ) = 20 =t o) =t (U, ) = Ji )

(B) = (A): We have to schow that p is o-additive. Let (4;)jen € R of pairwise disjoint sets

J oo -k
with A := (J;_;4; € R. Let Cy := U;_;Aj. Then all Cy belong to R, their union is A and
Cy C Cy C ..., hence, by our hypothesis (B), we obtain

p(A) = u( G Ck) = lim p(Cy) = kli_{gou(U: ) = lim Zu (A) = iH(Ak)-
k=1 k=1

(B) = (C): Note for all j € N we have that p(A4;) < oo, A1\ A; € Rand A; \ A; C A\ Aj4q.
Moreover [J;Z, (A1 \ 4;) = A1 \;2; 4; = A1 \ A. Therefore,

p(AL\A) = Tim p(Ar\ Ag) = lim (p(Ar) = p(Ag)) = p(Ar) — Tim pu(Ag) (1.6)
and, because p(A41) < oo,
(AL \ A) = u(Ar) — u(A) (1.7)

Hence, (1.6) and (1.7) show that pu(A) = limy_eo > pey 1(Ak).

(C) = (D): is clear.

(D) = (C): For all n € N let B, := A, \ A. Then for all n € N we have that B, € R,
B,, 2 Byy1 and (,-_, By, = @. Therefore,

0= lim u(Bj) = lim u(A,\ A) = lim (p(A,) = p(A)) = lim p(An) = p(A),

n—oo n—oo

hence p(A) = limy, 00 (A4;).

Now let us assume that p is finite. We will show (D) = (B): Let (A,)neny and A as in (C). For
alln € Nlet C), := A\ A,,. Then for all n € N we have that C,, € R, C,, 2 Cpyq and ()., Cp, = @.
Therefore,

0= Tim p(Cj) = lim p(A\A;) = lim (u(A) = p(Ay)) = p(A) = lim p(A;),
hence p(A) = lim, o0 (A4;). O

The example in Remark 1.35(ii) shows that in general (D) does not imply (B).
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Chapter 1. Rings, Algebras, Contents, Measures 19

1.3 Finite contents and premeasures on R
In this section we will describe all finite contents and premeasures on the semiring
J ={la,b) :a,b R, a <b}

from Example 1.15. By Proposition 1.33 this will then give all finite measures on the ring generated
by J.

Theorem 1.37. (i) Let F : R — R be an increasing function, and define
pr([a, b)) = F(b) — F(a).
Then pp is a finite content on J. If F,G : R — R are increasing, then

ur =pg <<= F —G is constant.

(ii) Conversely, let u: J — R be a finite content and define

Fl)— {102, >0
—a([z,0)), @ <0.

Then F is increasing, F(0) =0, and p = pp.

The content up is called the Stieltjes content corresponding to F'.

Proof. (i): Clearly up(@) = 0 and prp(la,b)) > 0 for all [a,b)J. To see finite additivity, let

a < band a; < by such that [a,b) = U?:l[ajabj)~ Without restriction, we may assume that
ap < ag < -+ < ap. It follows that a = a1 < by = ag < by =ay < --- < b, = b, in particular
F(bj) = F(aj41) for j =1,...n — 1. Hence

ZMF([ajabj)) =Y (F(b;) = F(az)) =Y _ F(b;) — ZF(%))

= Flb) + Y. Flagen) ~ 3. F(a) = F(b) ~ Flar) = F(8) ~ Fla) = pr((a. b)),

that is F'(b) — G(b) = F(a) — G(a) for all a,b € R. This is equivalent to F' — G being constant.
(ii): By definition, the function F' is increasing. To verify u = pp, let a < b.

Case l: a <b<0 = F(b)—F(a)=—u([b,0) - (—u(a,0)) = u(a,b)).

Case 2: a<0<b = F()— F(a)=pu(b,0))—(—u(a,0)) = wu(la,b)).

Case3: 0<a<b = F(b)— F(a)=pu([b,0))—pu(0,a)) = p(a,b)). O
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20 1.3. Finite contents and premeasures on R

Clearly, the function F' in (ii) could be replaced by

Fo(x) = {M([c’x»’ >0,

—,LL([LE,C)), T < 07
or any ¢ € R. Then F.(c) =0 and F — F. = u([0,¢)) if ¢ > 0 and F — F, = —p([¢,0)) if ¢ < 0.

