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Notation

The letter K usually denotes either the real field R or the complex field C. The
positive real numbers are denoted by R := (0, 00).

These lecture notes are work in progress. They may be abandoned or changed
radically at any moment. If you find mistakes or have suggestions how to improve
them, please let me know.
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Chapter 1. Banach spaces

Chapter 1

Banach spaces

1.1 Metric spaces

‘We repeat the definition of a metric space.

Definition 1.1. A metric space (M, d) is a non-empty set M together with a map
d:MxM—R
such that for all x,y,z € M:

(@) dlz,y) =0 <= z=y,
(i) d(z,y) = d(y,z),
(ili) d(z,y) < d(z,z) +d(z,9y).

The last inequality is called triangle inequality. Usually the metric space (M, d) is
denoted simply by M.

Note that the triangle inequality together with the symmetry of d implies
d(z,y) >0, z,y € M,

since 0 = d(z, z) < d(z,y) + d(y, z) = 2d(z, y).

It is easy to check that

ld(z,y) —d(y,2)| < d(z,2),  @,y,2€M.

A subset N C M is called bounded if
diam N := sup{d(z,y) : z,y € N} < co.
Let » > 0 and z € M. Then

B, (z) :={y € M : d(z,y) <r} =: open ball with centre  and radius r,
K, (z):={y € M :d(z,y) <r} =: closed ball with centre x and radius r,
Sp(z) :=={y € M :d(z,y) =r} =: sphere with centre x and radius r.
Examples. e R with the d(z,y) = |z — y| is a metric space.
e Let X be a set and define d : X x X — R by d(x,y) = 0 for z = y and

d(z,y) = 1 for & # y. Then (X,d) is a metric space. d is called the discrete
metric on X.
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Let (M, d) be metric space. Recall that the metric d induces a topology on M: a
set U C M is open if and only if for every p € U there exists an € > 0 such that
B.(p) C U. In particular, the open balls are open and closed balls are closed subsets
of M. Let x € M. A subset U C M is called a neighbourhood of x if there exists
an open set U, such that x € U, C U.

It is easy to see that the topology generated by d has the Hausdorff property, that
is, for every x # y € M there exist neighbourhoods U, of = and U, of y with
U.NUy = 0.

Recall that a set N C M is called dense in M if N = M, where N denotes the
closure of N.

Definition 1.2. A sequence (z,)nen © M converges to @ € M if and only if
lim d(z,,z) =0, that is,
n—oo

Ve>0 INeN: n>N = d(z,,z)<e.
The limit 2 is unique. A sequence (z,)nen is a Cauchy sequence in M if and only
if
Ve>0 INeN: mn>N = d(z,,zm) <e.

Definition 1.3. A metric space in which every Cauchy sequence is convergent, is
called a complete metric space.

Definition 1.4. Let (X, Ox) and (Y, Oy) be topological spaces.

(i) A function f: X — Y is called continuous if and only if f~1(U) is open in X
for every U open in Y.

(if) An bijective function f : X — Y is called a homeomorphism if and only if f
and f~! are contiunous.

The following lemma is often useful.

Lemma 1.5. Let (M, d) be a complete metric space and N C M. Then N is closed
in M if and only if (N,d|ar) is complete.

Remarks. e Every convergent sequence is a Cauchy sequence.

e Every Cauchy sequence is bounded. Recall that a sequence (z,)nen is bounded
if the set {z, : n € N} is bounded.

Not every metric space is complete, but every metric space can be completed in the
following sense.

Definition 1.6. Let (M, dys) and (N, dy) be metric spaces. A map f: M — N is
called an isometry if and only if dy(f(z), f(y)) = da(x,y) for all ,y € M. The
spaces M and N are called isometric if there exists a bijective isometry f: M — N.

Note that an isometry is necessarily injective since z # y implies f(z) # f(y)
because d(f(x), f(y)) = d(x,y) # 0.

Theorem 1.7. Let (M,d) be a metric space. Then there exists a complete metric
space (M,d) and an isometry ¢ : M — M such that o(M) = M. M s called
completion of M ; it is unique up to isometry.
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Chapter 1. Banach spaces 7

Proof. Let
Cr = {(zn)nen € M : (z)nen is a Cauchy sequence in M}

be the set of all Cauchy sequences in M. We define the equivalence relation ~ on
Cu by

z~y = d(@p,yn) 20, n— o0

for all 2 = (Tn)nen, ¥ = (Yn)nen € Car. It is easy to check that ~ is indeed a
equivalence relation (reflexivity and symmetry follow directly from properties (i)
and (ii) of the definition of a metric and transitivity of ~ is a consequence of the
triangle inequality).

Let M :=C M/ ~ the set of all equivalence classes. The equivalence class containing
2 = (Zn)nen is denoted by [z]. On M we define

d:MxM—R, d(z],[y]) = lim d(zn,n)- (1.1)

n—00

We have to show that d is well-defined.
Let (zn)nen € [#] and (yn)nen € [y]. Then

‘d(l‘n, yn) - d(mmvym)‘ < |d(wnyn) - d(wrm Un)‘ + ‘d(xmal/n) - d(znu ym)|
< d(m", 'Tm) + d(ym Z!m) — 0, m,n — 00.
Since (d(zn,yn))nen is a Cauchy sequence in the complete space R, the limit in
(1.1) exists.
Moreover, for (Z)nen € [#] and (Jn)nen € [y] it follows that

[d(@n, yn) = A(Zn, Jn)| < [d(@ns Yn) — d(@ns yn)| + (@0, yn) — d(En, Tn)|
< d(@n, Tn) + d(Yn, Jn) — 0, n — 0.

Hence d is well-defined.
Let

p: M — ]/\/7, p(x) = [(x)nEN]'

‘We will show that (]/\/I\7 (/i\) is a complete metric space, that ¢ is an isometry and that
@(M) = M in several steps.

Step 1: (]T/I\,g) is a metric space.
Proof. Let [z],[y],[z] € M. Then

=d([z],y]) = lm dzn,yn) <= z~y < [@]=[y

n—o00

o d([z],[y]) = nlil];o d(@n, Yn) = nh‘)n;c d(Yn,Tn) = (R[U]v [2])-
([T] [y]) = T}Lnolo d(l‘n, Z/n) < nlingo d(zn,-, Zn)+d<zn-, yn> = ri([g}], [Z])+g( [2]7 [Z/])

(=}

29

Step 2: ¢ is an isomelry.

Proof. This follows immediately from the definition.

Step 3: (M) = M.

Proof. Let (zn)nen € [#] € M and € > 0. Then there exists an N € N such that
d(xp, Tm) < 5, m,n > N. Let z:= xy € M. Then

dp(z), [a]) = lim d(zn,2,) < % <e.
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Next we show that (ﬁ,dA) is complete. Let (#,)nen be a Cauchy sequence in M.
Since p(M) is dense in M there exists a sequence z = (z,)nen € M such that

- 1
ATy, 2n) < o neN.

The sequence z is a Cauchy sequence in M because

Az, 2m) = d(p(20), @(zm)) < Al@(20), Fn) + dlEn, Fm) + A(Em, P(2m))

+d(&n, Tm) + — — 0, m,n — oo.
m

The sequence (2, )nen converges to [z] because

A, 2) < d(@n, 0(2n)) + d(@(2n), 2) < 1 + lim d(zy,2m) — 0, n — 00.
n m—oo

We have shown that ¢(M) is a dense subset of the complete metric space (J/VT 7CT)
and that ¢ is an isometry.

Finally, we have to show that Mis unique (up to isometry). Let (N, dy) be complete
metric space and ¢ : M — N an isometry such that ¢)(M) = N. Then the map

T:p(M) = (M), T(p(x)) = ()

can be extended to a surjective isometry T : p(M) = M — N by

Tz =T(lim x,):= lim T=z,

n—oo n—oo
for v = lim x, with z,, € (M), n € N. O
n—oo
Examples. o C" with d(z,y) = max{|z; —y;| : j = 1,...,n} is a complete

metric space.

e C" with d(z,y) = /|z1 — 91> + -+ + |2 — yn|? is a complete metric space.

o Let C([a,b]) be the set of all continuous functions on the interval [a,b]. For
f,9 € C([a,b]) let

di(f, 9) = max{|f(z) — g(2)| : z € [a, 0]},
b

df9) = [ 1f(@) ~ g(o)]da.

a

Then d; and dy are metrics on C([a, b]). (C([a,b]), d1) is complete, (C([a, b]), d2)
is not complete.

Remark. The completion of (C([a,b]), d2) is L1(a,b) (the set of all Lebesgue inte-
grable functions on (a,b)).

Definition 1.8. A metric space is called separable if it contains a countable dense
subset.

Proposition 1.9. Let (M,d) be a separable metric space and N C M. Then N is
separable.
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Proof. We have to show that there exists a countable set B C N such that BDON
where the closure is taken with respect to the metric on M. By assumption on
M there exists a countable set A := {z,, : n € N} C M such that A = M. Let
J:={(n,m) € Nx N: 3y € N with d(z,,y) < 2}. For every (n,m) € J choose
a Ynm € N and define B := {yn,m : (n,m) € J}. Obviously, B is a countable
subset of N. To show that B is dense in N it suffices to show that for every y € N
and k € N there exists a b € B such that d(b,y) < % By definition of A there
exists a @, € A such that d(z,,y) < 5. In particular, (n,2k) € J. It follows that

L.
A(Yn,26:Y) < d(Yn.2k, Tn) + d(Tn,y) < % O

1.2 Normed spaces

Definition 1.10. Let X be a vector space over K. A norm on X is a map
I-II: X —R
such that for all z,y € X, a € K

(@) fla =0 — ==,
(i) llaall = [l la]l
(i) [l +yll < 2l + 1.

Note that [|z|| > 0 for all z € X because 0 = ||z — z|| < 2[|z||. The last inequality
follows from the triangle inequality (iii) and (ii) with o = —1.
Remark. A norm on X induces a metric on X by setting

d@,y) = [lz —yll, =zyeX.

Hence a norm induces a topology on X via the metric and we have the concept of
convergence etc. on a normed space. A complete normed space is called a Banach
space.

Obviously, every subspace of a normed space is a normed space by restriction of the
norm.

Example 1.11 (Quotient space). Let X be a Banach space and M C X a closed
subspace. On X we have the equivalence relation
T~y <= w-—yeM.

For z € X we denote the equivalence class of X/M containing « by [z]. Then X/M
is a vector space if we set

2]+ [y =[xz +y], alz]:=|azx], zye X, aek
For z € X let dist(x, M) := inf{||z — m| : m € M}.
e (X/M,| - |~) is a normed space with
[~ X/M =R, 2]~ := dist(x, M).

Proof. First we show that || - ||~ is well-defined. For z,y € X witha —y € M
we find

eMm
—~ =
dist(z, M) = inf{|lz —m|| : m e M} =inf{|ly — (y —x+m)|| : m € M}
=inf{||ly —m|| : m € M} = dist(y, M).
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Property (ii) in the definition of a norm is easily checked. For property (iii)
let [z],[y] € X/M. Then

2]+ [~ = iz + yll~ = inf{|lz + y —m] : m € M}
= inf{||z — mq +y — my|| : ma,my € M}
< inf{[|z —mg|| : my € M} +inf{||y — my| : m, € M}
= llll~ + 1yl ~-
It is clear that [z] = 0 implies ||[z]||~ = 0. Now assume that ||[z]||~ = 0.
We have to show that € M. By definition of dist there exists a sequence

(M )nen such that ||z — m,,|| — 0, that is, (m,)nen converges to a. Since M
is closed, it follows that x € M. O

A

Let X be a Banach space and M a closed subspace. Then X/M is Banach
space with the norm defined in Example 1.11.

Proof. We have already seen that X /M is normed space. It remains to prove
completeness. Let ([z,])nen be a Cauchy sequence.

First we show that we can assume ||[z,,] —[2,,]]|~ < 27" for all m > n: Choose
N; € Nsuch that ||[zn, ] — [zm]||~ < 27! for all m > Ny. Next choose Ny > Ny
such that ||[zn,] — [¥m][|~ < 272 for all m > N,. Continuing this process,
we obtain a subsequence with the desired property. Since a Cauchy sequence
converges if and only if it contains a convergent subsequence, it suffices to
prove convergence of the subsequence constructed above.

By definition of the quotient norm we can assume that ||z, — zy+1]| < ||z —
Tpt1)ll~ + 27 < 287" Then (z,)nen is Cauchy sequence in X because for

alln >m
n—1 n—1 n—1
lzn — zm| = ” Z Tntl — Tn|| < Z [zni1 —zal <2 Z 27,
Jj=m j=m Jj=m
Therefore x ;== lim z,, exists and
n—oo
llzn] = [l = l[zn = 2]ll~ < llen — 2| =0, n—oo. o

Examples 1.12. (i) Finite dimensional normed spaces. C" and R™ are complete
normed spaces with

I-llso K" =R, [afloc = max{le;] : j = 1,...,n}.

Let 1 <p < oo. Then C" and R” are complete normed spaces with

n 1
Il € =R ol = (3 fosl?) "
j=1

The triangle inequality || + y||, < ||lz|l, + [|yllp is called the Minkowski inequality
(see Section 1.3).
(ii) Let T be a set and define

loo(T) := {2 : T — K bounded map}.
Obviously, £ (T) is a vector space. Let

[|]|oo := sup{|z(t)| : t € T}, T € le,

be the supremum norm. Then ({s(T), || - |l~) is a Banach space.
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Proof. Exercise 1.3. O

(iil) Sequence spaces.

o (o =Ll (N) is a Banach space.

e For 1 <p < oolet
oo
by = L,(N) := {(l’n)neN CK : Y |l < 00}
n=1

and

=

[o ]
el = (S leal?)s w€ by
n=1

With the usual component-by-component addition and multiplication with a
scalar, £, is a vector space and (€p, || - ||,) is a Banach space.

Proof. First we show that £, is a vector space. For a € K and z,y € (), we

have
~ -
Z lazn|? = |af? Z |2 [P < 00
n=1 n=1
and
~ 4 -
S e+ ynl? <D @max{|za], lyal})” =27 Y (max{|zal, [ya]})"
n=1 n=1 n=1

oo
<2 el + lyal” = 22 (lll} + lyll}) < oo

n=1

Hence ¢, is a K-vector space. Properties (i) and (ii) in the definition of a norm
are easily verified. The triangle inequality is the Minkowski inequality (see
Section 1.3).

To show that (£, | - ||,) is complete, let (z,)nen be a Cauchy sequence in £,,.
Set &, = (¥n,m)men. Then the sequence of the m-th components is a Cauchy
sequence in K because

‘xn,m - wk‘,ml < H-Tn - kapA, m € N.
Since K is complete, the limit y,, :== lim @, ., exists. Let y := (Ym)men. We
n-so00

will show that y € ¢, and that z,, LN y. Let ¢ > 0 and N € N such that

||#n — zk|| < e for all k,n > N. For every M € N

M

> b = @ < llam — aully < &7
j=1

Taking the limit £ — oo on the left hand side yields

M
Dz —ylP <€
=1
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Taking the limit M — oo on the left hand side finally gives

oo

D long = l? <& < oo,
j=1

in particular, 2, —y € £,. Since £, is a vector space, we obtain y = z, + (y —
xn) € £p and ||z, — y|lp < e. That (2,)nen converges to y follows from the
inequality above since £ can be chosen arbitrarily. O

(iv) 2, spaces: See measure theory.
(v) Subspaces of lo. Let
d:={z = (2n)nen CK : z, # 0 for at most finitely many n},
co:={x=(Tp)pen CK: lim z, =0},
n—o0
c:={z=(p)pen CK: lim xz, exists},
n—o0
Obviously, the inclusions d C ¢g € ¢ € £ hold. Moreover, it can be shown that
co and ¢ are closed subspaces of /o, and that d is a non-closed subspace of . In

particular, (co, || - ||oo) and (¢, || - ||« ) are Banach spaces, (d, || - || ) is not a Banach
space (see Exercise 1.4).

(vi) Spaces of continuous functions. For metric space T (e.g. an interval in R) let
C(T):={f:T — K: f is continuous},
B(T):={f:T —K: fis bounded},
BC(T) :=C(T) N B(T).
For f € B(T) let
[£llo == sup{[f(t)] : t € T}

In Analysis 1 it was shown that (B(T),| - ||c) and (BC(T), ]| - ||«) are Banach
spaces. Note that C(T) = BC(T) for a compact metric space T

(vii) Spaces of differentiable functions. Let [a,b] a real interval. We can define
several norms on the vector space

C*([a,b]) := {f : [a,b] — K : f is continuously differentiable}.
o (CY([a,b]), ]| - |lso) is not a Banach space.

Proof. For n € Nlet f, : [-1,1] = K, fu(t) := (2 +n~2)2. Then the f,
converge to g : [-1,1] — K, g¢(t) = |t| in the || - || co-norm. But g ¢ C'([a, b]).
Hence C*([a, b)) is not closed as a subspace of the Banach space C([a, b]), so it
is not a Banach space. O

e For f € C'([a,b]) let

10y = 1 lloo + 11/ lloo-

Then (C*([a,b]),]| - ||(1)) is a Banach space. Note that the right hand side is
finite because by assumption f’ is continuous.

Proof. Let (#n)nen be a Cauchy sequence in (C'([a,d]), || - |/(1)). Then there
exist 2,y € C([a, b]) such that z, — x and ], — y in the supremum norm. A
well-known theorem in analysis implies 2/ =y, hence ,, =z in || ||q). O
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In the following, C([a, b]) will always be considered to be equipped with the
norm || - [|(1y unless stated otherwise.

Theorem 1.13. Let X be a Banach space, Y a closed subspace and N a finite
dimensional subspace of X. Then Y + N is a closed subspace. In particular, every
finite-dimensional subspace is closed.

Proof. Obviously, Y + N is a subspace of X. To proof that it is closed, we proceed
by induction. Therefore we can assume without restriction that dim N = 1. Let
z € X such that N = {Xz : X € K} and (z) = (yn + an2) a Cauchy sequence in
Y+ N.

Case 1. (an)nen is bounded. Then it contains a convergent subsequence (an, )keN-
Then the sequence (Yn, )ken = (Zn, — an,2)ken converges because it is the sum of
two convergent sequences.

Case 2. (an)nen is unbounded. Then there exists a subsequence (an, )ren With
klim |an, | = 0o. Since (zp, )ken is bounded, it follows that

JESY

1 1
=||— — 0 — 00.
= T, Yol Hank Zn| ) n

Hence d(z,Y) = 0. Since Y is closed, this implies z € Y, therefore N +Y =Y is
closed in X.
Finally, choosing Y = {0} shows that every finite-dimensional subspace is closed.

O

Note that the sum of two closed subspaces is not necessarily closed, see as the
following example shows. Another example can be found in [Hal98, §15].

Example. In ¢; consider the subspaces

U :={(zn)nen € {1 : ©2, =0, n € N}
V :={(Tn)nen € l1 : Top_1 = nT2n, n € N}.

Obvioulsy, U and V are closed subspaces of ¢1. Let e, be the nth unit vector in ¢;.
Let m € N. Then ey—1 € U € V 4+ U and ez = (e2m +% €2m—1) — = €2m—1 €

V 4+ U. Since span{e, : n € N} is a total subset of ¢1, it follows that V 4+ U = {;.
Now we will show that V + U # ¢;. Let

(@) #, n even,
T = (Tn)neN, Tn =
0, n odd.

Clearly x € £,. Suppose that there exist v = (vy)nen € V, u = (un)nen € U such
that x = v + w. It follows for all m € N

= Tom = Vom + U2m = V2m
(2m)? ’

0= 2om-1="v2m-1+ U2m—1 = MV2pp + Uzm—1 = —— + U2m—1,

4m
impliying that ug,—1 = —ﬁ, m € N, hence u # (1. Therefore z #V + U.

Definition 1.14. Let X be a normed space and || - ||y and [ - [|2 be norms on X.
They are called equivalent norms if there exist m, M > 0 such that

mlally < ez < Mz, v e X. (12)
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Theorem 1.15. Let ||-||1 and ||-||2 be norms on a vector space X . The the following
are equivalent:

(i) ||+ |lx and || - ||2 are equivalent.
(if) A sequence (xn)nen C X converges with respect to || - |1 if and only if it
converges with respect to || - ||2 and in this case the || - ||1-limit and the || - ||2-

limit are equal.
(iii) A sequence (z,)nen € X converges to 0 with respect to || - ||1 if and only if it

converges with respect to || - ||2.

Proof. (i) = (i) = (iii) is clear.
“(iii) = (i)”: Obviously it suffices to show the existence of M € R such that (1.2)

is true. Assume no such M exists. Then there exists a sequence (xy,)neny € X such

that ||z, [|1 = 1 and ||2n 2 > nl|za|l1 = n. Let y, := n~'a,. Then y, LN 0, so by

assumption also y, Iz, 0. This contradicts lynll2 > 1 for all n € N. O

The theorem above implies in particular, that the topologies generated by equivalent
norms coincide. Moreover, the identity map id : (X, ||-]l1) — (X, || -||2) is uniformly
continuous for equivalent norms.
Example 1.16. On C'([a,b]) define the norm

1£ll2) := sup{max{|a(®)], [’ ()]} : ¢ € [a, b]}.
and let || - [|(1) be as in Example 1.12 (7). It is not hard to see that

lzllay < llzlle) < 20z, @€ C(la,b).