Example 1.38. . Let u =y on J, that is

“(A):{()’ g;ﬁf

Then §y = pp for
1, z>0,
0, =<0.

Theorem 1.39 (Finite premeasures on J). Let F : R — R be an increasing function and let
w = pp be as above. Then

W is a premeasure <= F is left-continuous.

Proof. Assume first that up is a premeasure. Fix a € R, and let (ay,)nen € (—00,a) such that
lim,, o0 @, = a. Without restriction we may assume that the sequence (a,)nen is increasing.
Since p is a premeasure, the sequence of sets ([an,a))nen is decreasing with ('_,[an,a) = @ and
u([a1,a) < 0o, we obtain that F(a) — F(a,) = u([an, a)) is convergent for n — co and

DX

lim (F(a) — F(ay)) = lim p([an,a)) = u(

n—oo n—oo

[an,)) = () = 0.

n=1

Thus F(ay,) — F(a), so F is left-continuous.
Now suppose that F' is left-continuous. Let a < b, and let [a;,b;) € J be pairwise disjoint with

oo

[a,0) = (lay, b))-

Jj=

[

We have to show u([a,b)) = Ejoi1 w([aj,b;)). The inequality
wla,0)) > > plag, b))
j=1

follows from Theorem 1.34(iv). For the converse inequality, fix € > 0. By the leftcontinuity of F,
we can choose 8 < b such that
F) < F(B) +e.

For every j, choose o; < a; such that

F(a;) > F(a;) — 23]
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Chapter 1. Rings, Algebras, Contents, Measures 21

Then [a, 8] C UjZ, (@), b;). Since [a, ] is compact and the (o, b;) are open, there exists N € N
such that
N N
[a,8) € [a, 8] € | J(ay.b; [, b
J=1 J:1

Finite subadditivity gives

N N
plla0)) = p(fa B)) + ((8,5)) < 3 pllewes b)) + (8, 0)) < 3 (s ax) + (g, be) ) + w((8,))
N k=1 N k=1
ok, ar)) + > pllax, bi)) + (B, 0) Z ([ok, ax)) +

k=1 = =

IA
WE
M=
2|

el
I
—_

w([ak, ag)) + 2e.

M

>
Il
—

Since ¢ is arbitrary, equality follows. O

The premeasure pp is called the Lebesgue—Stieltjes premeasure corresponding to F. For F(z) = x,
it is the Lebesgue premeasure
A([a,b)) = pr([a, b)) = b— a.

Remark 1.40. An increasing function need not be left-continuous, but for every x € R the left
limit
F(z—) =lim F(t)
tta
exists. The function x — F(z—) is increasing and left-continuous.

Example 1.41. Let

Fa) = {—l, z <0,

1, z >0

is not left-continuous, and p1p is not o-additive. To see this, observe that [-1,0) = (J,~; {f%, 7%—%1)’
but

pp(1-1,0)) = F(0) ~ F(-1) =2, Zup (|+-a7)) =0

Next we want to write a left-continuous function as sum of a continuous function and a so-called
jump function.

Definition 1.42. A function G : R — R is called a jump function if there exists a countable set
A C R and a function p : A — (0,00) such that > nn P(y) < oo for every n € N and there
exists a € R such that

yeEAN[—

a+ Z >0,
Gl’ — yGAﬂOm)
= S . a<0
yeAN[z,0)
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22 1.4. Extension of Measures

Proposition 1.43 (Decomposition of finite premeasures). Let F' : R — R be increasing
and left-continuous. Then there exist an increasing continuous function H and an increasing left-
continuous jump function G such that

F=G+H.

The functions G and H are unique up to an additive constant, and
HF = pG + pLH-

Proof. Homework. O

Finite premeasures on R?

Let
J4={[a,b) : a < b}.

as in Corollary 1.18. For x = (1,...,24) € R?, write
x~ = (min{x,0},...,min{zy4,0}), " = (max{z,0},..., max{rg,0}).

Theorem 1.44. Let pu: J¢ — R is a finite premeasure and define

= ( f[ sign :L'j),LL([-Tia zt))
j=1

is increasing and coordinatewise left-continuous.

Conversely, if F : R* — R is a coordinatewise left-continuous function, then it defines a finite
premeasure on J by

Theorem 1.45. As special case of Theorem 1.4/ we obtain that
d
g =R, Ma,b)) Hb—aJ
j=1

1S a premeasure.

We will recover this measure also as the product measure of the Lebesgue measure in R in Section 77.

For the definition of increasing functions of several variables and proofs of these results, see [Bau0l,
1.§4] or [Els05, IT §3].

1.4 Extension of Measures

So far we have established:

e there is a bijection between finite contents on J and increasing functions R — R;
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e there is a bijection between finite premeasures on J and increasing left-continuous functions
R — R;

e every content on J has a unique extension to the ring R(J) generated by J;
e the extension is a premeasure if the original content is o-additive.
Now we will deal with the question if and how premeasures on J can be extended to the Borel

o-algebra on R and if such extensions are unique. The idea for extending premeasures is the
following:

e Take a ring R over a set X and a premeasure p on K.

e Extend the premeasure p to a so-called outer measure p* on PX. See Definition 1.46 and
Theorem 1.51.

e Show that there exists a o-algebra 9t on X with R C A such that (X, 9, u*|on) is a measure
space. See Theorem 1.50.

e Then o(R) C A and i := p*|R is a measure on R.

o We will see that in general the extension g is not unique. In order to guarantee uniqueness
we need that the original measure y is o-finite. See Theorem 1.58.

Definition 1.46. Let X be a set. A map
p' i PX — [0, 0]
is called an outer measure on X if

(a) p*(2) =0
(b) 4*(A) < w*(B) it AC B;
(c) for every sequence (4;)jen C PX, we have subadditivity:

w(Ua) < way, (19)

A set M C X is called p*-measurable if, for every A C X,
i (A) = pH (AN M)+ g (A\ M). (1.9)

Remark 1.47. Subadditivity always gives p*(A) < p*(AN M) + p*(A\ M). Therefore, the
condition (1.9) for measurability of M can be replaced by

WH(A) 2 (AN M) + (AN M), (1.9
Examples 1.48. (i) Every measure p: PX — [0, 00] is an outer measure.
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24 1.4. Extension of Measures

(ii) Let

. 0, A=g,
p*(A) =
1, A#wo.

Then p* is an outer measure, but in general it is not a measure on PX.
Remark 1.49. If M; and Ms are p*-measurable and disjoint, then for every A C X,
w (AN (MU M) = p* (AN M) + p* (AN My).
Proof. This follows from

= u*(ANMy) + p* (AN My)

where in the first step we used that M; is measurable. O]

Theorem 1.50 (Carathéodory). Let p* : PX — [0,00] be an outer measure, and let M be the
family of all u*-measurable sets. Then

(i) M is a o-algebra over X ;
(ii) p = p*lom is a measure on M;
(iii) if M C X and p*(M) =0, then M € M.

Proof. (i) Clearly, the empty set is measurable, since for every A C X,
W(AND) + " (A\ @) = " (@) + * (4) = i (A).
If M € 9, then for every A C X,
W(A) = W (AN M) 4+ @7 (A\ M) = p*(A\ (X \ M) + " (AN (X \ M),

so X \ M e M.
Let M, N € M. We will show that M U M € 9. To this end, let A C 9t and note that

pi(A) = p( +pr(A\ M)

p(ANM) + p* (AN M) N N) +p((A\ M)\ N))
p(ANM) + p* (AN M) N N) +p"(A\ (M UN))
I
I

AN M)

IN

((ANM)U((A\M)NN)) +p*(A\ (MUN))
(AN(MUN) + p*(A\ (M UN))

where in the first step we used that M is measurable, and in the second step we used that N is
measurable and the inequality follows from the subadditivity of p*. This shows that (1.9”) holds,
and therefore M U N € 9.

Thus 90 is an algebra. In order to see that 9 is a g-algebra, it remains to show that it is closed
under countable unions. Let (M;)52; C 9. We have to show that M :=J,—, M,, € M. Without

Last Change: Do 17. Sep 06:20:43 CEST 2026
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restriction we may assume that the M,, are pairwise disjoint. If not, we can replace the M; by
M, := My and M, := M, \ U=} M; € M, n > 2 if we note that J3°, M; = ., M,

Set
=Jm, M=JM
j=1

j=1

For all A C X and all n € N we obtain

B (A) = 1 (AN N+ (AN No) = 30 " (AN M) + 47 (A\ N,)
Zn: (AN DM,) + p*(A\ M)

where the first equality is due to Remark 1.11 and the inequality comes from the subadditivity or
w*. Since this is true for all n € N, we can take the limit n — oo and then use o-subadditivity of
©* to obtain

| \

i (AN DM,) + p*(A\ M) (1.10)

_u*(UAﬂMn>+M*(A\M)

1 (AN M) + 1 (A\ M)
Therefore M € 9 by Remark 1.49, showing that 91 is a o-algebra.