Theorem 1.17. All norms on K" are equivalent.

Proof. Let {e1,...,e,} be a basis of K. For z = 2?:1 o, e, define

n 1

2

oz == (3 layl?) ™
j=1

Obviously, || - ||z is a norm on X and it suffices to show that every norm on X is
equivalent to | - 2. Let || - || be a norm on X and z = 377, ay, e,. Using triangle
inequality for || - || and Hélder’s inequality, we obtain

n n n 1 n 1
2 2 .
lall = |Y - ases]| < S taslliesl < (3 lasl?) (X les 12)* = Clall - (1:3)
j=1 j=1 j=1 j=1

1
with constant C' := (Z;Zl |l ej Hz) * independent of .

Note that || - [l : X — R is continuous, hence S := {z € X : [jz[; = 1} is
closed being the preimage of the closed set {1} in R. In addition, S is bounded,
therefore S is compact by the theorem of Heine-Borel. Now consider the map
T: (X, |l2) » R, Tz = |[z]]. By (1.3), T is continuous, so its restriction to
the compact set S has a minimum m and a maximum M. Since | - || is a norm,
m > 0 (otherwise there would exist an 2 € S with ||z|| = 0, thus = 0 but 0 ¢ S).
Therefore

mllalls=m < |lz| < M= Mljef2,  ze€s,
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and by the homogeneity of the norms
mllzlls < flzfl < Mllz]2,  z € X. o

The theorem above implies that all norms a a finite-dimensional K-vector space are
equivalent. Moreover, it follows that every finite normed space is complete because
K™ with the Euclidean norm is complete and that a subset of a finite dimensional
normed space is compact if and only if it is bounded and closed (Theorem of Heine-
Borel for K" with the Euclidean metric). In particular, the unit ball in a finite
dimensional space is compact.

This is no longer true in infinite dimensional normed spaces. In fact, the unit ball
is compact if and only if the dimensions of the space is finite. For the proof we use
the following theorem.

Theorem 1.18 (Riesz’s lemma). Let X be a normed space, Y C X a closed
subspace with Y # X and € > 0. Then there exists a © € X such with ||z|| =1 and
dist(z,Y) > 1 —e.

Proof. Let a € X \'Y. Then d := d(a,Y) > 0 because otherwise it would follow
that @ € Y =Y. In particular, d < &, so there exists an w. € Y such that

d
d< ||lwe —al|| < —.
< Jwe = all < 7=

Set 2. = ||la — we|| " (a — w.). Obviously ||z.|| =1 and for ally € Y’

ze —yll = Ha—wel\‘l\la—ws —lla—welly || > la—w | 'd>1-c O
—_———
ey

Theorem 1.19. For a normed space X the following are equivalent:
(i) dim X < oo,
(ii) Bx :={z € X : |lz|| <1} is compact.

(iil) Every bounded sequence in X contains a convergent subsequence.

Proof. “(i) = (ii)” follows from Theorem 1.17.

“(ii)) = (i)”: Assume that Bx is compact. Then there are x1, ..., z, € X with
llz;]| <1,5=1,..., n, such that
n
Bx C | Bi(xy). (1.4)
j=1
Let U = span{zy, ..., xp}. If U # X, then there exists an x € X such that ||z|| =1

and dist(z,U) > £, in contradiction to (1.4). Therefore dim X = dimU < n.
“(iil) = (i)”:  Assume that By is compact and that dim X = co. Choose z1 € X

with ||lz1]| = 1 and set Uy := span{z1}. By Riesz’s lemma there exists an 25 € X
with [|22]] = 1 and dist(z2,U1) > %, in particular ||z — 22| > 3. Set Up :=

span{z1, z2}. Continuing this way, we obtain a sequence z = (z,,)nen € X with
[#n — @m|l > % for all n,m € N with n # m. Therefore, the sequence & does not
contain a convergent subsequence, hence By is not compact (Recall that a compact
metric space is sequentially compact). O
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Let X be a vector space and A a set. A family (zx)aea C X is called lnearly
independent if every finite subset is linearly independent. A Hamel basis (or an
elgebraic basis) of X is a family (z))xea C X that is linearly independent and such
that every element « € X is a (finite!) linear combination of the . The existence
of a Hamel basis can be shown with Zorn’s lemma.

Definition 1.20. Let X be a normed space. A family (2, )nen is a Schauder basis
of X if every z € X can be written uniquely as

oo
Z Qnly with a,, € K.

n=1

Definition 1.21. Let (X, | -||) be a normed space over K. A subset Y C X is said
to be a total subset of X if

span(Y) = X,

that is, if the set of all linear combinations of elements of Y is dense in X.

Theorem 1.22. A normed space (X, | - ||) is separable if and only if it contains a
countable total subset.

Proof. Let A be a dense countable subset of X. Then obviously span A = X, that
is, A is a total subset of X. B

Now assume that A is countable total subset of X. Let B := {Aa, : n € N, A € Q}
where @ = Q if X is a R-vector space and @ = Q+i1Q if X is a C-vector space. In
both cases B is countable. We will show that B = X. Let 2 € X and € > 0. Since

A is a total subset of X, there exist a1, ..., a, € A and Ay, ..., A\, € K such that
Z €
o =" Nayll < 5
j=1
Since @ is dense in K, there exist 1, ..., iy € @ such that

€ -1 .
=Xl < 5 (Xlasl) =1
=1

Then y := 377, pja; € span A and

g
o=yl < o= 3" Nsas| + [l = D N | < 5+ | Do s =
J=1 J=1 Jj=1

&€

2:5. O

€ n €
< gt max |y — Al ;:1 lanll < 5 +

Note that every normed space with a Schauder basis is separable, but not every
separable normed space has a Schauder basis.

Examples 1.23. (i) ¢, is separable for 1 < p < co.

Proof. Let e, :=(0,...,0, 1,0 ...) be the nth unit vector in ¢,. We will show that
{en : n € N} is a total subset of £,. Let = (25 )nen C £p. Then

n o0
Hac— E :r,jch = H E mjch — 0, n—oo. O
j=1 P P

j=n+1
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(ii) fs is not separable.

Proof. Recall that the set A := {(zp)nen : 2n € {0,1}}isnot countable. Obviously,
A C l+. Let B be a dense subset of {o,. Then for every & € A there exists an
be € B such that ||z — by||ec < &. Since ||z —ylloc = 1 for @ # y € A, it follows that
B has at least the cardinality of A, that is, there exists no countable dense subset
of £,. O

(iii) Cla,b] is separable since by the theorem of Weierstra the set of polynomials
{la,b] = R, z +— 2™ : n € N}

is a total subset of Cla, b].

1.3 Holder and Minkowski inequality

In this section we prove Holder’s inequality and Minkowski’s inequality. For the
proof we need Young’s inequality.

Theorem 1.24. Let p,q € (1,00) such that

1 1
-+-=1
p q
Then for all a,b > 0:
1 1
ab < —aP + = b0 (L.5)
p q

Proof. If ab = 0, then inequality (1.5) is clear. Now assume ab > 0. Since the
logarithm is concave and % + % =1 is follows that

1 1 1 1
In(—a? +-07) > —In(a?) + — In(b?) = In(a) + In(b) = In(ab).
(o +50) 2 @) + (%) = Ina) + In(b) = In(ab)
Application of the monotonically increasing function exp : R — R yields (1.5). O

Theorem 1.25 (Holder’s inequality). Let 1 <p < oo and g = -2, i.e.,

(setting é =0). Ifx €4, and y € Ly, then z = (Tnyn)nen € {1 and
Izl < llllp llyllq- (1.6)

Proof. If z = 0 or y = 0 then the inequality (1.6) clearly holds. Also the cases p =1
and p = oo are clear.
Now assume z,y # 0 and 1 < p < co. The Young inequality (1.6) with

ol il
el Tl

yields

1yl o 1 lzsl” 1yl
lllp lylla = 2 Izl g llylld
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Taking the sum over gives

1
} lzjy;l < =
I

j=1

.
1

| [P+ Yl = —+- = 1.0
ERI 1’:; P+ T Z“ *

=ll=ll7 =lvl3

=1 =1

In the special case p = ¢ = 2 we obtain the Cauchy-Schwarz inequality.

Corollary 1.26 (Cauchy-Schwarz inequality). Forz = (2)nen, ¥ = (Yn)nen €
Uy the Hélder inequality implies

oo
@, wil = 30 2,35] < lale -
=1

Theorem 1.27 (Minkowski inequality). Forl <p < oo and z,y € £, Minkowski’s
inequality holds:
lz+ylp < lllp + lyllp- (L.7)

Proof. If x +y = 0 then (1.7) clearly holds. Also the cases p =1 and p = oo are
easy to check.

Now assume z +y # 0 and 1 < p < 0o. Let g € (1,00) such that % + % =1. The
triangle inequality in K and Holder’s inequality (1.6) yield for all M € N:

M M
le] +y;lP = Z‘x] + 5 - | +yy‘p_1
=1 =1
M M
< S lwl e AP il |+ gl
j=1 j=1

P P

M M ——

A

j=1 =1 Jj=1 Jj=1

(““'Hp + Hm“p) (ij: |z; + yﬂ")

1
Note that (Z;\il | +yj\p) ? 50 for M large enough. Hence the above inequality
yields

IN
ai=

M 1
:
(Xt +uil?)” < llzllp + lally
j=1

using p — ’—; =p(1— %) = 1. Taking the limit M — oo finally proves (1.7). O

Last Change: Sun Apr 18 14:49:01 COT 2010

M —

< (S (Sl 4l )7 4 (3 ) (3o o+ 35

)%



Chapter 2. Bounded maps; the dual space 19

Chapter 2

Bounded maps; the dual
space

2.1 Bounded linear maps

Definition 2.1. Let X,Y be normed spaces over the same field K. The set of all
linear continuous maps X — Y is denoted by L(X,Y), i.e.,

L(X,Y)={T:X — Y : T linear and continuous}
and L(X) := L(X, X).
Recall that the following is equivalent:
(i) T:X —Y is continuous
(ii) nler;o Txn = T lim, . @, for every convergent sequence (2, )nen € X
(ili) Voo € XVe>035>0: |z —xo]| <6 = ||Tez—Txo|| <e

(iv) UCY open = T Y (U)={x€ X: f(z) €U} openin X.

Definition 2.2. Let X,Y be normed spaces over the same field K. For a linear
map T : X — Y define the operator norm

7] = sup{|[Ta] : 2 € X, [lal| = 1}.

If || T'|| < oo then T is called a bounded linear operator and ||T'|| is the operator norm
of |T|.

Remark 2.3. (i) For a continuous linear map 7: X — Y
1Tzl <7l l=ll, =€ X.
Proof. The inequality is obvious for z = 0 or ||z|| = 1. For x € X \ {0} let
7 = ||lz[|~'a. By definition of |T|| we find || Txz| = ||2|| |TZ| < ||lz|| ||| Note
O

that the inequality is also true if T is unbounded and = # 0.
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20 2.1. Bounded linear maps

(if) The following is easy to check:
1)) = sup{I Tl 2 € X, Jjall = 1}

=sup{[|Tz] : = € X, ||=[| < 1}
T‘.
= sup { HH"LIHH rxeX, x# 0}

=inf{M eR:Vz e X|Tz|| < M|z}

Remark 2.4. (i) For S, T € L(X,Y) and A € K we define
(AT+S): X =Y, (AT+S)z:=\x+ Sx.
Since the sum and composition of continuous functions is continuous, and
(AT + S obviously is linear, L(X,Y") is a vector space.

It will be shown in Theorem 2.6 that || - || is indeed a norm. Note the the
operator norm depends on the norms on X and Y. This is can be made
explicit using the notation ||T'||(x,y), or similar notation.

(i) Let X,Y,Z be normed spaces and T' € L(X,Y), S € L(Y,Z). Then
ST:X — Z, STx:=S(Tx).

Obviously, ST € L(X, Z) as composition of continuous linear functions and
IST|| < ||S|| |T]| because by Remark 2.3

5Tl < |SIT=l < [SIHT =]l =X

In particular, L(X) is an algebra.

Theorem 2.5. Let X,Y be normed spaces, T : X — Y linear. The following is
equivalent:

(i) T is continuous.
(i) T is continuous in 0.
(ili) T 4s bounded.
(iv) T is uniformly continuous.
Proof. The implications (iii) = (iv) = (i) = (ii) are obvious.
“ (ii) = (iii)”:  Assume that T is not bounded. Then there exists a sequence
(@n)nen € X such that ||z, || = 1 and ||Tz,|| > n for all n € N. Let y,, := n" ' ay,.

Then y,, — 0 but || Ty,|| > 1 for all n € N in contradiction to the continuity of T
in 0. O

Theorem 2.6. Let X,Y be normed spaces.
(i) L(X,Y) is a normed space.
(if) IfY is Banach space, then L(X,Y’) is a Banach space.

Proof. (i) In Remark 2.4 we have seen that L(X,Y) is a vector space. From defi-
nition of the operator norm it is clear that ||T]| = 0 if and only if 7" = 0 and that
[[AT|| = |A||IT|| for all A € K. To prove the triangle inequality let S,T € L(X,Y)
and z € X.

(S + 1)zl = [|Sz + Ta|| < |5zl + || T] < [1S]]+ 1]

Taking the supremum over all z € X yields ||.S +T|| < [|S]| + |T|-
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(i) Let (T,)nen be a Cauchy sequence in L(X,Y). For z € X, the sequence
(T, z)nen is a Cauchy sequence in Y because

1Tz = Tzl < 1T — Tl |-
Since Y is complete, we can define
T:X—Y, Tz:= lim T,x.
n—oo

It is easy to check that T is linear. That 7" is bounded and 7;, — T follows as in
Example 1.11(2): For € > 0 exists an N € N such that

ITw=Tul <5, mm>N.
In particular, for all x € X it follows for n > N that
T = Tuall < T2 = Tonall + | Tz — Tasll, m €N, 1)

Taking the limit m — oo on the right hand side yields ||Tx — Thzl| < § < e. It
follows that T'— T, is a bounded linear map. Since L(X,Y) is a vector space, also
T =T, + (T —Ty) is a bounded linear map. In addition, (2.1) shows that T,, — T,

n — o0.

Examples 2.7. In the following examples, the linearity of the operator under con-
sideration is easy to check.

(i) Let X be a normed space. Then the identity id : X — X is bounded and
[lid|| = 1.

(i) Let 1 < p < co. The left shift and the right shift on £, are defined by

R:ly =Ly,  (®1,22,23... Jnen — (0,21, 22,...),

L:t, =t (21,22, 23 ... Jnen — (T2, 23,...).

Obviously, R and L are well-defined and linear. Moreover, R is an isometry
because ||Rz||, = ||z|p; in particular ||R[| = 1.

The left shift is not an isometry because, e.g., [|L(1,0,0,...)|, =0, =0 <
1=(1,0,0,...)[,- It is easy to see that ||[Lz|, < |z, € £, implying
that [IL]| € 1. Since [L(0,1,0,0...) ], = [(1,0,0-.)lly = [[(0,1,0,0...)l|,
we also have ||L|| > 1, so that altogether ||L|| = 1.

Note that LR = idg, but RL # idy, .

T:CH[0,1], [ er) = C(la,B], ||| 0), T2 = 2" with [|z[lor = [|2]|oo +]|2[|o-
The operator T is bounded and ||T|| = 1.

(iii

=

Proof. The operator T is bounded with ||T'|| < 1 because || T2|/oc = [|2/||co <
|2]loo + l|2']|oc < [|2]|cr for all z € X.

To proof that ||T]| > 1 let @y, : [0,1] — R, 2,(t) := L exp(—nt). Obviously,
o, € CH([0,1]), [znllcr = 2 + 1 and [|Tzp]|eo = 1. It follows that

17| = sup { ol . 5 ¢ CH([0,1))\ {0}} > sup{ ITonls . ) ¢ N}

lzllc [P

:sup{H—l.neN}zl. O

(iv) T:CY[0,1], ]| - lloo) — C([a;b], || - lloo)s T = 2’ is not bounded.
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Proof. As in the example above let @, : [0,1] = R, 2, (t) := Lexp(—nt). It
follows that

sup{H sz e 010, 1))\ {0}} >sup{HT‘Ln”OC )

i n €N}

:sup{j.neN}:oo [}

Lemma 2.8. let X,Y be normed spaces, X finite-dimensional. Then every linear
map T : X — Y is bounded.

Proof. Let ey, ..., e, be a basis of X. Since on X all norms are equivalent, we can
assume that

H Jz:;’% ¢j “ = JXZ; lajl.

Let M := max{||Te;| :j=1,...,n}. Then T is bounded with ||T'|| < M because
for xz = Z;;l ajej € X

ITally = | S aiTes ||, < losl ITes lly <MY layl = Mllallx. O
j=1 j=1

Theorem 2.9. Let X,Y be normed spaces, Y a Banach space. Let D C X be a
dense subspace of X and T € L(D,Y). Then there exists ezactly one continuous
extension T : X — Y of T. The extension is bounded with HTH |7

Proof. For z € X choose a sequence (z,,)nen € D which converges to z. The se-
quence is a Cauchy sequence in D, hence, by the uniform continuity of 7', (T )nen
is a Cauchy sequence in Y, and therefore it converges in Y because Y is complete.
Let (£,)nen be another Cauchy sequence in D which converges to z. By what was
said before, (T'€,) converges in Y. Then nlin;o Tz, — T = nlin;o 1T (zn —&n)|| <

lim |7 |[(z, — &)l = ||| lim |[(@n — &)|| = 0, the following operator is well
defined:
T:X — Y, Tz := lim Tz, for any (z,,)nen C D which converges to z.
0o

It is not hard to see that 7" is an extension of T' with the desired properties. Assume
that S is an arbitrary continuous extension of T. For x € X and a sequence
(zn)nen € D which converges to « we find

Sx = lim Sz, = lim Tz, = lim fz,, =Tux.

n—oo
Therefore, T is the unique continuous extension of 7T'. O

Finally we give a criterion for the invertibility of a bounded linear operator.

Theorem 2.10 (Neumann series). Let X be a normed space and T € L(X) such
that > o T™ converges. Then id —T is invertible in L(X) and

(id-T)~ ZT” (2.2)

In particular, if X is a Banach space and ||T|| < 1, then id =T is invertible and

lGd—1)" M < @—T)~"
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Proof. The proof is analogous to the proof for the convergence of the geometric
series. We define the partial sums S, :== Y T", m € Ny. Then

(id —T)Sp = S (id =T) = id =™+, m € No. (2.3)
Note that:

(i) T™ — 0 for m — oo because Y _ov_

o T™ converges.

(ii) Sm — YoproT™ for m — oo by assumption.

(ili) For fixed R € L(X) the maps L(X) — L(X), S — RS and S — SR
respectively are continuous.

Hence taking the limit m — oo in (2.3) gives
(=13 1" = (D 1")(d-T) =id
n=0 n=0
implying that id —7T" is invertible and that (2.2) holds.
Now assume that X is a Banach space and that ||T|| < 1. Then Y 7 T™ converges

in norm because [|[T"| < || T']|". In particular, (Z;’;O 77 e is a Cauchy sequence
in L(X). Since L(X) is complete by assumption on X and Theorem 2.6 the series

converges. By the first part of the proof, id =T is invertible and formula (2.2)
holds. O

Application 2.11. Let k € C([0,1]?) and y € C([0, 1]). We ask if the equation

x(s) — /0-‘ k(s, t)x(t) dt = y(s), s e0,1]. (2.4)

has solution = € C([0,1]). If a solution exists, is it unique? Can the norm of the
solution be estimated in terms of y?

Solution. Note that equation (2.4) can be written as an equation in the Banach
space C([0,1]):

r—-—Kr=y
where
K:0(0,1]) = C(0,1]), (K)(s) i= /sk(s,t)av(t) dt, s € [0, 1.
0

Obviously, K is a well-defined linear operator and for all z € C([0,1], s € [0,1]

|Ka(s)| = \ [ Hetyato dt\ < [ el (0] dt < sl e
By induction, it follows that
(5] < 5 bl e, s € 0.1, 2 € C0.1]), n e,

which shows that |[K™| < % In particular, Y2 J K™ converges so that id —K
is invertible by Theorem 2.10. Hence equation (2.4) has exactly one solution = €
C((0, 1), given by

=)

T = ZK"y.
n=0
koo
Moreover, ol = | 2020 K™y < 2ol bl < T520 Myl =
e 1Klocllyloc- O
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2.2 The dual space and the Hahn-Banach theorem

Definition 2.12. Let X be a normed space. X' := L(X,K) is the dual space of
X; elements in the dual space are called functionals.

Note that in general the algebraic dual space, i.e., the space of all linear maps
X — K in general is larger than the topological dual space defined above.
Theorem 2.6 implies immediately:

Proposition 2.13. The dual space of a normed space X with the norm
/)| = supf|a/ ()| s v € X, 2 <1}, o' € X,
is a Banach space.