(ii) Let @ := p*|on. Since p* is an outer measure, we know that 7z(@) = 0 and that p*(M) > 0 for
all M € M. In order to show that 7z is o-additive take pairwise disjoint M; € 9 and, as before, set

M = Uzo:l. Since M is a o-algebra, we have that M € 9 and the inequality (1.10) gives, with
A=M,

o0

(M >Z” (M N M)+ p*(M\ M) = Z“ (M) (1.11)

where the last inequality follows from the subadditivity of pu*. Therefore, all inequalities in (1.11)
are indeed equalities, proving the o-addivity of p*|on.

(iil) Suppose M C X and p*(M) =0. Let A C X. Then p*(ANM) =0 because 0 < p*(ANM) <
w*(M) = 0 and therefore

W (A) = p(A) + (AN M) > i (A\ M) + (A M)
Consequently M is p*-measurable by (1.97). O

The next theorem shows that every premeasure can be extended to an outer measure. The con-
struction also explains why it is called “outer” measure.
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26 1.4. Extension of Measures

Theorem 1.51 (Extension of a premeasure to an outer measure). Let H be a semiring
over X, and let u: H — [0,00] be a content. We define

pt i PX 5 RU{oo},  pf(A)=infd > u(d;):A;€H, Ac| 4 (1.12)
j=1 j=1

Note that *(A) = oo if AZ Upgey B (in that case, the set in the definition of p*a is empty, so
p*(A) =inf @ =o00). Set

M={MCX:M is u*-measurable}.
(i) p* is an outer measure, and H C 9.

(ii) If p is a premeasure, then p*|g = p.

The outer measure p* from (1.12) is called the outer measure generated by p.

Proof. (i) From the definition of p* it is clear that p*(@) = 0 and that p*(A4) < p*(B) if A C B.
To prove o-subadditivity, let (4;);en € PX and set A := U?:1 A;. We have to show that p*(A) <
S (Ay).

If p*(A;) = oo for at least one j € N, then both sides of the inequality are equal to co by montonicity
of u*.

Now assuwme that ©*(A;) < oo for all j € Nand fix e > 0. For every j, we can choose (N;)keny € H
such that

oo

0o . c
A4; C U Ajr and ZM(Ajk) < pt(45) + e
j=1 k=1

Clearly, A = U;‘;l A; C U;Okzl N and the union is a countable union of elements in /. Hence

oo o (9]

wr) = (UJa) < X s =3
j=1 ;

k=1 j=1

hE

p(Njp) < Z (M*(Aj) + 2%) = ZM*(Aj) +e.

>~
Il

1

Since € > 0 is arbitrary, it follows that p*(A) < Zjil w(A;j).
Now let M € H. In order to show that M € 91 it suffices to show that

W (A) > (AN M) + p*(A\ M)  forall AC X. (1.13)

If p*(A) = oo, this is clear. Now assuwme that p*(A) < oo and fix € > 0. Choose (A4;);en € H
with

w(Aj) < p*(A) +e,

I

AcC G A,
j=1

j=1

and for every j € N choose Nj;, € H with Njzy \Nj; = @ifk # ¢ and A;\ M = UZ;lek- Therefore
. n n;
(A;) = p((A; 0 M) O (AN M) = (A0 MO (U, Nw) ) = A3 0 M) + 3 (V)
k=1
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and consequentely, using the definition of p* in the second step,

pA) >y plAy) =Y AN M)+ Y u(Ny)
j=1 j=1 j=1k=1
>u*<UAJ mM) +u( U N]k))
j=1 =1k=1

Since € > 0 is arbitary, we obtain the desired inequality (1.13).

(i) Now assume the p is o-subadditive and let M € H. Then p*(M) < p(M) is clear (take
Ay =M and A; = @, j > 2, in the definition of p*(M)). Now let (A;)jeny € H with M C Jo7 | A,.
Subadditivity of p shows that p(M) < > 0° | u(Ay). Hence, by definition of p*, we obtain that
n(M) < p*(M). O

Remark 1.52. If y is only a content and not a premeasure, then p*|on # p, because we showed
that p* is o-additive, hence any restriction of p* is also o-additive.
Consequentely, if p is not a premeasure, there must exist B € H such that p*(B) < u(B).

This can also seen as follows: If u is not o-additive, then, by Theorem 1.34(vi), there exist B and
Aj € H such that B C J;2, Aj and u(B) > 372, pu(A;j), hence p*(B) < pu(B).

Remark 1.53. Let H be a semiring with a content u. Let R be the ring generated by H and 1
the unique extension of p to R (see Proposition 1.33). Then it is not hard to see that u* = T*.
(Proof!)

Let H be a semiring H with a content y and let ©* be the outer measure generated by pu on PX.
Let o(H) be the o-algebra generated by H. Then o(H) C 9 and p*|r is a measure on R because
it is a restriction of ug; which is a measure by Theorem 1.51. Therefore, every premeasure on a
semiring can be extended to a measure on o(H). However, this extension is not unique in general
as the next example shows.

Example 1.54. Let X # @ be a set and let H = {@} with content y: H — RU {oo0}. Then the
o-algebra generated by H is o(H) = {@, X} and for every « € [0, oo] the following is an extension
of p to a measure on o(H):

to s 0(H) = RU {0}, ta (D) =0, 1e(X) = a.

Note that pu*(X) = oo, so the restricion of the exteriore measure to o(H) gives the largest possible
extension of u to o(H).

In order to guarantee uniqueness of the extension of a premeasure to the corresponding o-algebra
need the so-called o-finitness as defined next.

Definition 1.55. Let R be a ring over a set X. A premeasure p : R — [0, 00] is called o-finite
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28 1.4. Extension of Measures

if there exist S; € R such that

X = U S; and pu(S;) <oo forall j €N, (1.14)
j=1

The same definition is used for a premeasure or content on a semiring, algebra or o-algebra, etc.

Remark 1.56. Let S; as in Definition 1.55.
e Set §j = Ufc:l S;. Then S C 8y C ..., and the gj satisfy (1.14)

e Set S; = S; and §j =55\ U{C;ll S; for j > 2. Then §j are pairwise dijoint and they satisfy
(1.14).

Therefore we may assume without restriction that sets S; from Definition 1.55 are either increasing
or that they are pairwise disjoint.

Example 1.57. The Lebesgue premeasure A on the semiring J = {[a,b) : a,b € R, a < b} is

o-finite because
oo

R= U [-n,n) and A([—n,n)) = 2n < oo,
n=1
but the outer measure A* restricted to the o-algebra generated by J is not finite because A*(R) = oo
(use that A*(R) > A*([—n,n) for all n € N by monotony of A\*).
Similarly, every finite content p on J is o-finite because if we choose an increasing function F :
R — R such that g = pp, then pp([—n,n)) = F(n) — F(—n) < co. The outer measure u}. is finite
if and only if F' is bounded.

Theorem 1.58 (Hahn’s extension theorem). Let R be a ring over X, let 0(R) be the o-algebra
generated by R, and let p be a o-finite premeasure on R. Then there exists exactly one measure [
on o(R) such that

Alr = p.

Proof. Existence: By Theorem 1.51, p* is a measure on 9 C o(R) with p*|g = p. Hence Tt :=
1*|o(r) is a measure on o(R) that extends p.

Uniqueness: Let v be a measure on o(R) with v|g = p. Let M € o(R). We have to show
(M) = v(M).

Case 1. Assume that there exists A € R such that M C A and p(A) < oo. The inequality
(M) > v(M) follows from

A(M) = p* (M) = inf

M

/L(Ak) : Ak ER, M C U Ak}
k=1

k=1
:inf{iy(Ak):Ak ER, MC D Ak}

k=1 k=1
>1nf{1/(kL_JlAk) AL ER, M C kL_JlAk} > v(M).
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Since A € A\ M € o(R), the same argument shows that ©(A\ M) > v(A\ M). Note that
A= (A\ M)U M. Therefore, since 1z and v are measures on ¢(R) that coincide on R, we obtain

A(AN M) + (M) = i(A) = v(A) = v(A\ M) + v(M).
Reorganizing the terms gives
A(A\ M) — v(A\ M) = (M) — (M)
Since we already know that 77(A\ M) — v(A\ M) > 0 and v(M) — (M) < 0, we must have
A(A\ M) — v(A\ M) = v(M) — (M) = 0,

hence (M) = v(M).