Definition 2.14. Let X be normed space. p: X — R is a sublinear functional on
X (or a seminorm) if

(i) p(Ax) = [Alp(z), AEK, z€X,
(ii) p(z+y) <p(x) +ply), @yeX.
For example, every functional is sublinear; every norm on X is sublinear.

The next fundamental theorem shows that every normed space non-trivial function-
als exist (except when X = {0}).

Theorem 2.15 (Hahn-Banach theorem). Let X be normed space and p : X —
R sublinear. Let Y C X a subspace and po a linear functional on' Y (that is,
wo €Y') with

lpo(¥)| <p(y), yeY.

Then o has an extension to a functional ¢ on X (that is, ¢ € X' and po(y) = ¢(y)
forally €Y) and

le(@)| <px), zeX. (2.5)

Proof. For Y = X there is nothing to show. Now assume Y # X. We distinguish
between the real and the complex case. First assume that X is a real vector space.

We divide the proof in two steps.

Step 1. Let zp € X \'Y and Z := span{zp, Y}. We will show that ¢¢ can be
extended to some 1 € Z’ such that (2.5) holds for all z € Z.
Obviously, every linear extension of ¢ must be of the form

Ye(y + A20) = po(y) + Ac, AER, yeY
for some ¢ € R. We have to find ¢ such that v.(z) < p(z), z € Z, that is,
Ye(y+A20) <p(y+Az2), yEY, AER (2.6)
By assumption on ¢g
@o(r) = o(y) = po(x —y) <plx—y) <pla+2) +py+2). y.TeY,
implying

—po(y) = py + 20) < —po(z) +p(x + 20), Y,z E€Y,
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so that
a:=sup{—ypo(z) —p(x + 2z0) : x € Y} <inf{—po(z) —p(x + 2z0) :x € Y} :=b.

Now let ¢ € [a, b] arbitrary. We show that then 1. is an extension of ¢q as desired.
Let z =y + Azp € Z with y € Y and A € R. Obviously v, is continuous in 0, hence
Ve € Z'.

We have to show (2.6). Clearly it holds for A = 0. For A = 0 equation (2.6) clearly
holds. For A # 0:

A>0: AchbgA(fqao(%y)er Ty +20)) = —po(3y) + p(y + A20),

In both cases we obtain 9.(z) = ¥.(y + /\zo) ©o (y) + Ae < ply + Az0) = p(2).
Application to —z yields —t.(z) = ¥c(—2) < p(—z) = p(z). In summary, we have
[Y(2)] <p(2), z€ Z.

Step 2. Let ® be the set of all proper extensions ¢ € X’ of g such that |p(z)| < p(z)

for all z € D(p) (the domain of ). By Step 1, ® is not empty and partially ordered
by

A<O0: /\csx\aSA(—wo(iy)— p(3y+20)) = —po(3y) + p(y + Az0).

1 < p2 <= y is an extension of ;.

Every totally ordered subset ®¢ has the upper bound

= U DPWw), f(@@) =) forzeDw).

PEDg

By Zorn’s lemma, ¢ contains a maximal element ¢. This ¢ is defined on X because
otherwise, by Step 1, it would not be maximal.

For the proof of the complex case: Exercise 2.4.
Now we assume that X is a complex vector space. Consider X as a vector space
over R and define the R-linear functional

VoY =R, Vo(y) =Re(p(y))-
Obviously, Vj is continuous. It is also R-linear because for all z,y € Y and a« € R

Vo(az +y) = Re(po(az +y)) = Re(apo(z) + ¢o(y)) = aRe(po(z)) + Re(po(y))
= aVp(z) + Vo(y)-

In addition, Vj is bounded by the sublinear functional p
Vo(y)l = [Re(eo(y))l < lpo) <ply), ye Y.

By what we have already shown, there exists a R-linear extension V' € L(X,R) of
Vo with [V (z)| < p(z), € X. Now define

p: X —C, p(z) = V(x) —iV(iz).
¢ has the following properties:
(i) ¢ is an extension of ¢y and To see this, let y € Y.
e(y) = Voly) —iVo(iy) = Re(po(y)) — iRe(po(iy)) = Re(po(y)) — iRe(ipo(y))
= Re(po(y)) +iIm(po(y)) = ¢o(y):
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(ii) ¢ is C-linear. To show this, let z,y € X and ¢ = a + ib with a,b € R.

ol +y) = V(x +y) —iV(i(z +y)) = V(@) + V(y) -1V (ix) - iV (iy)

o(x) +¢(y)
o(Cz) = plax) + p(ibx) = V(azx) — iV (iax) + V (ibz) — iV (i%bz)
=a[V(z) — iV (iz)] 4+ b[V (iz) + iV (z)]
= (@ +10)[V(2) - V()] = Cp(@).

(iii) ¢ is bounded by p. To prove this, let € X and « € R such that

()] = € p(x) = Re (p(c 2)) = V(p(e'* 2)) < p(p(c2)) = p(a).
In conclusion, ¢ is a C-linear continuous extension of ¢y which is bounded by p as
desired.
The Hahn-Banach theorem has some important corollaries.

Corollary 2.16. Let X be a normed space, Y C X a subspace and po € Y'. Then
there exists an extension ¢ € X' of o such that ||¢|| = |l¢ol-

Proof. The map p: X — R, p(z) = |l¢ol ||z|| is a sublinear functional on X and
leo()] < lleo) lyll = p(y) for all y € Y. By the Hahn-Banach theorem, ¢y can
be extended to a ¢ € X’ with |p(z)] < p(z) = ||@ol| |||, so that ||| < [l¢oll- On
other hand ||¢|| > ||| holds because ¢y is a restriction of ¢. O

The next corollary shows that X’ does not consist only of the trivial functional and
that it separates points in X.
Corollary 2.17. Let X be a normed space, x € X, © # 0. Then there exists a
¢ € X' such that p(z) = ||z||. In particular for all x,y € X :

(i) 2=0 < Vo e X' ¢(z)=0,

(i) s £y = Fp e X' o) # ¢(y)-
Proof. Let Y := span{z} and ¢ € Y’ defined by ¢o(Az) = A||z||. Then ¢o(z) =
[lz]| and [|¢o|| = 1. By Corollary 2.16 there exists an extension ¢ € X’ of ¢y with

the desired properties. Statement (i) is clear; (ii) follows when (i) is applied to
T —y. [}

Corollary 2.18. Let X,Y be a normed spaces.

(i) llzll = sup{p(x) : ¢ € X', [loll =1}, w € X.
(ii) ForT:X —Y linear

7] = sup{e(T) :

z =1, peY', [lo| =1}.

Proof. (i) For all p € X' with gl = 1: Jlz]l = gl loll 2 ()], hence [ja]] >
sup{p(z) : ¢ € X', |||l = 1}. To show that in fact we have equality, we recall that
by Corollary 2.17 there exists a ¢ € X’ with [¢]| = 1 and ¢(z) = ||z||. Hence the
formula in (i) is proved. Note the the supremum is in fact a maximum.

(ii) Let M :=sup{p(Tz) : z € X, ||z]| =1, ¢ € Y/, ||¢| = 1}. We have to show
M = ||T||. Obviously, M = oo if and only if || T']| = co. Now assume ||T'|| < co. Let
e > 0. Then there exists an € X with ||z|| =1 and ||[Tz|| > ||T|| — . Choose a
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¢ € X' such that ||¢]| =1 and p(Tz) = ||[Tz||. Then M > p(Tz) = ||T|| — . Since
€ is arbitrary, it follows that M > ||T'||. The revers inequality follows from

o(Tx) < JellITll < el 1Tl [l = 1T, =€ X, Jlall =1, € X', [lp] = 1.0

Corollary 2.19. Let X be a normed space, Y C X a closed subspace. For every
0 € X \Y exists p € X' such that o|ly =0 and p(zo) = 1.

Proof. Let 7 : X — X/Y be the canonical projection. Then 7(y) =0, y € Y, and
m(xo) # 0. Since X is a normed space by Example 1.11, there exists a ¢ € (X/Y)’
such that ¢(m(zg)) # 0 and ¢(w(z)) = 1. Obviously ¢ =1 o € X’ and has the
desired properties. O

Corollary 2.20. Let X be a normed space, Y C X a subspace. Then the following
are equivalent:

Q) ¥ =x,
(ii) (bly =0 = ¢=0), peX.
Theorem 2.21. Let X be a normed space.

X' separable = X separable.

Proof. Exercise 2.3.

By Proposition 1.9 the unit sphere Sy := {2/ € X’ : ||2/|| = 1} is separable.
Choose dense subset {z}, : n € N} of Sxs. and z, € Sx := {z € X : [|z| = 1} with
|2, (zn)l > 3. Let U = span{ay : n € N}. We will show U = X. Assume this is
not true. By Corollary 2.19 there exists an 2’ € Sx- such that 2’ # 0 and /|y = 0.
Let n € N such that ||z}, — a/[| < 1. This leads to the contradiction

1 1
3 S lwn(ea)l < Jag, (2n) = @' (2n)| + |2 (@a)] < Jlaf, = '] + |2 (@a)| < 7. D

2.3 Examples of dual spaces

Theorem 2.22. (i) Let 1 < p < co and q such that
T4 =1
p q

with the convention % = 0. ¢ is called the Holder conjugate of p.

The following map is an isometric isomorphism:

Tily— (), (To)y=3 tagn  forz=(wa) € lyy y= (yn) € by

n=0

(ii) The following map is an isometric isomorphism:
T:l — (), (Tx)y= anyn for x = (z,) € b1, y = (yn) € co.
n=0
Proof. (i) Let 1 <p <oo. T is well-defined by Holder’s inequality and

[(T2)yl = Y anya] < l2lqllyllp-
n=0
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Linearity and injectivity of T is clear. The inequality above gives
1Tz < llzllg, = €Ly (2.7)

It remains to show surjectivity of 7" and that ||Tz|| > ||z||, € 4. To this end,
let y' € (¢,)" and set x,, := y'(e,), n € N, where e, is the nth unit vector in £,. We
will show that = := (zn)nen € {4 and that Tz = y’. For y' = 0 this is clear. Now
assume that ¢’ # 0. For n € N define

aq
P ‘Iajll sz #0,
" o, z, = 0.

Using pg — p = ¢ we find

N N

St =" Jzal?D, N eN.

n=1 n=1

Hence, for all N € N,

N N N N N
Dolwal’ =Yzt =Yty (en) = ¢/ (D tuen) < 1Y D tueall,
n=1 n=1 n=1 n=1

n=1

- Hy’H(i [tal?)? < uy'u(i |zl 7) 7.

n=1

ET

For N large enough, the last factor in the line above is not zero, so, using 1 — [% ==
we obtain

N 1
(X lzal)* <1yl

n=1
implying that @ € £;. Since (Tz)e, = zne, =y e,, n € N, and {e, : n € N} a
total subset of £, it follows that Tz = y’. In particular, with the inequality above,
lzllg < |¥'ll = |ITx|. Together with (2.7) it follows that ||Tz| = ||z||, that is, T is
an isometry.
The proof for p =1 is similar.
(ii) Well-definedness and injectivity of T" are clear. Moreover ||Tz|| < ||z|; for every
x € {1 because

oo oo
IS @nyn] < Molloo Y lzal = [¥lcllzl, v €co, z €
n=0 n=0

To show that T is surjective, let ¥ € (co)” and let @, := yy,(e,) where e,, is the nth
unit vector in ¢y. For n € N choose a,, € R such that |y/(en)| = exp(ion )y’ (en). It
follows that

Z |zn| = Z [y (en)| = Z exp(ian) ' (en) = ?I/( Z exp(ian) e, )

n=0 n=0 n=0 n=0
oo
<1yl explian) en |, = 19/1l
n=0

Hence z € ¢1 and ||z||; < ||y’||. As before, since {e,, : n € N} is a total subset of ¢,
it follows that Tz = v’ and the proof is complete. (Note however, that {e, : n € N}
is not dense in (.) O
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The theorem above shows that

(£,) = £, 1<p< oo,

(co) = 45.

Remark. Note that ({o)" 2 ¢1. To see this, assume that ({o)" = (4. Since (5 is
separable, Theorem 2.21 would imply that also £ is separable, in contradiction to
Example 1.23.

Other important examples are given without proof in the following theorems.

Theorem 2.23. Let (2,5, 1) be a o-finite measure space. Let 1 < p < 0o and q
such that % + % =1. Then

Ti4(@) < (G@), (0= [ f1dn L), g HE)
is an isometric isometry.
Theorem 2.24 (Riesz’s representation theorem). Let K be a compact metric
space and M (K) the set of all reqular Borel measures with finite variation, that is

|l < oo with

[l := sup{ Z |e(V)| = Z partition of K in pairwise disjoint measurable sets}.
vez

Let 1 <p < oo and q such that % .- % =1. Then
T:ME) — (C)). To) = [(gdu ue M), g€ C(E),
Q
is an isometric isometry.

For a proof, see [Rud87, Theorem 6.19].
The theorems above show that

2.4 The Banach space adjoint and the bidual

Definition 2.25. Let X,Y be normed spaces and T € L(X,Y). The Banach space
adjoint of T is

T:Y — X', (T'y )z =y (Tx), y €Y, zeX.

Obviously, 7" is linear and continuous as composition of continuous functions, hence
T" € L(Y',X') and the following diagram commutes
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Theorem 2.26. Let X,Y,Z be normed spaces.

(i) The map L(X,Y) — L(Y',X'), T — T', is linear and isometric, that is,
IT'|| = |T|l. In general, it is not surjective.
(i) (STY =T'S' for S € L(Y, Z) and T € L(X,Y).

Proof. (i) Linearity of T +— T is clear. Immediately by the definition of 7" we have
that

1T =1y o Tl < lYIITI, v €Y,
hence ||T”|| < ||T'||. By Corollary 2.18 ||T| is
[Tl =sup{y'(Tz) : x € X, ||z = 1, y € Y, |yl = 1}
For every € > 0 there exist z € X, ||z|| =1, y' € Y’ such that |T|| —e < y/(Tz) =
(Ty) (@) < Ty M=) = 1T so [T]] < [|77]].
(ii) For all 2’ € Z" and = € X we have ((ST)'2')(z) = 2/(ST(z)) = 2/(S(Tz)) =
(8"2")(Tx) =T'(5"2")x = (T"S")(2')(x), hence (ST) =T"S5". O
Example 2.27. Let 1 < p < co. The adjoint of the left shift
L:t, — L, L(x1,29,%3,...) = (v2,23,...)
is the right shift.

Proof. Let ,17 + % =1and y = (Yn)nen € lg = (I,)". Then for all = (T, )nen € lp:

oo 00 00 -
(Ve = () =3 valla)e = Y vntnis = 3 vorza = S (R)ura
n=1 n=1 o oy
= Z(Ry)nmn, = (Ry)x. O

n=1

Definition 2.28. Let X be a normed space. X" := (X’) is the bidual of X.

For every x € X the linear map
Jx(z): X' > K, Jx ()2 =2’z
is linear and bounded by ||z||, hence Jx(z) € X".
Theorem 2.29. The map
Jx: X = X", Jx(z)2’' =2'z, 2’ €X'
is a linear isometry. In general, it is not surjective.

Proof. We have seen above that Jx is well-defined, linear and ||Jx(z)| < |||,
2z € X. Now let € X and choose ¢, € X’ such that ¢, (z) = ||z| (Corollary 2.17).
It follows that ||Jx (z)¢z| = | (z)| = ||z||, hence ||Jx (z)|| > 1. O

The preceding theorem gives another easy proof that every normed space X can be
completed (see Theorem 1.7).

Corollary 2.30. Every normed space is isometrically isomorphic to a dense sub-
space of a Banach space.
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Proof. By the theorem above, X is isometrically isomorphic to Jx (X) C X”. Since
X" is complete (Theorem 2.6), the closure Jx (X) is a Banach space. O

Definition 2.31. A Banach space is called reflexive if Jx is surjective.

Examples 2.32. (i) Every finite-dimensional normed space is reflexive.
(ii) ¢, is reflexive for 1 < p < oo by Theorem 2.22.

(iii) ¢o and ¢; are not reflexive.

Note that there are non-reflexive Banach spaces X such that X = X” (but Jx is
not surjective).

Lemma 2.33. Let X,Y be normed spaces and T € L(X,Y). ThenT"oJx = JyoT,
that is, the following diagram commutes:

x—F vy

Jxl lJY
I

X" >y

Proof. Forz € X andy’ € Y’

(T"(Ix @)]) = (Ux (@)T'Y) = Ty = y'(Tw) = (Jy (T2)y' = [(Jy o T)(x)]y".

O

If X and Y are identified with subspaces of X" and Y” via the canonical maps
Jx and Jy, then T” is an extension of T. Note that with this identification S €
L(Y’, X') is adjoint operator of some T' € L(X,Y) if and only if S(X) C Y.

Lemma 2.34. Let X be a normed space. Then J% o Jx, =idx.

Proof. Note that Jx/ : X" — X" and J% : X" — X'. Forz € X, 2’ € X'

(Jy o Ix)2'|(z) = [Jx:2)(Ix (z)) = [Ixz]a’ = 2. O

Theorem 2.35. (i) Every closed subspace of a reflezive normed space is reflex-
we.

ii) A Banach space X is reflexive if and only if X' is reflexive.
(i) P y

Proof. (i) Let U be a closed subspace of a reflexive normed space X and let u” € U”.
We have to find a v € U such that Jx(u) = v”. Let zf : X' — K, z§(2') =
u”’(2'|y). Obviously, aj is linear and bounded because

|26 (@) = [ (@' |o)] < [l 12|l < fla”[lll271],

hence z{ € X”. Since X is reflexive there exists an zg € X such that Jx (zo) = f.
Assume that zo ¢ U. Since U is closed, there exists a ¢ € X’ such that ¢|y = 0 and
¢(xg) =1 (Corollary 2.19). On the other hand ¢(zg) = 0 by choice of z because

2 (z0) = z((2') = Jx(wo)z" = u" (2'|v), e X',
Therefore zo € U. It remains to be shown that Jy(zo) = u”, that is

u’(u') =/ (z0), uel.
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Let v/ € U’ and choose an arbitrary extension ¢ € X’ (Corollary 2.16). By definition
of z¢ it follows that

u"(u') = u"(plv) = 2 () = p(w0) = v/ (z0)-

(ii) Let X be reflexive. We have to show that Jyx: : X’ — X" is surjective. Let
2y’ € X" The map =, : X — K, z{(z) = 2§'(Jx(z)) is linear and bounded, hence
i € X'. We will show that Jy/(z() = xy’. Let 2” € X”. Since X is reflexive,
there exists an « € X such that Jx(z) = 2”. Therefore

Txr(xg)a” = 2" (xp) = Jx (2)(20) = 267 = 20’ (Jx () = a7 (z"),

hence indeed Jx/(z() = x(’.

Now assume that X’ is reflexive. By what was is already proved, X" is reflexive.
Since X is a closed subspace of X" via the canonical map Jx, X is reflexive by part
(i) of the theorem. O

Corollary 2.36. A reflexive normed space X is separable if and only if X' is
separable.

Proof. That separability of X’ implies separability of X was shown in Theorem 2.21.
If X is separable and reflexive, then also X" is separable. By Theorem 2.35 X' is
reflexive, so we can again apply Theorem 2.21 to obtain that X’ is separable. O

Definition 2.37. Let X be a normed space. A sequence (z,,)nen converges weakly
to zyp € X if and only if

lim 2'(z,) = 2'(z0), 2 e X'
n—oo
. w .
Notation: z,, — « or w-lim z,, = x.
n — oo

If it should be emphasised that a sequence converges with respect to the norm in the
given Banach space, then the sequence is called norm convergent. Sometimes the
notion strongly convergent is used. Note, however, that in spaces of linear operators
the term “strong convergence” has another meaning (see Defintion 3.12).

The next remark shows that strong convergence is indeed stronger than weak con-
vergence.

Remarks 2.38. (i) If the weak limit of a sequence exists, then it is unique, be-
cause, by the Hahn-Banach theorem, the dual space separates points (Corollary 2.17).

(ii) Every convergent sequence is weakly convergent with the same limit.
(iii) A weakly convergent sequence is not necessarily convergent. Consider for ex-

ample the sequence of the unit vectors (e,)nen in ¢o. Let ¢ € ¢ = £1. Then
hll}’l\] p(en) = 0 but the sequence of the unit vectors does not converge in norm.
ne

Example 2.39. Let (z,,)nen be a bounded sequence in C([0, 1]). Then the follow-
ing is equivalent:

(i) (zn)nen converges weakly to y € C[(0,1)].

(ii) (2n)nen converges pointwise to y € C[(0,1)].
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Proof. “(i) = (ii)” It is easy to see that for every ¢y € [0, 1] the point evaluation
x — x(to) is a bounded linear functional. Hence for all ¢ € [0, 1] the sequence
(n(t)nen converges to some y(t). By assumption, [0,1] — K, ¢ — y(t) belongs to
C([0,1]).