Case 2. M € o(R) arbitrary. Since p is o-finite, we can choose pairwise disjoint S; such that
X = U;;Sj and p(S;) < oo for all j € N. Let M; := M N S;, hence M = U]o.ile. Since
M,M; € 6(R), and f and v are measures on o(R), we have

oo o0

AOM) =S EM;)  and  w(M) =3 v(M)). (1.15)

Jj=1 Jj=1

For each j, the set M; satisfies the assumptions form Case 1 with A = S;. Therefore, u(M;) =
v(M;) for all j € N, hence also fi(M) = v(M) by (1.15). O

The following theorem is more general and contains the uniqueness claim from Theorem 1.58.

Theorem 1.59. Let A be a o-algebra over X. Assume that there exists a family € of sets in A
such that o(€) = A (that is, A is the o-ring generated by ). Suppose that E C A be stable under
finite intersections and that X = Uj E; for some E; € €. If v and p are measures on A such that

vie = ple and v(E;) = p(E;) < o0 forall j € N,
then v = p.
Proof. Fix S € € with v(S) = p(S) < co, and define
Ds={MecA:v(MNS)=pMnS)}.

The family Dg is a Dynkin system (see Definition 1.25) because
o clearly, X € Dy;

e if M € Dg, then X \ M € D4 because, noting that (X \ M)NS =S\ M and that u(S) = p(S) < oo,
we obtain

V(X \ M) NS) = v(S\ M) = v(S) = v(S N1 M) = p(S) — p(S (1 M) = p(X \ M) 1 S);

o if A; € Dg are pairwise disjoint and A := U;.;IAj, then
V(AN S) = nlggoy( UlAj ms) - nan;oz;u(Aj ns) = nlLII;Oz;p(Aj NS)=--=p(ANS).
= J= J=
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Moreover, £ C Ds because for B € £ we have BNS € &, hence v(BNS) = p(BNS). Therefore, D(£) C Ds
where D(€) is the Dynkin system generated by £. By Theorem 1.28, we have D(£) = o(&), which by
assumption is equal to A. Hence A =0(€) = D(€) C Ds C A, so

Ds = o(£),

in particular, v(SN M) = p(SN M) for all M € A.
Since for all j € N, the sets E; satisfy v(E;) = p(E;) < oo, the above gives Dg; = A, hence

v(E;NM)=p(E; N M) forallj e N and M € A. (1.16)
In particular, for §; == E; \ I~} By = E; N (X \Uit Ek> we obtain
v(S;) =p(S;) <oo,  jEN,

so also Ds; = A and (1.16) holds also for S; instead of £;. Since by construction X = U;ilSj, we finally
have, for every M € A

V(Mmsj)zzp(Mmsj):p(U;Mmsj) —p(M). O

1 =1

V(M) = V(U; M) =

[ee] [e o]
Jj=

We saw that for ring R with a premeasure p we have R C o(R) C M. Now we will show that in
general o(R) C M.

Definition 1.60. Let (X, A, 1) be a measure space. A set M € A is called a zero set if u(M) = 0.
A set N C X is called a negligible set if there exists a zero set M € A such that N C M.

The measure space (X, A, ) is called a complete measure space if the sigma algebra A contains all
negligible sets; in other words, if every subset of a zero set belongs itself to A.

Example 1.61. Let R be a ring with a premeasure p and let p* and 9t as Carathéodory’s theorem
(Theorem 1.50). Then (X, M, u}y;) is a complete measure space.

Proof. Let M € 9t with p* (M) =0, and let N C M. Then 0 < p*(N) < p*(M) = 0 by monotony
w1, hence p*(N) = 0, and therefore N € 9t by Theorem 1.50(iii). O

Remark 1.62. In the following we will frequently use that for A,C € A with u(C) = 0 we have
that
W(A) = H(AUC) = u(A\, O). (1.17)

This follows from p(A4) < u(AUC) < p(A)+p(C) = p(A) and p(A\C) = u(A)+u(ANC) = u(A).

Theorem 1.63. Let (A, A, 1) be a measure space and let N be the set of all negligible sets onf X,
that is,
MN:={N C X : exists A € A such that N C A, u(A) =0}.

Define
A={AUN:AcA NeN}, and Ji:A—RU{cc}, J(AUN)=pu(4). (1.18)

(i) M is a o-ring.
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(ii) @ is well-defined and (X, .Z, ) is complete measure space and [i is the unique extension of u
to a measure in A.

(iii) (X, A, 1) is the completion of (X, A, p). That means: If (X, B,v) is a complete measure space
with A C B and v|4 = p, then AC B andu\j:ﬁ

Proof. (i) is clear from the definition of 9.

(ii) First we show that /1 is well-defined. Let A, A’ € A and N, N’ € 9 such that AUN = A’UN’.
We have to show that u(A) = pu(A4’). Choose C,C" € A such that N C C, N’ C C’ and u(C) =
1(C") = 0. Then, using (1.17), and the fact that AUN UN’ = A’ UN U N’, we obtain

w(A) =p(AuC'UC) =pA'uC’ uC) = u(A).

Now let us show that A is a o-algebra. First note that X € A C AV Now let M € ,Z Then there
exist A,C € A, N € M such that M = AUN, N C C and u(C) = 0. We can write

X\M=X\(AUN)=(X\(AUC))U(C\N).

The first set in in A while the second set is 90 (because C'\ N C (), therefore X \ M € A.

Let (M;)jen € A. Then there exist A;,C; € A, N; € 2 such that M; = A; UN;, N; C C; and
1(Cy) = 0. Then M := |J;2, M; = Uj2, A; UUjZ, Nj. The first union belongs to A and the
second one belongs to I, therefore M € A.

Next we show that /i is a measure on A. It is clear that ji(@) = 0 and that fi(M) > 0 for all M € A.
Let M; € A be pairwise disjoint and choose A;,C; € A, N; € 9 such that M; = A;UN;, N; C C;
and p(C;) = 0. Then also the A; are pairwise disjoint and

szle X szlAj U UJ_:le.
Since the second union belongs to 91, have that

. 0o o0

AU 10) =i U A) = onc = i, o),

Jj=1 Jj=1

Now we show that j is the only measure on A that extends 1. Assume that v is an extension of u
to A. Then clearly v(N) = 0 for all N € 91. Therefore, for all A € A, N € DM we have, again using
(1.17),

v(AUN) =v(A) = u(A) = u(AUN).

Finally, we show that (X, A, i) is complete. Let M € A with (M) = 0. Let D C M. We have
to show that N € A. Since M € A, we can choose A,C € A and N € 0N such that M = AU N,
N CCand u(C)=0. Then D C AUC and p(AUC) = u(A) = (M) =0, hence D € N.

(iil) Let (X,B,v) be a complete measure space with A C B and v|4 = p. Then clearly 91 C B,
hence A C B. Then v| ; is a measure on A that extends . So, by (ii), it must coincide with . [

Theorem 1.64. Let (X, A, ) be a o-finite measure space. Then (X, 9, u*|an) is its completion.
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Proof. By Theorem 1.63 we only have to show that 9t = A as defined in (1.18). Since (X, 9, 1*|on)

is a complete extension of (X, A, 1) by Example 1.61, we already have 9t C A. To show the other
inclusion, let B € 9.

Case 1. p*(B) < co. Choose Ay € A such that B C (Jp— | Ay and p*(B) + 1 > 377 | n(Ang).
Then

B C ﬂluA”k::AEA
n=1k=1

and for alln € N
oo o0 . 1
1(A) < u( U Ank) <> u(Ank) < pf(B) + o
k=1 k=1

Since this holds for every n € N, we have that pu(A) = p*(B).
Now A\ B € M and p*(A\ B) < p*(A) < co. Therefore, as above, we find C' € A such that
A\ B CC and u(C) = p*(A\ B). Since A, B € 9t and p*|on is a measure, we have

i(C) = p*(A\ B) = u*(A) — u* (B) = pu(A) — u*(B) = 0.

We can write
B=(B\C)u(BNnC)=A\C)U(BNCO).

The first set belongs to A because A,C € A and the second set belongs to M because BNC C C
and p(C) = 0. Therefore B € A.

Case 2. B € M arbitrary. Since (X, A, p) is o-finite, we can choose S; € A such that X = UjeN S;

and p(S;) < oo for all j € N. Set B; := BN S;. Then p(B;) < oo, hence B; € A and by Case 1.
Since A is a o-algebra and B = [J;¢y Bj, it follows that B € A. O

Remark 1.65. Other descriptions of 9t are:

M = set of all pu*-measurable sets in X
= completion of A
={AUN:Ae€ A NeN}
={AAN:Aec A N e}
={MCX:3A€ A N,N €Nsuch that MUN =AUN'}.