“(ii)) = (i)”  follows from Riesz’s representation theorem (Theorem 2.24) and the
Lebesgue convergence theorem (see A.19). O

Theorem 2.40. Every bounded sequence in a reflexive normed space contains a
weakly convergent subsequence.

Proof. Let X be a reflexive normed space and = (z,)nen € X be a bounded
sequence.

First we assume that X is separable. By theorem 2.36, also X’ is separable. Let
{¢n : n € N} be a dense subset of X’. We will construct a subsequence y = (Y )nen
of & such that for every j € N the sequence (¢;(yn))nen converges. The sequence
(¢1(2n))nen is bounded, so it contains a convergent subsequence

(1(®ny1)s 1(Tny 2)s @1(Tng3)s - -)

Now the sequence (@2(xy, ;))jen is bounded, so it contains a convergent subse-
quence

(02(Tny1)s P2(Tny.2), P2(Tny3), - o)

Continuing like this, we obtain a sequence of subsequences x,,,, = (Zn,, j)jen, m € N
such that (¢ (@n,, j))jen converges. Now the “diagonal sequence” y with y,, :=
Zn,,,m has the desired property.

Now we will show that y is weakly convergent. Let 2’ € X’ and £ > 0. Choose an
k € N such that ||2' — o < 55 where M := sup{|[|z,|| : n € N} < oco. Let N € N
such that |¢k(yn) — 0k (Ym)| < §, m,n > N. It follows for m,n > N:

2" (yn) — &' (ym)] < 12" (Yn) — @u(yn)| + 101 Yn) = @r(ym)| + [0k m) — 2" (ym)|
<2M ||z’ — @il + 1ok (Yn) — @r(ym)]

<£+£*5
2 2 7

This implies that (2/(yn))nen is a Cauchy sequence in K, hence it converges. To
show that (yn)nen converges weakly, define the map

X' =K, )= lim 2'(y,).
By what is already shown, 1 is well-defined and linear. It is also bounded because

o) = | Jim ()] = T /()] < T [l ()]l < M)l

n—00

Hence ¢ € X”. Since X is reflexive, there exists a yo € X such that 2/(yo) =
(') = lim 2'(y,). Hence (yn)nen converges weakly to yo.
n—oo

Now assume that X is not separable. Let Y := span{zy,, : n € N} where (2, )nen is
the bounded sequence in X chosen at the beginning of the proof. Y is separable
(Theorem 1.22) and reflexive (Theorem 2.35). Hence, by the first step of the proof,
there exists a subsequence (4, )nen C Y of (2,)nen and a yo such that , — yo in
Y. Let 2/ € X'. Then 2'|y+ € Y’, hence NIEI;O ' (yn) = nlEIDLO 2|y (yn) = 2’|y (yo) =

2’ (yo). Therefore we also have y,, N yo in X. O

Last Change: Tue May 25 15:06:14 COT 2010



Chapter 3. Linear operators in Banach spaces 35

Chapter 3

Linear operators in Banach
spaces

3.1 Baire’s theorem

Theorem 3.1 (Baire-Hausdorff). Let (X,d) be a complete metric space and
(Ap)nen be a family of closed subsets of X such that X = U:il A,. Then at least
one of the sets A, contains a non-empty open subset.

Proof. In the proof we use the notation B(z,r) := {y € X : d(z,y) < r} where
zeXandr>0.

Assume no A,, contains an open ball. Since A; is closed, the set X \ 4; is open and
not empty. Hence there exists an 27 € X and r; < 27! such that B(x1,71) € X\ A;.
Since A is closed and does not contain an open ball, the set B(x1, 5) N (X \ Az)
is open and not empty. Hence there exists an 3 € X and 72 < 272 such that
B(xa,m2) C B(x1, %) and B(z,72) € X \ Aa.

Since As is closed and does not contain an open ball, the set B(zz, 3) N (X \ 43)
is open and not empty. Hence there exists an 3 € X and r, < 273 such that
B(xs,r3) C B(x2, %) and B(xs,73) € X \ A3. Continuing like this, we obtain
sequences (7 )nen and (z,)pen such that 0 < r, < 27" and

—
B(zn41,mn41) € B(an, ?") C B(T’nﬂ'n)a neN.
Note that
T, € B(xn,rN), NeN, n>N. (3.1)

Hence (2,)nen is a Cauchy sequence in X because for m,n > N we find that
(T, 2n) < d(@m,2N) + d(zn, 25) < 27N+ Since X is complete, x¢ := lim
n—oo
exists.
By (3.1) it follows that zo € B(xn,rn) for every N € N, so
TN

.’I?UGB(TKN,7)QB(.TN,1,7‘N,1) QX\AN,l, N > 2.

zg € B(zpt1, %) C B(wn,mn) € X \ A, for every n € N, that is =g ¢ UsZ, A,

which contradicts the assumption on the A,,. O

Definition 3.2. Let (X, d) be a metric space.

e A C X is called nowhere dense in X, if A does not contain an open set.
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e AC X is of first category if it is the countable union of nowhere dense sets.

e A C X is of second category if it is not of first category.

Note that A is nowhere dense if and only if X \ A is dense in X.
An equivalent formulation of

Theorem 3.3 (Baire’s category theorem). A complete metric space is of second
category in itself.

Examples 3.4. Q is of first category in R. R is of second category in R.

3.2 Uniform boundedness principle

Definition 3.5. Let (X,d) be a metric space. A family F = (f\)rea of maps
X — Ris called uniformly bounded if there exists an M € R such that

[fa(z)] < M, reX, NeEA.

The next theorem shows that a family of pointwise bounded continuous functions
on a complete metric space is necessarily uniformly continuous on a certain ball.

Theorem 3.6 (Uniform boundedness principle). Let X be a complete metric
space, Y a normed space and F C C(X,Y) a family of continuous functions which
is pointwise bounded, i. e.,

VeeX 3C,>0 VfeF |f(x)]<Cq.
Then there exists an M € R, xg € X and r > 0 such that
Vo € By(zg) VfeF |f(x)| <M. (3.2)
Proof. For n € N let

A= o e X :||f(@)] <n).

feF

Note that for every n € N the set {z € X : || f(z)|| < n} is closed because f and || - ||
are continuous. Since all A,, are intersections of closed sets, they are closed. Let
z € X. Since F is pointwise bounded, there exists an n, € N such that z € A,,_,
hence X C Up,enA,. By Baire’s theorem exists an N € N, g € X, r > 0 such that
B, (z0) C An, that is, (3.2) is satisfied with M = N. O

The Banach-Steinhaus theorem is obtained in the special case of linear bounded
functions.

Theorem 3.7 (Banach-Steinhaus theorem). Let X be a Banach space, Y a
normed space and F C L(X,Y) a family of continuous linear functions which is
pointwise bounded, i. e.,

VeeX 3C,>0 VfeF |f(z)]<Cs.
Then there exists an M € R such that

[l£Il < M, feF.
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Proof. By the uniform boundedness principle there exists an open ball B,(z¢) C X
and an M’ € R such that ||f(z)|| < M’ for all € B,(x9) and f € F. Forz € X
with ||z|| =1 and f € F we find

1 1
I @)l = Z I tra)ll = Z 11 (z0) = f(zo —ra)|
1 . 2M'
< S Uf o)l + 1/ (o - ra)l) < =: M,
€B,(z0)
showing that F is uniformly bounded by M. O

Corollary 3.8. Let X be a normed space and A C X. Then the following are
equivalent:

(i) A is bounded.
(i) For every 2’ € X' the set {2'(a) : a € A} is bounded.

Proof. “(i) = (ii)” 1is clear.
“(ii)) = (i)” The family (Jx(a))qca € X" is pointwise bounded by assumption.
By the Banach-Steinhaus theorem there exists a M € R such that

lal =[lJx(@)l <M, a€A
Hence A is bounded. O

Corollary 3.9. Every weakly convergent sequence in a normed space is bounded.

Proof. Let X be a normed space and (2, )nen be a weakly convergent sequence in
X. By hypothesis, for every &’ € X’ the set {2(z,,) : n € N} is bounded. Therefore,
by Corollary 3.8, the set {x;, : n € N} is bounded. O

The following theorem follows directly from Theorem 2.40 and Corollary 3.9.

Theorem 3.10. Let (X, || - |
following is equivalent:

) be a normed space, (xn)nen and zo € X. Then the

(i) zo = w-lim @,.
n— oo
(ii) (zn)nen is bounded and there exists a total subset M' C X' such that

Jim f(zn) = f(wo), feM.

Corollary 3.11. Let X be Banach space and A" C X'. Then the following is
equivalent:

(i) A’ is bounded.
(i) For all z € X the set {a/(x) : o’ € A’} is bounded.

Proof. The implication “(i) = (ii)” is clear. The other direction follows directly
from the Banach-Steinhaus theorem. O

Note that for “(ii) = (i)” the assumption that X is a Banach space is necessary.
For example, let d = {z = (z)nen : T, # 0 for at most finitely many n} C l.
d is a non-complete normed space (see Example 1.12(5)). For m € N define the
linear function ¢y, : d — K by ¢y, (e,) = mdy, ,, where o, , is the Kronecker delta.
Obviously ¢, € d’ and ||, || = m, hence the family (¢,,) is not bounded in d’, but
for every fixed = € d the set {¢m,(x) : m € M} is.

Last Change: Thu Apr 29 10:55:34 COT 2010

12 Feb 2010

38 3.2. Uniform boundedness principle

Definition 3.12. Let X,Y be normed spaces, (T,,)neny € L(X,Y) a sequence of
bounded linear operators and T' € L(X,Y).

(1) (Tw)nen converges to T', denoted by lim T}, =T’ if and only if

lim ||T,, — T|| = 0.

(ii) (Tn)nen converges strongly to T, denoted by s-1imT,, =T or T, 5 7, if and
only if

lim || T,z —Tz| =0, z e X.

(iii) (Tn)nen converges weakly to T, denoted by w-1lim Ty, = T or T, = T, if and
only if
lim |p(Thz) — o(Tx)| =0, zeX, peY.

n—oo

Remark. (i) The limits are unique if they exist.

(if) Convergence in norm implies strong convergence and the limits are equal.
Strong convergence implies weak convergence and the limits are equal.

The reverse implications are not true:

o Let X = 6b(N), T, : X — X, Tho = (21, ..., @, 0, ...) for = (T )men.
Then T converges strongly to id but ||T, —id| = 1 for all n € N, so that
(T )nen does not converge to id in norm.

o Let X =0(N), T, : X —» X, T, = (0, ..., 0, z1, @2, ...) (n leading zeros)
for @ = (Tm)men. Then T converges weakly to 0 but ||T,z|| =1 for all n € N,
so that (T, )nen does not converge strongly to 0.

Proposition 3.13. Let X be a Banach space, Y be a normed space and (T, )nen C
L(X,Y) such that for all x € X the limit Tx := liglVTno; exists. Then T € L(X,Y).
n

Proof. 1t is clear that T is well-defined and linear. By the uniform boundedness
principle, there exists an C' € R such that ||7,,|| < C for all n € N. Now let z € X
with ||z|| = 1. Then ||Tz| = lim ||T,z| < sup||Ty,| ||z|| < C which implies that
T e L(X,Y). e neN a

Next we prove a result on strong convergence of positive operators on a space
of continuous functions. An operator 7" on a function space is called positivity
preserving if Tf > 0 for every f > 0 in the domain of T'.

Theorem 3.14 (Korovkin). Let X = C|[0,2n] the space of the continuous func-
tions on [0,27] and let x; € X with xo(t) = 1, z1(t) = cos(t), x2(t) = sin(t) for
t € [0,2n]. Let (Tn)nen € L(X) be a sequence of positivity preserving operators
such that Tpax; — x; for n — oo and j = 0,1,2. Then (T )nen converges strongly
to id, that is, Tpx — x for all x € X.

Proof. We define the auxiliary functions

t7 S
yi(s) = sin® 3 °. t,s € [0,2x].
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Note that y.(s) = %(1 — cos(s) cos(t) —sin(s) sin(t)), hence y; € span{zg, z1,z2}, in
particular T, y; — y; for n — oo.

Now fix € X and ¢ > 0. Since z is uniformly continuous there exists a 6 > 0 such
that for all s,¢ € [0, 27]

yi(s) = sin® tin <6 = |x(t)—a(s) <e.

% we obtain that

Setting o =
() —a(s)| < e +ay(s), st €02,

because either s,t are such that y.(s) < 6, then |z(t) — x(s)| < § by definition of d;
or y(s) > 6, then |z(t) — z(s)| < 2||z]x = ad < ay:(s). Hence we have that

e —au(s) < 2t) —a(s) < e +auls),  ste(o,2n)
=  —exo—oay < z(t)xo —x < exo+ ayy, t €[0,2n]
and since T, is positive and y; is a positive function
—eThxo — oy < x(t)Thao — Thx < eThao + oLyt t €[0,2x].

Since Tz — xo and T,y — %(1 — cos(t)xy — sin(t)z2) for n — oo, we can find
N € N large enough such that T, z0 + aTpy; < exo + ayy + € for all n > N, hence

|z(t)Thao — Tha| < exo+ aye + &, t € [0,2n], n > N.
Hence 2T,x0 — T),xo converges to 0 in norm in X because by the inequality above
[2(t)(Tnzo)(t) — (Thx)(t)| < e+ ays(t) +e =26,  te[0,2a], n>N.

That T,z — z follows now from

|z — 2Thzolloo + [|[2Tnxo — Thlloo < |2l |20 — Tnolloo + |2Thazo — Thlleo- O

Fourier Series

Definition 3.15. Let 2 : R — R a 27-periodic integrable function. The Fourier
series of x is

NgE

S(a,t) = %0 + ) (ak cos(kt) + by sin(kt)),

-~

1

where

1/
ap == — / x(s) cos(ks) ds, k € Ny,

R
by, = l/ z(s) sin(ks) ds, ke N.
T J-x

Note that the Fourier series is a formal series only. In the following we will prove
theorems on convergence of the Fourier series.

First we will use methods from Analysis 1 to show that for a continuously differen-
tiable periodic function its Fourier series converges uniformly to the function. Next
we will use the uniform boundedness principle to show that there exist continuous
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functions whose Fourier series does not converge pointwise everywhere. Finally,
the Korovkin theorem implies that the arithmetic means of the partial sums of the
Fourier series of a periodic function converges uniformly to the function.

For a given 27-periodic function and n € N we define the nth partial sum

ao

sn(z,t) = 2

+ Z(ak cos(kt) + by, sin(kt)). (3.3)
k=1

Lemma 3.16.

-7

o sin((nt D)) g
sn(z,t) = —/ 2(s+t)Dy(s) ds  with Dy(s) = 25‘;‘(5> ’ T (3.4)
T n+ 3 s=0.

D, is called Dirichlet kernel. D,, is continuous and

1o
= D, (s) ds=1. (3.5)
™ =7

Proof. Using the trigonometric identity cos(a) cos(b) +sin(a) sin(b) = cos(a —b) and
that x is 2m-periodic we obtain

sn(x,t) = %0 + i:(ak cos(kt) + by sin(kt))
k=1
_1 / " z(s)(% + D (costks) cos(kt) + sin(ks) sin(kt)) ) ds
k=1

™ J—x

- %/ﬂ z(s)(% N zn:cos(k(s —1)) ds
Y k=1

= %/W x(s + t)(% + i:cos(k:s)) ds.
- k=1

Now we calculate for s # 0

n n n ins 21
1 o) — 1 1 18 —iksy _ 1 1ks _ e 1ks
gt cosths) =g+ 3> (@ e =5 D M=) e
k=1 k=1 k=—n k=0
_ e—ins 0127?5 1 _ 101(n+%)s _gi(ntg)s B sin((n'-&- %)S) Do)
2 es—1 2 es/2_em1s/2 2sin 5

Note that lim Dn(s) = n + L =143, cos(0). For the proof of (3.5) let 2 =1a
constant function on R. Then, by (3.3),
1 /7

™

D, (s) ds = sy (z,t) = z(t) = 1. O

-7

Theorem 3.17. Let z : R — R be a 2w-periodic continuously differentiable func-
tion. Then the Fourier series of x converges uniformly to x.

Proof. Let x : R — R a 2m-periodic continuously differentiable function. Let € > 0
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and h € (0,7) such that h < o= Using (3.4) and (3.5) it follows that It is easy to see that
us 1 us
1 — -
|2(5) — s (,1)] :)7/ (x(s +1t) — 2(t)) Dn(s) ds] llsn (=, 0)II = \/ s)ds( < —llzfle /7W\Dn(s>\ds
h hence ||s,.(-,0)[| < [T s)| ds. On the other hand, the function y(s) = sign(Dy(s))
S | [ - ds ‘ + / h - lds+ ‘ / ds can be approximated by (’ontlnuous functions v, with |Jym,| =1 such that
1 [ 1 [ 1 ["
An QR AT [l (ym, 0)]] = 7/ 2(s)Dn(s)ds — = [ sign(Dp(s))Dn(s) ds = 7/ |Dn(s)| ds
) T J_ Fo -
We have to show that A, (t), B, (t) and Cn(t) tend to 0 for n — oo uniformly in ¢. " ) T
Using the mean value theorem and that Zo < sin(o) for o € [0, 7/2] we obtain so that finally we obtain
17
h h / —
(s + 1) — x(+ 2l s sn(+,0 77/ D, (s)|ds < Cy, n € N.
Bn(t>:/ s +0) = 2O | 50 + 1)) dsg/ l'llsl s Ol =2 [ 1Da(s)] o
_h 2sin || —_ _p, 2sin 3]
<1 However |[|s,(-,0)|| — oo for n — oo because
<2h’oc <: ™ T lsinf(n + L T g Lyg
Il < 2 [ iDutoas =2 [ 15 [l
Jor Jo 251n— o s

Define the auxiliary function

(s +t) — x(t)

n—

L or(k+1)m [ sin o]
E 27714
=0 /k:7r g

m(n+3)
2/ Isinal 1) 55
0 o

fi(s) = T s € [h,7], t € [0,7].
2a] n—1 1 (k+1)7 n—1
The functions f; are continuously differentiable and ||fi]jcc < Ty = M, > 2; m/]m |sing|do = 471-2 k+1
fillo < Sl E— M. Note that the bounds do not depend on ¢. Integrating -
t 2sin(h/2) n
by parts, we find —4 Z %
™ k=1
_ . 1
Cnlt) = ‘ /h fi(s)sin((n + 3)5) ds | Hence the theorem is proved. O
_ ‘ _ cos((n + 3)s) Fu(s) T 4 /7r cos((n + 3)s) Fi(s) ds Finally we show that the arithmetic mean of the partial sums of the Fourier series
n+ % h h n+ % ¢ of a continuous function converge.
M
< P (2M; + (7 — h)Mz) = ntl Theorem 3.19 (Fejér). As before let

Note that M’ does not depend on ¢t. When we choose N such that +, < 5 we X = {zcC(-mn)) : a(-m) = x(m)}
obtain finally |z(s) — sn(z,t)| < e for all t € R, that is, ||z — sn (2, )]e < &. O and let T,, € L(X) defined by

15 Feb 2010 net
Theorem 3.18. There exists a 2m-periodic continuous function x whose Fourier 17 Feb 2010 n Z sn (@,

series does not converge everywhere pointwise to x.
Then (T, )nen converges strongly to id (i.e. Tpx — x for n — oo, x € X).

Proof. We identify the 2m-periodic functions on R with
X :={zeC([-mn]) : a(-m) =a(r)}.

1 [T z(s+1))
Clearly (X, - ||o) is a Banach space. Z/ (s +t) D(s)ds = E/ Erwe Zbln ((k + ) ds.
Note that for fixed ¢ € [-m, 7] and n € N - 2 k=0

Proof. Note that the T}, are well-defined and that for all z € X and ¢ € [—m, 7]

su(-8) 1 X > K We simplify the sum in the integrand:
SnlHt) -

n—1 lVLd —
is linear and bounded, hence an element in X'. Z sin((k + 3)s) = Im Z ik +3)s — Iy (C H Z (\"”) = TIm ((\ 5 1)
Assume that for every z € X its Fourier series converges pointwise to . Then ev —1
for every z € X and t € [—m, 7| the sequence (s, (z,t))nen is bounded (because it Cms 1 Cms/?(clns/Q 7Cm,s/2)
converges to z(t)). By the uniform boundedness principle there exists C; such that =1Im /2 ooz Im G572 _ o152
[lsn(-,t)|| < Cy for all n € N. In particular, we have

Im 2i(cos(ns/2) + isin(ns/2))sin(ns/2) _ sin®(ns/2)
[Isn(-,0)| < Co, neN. N 2isin(s/2) ~ sin(s/2)
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If we define the Fejér kernel

1 sin®(ns/2)
L , s#0,
Fn(s) = {2111 sin(s/2) it

2n
we can write T, x as

Tha(t) = 1 / —" Fp(s)x(s +t) ds.

™
Note that all F,, are positive functions, hence the T), are positive operators. To
show the theorem, it suffices to show that T),x; — x; for zo(t) = 1, z1(t) = cos(t),
22 (t) = sin(t) (Korovkin theorem). Using (3.3) it follows that s(zo, - ) = xo for all
k € Ny and that

so(21, -) = so(w2, -) =0,
sp(wa, ) =x1, sp(w1, -) = @2, ke N.

Since Two = 20, Tha; = "T’lzj for j = 1,2 and n € N the theorem is proved. O

3.3 The open mapping theorem

Definition 3.20. A map f between metric spaces X and Y is called open if the
image of an open set in X is an open set in Y.

Note that an open map does not necessarily map closed sets to closed sets. For
example, the projection 7 : R x R — R, n((s,t)) = s, is open. The set A :=
{(s,t) eRxR:s>0,st > 2} is closed in R x R but 7(A) = (0,00) is open in R.

Lemma 3.21. Let X,Y be Banach spaces and T € L(X,Y) such that T(Bx(0,1))
is dense in By (0,7) for some r > 0. Then for every ¢ € (0,1)

By(0,(1 = 2)r) C T(Bx(0,1)).

Here Bx (zo,r) :={x € X : || — 20| <7} and By (yo.7) :={y €Y : ||y — ol <1}
are open balls in X and Y respectively.

Proof. Note that the assertion is equivalent to
By (0,7) C (1 — &)~ 'T(Bx(0,1)) = T(Bx(0, (1 —¢)™1)).

Fix € > 0 and yo € By (0,r). We have to show that there exists an zy € X with
lzoll < (1 — &)=t and yo = T(x0). By assumption, By (0,7) C T(Bx(0,1)). Hence
there exists an 1 € Bx(0,1) such that |jyg — Tz1|| < er. By scaling, we know
that T'(Bx(0,¢)) is dense in By (0,er). Since yo — T'x1 € By (0,¢er), there exists an
23 € Bx(0,¢) such that |yo — Taq — Tas| < e*r. Since T(Bx(0,£%)) is dense in
By (0,&2r), there exists an 3 € By (0,¢2) such that ||yo — Tz — Tae — Tx3|| < &r.
Continuing in this way, we obtain a sequence (2, )nen such that

.
loall <1, o= Tagl <re”,  neN. (3.6)
k=1

It follows that zg := Y_po | @) exists and lies in B(0, (1—¢)~!) because > oy [lzi]| <
Spe re"l =r(1 —¢)~!. Since T is continuous, we know that

T(wo) = T(Zxk) = ZT@k
k=1

k=1
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By (3.6) it follows that ZZZI Tz, converges to ygo for n — oco. Hence Txy = yo and
the statement is proved. O

In the proof of the open mapping theorem we use the following fact.

Remark. Let T: X — Y be a linear map between normed spaces X and Y and
assume that T'x (B(0,1)) is dense in By (y,d) for some y € Y and 6 > 0. Then
Tx(B(0,1)) is dense in By (0,9).

Proof. Obviously it suffices to show that T'(Bx(0,2)) is dense in By (0,24). Since
T is linear, it follows immediately that Tx(B(0,1)) is dense in By (—y,d). Let
z € By (0,26) and € > 0. Note that y — 2/2 € By (y,0) and —y — z/2 € By (—y, ).
Choose 1,22 € Bx(0,1) such that || Tz — (y—2/2)|| < e/2 and || Tze— (—y—2)|| <
€/2. Since x1 + 22 € Bx(0,2) and

1T(1 + x2) = 2l < T2 = (y — 2/2)| + | Tw2 = (—y = 2/2)|| <&,
it follows that z € T(Bx(0,2)) because ¢ can be chosen arbitrarily small. [}

Theorem 3.22 (Open mapping theorem). Let X,Y be Banach spaces and
T € L(X,Y). Then T is open if and only if it is surjective.

Proof. If T is open, then it is obviously surjective.
Now assume that 7" is surjective. We use the notation of the preceding lemma. By
assumption

Y = G T(Bx (0, k).
k=1

Since Y is complete, by Baire’s category theorem there must exist an n € N and
y € Y and ¢ > 0 such By(y,e) C T(Bx(0,n)), in other words, T'(Bx(0,1)) is
dense in By (y,e/n). By the remark above T'(Bx(0,1)) is dense in By (0,£/n), so
by Lemma 3.21 By (0,6) C T'(Bx(0,1)) for all 6 < ¢e/n.

Now let U C X be an open set and u € U. Then there exists an open ball Bx (0,¢)
such that u + Bx(0,e) C U. By what was shown above, there exists an § > 0 such
that Tuw+ By (0,6) C Tu+ T'(Bx(0,¢)) = T'(u+ Bx(0,¢)) CT(U). O

The open mapping theorem has the following important corollaries.

Corollary 3.23. Let X,Y be Banach spaces and T € L(X,Y) a bijection. Then
T~ exists and is continuous.

Proof. By the open mapping theorem 7' is open, so its inverse 7! is continuous. [

Corollary 3.24. Let X,Y be Banach spaces and T € L(X,Y) injective. Then
T~ :rg(T) — X is continuous if and only if rg(T) is closed.

Proof. If rg(T') is closed in Y then it is a Banach space. So by the previous lemma,
T : X — 1g(T) has a continuous inverse. On the other hand, if 77! : 1g(T) — X is
continuous, then 7" is an isomorphism between X and rg(7"), so rg(T) is complete,
hence closed in Y.

Corollary 3.25. Let X be a K-vector space and ||+ ||1 and | - ||2 norms on X such
that X is complete with respect to both norms. Assume that there exists an o > 0

such that ||z||2 < al|z||y for all x € X. Then the two norms are equivalent.
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Proof. Let T : (X, - 1) — (X,]| - ll2), T2 = z. T is surjective and bounded by
«, so it is continuous. By the open mapping theorem, its inverse is continuous,
hence bounded. The statement follows now from ||z|1 = |77 z||1 < |77 ||zl2,
zelX.

3.4 The closed graph theorem

Let X, Y be normed spaces. Then X xY is a normed space with either of the norms
[ XY =R @)l = ll=ll + Iy,
[-1:XxY =R @)l = vIel* + lyl*

Note that the two norms defined above are equivalent.

Definition 3.26. Let X,Y be normed spaces, D a subspace of X and T : D — Y
linear. T is called closed if its graph

G(T) ={(z,Tz):2 €D} C X XY

is closed in X x Y. T'is closable if G(T) is the graph of an operator T. The operator
T is called the closure of T'.

D is called the domain of T, also denoted by dom7. Sometimes the notations
T:X2D—YorT(X —Y) are used.
Obviously, the graph G(T') is a subspace of X x Y.

Lemma 3.27. Let X,Y normed space and D C X a subspace. ThenT : D —Y is
closed if and only if for every sequence (n)nen C D the following is true:

(zn)nen and (Ty)nen converge

(3.7)

= x¢:= lim z, € D and lim Tz, = Tx.
n—oo n—oo

Proof. Assume that T is closed and let (zy,)nen such that (z,)nen and (T2 )nen
converge. Then (2, T2y))nen € G(T) converges in X x Y. Since G(T') is closed,
lim (z,,T2,) = (z0,y0) € G(T). By definition of G(T') this implies lim z, =

n—oo

zo € D(T) and Tag = yo = lim Tz,
n—oo

Now assume that (3.7) holds and let ((y,Txyn))nen € G(T) be a sequence that
converges in X x Y. Then both (z,)nen and (Tzy)nen converge, hence zy =
lim z,, € D and lim Tz, = Txo which shows that lim (z,,Tz,) = (z¢,Txo) €
n—oo n—oo n—oo

G(T), hence G(T) is closed. O

Lemma 3.28. Let X,Y normed space and D C X a subspace. ThenT : D — Y is
closable if and only if for every sequence (xy)nen C D the following is true:

lim 2, =0 and (Txp)nen converges =—> lim Tz, = 0. (3.8)
The closure T of T is given by
DT) ={z € X :3 (2n)nexy C D with lim z, =2 and (Tx,)nen converges },
n—oo
Tz = lim (Tz,) for (xn)nen € D with lim z, = .
n—oo n—oo

(3.9)
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Proof. Assume that T is closable. Then G(T) is the graph of a linear function.
Hence for a sequence (2, )ney € D with lim 2, = 0 and lim Tz, = y for some
n—oo n—oo

y €Y it follows that (0,y) € G(T) = G(T). Hence y = T0 = 0 because T is linear.

Now assume that (3.8) holds and define 7 as in (3.9). T is well-defined because
for sequences (z,)nen and (Z,)ney in D with lim z, = lim %, = z such that

(Tzn)nEN and (Tin)nEN in D converge, it follows that (z, — Z)nen converges

to 0. Since T(znif Tn) = Jl(zn — &) converges, it follows by assumption that

lim Ta, — lim TZ, = lim T(x,—%,) = 0. Linearity of T is clear. By definition,
nooo

n—o00 n—o0

G(T) is the closure of G(T'), so T is the closure of T. O

Remarks 3.29. Let X,Y be normed spaces.
(i) Every T' € L(X,Y) is closed.

(ii) If T is closed and injective, then 771 is closed.

Proof. Closedness of {(2,Tz) : 2 € X} C X xY implies closeness of {(T 'y, y) :
yerg(T}C X xY. O

(iii) If T : D O X — Y is linear and continuous, then T is closable and D(T) =
D(T).

Examples 3.30. (i) A continuous operator that is not closed.
Let X be normed space, S € L(X) and D a dense subset of X with X \ D # 0.
(For example, d is dense in ¢p.) Then T := S|p is continuous because it is
the restriction of a continuous function, but is not closed. To see this, fix an
zo € X \ D and choose a sequence (2, )nen C D which converges to zy. Then
(Tzn)nen converges (to Szp). If T would be closed, this would imply that
zo € D, contradicting the choice of zg.

(if) A closed operator that is not continuous.
Let X = C([-1,1]), D = CY([-1,1)) CC([-1,1)) and T: X DD — X, Tw =
2’. Then T is closed and not continuous.

Proof. Let (2,)nen € D such that (,)nen and (T2, )nen converge. From a
well-known theorem in Analysis 1 it follows that zg := lim z,, is differentiable
n—oo

and Tzg =z = (lim z,) = lim 2, = lim Tx,.

n-o0 n—oo n—oo
That T is not continuous was already shown in Example 2.7 (iv) (choose
Tn(t) = 2 exp(—n(t + 1))). O

Let X = %(~1,1), D = CY([0,1]) € £([0,1]) and T: X 2D — X, Tz =
z’. Then T is not closed.

(iii

=

Proof. Let , : [-1,1] = R, 2,(t) = (2 4+ n~2)2. Then (z,)nen C D and
zn — g for n — oo where g(t) = [t|, t € [-1,1]. The sequence of the
derivatives converges

. 1, >0,
! (t) = —— h(t)=<¢ -1, t
w0 = Gy M - ;<g

Obviously h € Z(—1,1). If T would be closed, it would follow that g €
C1([~1,1]), a contradiction. O
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Definition 3.31. Let X,Y be Banach spaces, D C X a subspace and T : X D
D — Y a linear operator. Then

“llr:D =R, lzllr =[]l + [T
is called the graph norm of T.

It is easy to see that || - ||z is a norm on D. Moreover, the norm defined above is
equivalent to the norm |||/}, = /||z[|? + [|[T«]|? on D. Most of the time, the graph
norm defined in Definition 3.31 is easier to use in calculations. However, the norm
with the square root is sometimes more useful when operators in Hilbert spaces are
considered.

Lemma 3.32. Let X,Y be Banach spaces, D C X a subspace andT : X DD —Y
a closed linear operator. Then

(i) (D, - |l7) is a Banach space.
() T: (D, |lr) — Y, Ta = Tx, is continuous.

Proof. (i) To show completeness of (D, | - [7) let (zn)nen € D be a Cauchy se-
quence with respect to || - |[7. Then, by definition of the graph norm, (2 )nen
is a Cauchy sequence in X and (Tz,)nen is a Cauchy sequence in Y. Since
X and Y are complete, the sequences converge. Hence, by the closeness of T,

Il |\»nlingozn =:x9 € D and z,, LN zo

(ii) The statement follows from ||Tz|y < ||zllx + |Tz|y = |||z, « € D. O

Lemma 3.33. Let X,Y be Banach spaces, D C X a subspace andT : X DD —Y
a closed surjective operator. Then T is open. If, in addition, T is injective, then
T~ is continuous.

Proof. By Lemma 3.32 and the open mapping theorem (Theorem 3.22) the operator
iT D@, |lr) = Y, Tz = Ta, is open. Let U C D open with respect to the
norm in X. Then U is also open with respect to the graph norm because obviously
i:(D,||llr) = (D, ||l), iz = z, is bounded, hence continuous. Hence T'(U) = T'(U)
is open in Y.

Now assume in addition that 7T is injective. Then T~! : Y — (D, ||-||7) is continuous
by the inverse mapping theorem. Since i is continuous, also 771 = (T oi~!)~! =
ioT~! is continuous. O

Lemma 3.34. Let X,Y be Banach spaces, D C X a subspace andT : X DD —Y
a closed injective linear operator such that T~ : vg(T) — X is continuous. Then
rg(T) is closed.

Proof. Let (yn)nen be a Cauchy sequence in rg(T") with yo := lim y,. and z, =
n—oo

T Yyn, n € N. Then (2,)nen is a Cauchy sequence in D because ||z, — || =

1T Yy — T Yyl < NT7H |yn — yml|- Hence (z,,)nen converges in X and its limit

zo belongs to D and yo = lim y,, = T'zo € rg(T) because T is closed. O
n—oo

Theorem 3.35 (Closed graph theorem). Let X,Y be Banach spaces and T :
X =Y be a closed linear operator. Then T is bounded.
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Proof. Note that the projections

are continuous and that m; is bijective. By assumption the graph G(T) is closed
in X x Y, hence a Banach space, so m is open by the open mapping theorem
(Theorem 3.22). Hence T' = 73 o 7r1’1 is continuous. [}

Lemma 3.36. Let X,Y be Banach spaces, D C X a subspace and T : D — Y
linear. Then the following are equivalent:

(i) T is closed and D(T) is closed.
(i) T is closed and T is continuous.
(ili) D(T) is closed and T is continuous.

Proof. (i) = (ii) follows from the closed graph theorem because by assumption D
is Banach space.
(i) = (iii) and (iii) = (i) are clear. O

Example 3.37. An everywhere defined linear operator that is not closed.

Let X be an infinite dimensional Banach space and (xx)xca an algebraic basis of
X. Without restriction we can assume [[zx|| =1, A € A. Choose N — A, n— A\,
be an injection. Then the operator

T:X — X, T(z) = Z”CA”JU”, for x= Z cx, T, € X,
neN AEA

is well-defined. Assume that T is closed. By the closed graph theorem 7' must be
bounded, but |[Tzy,|| = ||nza,|| = n while ||zy,| = 1, n € N contradicting the
boundedness of T'.

3.5 Projections in Banach spaces

Definition 3.38. Let X be a vector space. P: X — X is called a projection (on
rg(P)) if P2 = P.

Note that if P is a projection, then also id —P is a projection because (id —P)? =
id—2P + P? =id —P.

Lemma 3.39. Let X be a normed space and P € L(X) a projection. Then the
following holds:
(i) Either P=0 or ||P| > 1.
(i) ker(P) and rg(P) are closed.
(i) X is isomorphic to ker P & rg(P).

Proof. (i) Note that || P|| = [|[P?|| < || P||, hence 0 < | P|| - [ P> = [|P||(1 || PI).
(ii) Since P is continuous, ker(P) = P~'({0}) is closed. To see that rg(P) is
closed, it suffices to show that rg(P) = ker(id —P). Indeed, z € ker(id —P) implies
z = Pz € rg(P) and y € rg(P) implies (P —id)y = Py —y = y —y = 0, hence
y € ker(id —P).
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(iii) Obviously = — ((id —P)z, Pz) € ker(P) & rg(P) is well defined, linear, bi-
jective and continuous because id —P and P are continuous. By the inverse map-
ping theorem then also the inverse operator is continuous which shows that X and
ker(P) & rg(P) are isomorphic. O

Theorem 3.40. Let X be a normed space, U C X a finite dimensional subspace.
Then there exists a linear continuous projection P of X to U with ||P| < dimU.

Proof. From linear algebra we know that there exist bases (u1,...,u,) of U and
(1,---,¢n) of U such that |lug| = |[¢xl| =1 and ¢j(ur) = &k, j.k = 1,...,n.
By the Hahn-Banach theorem the ¢y, can be extended to linear functionals v on
X with ||¢k| = ||¢k|l. We define

n
P:X—X, Px:Zupk(m)uk.
k=1

Obviously P is alinear bounded projection on U and || Pz < 31—, ekl |2 luxl =
O

Yo 2l = nll]l.

Theorem 3.41. Let X be Banach space, U,V C X closed subspaces such that X
and U &V are algebraically isomorphic. Then the following holds:

(i) X is isomorphic to V & U with ||(u,v)|| = |lul| + ||v]]-

(i) There exists a continuous linear projection of X on U.

(iii) V' is isomorphic to X/U.

Proof. (i) Since U and V are Banach spaces, their sum U @ V is a Banach space.
The map U @V — X, (u,v) — u+ v is linear, continuous and bijective. Hence by
the inverse mapping theorem, also the inverse is continuous.

(ii) P: X — U,u+ v+ u is the desired projection.

(ili) The map V +— X/V, v~ [v] is linear, bijective and continuous. Since U is
closed, X/U is a Banach space. By the inverse mapping theorem it follows that V'
and X/U are isomorphic. O

Definition 3.42. let X be a Banach space. A closed subspace Ui of X is called
complemented if there exists a continuous linear projection on U.

Remark 3.43. Note that not every closed subspace of a Banach space is comple-
mented in the sense of the theorem above. For example, ¢ is not complemented as
subspace of £o.

3.6 Weak convergence

Definition 3.44. Let X be a set and U = (Ux)rea a family of subsets of sets in
X. The smallest topology on X such that all Uy are open is called the topology
generated by U, denoted by 7(U).

Obviously 7(U) exists and is the intersection of topologies containing all Uy.

Lemma 3.45. Let X be a set, U = (Ux)rea a family of subsets of X. Then the
topology generated by U consists of all sets of the form

U N e (3.10)

yeT k=1
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that is, of arbitrary unions of finite intersections of sets in the family U.

Proof. Let 7(U) be the topology generated by U and o(U) the system of sets de-
scribed in (3.10). It is not hard to see that o({f) is a topology containing U, hence
containing 7(U). On the other hand, all sets of the form (3.10) are open in 7(U),
so o(U) C T(U). O

Definition 3.46. Let X be a set, A be an index set and for every A € A let (Y, 7))
be a topological space. Consider a family F = (f\ : X — Y3) of functions. The
smallest topology on X such that all fy are continuous, is called the initial topology
on X, denoted by o(X,F).

Note that 7(F) = T({f;l(UA) tAEAN, Uy enn}.

Definition 3.47. Let X be a normed space. The topology o(X,X’) is called the
weak topology on X. The topology o(X’, X) is called the weak# topology on X'
when X is identified with a subset of X” by the canonical map Jx.

Note that U(X/,X) C U(X/,XH> - |-

Lemma 3.48. Let X be a normed space. A sequence (Tn)nen C X is weakly con-
vergent to some xg € X (in the sense of Definition 2.37) if and only if it converges
in the weak topology o(X, X').

Proof. Assume that (x,)nen is weakly convergent with zy := w-limz,, and let U
n 00

be a o(X, X')-open set containing zo. Then there exist ¢1, ..., ¢, such that
n
wo€ (e (V) cU
k=1

with V; open subsets in R containing ¢;(zg). Since lim ¢(z,) = ¢(xo) for all
n—oo

¢ € X', we can choose an N € N such that g;(z,) € U; for all n > N and all

j=1,...,n Hence x, € Np_,{¢; " (V;)} CU foralln > N.

Now assume that (z,)neny € X converges to zp in the weak topology. Since by defi-

nition of ¢(X, X”’) all functionals ¢ € X’ are continuous, it follows that (p(y,))nen

converges to () for every ¢ € X'.

Lemma 3.49. Let X be a normed space, (xn)nen € X and (¢n)nen € X',

(i) zo = w-limz,, == |z <liminfa,.
n = 0o n—oo
(i) po=wx*-lim ¢, = |0l <liminf,.
n — oo n—oo

Proof. (i) For g = 0 the assertion is clear. By the Hahn-Banach theorem there
exists an ¢ € X’ such that ¢(zg) = ||zo|| and |¢|| = 1. Hence

loll = || lim (e, < liminf ] ] = liminf e
Jim, imin imin

(ii) Let € > 0. Then there exists an ¢ € X with [|z|| = 1 such that [|po| — ¢ <
[lpo(z)]|. The statement follows as above:

llvoll =& < llpo(@)ll = lim fon ()] < liminf [[@n| [|2]| = liminf lp,|. O
n—>00 n—oo oo
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Definition 3.50. Let X be a topological space. A function f : X — R is called
upper semicontinuous if limsup f(x,) < f(z). It is called lower semicontinuous if

liminf f(z,) > f(x). !

Hence the lemma above states that ||| is lower semicontinuous in the weak topology.

Definition 3.51. For A € A let (X, 7)) be topological spaces. Define

X::HXA::{f:AH U X s ro) e X, /\EA}.