1.5 The Lebesgue measure on R
Recall that on R we have the semiring
J ={[a,b) :a < b, a,beR} (1.19)

as in (1.2) and the finite content
w: J = RU{oco}. (1.20)

We know that we can extend p to an exterior measure p* on PR.
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Definition 1.66. The o-algebra 9 of p*-measurable sets is called the Lebesgue o-algebra and
A= u*|on is called the Lebesgue measure on R.

We also know from Theorems 1.58 and 1.64 that X is the unique extension of u to 9t and that
(R, 91, \) is a complete meausure space.

Definition 1.67. Let (X, 7) be a topological space with 7 being its topology (the collection of all
open sets). The o-algebra generated by 7 is called the Borel o-algebra on X. Usually it is denoted
by B(7) or B(X).

Clearly, another set of generators of B(X) is the collection of all closed sets of X.

Remark 1.68 (Borel o-algebra in R). Let B8 be the Borel o-algebra on R (considered with the
usual Euclidean topology). Then

B := {o-algebra generated by the open sets of R}

= {o-algebra generated by J}
= {o-algebra generated by the intervals (a,b] with a <b, a,b € R}

Proof. To see that B C o(J, we only need to proof that all open sets belong to o(J. This follows

from (a>b) = UneN[a + %7 b)? (—oo,b) = UneN[_n’ b)7 and ((LOO) = UneN[a’ n?) € U(j)
To see that o(CJB, we only need to proof that all halfopen intervals belong to 8. This follows

from [a,b) = ,en(a — =, b). O

The remark shows that

JCo(J)=BCDB
and that 991 is the completion of B.

Definition 1.69. The measure 8 := A|y is called the Borel measure on R.

Theorem 1.70. Let A be the Lebesgue measure on R and let A be a Lebesgue measurable set. Then,
for every e > 0 there exist

(i) an open set U such that A C U and \(U \ A) < ¢,
(ii) a closed set C such that C C A and \(A\ C) < e.

Proof. (i): First assume that A(A) < co. By definition of A, there exist A,, := [ay, b,) such that
A C UpenAn and XA) + 5 > > cnAM(An). Now choose open intervals B, 2 A, such that

neN 2
A(Byp) — MAy) < i, for instance By, = (ay — a1, bn). Then U := |, oy Bn is open, A C U and

neN
A(U)_A(HLEJNBn) g%A(Bn)g%(A(A b o) < %)\ )+ S <A+

Therefore, A(U\ A) = AU) — MA) <e.
Now let A be an arbitrary Lebesgue measurable set. Since A is o-finite, we can choose S; € I,
pairwise disjoint, such that R = U enS; and A(Sj) < oo for all j € N. Let A; := ANS;. Then
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A; € Mand A(A;) < oo, hence, by what we already proved, we can choose open sets U; such that
Aj CUj and AU\ Aj) < 57. Then U := ;2 U; is open, A C U and

€
AU\ A) :/\< U Uj\Aj) <Y MNUNA) <Y 5 ==
JEN JjEN JjEN
(ii): By (i) applied to R\ A, we can choose U C R open such that A C U and \(U \ (R\ 4)) < e.
Set C :=R\ U. Then C is closed, C C A and

AA\NC) =AANT) =AU\ (R\ A4)) < e. O

Proposition 1.71. The Lebesgue measure is translation invariant. That means: For every c € R,
we have that A € M if and only if c+ A € M and \(A) = A(c+ A).

Proof. Let J be the semiring of halfopen intervals as in (1.2) and x as in (1.20) and let ¢ € R.
Clearly, for every [a,b) € J we have that u([a,b)) = pu(c + [a,b)). Moreover, M C |J,cxlan,bn)
if and only if ¢ + M C {J,cn(c + [an,by)). Therefore, p*(M) = p*(c + M) for every M C R.
In particular, it follows that M € 99 if and only if c+ M € 9 and A(M) = A(c + M) since
A= p1"|om. O

Remark 1.72. For the Lebesgue o-algebra 9t and the Borel g-algebra B it can be shown that
B C M by a cardinality argument. Since the Cantor set C' belongs to 9t and has measure zero, all
its subsets must also belong to M. The Cantor set is uncountable, therefore [PC| = 2% < || <
P[0, 1]| = 220 On the other hand, |B| = 2% < |9M|. Therefore M # B. See [HS75, (10.21)].
Taller 5, Exercise 1 gives another proof that B C 9t without using a counting argument.

If we assume the axiom of choice, then one can construct a non-Lebesgue measurable set in R,
showing that 9 C PR. (Homework.)
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