AEA AEA

The product topology on X is the weakest topology such that for every A € A the
projection

mc X = Xy, m(f) = f0),

is continuous.

Lemma 3.52. Let X as above with the product topology. Let O C P(X) be the
family of all sets U C X such that for every u € U there exist \j € A, U; C Xy,
open, j =1, ..., n, such that

uef{seX :s(\)eUj, j=1,...,n}= ﬂﬂ';,l(Uj)CU'

j=1—~—

open in O

Then O is the product topology on X .
Proof. This is a special case of Lemma 3.48. O

Theorem 3.53 (Banach-Alaoglu). Let X be a normed space. Then the closed
unit ball Ki :={p € X": ||¢| <1} is weak*-compact.

Proof. For z € X define the set A, := {z € K: |z| < ||z|} and let A :=[] . Az
together with the product topology. By Tychonoff’s theorem A is compact. Note
that elements a € A are maps X — K with |a(z)] < ||z||, z € X. Hence K] C A
because |p(x)| < ||¢|| [|z]| < [|z|| for every ¢ € K]. The product topology on A is the
weakest topology on A such that for every x € X the map 7, : A — K, a+ a(z) is
continuous. Hence the topology on K induced by A is exactly the weak *-topology
on K1. So it suffices to show that K7 is closed in A with the product topology.

Let ¢ € Fj and let 2,y € X and € > 0. Then
Ui={aeA:la(z+y) —plz+y)l <e, lal@) —p@)] <e, laly) —¢y)| < e}

is an open neighbourhood of ¢. Hence there exists an g € K{ € U N K. Since g is
linear, it follows that

lo(z +y) — (@) — o) = le@ +y) — @) —e(y) —g(z +y) + 9(x) + 9(v)|
< lplz+y) —gl@+y)| + (@) — 9(@)| + lo(y) — g(y)| < 3e.
Since & was arbitrary, this implies p(z+y) = () +¢(y). Similarly it can be shown

that p(Az) = Ap(z) for A € K and 2 € X. It follows that ¢ is linear. Since ¢ € A,
it follows that ||¢|| < 1, hence ¢ € K7. O
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Chapter 4

Hilbert spaces

4.1 Hilbert spaces

Definition 4.1. Let X be a K-vector space. A map
(,): X xX —>K
is a sesquilinear form on X if for all x,y,z € X, A € K
(0) Az +y,2) =Nz, 2) + (y,2),
(il) (z, \y+z)=Nz,y) + (z,z2).
The inner product is called

o hermitian <= (x,y) = (y,x), z,z€ X,
o positive semidefinite < (x,z) >0, reX,
o positive (definite) < (z,z) >0, z e X\ {0}

Definition 4.2. A positive definite hermitian sesquilinear form on a K-vector X
is called an inner product on X and (X, (-,-)) is called an inner product space (or
pre-Hilbert space).

Note that (z,z) € R, x € X, for a hermitian sesquilinear form X because (z,z) =
(z,z).

Lemma 4.3 (Cauchy-Schwarz inequality). Let X be a K-vector space with
inner product (-,-). Then for all z,y € X

e, ) * < @)l 1y, v, (4.1)
with equality if and only if v and y are linearly dependent.

Proof. For x = 0 or y = 0 there is nothing to show. Now assume that y # 0. For
all A e K

0< (z+ Ay, e+ Xy) = (z,2) + My, 2) + Xz, y) + [\ (v, y).

In particular, when we choose A = — E; Z; we obtain

Ky, @) [z, 9 N [z, y)
(y,y) (v,y) (Y, y)
(2, y)I?
Y,y

0<(z+Ay,x+Ay) = (z,z)—

:<z1]">7
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which proves (4.1). If there exist o, 8 € K such that az + By = 0, then obviously
equality holds in (4.1). On the other hand, if equality holds, then (z+Ay , z+Ay) =0
with A chosen as above, so z and y are linearly dependent. O

Note that (4.1) is true also in a space X with a semidefinite hermitian sesquilinear
form but equality in (4.1) does not imply that z and y are linearly dependent.

Lemma 4.4. An inner product space (X, (-,-)) becomes a normed space by setting
ol = (z,2)}, € X.

Proof. The only property of a norm that does not follow immediately from the
definition of || - || is the triangle inequality. To prove the triangle inequality, choose

z,y € X. Using the Cauchy-Schwarz inequality, we find

llz + ylI* = lall* + 2Re(z, ) + lyl* < l1* + 202, y)] + lyl*
< lel® + 20l iyl + yl? = (=l + lyl)*. o

In the following, we will always consider inner product spaces endowed with the
topology induced by the norm.

Definition 4.5. A complete inner product space is called a Hilbert space.

Lemma 4.6. Note that the scalar product on a inner product space X is a continu-
ous map X x X — K when X x X is equipped with the norm ||(z,y)|| = ||=||x +y| x-

Proof. The statement follows from

[y, @2) = (Y1, 92)| = [{z1, 22 — y2) — (Y1 — 21, 92)|
<zl llz2 = yall = llyr — 21l lly2]l- i

The polarisation formula allows to express the inner product of two elements of X
in terms of their norms.

Theorem 4.7 (Polarisation formula). Let X be an inner product space over K
and z,y € X. Then

) = 2t 2 — N — 2 i K=
@.9) = 5 (Il + )2 = 1 = )?), if K=R,
1 2, . . . .
@9) =3 (el oyl +ille + gl ~ile —ig)?), ¥ K=C.
Proof. Straightforward calculation. O

A necessary and sufficient criterion for a normed space to be an inner product space
is the following.

Theorem 4.8 (Parallelogram identity). Let X be normed space. Then the
norm on X is generated by an inner product if and only if for all z,y € X the
parallelogram identity is satisfied:

llz +yl* + llz = yI* = 2[|z]* +2y]*.

In this case, the inner product is given by the polarisation formula.
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Proof Assume that the norm is generated by the inner product (-,-) and let ||z| =
(z, x) . Then for all z,y € X parallelogram identity holds:

lz + gl + e = yl* = llz)* + lyl* + 2Redz, y) + ll* + |lyl* — 2Re(z , )
= 2|lal|* + 21y |*.

Now assume that the norm on X is such that the parallelogram identity holds and
for z,y € X define (z,y) by the polarisation formula. We prove that (-,-) is an
inner product on X in the case K = C. The case K = R can be proved analogously.

e Positivity.
Az, z) = lz+2|® = |z — =l + iz +izl* — iz - iz|
= 4||z|> +iljx +iz]|® — i iz + z)® = 4]z|> > 0.
e Hermiticity.
Ao, y) = e +yll* = o -yl +illz +iyl* = illz - iy?
=ly+2l* = lly — 2| +ill — iz + y|* —i[liz + y||* = 4(y, 2).
o Additivity.
4((z,y) +(z,2))

=l +yl* — llz = yl* +ille +iyl)? ~ i o — iy||?

Hla 2l =l — 2l + il + iz~ i Hz — ief?

4 — a2
= e+ 52+ 1 - -
Z—WH | St e |
+Hx+ T 7 3
I I R |
; y—z Ly tz ysz
Filpritgt i it ity
_ 2 — 22
ﬂH“”“H +2H‘” SRR N
] e ] e B e el e}
B e B e I e
2 2 2
y+z
=2-4(z .
w L2
If we choose z = 0 we find (z,y) = 2(z, %), hence

)
; Y= {(z,y+2).

(z,y) + (x,2) =2z,

e Homogeneity. From the additivity we obtain (A\z,y) = Az ,y) for all A € Q.
Note that (iz,y) = i(xz,y), hence homogeneity is proved for A € Q + iQ.
Hence for fixed z,y € C the two continuous functions C — C, X — Az, y)
and C — C, X — (A\z,y) must be equal because they are equal on the dense
subset Q + iQ of C. O

Last Change: Tue May 25 14:31:10 COT 2010

56 4.2. Orthogonality

Theorem 4.9. The completion of an inner product space is an inner product space.

Proof. By continuity of the norm, the parallelogram identity holds on the comple-
tion X of an inner product space X. So X is an inner product space. O

Examples 4.10. (i) R" and C" with the Euclidean inner product

n
y) = ZTky_k = (@k)k=1, ¥ = Wr)k=1,
k=1

are inner product spaces.

(ii

=

lo (N) with

=Y wTe 7= (@k)ken, Y= Uk)ken

is an inner product space.

(iii

=

Let R([a,b]) be the vector space of the Riemann integrable functions on the
interval [a, b]. Then

b .
o) = [ fog@d fgeR(ab),

defines an inner product on R([a,b]), but R([a,b]) is not a Hilbert space (its
closure is the space % ([a,b]))

4.2 Orthogonality

Definition 4.11. Let X be an inner product space.

(i) Elements z,y € X are called orthogonal, denoted by = L y, if and only if
(z,y)=0

(i) Subsets A, B C X are called orthogonal, denoted by A L B, if and only if
(a,b)=0forallac A beB.

(i) The orthogonal complement of a set M C X is
M+t :={zcX:zx1lm, meM}

Remarks 4.12. (i) Pythagoras’ theorem holds: |z+y|? = ||=||*+|/y[|? if z L y.

(ii) For every set M C X its orthogonal complement M~ is a closed subspace of
X.

(iii) A C (A1)L for every subset A C X.
(iv) A+ = (span A)* for every subset A C X.

Theorem 4.13 (Projection theorem). Let H be a Hilbert space, M C H a
nonempty closed and conver subset and xo € H. Then there exists exactly one
Yo € M such that ||zg — yo|| = dist(zo, M).

Proof. Recall that dist(zg, M) := inf{||zg —y| : y € M}. If 2 € M then the
assertion is clear (choose yo = wp).

Now assume that zo ¢ M. Without restriction we may assume zg = 0.
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Existence of yo. Let d := dist(zo, M) = inf{||y|| : v € M}. Then there exists a
sequence (yn)nen C M such that lim [ly,|| = d. We will show that (yn)nen is a

Cauchy sequence. Note that || 225822 > d2 because L2582 € M by the convexity
of M. Hence the parallelogram identity (Theorem 4.8) yields

2

Yn + Ym 2

2

Yn — Ym
2

2<Hyn_ym 2 ‘
- 2

1
= 5Ulynll® + llym|*) = d* — 0, n,m — oo,

Since X is a Banach space, (yn)nen converges to some yo € X, and since M is
closed, yo € M.

Uniqueness of yo. Assume that there are yo, §o € M such that ||yol = |90l = d =
dist(zo, M). The parallelogram identity yields

Yo + G0 112 + g0 112 Yo —dol2 1 .
@2 < Hyo ynH < Hyo ynH + Hyo yoH = =(Ilyol® + 170ll?) = ¢
2 2 2 2
Tt follows that [|yo — Fol| = 0, so yo = Fo. O

Lemma 4.14. Let M be a closed and convex subset of a Hilbert space H and fix
xo € H. For yy € M the following are equivalent:

(i) llwo — yoll = dist(zo, M),

(ii) Re{xo —yo,y —yo) <0,  y€M.
Proof. (i) = (ii) For t € [0,1] and y € M let y¢ == yo +t(y — yo). Then y € M
by the convexity of M and by assumption on yg

I? = I

llzo = yoll* < llwo = yell* = llzo —yo — ty — yo)

= |lzo = woll* — 2t Re(wo — yo, y — yo) + 2|y — ol
So for all ¢ € (0,1]

2Re(zo — o, ¥ — o) < tlly — ol
which implies Re{zo — yo, y — yo) < 0.
(i) = (i) Let y € M. By assumption
llwo = l* = ll(zo — yo) + (w0 — »)|I?
= [lzo — yoll* + lvo — ylI* + 2 Re(xo —yo, 90 — 9) > [0 — wol>. O

Lemma 4.15. Let U be a closed subspace of a Hilbert space H and fix xo € H. For
yo € U the following are equivalent:

(3) llzo — yoll = dist(zo, U),
(il) @ —yo L U.
Proof. (i) = (ii) Lety € U. If y = 0, then obviously (zo—yo,y) = 0. If ||y|| = 1,
let A = [Jy||~*xo — yo,y). By assumption
llzo = yoll* < llwo = yo — Ayl®
= [lmo — yoll* = Xzo — 30, y) — Ay, z0 — yo) + I\IlylI
= llwo = yoll* + (1 = 2lly~*)(zo — yo, »)I?
= [lzo — yu||2 —{zo =0 ,y>\2
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S0 (zo — Yo ,y) = 0. By linearity of U then zg —yo L y for ally € U.
(ii) = (i) Let y € U. By assumption

llzo = ylI* = (o — 90) + (o = »)I* = llwo — oll* + 1o — ylI* = |lwo — wo||*. O

Recall that a linear operator P : X — X on a Banach space X is called a projection
if and only if P? = P (see Definition 3.38).

Theorem 4.16. Let H be a Hilbert space, U C H a closed subspace with U #
{0}. Then there exists a projection Py € L(H) on U such that |Py|| = 1 and
ker(Py) = U*. Also id —Py is continuous projection with ||id —Py|| =0 if U = H
and ||id=Py|| = 1 if U # H. IfU @ U~ is equipped with the norm ||(u,v)| =
(lull2 + [[v][2)2, then H = U & U+,
Definition 4.17. Py as in the theorem is called the orthogonal projection on U.
Proof of Theorem 4.16. Fix xy € H and let Py (x¢) := yo the unique element yo € U
such that ||zo — yo|| = dist(zo,U). Then rg(Py) = U and P2 = Py, hence Py is a
projection on U.
By Lemma 4.15, Py (z) is the unique element in U such that zq — Py (zg) € U™.
Re(zo — Pu(zo), y — Pu(20)) <0,  yeU.

We will show that Py is linear. Let x1,22 € H and A € K. Since U™ is a subspace,
we obtain

Ay — xg — (APy(z1) — Py(z2)) = M@y — Py(a1)) — (22 — Py(az)) € UL,
Hence, by definition of Py,
Py(Azy — z2) = APy (z1) — Py(z2).
We already know that 1g(Py) = U. ker(Py) = U™ because
Py(z) =0 < z¢ € U+

Therefore id — Py is a projection with rg(id —Py) = U~ and ker(id —U) = U. By
Pythagoras’ theorem we obtain

llzoll® = | Pu(z0) + (id =Py ) (@o)|I* = || Pu(xo)||* + [|(id = Prr) (o) ||*-
In particular, H = U @ U* with norm as in the statement, and ||Py| < 1 and
[[id=Py|| < 1. Lemma 3.39 implies |Py| = 1, |[id—=Py|| = 1 if U # H and
|lid—Py||=0if U = H. O
Lemma 4.18. Let U be a subspace of a Hilbert space H. Then U = UL+,
Proof. By the projection theorem (Theorem 4.16), for every closed subspace V/

Py =id—Py. =id—(id—Py..) = Pyi.,

hence V = VL. Application to V = U shows the statement. O

Definition 4.19. Let X,Y be vector spaces. A map X — Y is called antilinear or
congjugate linear if f(Ax +y) = Af(z) + f(y) for all A € K and z,y € X.
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Theorem 4.20 (Fréchet-Riesz representation theorem). Let H be a Hilbert
space. Then the map

O:H—H, y(,y
is an isometric antilinear bijection.
Proof. Obviously ®(0) = 0 € H'. The Cauchy-Schwarz inequality yields

@) @)l = [z, 9l < ll=lllyl, = yeH,

hence | ®(y)|| < |ly|| If y # 0, then set « = |ly||~'y. Note that ||z|| = 1 and
|®(y)z| = |ly|l, implying that ||®(y)|| = ||ly]l. So we have shown that ® is well-
defined and an isometry. In particular, ® is injective.

To show that ® is surjective, fix an p € H'. If ¢ = 0, then p = ®(0). Otherwise
we can assume that [|¢[| = 1. Since ker{¢} is closed, there exists a decomposition
H = kerp @ (kerp)t. Note that 1g(¢) = K, hence dim(ker )t = 1. Choose
yo € (ker ) with ¢(yo) = 1. Then (ker p)* = span{yo}. For z = u + \yp €
ker ¢ @ (ker )+,

(@, llyoll "2y0) = A = Ap(y) + p(u) = @),

llyoll
llyoll?

hence ¢ = (-, ||lyo]| “*yo). Since ® is an isometry, it follows that 1 = ||¢| = H

faor» 5© llvoll = 1.

O

Corollary 4.21. (i) Every Hilbert space is reflexive.
(ii) The dual H' of a Hilbert space H is an inner product space by
(@), (W) = (v, 2)n
with ® : H — H' as in Theorem 4.20.

Proof. (ii) is clear. Let ¥ : H' — H" as in Theorem 4.20. Then it is easy to check
that U o ® = Jy, so Jy is surjective, implying that H is reflexive. O

Corollary 4.22. Let H be a Hilbert space.
(i) A sequence (xn)nen C H converges weakly to xo € H if and only if
(T —z0,y) =0, yeH

(ii) Every bounded sequence (xn)nen C H contains a weakly convergent subse-
quence.

Proof. (i) follows from the Riesz-Fréchet theorem, and (ii) follows with Theorem 2.40.

O

4.3 Orthonormal systems

Definition 4.23. Let H be a Hilbert space. A family S = (z))xea of vectors in
H is called an orthonormal system if (zx,xx) = dxx. A orthonormal system S is
an orthonormal basis (or a complete orthonormal system) if and only if for every
orthonormal system 7'

SCT = S=T.
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Examples 4.24. (i) The unit vectors (e,)nen in ¢2(N) are a orthonormal sys-
tem.

(ii) Let H = Lo(—m, ). An orthonormal system in H is

S:{V%}u{%sin(n-):neN}U{%cos(n~):neN}.

Lemma 4.25 (Gram-Schmidt). Let H be a Hilbert space and (2, )nen a family of
linearly independent vectors. Then there exists a orthonormal system S = (sp)nen
such that span S = span{z,, : n € N}.

Proof. Let sy := |lz1]|"'@1. Next set yo := @2 — (1,51)s1. Note that y» # 0
because o and ; are linearly independent. Let s := ||y2|| 'y2. Then s; L s and
[[si]l = [|s2]l = 1. Now for k > 1 let
n
Yn+1 = Tpy1 — Z(rk ask>3k7 Sp41 = |‘y‘rl+l“7lyvz+l-
k=1
Since 1, ..., Tp41 are linearly independent, s,41 is well-defined. By construction,

sn41 L sj for j =1, ... n. Note that for every n € N, s,, € span{zy, ..., z,} and
2, € span S, hence span S = {x,, : n € N}. [}

Example. Let H = L((0,1)) and z, € H defined by z,(t) = t". Application
of the Gram-Schmidt orthogonalisation yields polynomials s, (t) = y/n+ 3 P,(t)
where P, (t) = g 5% (t2 = 1) is the nth Legendre polynomial.

Theorem 4.26 (Bessel inequality). Let H be a Hilbert space, {s, : n € N} a
orthonormal system in H. Then

oo
|<I75n>‘2 < ||
1

2 z e H.

n

Proof. For N € Nlet vy 1=z — Z;V:](x?sn)sn. Since zy L s, forn=1,...,N,
Pythagoras’ theorem yields

) N 5 ) N N
Il = llan 2 + || St subsal| = llawl? + D21, sl 2 32 I, su)?. O

n=1 n=1 n=1

Lemma 4.27. Let H be a Hilbert space, S = (sx)aea a orthonormal system in H.
Then for every x € H the set

Sei={reA:(x,s\) #0}

is at most countable.

Proof. By the Bessel inequality, for every n € N the set

Semi={NE M|z, 2 %}

is finite. Hence S, = Uzo:l Se,n is at most countable. O
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Definition 4.28. Let X be a normed space, (zx)axea € X. Then }°, _, zx con-
verges unconditionally to x € H if and only if Ag := {A € A : ) # 0} is at most
countable and Y o7, ., = z for every enumeration Ag = {\, : n € N}.

Recall that in finite dimensional Banach spaces unconditional convergence is equiv-
alent to absolute convergence. In every infinite dimensional Banach space, however,
there exists a unconditionally convergent series that does not converge absolutely
(Dvoretzky-Rogers theorem).

Corollary 4.29 (Bessel inequality). Let H be a Hilbert space and S C H a
orthonormal system. Then

Sl <lzl2,  weH
seS

Proof. For fixed 2 € H, the set S, = {s € S : (x,s) # 0} is at most count-
able (Lemma 4.27), so the claim follows from the Bessel inequality for countable
orthonormal systems. O

Theorem 4.30. Let H be a Hilbert space and S C H a orthonormal system. Then

P:H—H, Pl‘:Z(z,s)s
seS

is an orthogonal projection on spanS and the series is unconditionally convergent.

Proof. First we proof that the series in the definition of P is unconditionally conver-
gent (this proves then well-definedness of P). Fix 2 € H. For fixed x € H, the set
Se ={s €S :(x,s) # 0} is at most countable (Lemma 4.27). Let S, = {s, : n € N}
be an enumeration of S,. Then (2221 (x, sk)sk)neN is a Cauchy sequence because

M 9 M
H Z(w,sws;eH =Yl s)l? —0, M K-
k=N k=N

by Bessel’s inequality. Since H is complete, y := > 77 (z, si)s) exists. Let 7 :
N — N be a permutation. Then also yr := Y~ (z, 5x(k))sx (k) exists. We have to
show that y = y,. For all z € H

NgE
gk

(y,2) = (Y, 5n)(sn,2) = (Y, sx)(sr,2) = (Yr, 2).

[
-
[
-

n n

We have used that Y o> (¥, $n)(sn , 2) is absolute convergent and can therefore be
rearranged, because, by Hélder’s inequality and Bessel’s inequality

(S 1 sud o )" < (Sl 5P) (3 Hom ) < IlPlal? < oc.
n=1 n=1 n=1

Since y—yr L z, z € H, it follows that y = y,. Therefore the series in the definition
of P is unconditionally convergent and P is well-defined.

It is clear that P is a linear and || P|| < 1 follows from Corollary 4.29. Let € H.
‘We have to show that z — Pz € span SL (Theorem 4.16). This is clear because

<9L'72:<;L',S>;vs‘o>=<;L‘72:<;L‘,s),so>:07 S0 € S. O

ses SE€S,
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Theorem 4.31. Let H be a Hilbert space and S C H a orthonormal system. Then
the following is equivalent.

(i) S is a complete orthonormal system.

(i) LS = =0, z€H.
(i) H = spans.
(iv) z = Z(m,s)s, zeH.
seS
V) @,y) =Y (@,5)(s,9), wyecH.
ses
(vi) Parseval’s equality holds: ||z||* = Z| z,s) reH.
ses
Proof. (i) => (ii) If there exists an € H such that € S+ \ {0}, then S’ :=

S U {||lz|| "'} is a orthonormal system with S C S/, contradicting the maximality
of §

(if) = (iii) follows from Lemma 4.18.

(iii) = (iv) By theorem 4.30, z — Y (2 ,s)s is the orthogonal projection on
span S=H.

/) straightforward.

—

= (v
x) (vi) Choose z = y.
(i

o

v1) ) Assume there exists an orthonormal system S’ 2 S. Then for every
s’ € 5"\ S we get the contradiction

1= )2 = |5 ) = o. O
ses
Now we show that the orthonormal systems in Example 4.24 are complete.
Examples 4.32. (i) The set of the unit vectors {e, : n € N} in f5(N) are a
complete orthonormal system in ¢5(N) because {e, : n € N} = {5(N).

(i) Let I’ be a set and define

(D) == {f :I' - K : f(y) # 0 for at most countably many v € I' and

SO <o}

yer

Then (f.g) = > er f(7)g(7) is a well-defined inner product (note that
only countably many terms are # 0 and the sum is absolutely convergent
by Holder’s inequality). As in the case I' = N it can be shown that ¢5(T) is a
Hilbert space and (fx)aer where fx(y) = dxy (Kronecker delta) is a complete
orthonormal system in ¢5(T).

(i

=

Let H = Ly(0,1) and

S:{\/%}u{%sin(n-):neN}U{%cos(n~):neN}.

Note that span S is the set of all trigonometric polynomials. Without restric-
tion we can assume that K = R. By the theorem of Fejér, the trigonometric
polynomials are dense in Cor := {f € C([-m,7]) : f(—7) = f(n)} with re-
spect to || - ||, hence also with respect to || - ||2. Since Car is || - [|2-dense in
Lo([—m,7]), S is a total subset of Lo([—m,]).
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Lemma 4.33. Let H be an infinite dimensional Hilbert space. Then the following
is equivalent.

(i) H is separable.
(i) Bwvery complete orthonormal system in H is countable.

(iii) There exists an countable complete orthonormal system in H.

Proof. (i) => (ii) Assume S C H is an uncountable complete orthonormal system
in H. Let ¢ € (0,272) and s # s’ € S. Then B.(s) N B(s') = § because by
Pythagoras ||s — s'|| = \/||s[[2+[[s'|2 = V2. Let A be a dense subset of H. For
every s € S there exists an as € A such that as; € B.(s). In particular, a, # ay if
s # s', so A cannot be countable, thus H is not separable.

(i) = (ili) The existence of a complete orthonormal system in H follows from
Zorn’s lemma. By assumption, it must be complete.

(iii) = (i) Let S be a countable orthonormal system in H. Then spanS = H by
Theorem 4.31 and H is separable by Theorem 1.22. O

Lemma 4.34. Let H be Hilbert space and S and T be complete orthonormal system
in H. Then |S| = |T].

Proof. The statement is proved in linear algebra if |S| < co. Now assume that S
is not finite. For x € S the set T, := {y € T : (xz,y) # 0} is at most countable
by Lemma 4.27. By Theorem 4.31(ii) T C U, ¢y Tx, hence |T| < [S|IN| = [S].
Analogously, |S| < |T||N] = |T|. By the Schroder- Bernstein theorem then |S| =
|T]. O

Theorem 4.35. Let H be a Hilbert space and S an orthonormal basis of H. Then
H = 05(S) (see Example 4.32(ii)).

Proof. Define T : H — £5(S) by Tx(s) = (x,s), x € H, s € S. T is well-defined
by Bessel’s inequality. Then 7' : H — (2(S) is linear and isometric by Parseval’s
equality. To show that T is surjective, let y € ¢2(S) and define = := 37, g y(s)s.
Then z € H (Theorem 4.30) and Tx = y. O
Note that by construction (Txz,Ty) = (x,y), z,y € H.

Corollary 4.36. If H is a separable Hilbert space, then H = (5(N).

Corollary 4.37 (Fischer-Riesz theorem). Ly[0,1] = {5(N).

4.4 Linear operators in Hilbert spaces
Definition 4.38. Let Hy, Hy be Hilbert spaces and ®; : H; — H]’ the canonical
isomorphism in the Fréchet-Riesz representation theorem (Theorem 4.20). Let T €
L(Hy, Hs). Tts (Hilbert space) adjoint operator is T* := ®'T'®; € L(Ho, Hy)
where T is the Banach space adjoint of T' (see Definition 2.25).

Hence T is characterised by

(Tz,y) = (x,T*y), xc€Hy,y€c H.
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Theorem 4.39. Let Hy, Hy, H3 be Hilbert spaces, S,T € L(H,, Hs), R € L(H2, Hs)
and A € K.

(i) (NS +T)* =XS* +T*.
(i) (RT)* =T*R*.
(iii) T* € L(H2,H1) and ||[T*|| = ||T|.

)

i)

)T
IV) **

)

i)

)

1

v HTT*H = HT Tl =T
(vi) kerT = (rg(T*))*, ker T* = (rg(T))*.
(vii) If T is invertible, then (T~1)* = (T*)~}
Proof. (i)-(iv) are clear. For the proof of (v) note that for ||z|| =1
IT2|? = (T2, Ta) = (&, T*Tw) < |||l | T*Tz|| < |T*T| < [T IT] = T

Taking the supremum over all € H with ||z|| = 1 shows the desired equalities.
(vi) kerT = (1gT*)* because for x € H

Te=0 <= VyeH, (Tz,y)=0 <<= VyeH, (x,T"y)=0
— x Lrg(T").

Then also ker T* = (rg(T**))*+ = (rg(T))*. O
Definition 4.40. Let Hy, Hs be Hilbert spaces, T' € L(Hy, H»).

(i) T is called unitary if T is invertible and TT* = idy, and T*T = idg, .

(i) T is called normal if Hy = Hy and TT* = T*T.

(iii) T is called selfadjoint if Hy = Hy and T' = T*.
Remarks. (i) T selfadjoint = T normal.

(i) T € L(H,,Hy) = TT* and T*T are selfadjoint.

Next we show that a length preserving linear map between Hilbert spaces also
preserves angles.

Lemma 4.41. Let Hy, Hy be Hilbert spaces and T € L(Hy, Hs).
(i) T is an isometry <= (Txz,Ty) = (x,y), =,y € Hy.

(i) T is unitary <= T is a surjective isometry.

Proof. (i) The direction “<” is clear; “=” follows from the polarisation formula
(Theorem 4.7).

(ii) “=” Since T is unitary, if follows that rg(T) D rg(TT*) = rg(idy,) = Ha, so
T is surjective. T is an isometry because for all z,y € H;

(Tz,Ty) =(T"Tz.y) = (z,y),

“«<”  Assume that T as a surjective isometry. Since

(x,y—T"Ty) =(v,y) — (T2, Ty) =0,  z,y€ Hy,
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it follows that 7*Ty = y, so T*T = idy,. In particular T* is surjective. Now we
will show that T is an isometry. Let {,n € Ha. Then there exist z,y € H; such
that Te = £ and Ty = 7. It follows that

(T7¢,T™n) =(T"Tz, T"Ty) = (x,y) = (Tz,Ty) = (£, ).
By the same argument as for 7" we conclude that idgy, = T**T* = TT*. O
Examples 4.42. (i) Let Hy, H, be Hilbert spaces with dim H; = dim Hy = n <

oo. After choice of bases, a linear operator T': H; — Hj has a representation
(aij)f;=1 € My(C). The matrix corresponding to 7" is then (@)}

j=1-
(ii) Let H = L»[0,1]. For k € Loo([0,1] x [0,1]) define
1
Ts Laf0.1] = Laf01l, (B0 = [ K 0f) ds.
Then T}, € Ly[0,1] and

1
T} : Lo]0,1] — Ls[0,1], (ka><t):/0 (s, ) f(s) ds,

that is T)) = T3

Theorem 4.43 (Hellinger-Toeplitz). Let H be a Hilbert space, T : H — H a 26 Mar 2010

linear operator such that
(Tz,y) = (x,Ty), =yeH
Then T is bounded, hence selfadjoint.

Proof. It suffices to show that T is closed because D(T) = H is closed. Let
(Zn)nen € H with &, — 0 and Tz, — y. Observe that

lyl? = lim (Tx,,y) = lim (z,,Ty) = ( lim z,,Ty) = (0,Ty) =0,
n—oo n—oo n—oo
so y = 0. This implies that T is closable, hence closed since D(T) = H. O

Theorem 4.44. Let H be a complex Hilbert space. For T € L(H) the following is
equivalent.

(i) (Tz,z) eR, z € H.
(i) T is selfadjoint.

Proof. (ii) = (i) follows from
(Tx,z) = (z,Tx) = (Tx,x), z e H.
(i) = (i) Letz,y € H and XA € C.
A= Tz +y), Au+y) = [N (Tz,2) + |yl + XTz,y) + Xy, Tz),

B:= (T +y), Ao +y) = N {Ta,z) + |ly|* + MTz,y) + My, Ta).
By assumption, A = B, so in the special cases A = 1 and A = i we obtain

(Tz,y)+{y,Tz) = (Tz,y) + (y,Tx),
(Tz,y) = (y,.Tz) = —(Tz,y) + (y,Tz),

so finally (Tz,y) = (y,Tx). O
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Theorem 4.45. Let H be a Hilbert space, T € L(H) selfadjoint. Then

Tl = sup [(Tz,z)|.
llzll <1

Proof. Let M := supj, <1 [{T%,x)|. Obviously M < ||T'|| because for ||z| <1

(Ta, @) < ||T|l|l=)* < 7.

To show the reverse inequality fix z,y € H. Observe that

T+y),z+y)— (T(@-y),z—y) =2(Tz,y) +2(Ty, z)
=2(Tz,y)+2(y,Tz) = 4Re(Tz,y).

Hence, by the parallelogram identity (Theorem 4.8), for ||z]| <1, [ly|| < 1,

Re(Tz,y) < - ((T(z +y), 2+ )|+ (T(z—y),z ~y)])

IN
=] =

M
(Mllz+y|* + Mo = yll*) = Z-(l=ll* + [ly]I*) < M.

4
Now choose A € C, |A\| =1 such that \(T'z,y) = |[(Tz,y)|, so

Tz, y)l = (T(Az),y) = |Re(T(Ax), p)| < M, [lz[ <1, [lyll < 1.
In particular, ||(-,Tz)|| < M, so ||Tz| <1 for ||z|| < 1. This shows |T| < M. O

Corollary 4.46. Let H be a Hilbert space and T € L(H) selfadjoint. If (Tx,x) =
0,z € H, thenT =0.

Note that the condition (Tz,z) = 0 automatically implies that T is selfadjoint in

the case of a complex Hilbert space. In a real Hilbert spaces H the assumption

that T is selfadjoint is necessary for the statement in the corollary. For example, let
1

T= ((Bl O)) : R? — R? the rotation about 90°. Then T # 0 but (Tx,z) = 0

for all z € R2.

Lemma 4.47. Let H be a Hilbert space, T € L(H) a normal operator. Then
IToll = IT*l,  weH,

in particular, ker T' = ker T™*.

Proof. 0 = (T*Tx — TT*z,z) = ||Tz|? — || T*=|>. m|

Definition 4.48. Let H be a Hilbert space. A bounded selfadjoint operator T' €

L(H) is called non-negative, denoted by T' > 0, if (Tx,z) > 0 for all z € H. It

is called positive, denoted by T' > 0, if (Tz,z) > 0 for all z € H \ {0}. We write

T < Sif and only if S —T > 0. A sequence (T,)nen € L(H) is increasing if and

only if T, < Th41, n € N. A sequence (T,,)nen € L(H) is decreasing if and only if

(=T )nen € L(H) is increasing.

Theorem 4.49. Let H be a Hilbert space. Every monotonic bounded sequence of
selfadjoint linear operators on H converges strongly.
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Proof. Let (T,)nen be a bounded monotonic sequence of selfadjoint operators.
Without restriction we assume that it is increasing. Let

Snm  HXx H—K, Sum(@,y) = (T — Tim)z 1Y)

is a positive semidefinite sesquilinear form on H if n > m. Let M be a bound of
(Tw)nen- Note that then || T, —T),|| < 2M. Then, using Cauchy-Schwarz inequality,
we find for n > m and x € H with ||z|| =1

(T = To)2l* = (T = Ton)z, (T = Tin)2) = S (@, (T — Tin))
Snm (T, 1')% Snm (Tn — Ton)z, (T, — Tm)z)%
Ty = T)w, )2 (T — Tyn) , (T, — T )a) %
< (T = T)w @) [T = T || T = T

3

< @M} (T, — T)a,2) .

IN

By assumption ({7, , x))nen is a monotonically increasing bounded sequence in R,
hence convergent. It follows that (T, 2)nen is a Cauchy sequence, hence T converges
strongly to some T' € L(H) (Proposition 3.13). That T is selfadjoint follows from

(Tz,y) = lim (T,z,y) = lim (z,T,y) = (z,Ty), x,y € H. O

4.5 Projections in Hilbert spaces

Proposition 4.50. Let H be a Hilbert space, P € L(H) a projection. If P # 0
then the following is equivalent.

(i) P is an orthogonal projection.

(i) 1P| =1.
(iii) P is selfadjoint.
(iv) P is normal.
(v) (Pz,z) >0,z € H.
Proof. (i) = (ii) follows from Theorem 4.16.
(il) = (i) Let = € ker P and y € rg(P). Then for all A € K

IAYII* = I1P(z + M)l < llz+ Ayl = [|2]1* + AP (lyl® + 2Re(Az, y)).

In particular, 0 < ||z]|2 + 2ARe(z, y) for all A € R, and 0 < [|z[|2 + 2iA Im(z , y) for
all A € iR, hence Re(z,y) = Im(z,y) = 0.

(i) = (iii) Observe that (Pz,y) = (z, Py) for all z,y € H because

(Pz,y) = (Pz,y — Py+ Py) = (Pz, Py),
(x,Py) = (x — Pz + Px, Py) = (Px, Py).

(ili) = (iv) is clear.
(iv) = (i) By Lemma 4.47, ker P = ker P* = (rg P)*.
(i) = (v) For all z € H: (Pz,z) = (Px,x — Px + Pz) = (Px, Pz) > 0.
(v) = (i) Let © € ker P, y € rg P. Since for all A € R
0 < (P(z+Xy), 2+ M) = (g2 + Mg = Xlyll* + My, 7).,
it follows that (z,y) = 0. O
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Lemma 4.51. Let H Hilbert space H. A linear operator P : H — H is an orthog-
onal projection if and only if P> = P and (x, Py) = (y, Px) for all z,y € H.

Proof. Assume that P is an orthogonal projection. Then P? = P and by Proposi-
tion 4.50 P is selfadjoint.

If P2 = P and {z,Py) = (y,Px) for all 2,y € H, then P is a projection. By
the theorem of Hellinger-Toeplitz (Theorem 4.43) P is selfadjoint, hence P is an
orthogonal projection by Proposition 4.50. [}

Lemma 4.52. Let H be a Hilbert space, U1,Us C H closed subspaces and Py, P
the corresponding orthogonal projections. Then the following is equivalent:

(i) PP, = PP, =0.

(ii) Uy L Us.

(i) Py + Pz is an orthogonal projection.

If one of the equivalent conditions above hold, then rg(Py + P») = Uy & Us.

Proof. (i) = (ii) By assumption, U = rg P, C ker P, = (rg P1)* = Uj*, hence
Uy L Us.

(i) = (i) By assumption, rg Py = Uy C Ui~ = ker Py, hence P; P, = 0. Since (ii)
is symmetric in U; and Us, it follows also that P,P, = 0.

(i),(ii) = (iii) Observe that Py P, = P,P; = 0, so Py + P, is a projection because

(Py+ P)> =P} + PP+ PPy + P; = P + P,.

Since the sum of two selfadjoint operators is selfadjoint, P; 4+ P is selfadjoint, hence,
by Proposition 4.50 an orthogonal projection.
(iii) = (i) Since P; + P, is an orthogonal projection, it follows that

PPy + PPy = (P + P2)* — (P + P2) = 0.
In particular 0 = (P, Py + P> Py) Pyw = (id +P,) Py Pox. Note that for y € H\ {0} the
vectors (id —P»)y and Py are linearly independent, hence (id +P2)y = (id —P2)y +
2P,y is zero if and only if (id—P2)y = 0 and Py = 0, hence y = 0. Therefore
rg Ple g ker(id +P2) = {0} (]

Lemma 4.53. Let H be a Hilbert space and Py and P» orthogonal projections on
subspaces Uy and Us.
(i) P1P2 is an orthogonal projection if and only if PyPy = PoPy. In this case,
PP is an projection on Uy N Us.

(ii) Py — Py is an orthogonal projection if and only if P\Py = PyP; = Ps.

Proof. (i) If Py P, is an orthonormal projection, then, by Proposition 4.50, Py P, is
selfadjoint, that is Py P, = (PyP»)* = Py Py = P,P;. On the other hand, if P, and
P, commute, then it is easy to verify that (P P2)? = PPy and (P1P)* = PP,
hence PP, is an orthogonal projection. In this case, rg(P1P) = rg(P2P1), so
rg(P1Py) C Uy NUs. On the other hand, Py Pox = z for every @ € Uy N Us, so also
rg(P1 Py) 2 Uy N Uz holds.

(ii) Using Lemma 4.52 we obtain

Py — P, orthonormal projection <= 1— (P, — P) orthonormal projection
<= (1— P)+ P, orthonormal projection
— P(1-P)=(1-P)P,=0

— PP =PP=P 0O
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Lemma 4.54. Let H be a Hilbert space and Py, P» orthogonal projections on Hy,
Hy C H. Then the following is equivalent.

(i) Ho C Hy,

(i) [IPocl < |Prall, @€ H.
(ili) (Pox, r) <(Piz,z), z€H.
(iv) PoP =

Proof. (ii) <= (iii) Let 2 € H and P an orthogonal projection. Then (Pz,z) =
(P%z,z) = (Px, Px) = | Px||>.
(i) <= (iv)
PyPy =Py < Py(id—P1)=0 < rg(id—Py) Cker By
= (gP)" C(gh)" < Hi CHy
— HyCH,.

(iv) == (ii) For allw € H: ||Poz| = |[PoPrz|| < || Poll|| Prz|| < [|Prz].

(iii) => (i) Let « € Hif = ker Pi. Then 0 = (Piz,x) > (Pyz,z) > 0, hence
(Poz,x) = 0. It follows that Py|p1 = O (Corollary 4.46), hence Hit CkerPy =
Hy-. |

Lemma 4.55. Let H be a Hilbert space and (Pp)nen a sequence of orthogonal
projections with (Ppx,z) < (P,x,xz) for all z € X and m < n. Then (Py)nen
converges strongly to an orthogonal projection.

Proof. By Theorem 4.49 we already know that s-lim P,, =: P exists and is a selfad-
joint operator. It remains to be shown that P is a projection, that is, that P? = P.
For x € H andn e N
P2z =(P— P, + P,)(P— P, + P,)t = (P — P,) Pz + P,(P — P,)z + PZa.

Note that (P — P,)Pz — 0, n — oo, and also P,,(P — P,)z because [|P,| = 1,
n € N. Since P2z = P,x — Pu, it follows that P? = P. O
4.6 The adjoint of an unbounded operator

In sections 2.4 and section 4.4 we have defined the adjoint of bounded linear opera-
tors between Banach or Hilbert spaces. Now we define the adjoint of an unbounded
linear operator. Recall that T(X — Y') denotes a possibly unbounded linear oper-

ators defined on a subspace D(T) C X.

Definition 4.56. Let X,Y be Banach spaces and D(T) € X a dense subspace.
For a linear map 7': X D D(T') — Y we define

D(T'):={peY' : x+ ¢(Tx) is a bounded linear functional on D(T)},

Since D(T) is dense in X, the map D(T) — K, z — ¢(Tz) has a unique continuous
extension T"¢ € X' for ¢ € D(T"). Hence the Banach space adjoint T’

Y ODI) =X, (I')() = p(T2), xeDT), peDT).
is well-defined.
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Theorem 4.57. Let X,Y be Banach spaces, D(T) C X a dense subspace and
T:X 2D(T)—Y be a linear operator. Then T' is closed.

Proof. Let G( N={W.TY): ¢ € D(T')} C Y’ x X’ be the graph of T".

Note that (y',2") € G(T’) if and only if 2’z = y/(Tx) for all z € D(T). Now let

(W 23))nen C G(T') a convergent sequence with lim (y,,2]) = (yg, (). For all
n—oo

2z € D(T) it follows that
zpr = lim 2,z = lim y,(Tz) = lim yy(Tz),
thus (y), zp) € G(T”) which implies that 7" is closed. O

Definition 4.58. Let X,Y be Banach spaces. For linear operators S, T from X to
Y we write S C T if T'is an extension of S, that is, if D(S) C D(T') and T'|psy = S.

Theorem 4.59. Let X,Y,Z be Banach spaces.
(i) Let (S,D(S)) and (T,D(T)) be densely defined linear operators X — Y. If
SCT thenT' C S
(ii) Assume S(X —Y) and T(Y — Z) are densely defined such that also TS is
densely defined. Then S'T' C (T'S)'.
(iii) Assume S(X —Y) and T(X — Y) are densely defined such that also T + S
is densely defined. Then (S'+T') C (S+1T)".

Proof. (i) is clear from the definition of the adjoint operator.
(i) Let 2’ € D(S'T"). Then T"2' € D(S’) and the map
D(S) =K, =z~ (T'2)(Sz)
is continuous. Then also its restriction
D(TS) =K, x— (I"2)(Sz) =2 (T'Sx)
is continuous. Note that by assumption D(T'S) is dense in X, hence 2’ € D((T'S)’)
and (T'S)'2' = S'T'Z.
(iii) Let y' € D(T"+ S") = D(T") N D(S’). Then the map
DT +8) =K, oe y(Te) +y/(S2) = y (T + S)a)
is continuous. Since by assumption D(T + S) is dense in X, y' € D((T + S)’) and
(T+8)y =T+ 5)y. O
If S and T are bounded, then “=" holds in (ii) and (iii) (Theorem 2.26). Note
that for unbounded linear operators 77 + S” = (T' 4 S)' is not necessarily true. For

example, if T(X — Y) is a densely defined unbounded linear operator such that
also T” is densely defined with D(T") #Y’. Then D(T' - T') #Y' =D(T - T)'.

Corollary 4.60. Let X be a Banach space, T a densely defined linear operator in
X with bounded inverse T~ € L(X). Then T’ is invertible and

(T/)—l _ (T—1>/‘

Proof. By Theorem 4.59 (ii) it follows that (71)'T" C (T'T~') =idy = idx, hence
(Tﬁl)/T/ = idD(Tr).

Again by Theorem 4.59 (ii) we find T7/(T~') C (T~'T) = ide(T) = idx, so it
suffices to show D(T'(T~1')") = D(T"). Let p € D(T') and n = (T ~*)'¢. For every
z € D(T) it follows that n(Tz) = (T7Y)'¢)(Tx) = o(T~VTx) = @(x), which
implies n € D(T"), hence D(T'(T~1)') = D(T"). O
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More general is Theorem 4.65 due to Phillips.

Definition 4.61. Let X be a Banach space. For subspaces A C X and B C X' we
define the annihilators

A ={peX :p(x)=0, x€ A} C X',
°B:={reX:p(x)=0, pe B} C X.

Remark 4.62. The sets A° and °B are closed subspaces and °(A°) = A If X is
reflexive, then also (°B)° = B.

Proof. Obviously, A° and °B are subspaces. Let (2], )pen € A° be a convergent
sequence. Then z{) := lim 2, € A° because zjz = lim z/,x = 0 for all z € A.
Let (25)nen C °B be a convergent sequence. Then zo := lim z, € °B because
n—oo
pxg = lim ¢z, =0 for all p € B.
n—oo

Now we show that °(A°) = A. Since obviously A C °(A°), also A C °(A°). Assume
that there exists an a € °(A4°) \ A. By a corollary to the Hahn-Banach theorem
(Corollary 2.19) there exists a ¢ € X' such that ¢z = 0 and ¢(a) # 0. Therefore
¢ € A°, so by definition of °(A°), also p(a) = 0.

(°B)° = B follows if we identify X with X" using the canonical map Jx. O

Lemma 4.63. Let X,Y be Banach space, Y # {0} and T(X — Y) a densely
defined closed linear operator and yo € Y\ {0}. Then there exists a ¢ € D(T") such
that ©(yo) # 0, in particular, D(T") # {0}.

Proof. By assumption, the graph G(T') of T is closed and (0,y) # G(T"). Hence, by
a corollary to the Hahn-Banach theorem (Corollary 2.19) there exists ¢ € (X x Y)’

such that 9[gr) = 0 and #((0,50)) # 0. Let ¢ : Y — K, o(y) = %((0,y)).
Obviously ¢ € Y’ and ¢(yo) # 0. Moreover, ¢ € D(T") because for all z € D(T')

@(Tx) = 4((0,T2)) = ¢((z,T2) — (2,0)) = ¥((z, Tx)) — ¥((x,0))
= —1((z,0)). O

Theorem 4.64. Let X andY be Banach spaces. For a densely defined closed linear
operator T(X — Y') the following holds:
) 1g(T)° = 1g(T) = ker T".
) rgT = °(kerT").
(ili) rigT =Y <= T’ is injective.
)
)

Proof. (i) The first equality is clear. The second equality follows from

perg(T)° <= Vyerg(T) ¢y) =0
— VzeDT) ¢Tz)=0
= peDT), T'¢p=0
< @€ ker(T).

(ii) rgT =°((rgT)°) = °(kerT") by (i) and Remark 4.62.
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(iii) By (ii), rg7 =Y if and only if °(ker 7”) = Y. This is the case if and only if
p(y) =0 for all ¢ € kerT” and y € Y, that is, if and only if ker 7" = {0}.

(iv) Let € ker(T) and 2’ € rgT’. Choose y' € D(T") with T"y’ = a’. Then
2’z = (T"y)z =y (Tx) = y'(0) =0, hence z € °(rgT").

Now let 2 € °(rgT") ND(T). Then y'(Tz) = (I"y')x =0 for all y’ € Y. Since T is
closed, it follows by Lemma 4.63 that Tz = 0, hence x € kerT'.

(v) Let 2’ € rg(T”) and = € kerT. Choose y' € D(T”") such that 7"y’ = 2’. Then
'z = (T'y )z = y'(Tz) = y'(0) = 0. It follows that rg(7”) C (ker T')°, and since
(ker T')° is closed, the statement is proved. O

Theorem 4.65 (Phillips). Let X,Y be a Banach spaces, T(X — Y) a densely
defined injective linear operator with vg(T) =Y. Then

(r=t=(@ty (4.2)

and T~ is bounded if and only if T is closed and (T')~! is bounded on X'. (T~}
denotes the inverse of T : D(T) — rg(T), similar for (T")~1.)

Proof. [}

Theorem 4.66 (Closed range theorem). Let X,Y be reflerive Banach spaces
and T : X D D(T) =Y a closed densely defined linear operator. The following is
equivalent:

(i) rg(T) is closed.
i) rg(T") is closed.

) T:X 2>D(T) — rg(T) is open.
(iv) T : Y 2 D(T") — rg(T") is open.
)

)

rg(T) = °(ker T").
rg(T") = (ker T')°.

Proof. (i) <= (iii) Since T is closed, (D(T), || - ||r) is a Banach space and
T: (D), llr) = 1aT, Tz=Tz

is continuous (Lemma 3.32). Observe that also i : (D(T), | - [|r) — X, z — x is
continuous and that T = T oi~! : X D D(T) — Y. Note that rg7 is a Banach
space. B

If rg T is closed, then T : (D, || - ||r) — rgT is open by the open mapping theorem
(Theorem 3.22), then also T =T 0i~! : X D D(T) — rgT is open as composition
of open maps. If T : D(T) — rg T is open, then it is surjective, hence rg T is closed.

Note that T" is closed (Theorem 4.57), hence (ii) <= (iv) is proved analogously.
(i) <= (v) follows from theorem 4.64 (ii).
(ii) <= (vi) follows from theorem 4.64 (ii)

rg(T") = °(ker T") = (ker T)°.

(iii) <= (iv) Recall that T"is open if and only if there exists an , r > 0 such that
the image of the open ball in X with centre 0 and radius r contains the open unit
ball in Y. That is, there exists a r > 0 such that T(Bx(0,7)) 2 By (0,1). Assume
that 7" is open and let r as above.

To show that T” is open, we have to show that for every zj, € rg(T”) with ||zj|| < 1,
there exists a yj € D(T") with T"y; = x( and ||lyj|| < r. Define a linear functional
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¢ on rg(T) as follows: for y € rgT with [|y|| < 1 choose x € D(T) such that
|zl < r and Tz = y. Set p(y) = z{z and extend ¢ linearly to rg7". Note that
le(y)| = |zhx] < [lagllllz]l < rllyll, ¢ is bounded, so by the theorem of Hahn-Banach
it can be extended to a functional y; € Y’ with ||yg|| < r. Note that

D) —K, = yp(T) = o(Ta) = che

is continuous, so y, € D(T).
(iv) <= (iii) Follows analogously if we note that 7" = T by the reflexivity of X
and Y.

Definition 4.67. Let Hy, H> be Hilbert spaces and D(T') C Hy a dense subspace.
For a linear map T : Hy D D(T') — H, its Hilbert space adjoint T* is defined by

D(T*):={ye€ Hy : v+ (Tz,y) is a bounded on D(T)},
T*: Hy D D(T*) — Hy, Ty = y*,
where y* € Hy such that (T'z,y) = (z,y*) for all z € D(T).
Note that for y € D(T*) the map = — (T'z,y) is continuous and densely defined

and can therefore be extended uniquely to an element ¢, € Hi. By the Riesz
representation theorem (Theorem 4.20) there exists exactly one y* € H; as desired.

Definition 4.68. Let Hy, H» be Hilbert spaces and D(T') C Hy, D(S) C Hs sub-
spaces. The linear maps T : H; 2 D(T) — Hz and S : H> 2 D(S) — H; are called
formally adjoint if

(T, y)u, = (&, SY)m,, z € D(T), y € D(S).

Note that the formal adjoint of a non-densely defined linear operator is not unique;
in particular, the operator trivial operator with D = {0} is formally adjoint to every
linear operator.

If T is densely defined, then its adjoint 7 is its maximal formally adjoint operator.

Lemma 4.69. Let Hy and Hy be Hilbert spaces and define
U:Hix Hy— Hy x Hi,  (x,9) = (y,—).

If T(Hy — Hs) is a densely defined linear operator, then

2
5

=U(G(T)*) = [U(@M)* (4.3)

Proof. Observe that U is unitary, hence U(G(T)*) = [U(G(T))]*. The first equal-
ity in (4.3) follows from

(yo,z0) € G(T™) (Tz,yo)y = (x,z0)x, x€D(T)
(Tx,yo) — (x,z0) =0, x€DT)
(Tz,—=z), (yo,20))2xry =0, x € D(T)
(U2, Tx), (yo,%0))moxm, =0, x€D(T)

(40, 20) € [U(GDN]* =

I

Theorem 4.70. Let Hy and Hs be Hilbert spaces. For a densely defined linear
operator T(X — Y the following holds:

(i) T* is closed.
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(ii) If T is closable, then T* is densely defined and T** =T.

Proof. (i) follows immediately from (4.3).
(ii) Let yo € D(T*)*. Then (yo,y) = 0 for all y € D(T). This implies

0=1{(0,50), (=2 Y rixn. = ((0,90), Uy, 2))mixt,  (y,2) € GT™).
Hence by Lemma 4.69,
(0.y0) € [U"HA(T )" = GT) = G(T) = G(T).
It follows that yo = 70 = 0, so D(T*) = Y. Let
V :Hyx Hy — Hy x Hy, V(y,z) = (z,—y).
Obviously VU = —idy, xu, and application of Lemma 4.69 to T yields

G(T™) = [V(GT)* = VUGD)M]*F = [-(GD)N)]*F = CT)* = G(T)
=G(T

-

hence T** =T. O

Theorem 4.71. Let Hy, Ho, H3 be Hilbert spaces.

(i) Let T(Hy — Hz) and S(H, — Hs) be densely defined linear operators. If
S CT then T* C S*.

(ii) Assume S(H; — Hs) and T(Hy — H3) are densely defined with TS = H,.
Then S*T* C (T'S)*.

(ii) Assume S(Hy — Hs) and T(Hy, — Hs) are densely defined with T + S = H;.
Then (T* + S*) C (S +T)*.

If S and T are bounded, then “=" holds in (ii) and (iii).
Proof. As is in the Banach space case. O

Corollary 4.72. Let H be a Hilbert space, T a densely defined linear operator in
H with bounded inverse T~ € L(H). Then T* is invertible and

()= (T =17

Proof. By Theorem 4.71 (ii) it follows that (T-Y)*T* C (TT~Y)* = idy- = idg,
hence (T71)*T* = idp(p+).

Again by Theorem 4.71 (ii) we find 7*(T~1)* C (T~!T)* = idpr) = idm, so it
suffices to show D(T*(T~1)*) = D(T*). Let y € D(T*) and z = (T~ ')*y. For
every x € D(T) it follows that (Tz,2) = (Tx,(T~Y)*y) = (T 'Tz,y) = (z,y), so
z € D(T*) which implies D(T*(T~1)*) = D(T*). O

Theorem 4.73. Let Hy, Hy be Hilbert spaces, T(Hy — Has) a densely defined closed
linear operator. Then the following holds.

(i) rg(T)* = 1g(T) = ker T*.

(i) 1g(T) = (ker T*)*.
(iii) rg(T*)* =kerT.
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(iv) rg(T*) = (ker T)*.

Proof. (i) Note that y € rg(T)* if and only if (T ,y) for all z € D(T). This is
equivalent to y € D(T*) and T*y = 0.

(i) By (i) rg(T) = r8(T) = (kerT")".

(iii) By Theorem 4.70 T™* is closed and densely defined and 7** = T'. Application
of (i) to T* shows rg(T*)* = kerT.

(iv) Application of (ii) to T shows rg(T*) = (ker T')*. O

Example 4.74. Let H = L»[0,1]. Let
D(Ty) := W3 (0,1) = {x € L3[0,1] : 2 absolutely continuous, z’ € Ls[0,1]},
D(Ty) :=D(T1) N{z € L[0,1] : (0) = (1)}
D(Ty) = D(T1) N {w € La[0,1] : 2(0) = (1) = 0}.
For k=1,2,3 let
Ty : H D D(Ty) — H, Thx =iz’

Obviously, the T}, are well-defined and D(T}) is dense in H (Theorem A.27). We
will show: T} = T3, T35 = T, T5 = Ty, in particular all T} are closed.

Proof. Let z,y € D(T1). Then, using integration by parts,

1 - . il 1
(Tia9) = [ i 05D @t =iy @) = [ w7
= iz(1)y(1) = iz(0)y(0) + (z, T1y).
In particular we obtain
(Tz,y) =(x,Ty), x€D(T), y€D(Ts),
(Tz,y) = (z,Ty), =,y € D(Tr).
This shows that
D(T3) € D(TY), D(T») CD(T5) and D(T1) C D(T3)

and T1*|D('l";) = Tg, Tg'D(T;) = T] and T2*|D(',v3) = T2.
To prove the inclusion D(T}) C D(T3) let g € D(T}) and ¢ = T}'g. Define ®(t) =
fUI ¢(s)ds. Then @ is absolutely continuous and ® = ¢. For z € D(T})

/ iz’ (t)g(t) dt = (Thax, g) = (z, ) = / iz(t)p(t) dt
0 0

- x(t)w\; - /: i@ (DD dt

Note that ®(1) = 0 as can be seen if z is chosen to be a constant function. Hence

1
/ 2 ()@@ dt =0, = eD(T),
Jo
implying that g +i® € rg(T1)* = {0}. It follows that g is absolutely continuous
and g(0) = ip(0) =0, g(1) = ip(1) = 0, so g € D(T3).
Analogously, Ty = T> and Ty = T} can be shown. O
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Definition 4.75. Let H be a Hilbert spaces, D(T) C H a dense subspace and
T:H 2 D(T)— H a linear map.

(i) T is called symmetric if T C T*.
(i) T is called selfadjoint if T = T*.
(iil) T is called essentially selfadjoint if T = T*.

The operator T» in the example above is selfadjoint, the operator T3 is symmetric.
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Chapter 5

Spectrum of linear operators

If not stated explicitely otherwise, all Hilbert and Banach spaces in this chapter are
assumed to be complex vector spaces.

5.1 The spectrum of a linear operator

Definition 5.1. Let X be a Banach space and T'(X — X) a densely defined linear
operator.

p(T):={A € C : X\id—T is bijective} resolvent set of T,
o(T) :=C\ p(T) spectrum of T.

The spectrum of T is further divided in point spectrum oy, (T'), continuous spectrum
oo(T) and residual spectrum o, (T):

op(T) :={A € C : X\id —T is not injective},
0o(T) :={A € C : Xid—T is injective, rg(T — Aid) # X, rg(T — Aid) = X},
0:(T) :={X € C : X\id —T is injective, rg(T — Xid) # X}.

It follows immediately from the definition that
o(T) = 0p(T)Uoo(T) Uoy(T).
In the following, we often write A — 7" instead of \id —T'.
Definition 5.2. (i) Elements A € o,(T') are called eigenvalues of T.

(ii) For A € o(T) we define the geometric eigenspace of T in X, Nz(T), and the
algebraic eigenspace of T in A, A\(T), by

NA(T) :=ker(T — N),
A\T):={z e X : (T —N)"z =0 for some n € N}.

(iii) For A € p(T') the resolvent of T in A is (Aid —T")~! := R(A\,T). The map
p(T) — L(X), A— R\T)
is the resolvent map.
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Remark 5.3. If T is closed, then (T — \)~! is closed if it exists. Therefore, by the
closed graph theorem,

p(T) ={\€C : T — \is injective and (T — A)~' € L(X)}.

Remark 5.4. Often the resolvent set of a linear operator is defined slightly differ-
ent: Let T(X — X) is a densely defined linear operator. Then A € p(T') if and
only if A — T is bijective and (A — T') € L(X). With this definition it follows that
p(T') = 0 for every non-closed T'(X — X) because one of the following cases holds:

(i) A—T is not bijective = X\ ¢ p(T);

(ii) A —T is bijective, then (A —T)~! is defined everywhere and closed, so by the
closed graph theorem it cannot be bounded, which implies A ¢ p(T").

Remark 5.5. If dim X < oo, then o¢(T) = o+(T) = 0 and o, (T) is the set of all
eigenvalues of T'.

Theorem 5.6 (Spectral mapping theorem for polynomials). Let X be a
Banach space, T € L(X) and P € C[X] a polynomial. Then

o(P(T)) = P(o(T)).

Proof. Let A € C. Then there exists a polynomial @ such that P(X) — P(\) =
(X = N)Q(X). In particular, P(T) — P(A) = (T — N)Q(T) = Q(T)(T — \). Hence,
if A € o(T), then (T — ) is not bijective, so P(T") — P()\) is not bijective which
implies P(c(T)) C o(P(T)).

Now assume p € o(P(T')). There exist a, A1, ..., A, € C such that P(X) —p =
a(X — A1)+ (X = Ay). Since P(T) — p is not invertible, at least one of the terms
Aj — T cannot be invertible, that is at least one A; must belong to the spectrum of
T and p = P(X;) € P(o(T)). O

5.2 The resolvent

In this section we will study the resolvent map p(T) — L(X), X — R(\,T) =
(A —T)~'. We will show that its domain is open and that it is analytic.

Lemma 5.7. Let X be a Banach space and T(X — X) a closed linear operator.

@) IR, T)|| > for all X € p(T).

1
dist(Ao, o(T))
(ii) For Mo € p(T) and X € C with |\ — Ao| < [|[R(No, T)|~*
oo

ROLT) =" (Ao = N)™(R(Ao, )"

n=0

Note that (ii) shows that locally around a Ag € p(T') the resolvent has a power series
expansion with coefficients depending only on \g and T'.

Proof of Lemma 5.7. Recall that for a bounded linear operator S € L(X) with
[IS]| < 1 the operator (id —S)~! € L(X) and it is given explicitly by the Neumann
series (Theorem 2.10)

=S}

(id=8)"' =" 5"

n=0
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Let Xg € p(T'). For A € C we find
A=T=X-T=Q0—A) = [id=(Ao—N(o—T)"" (o —T).

If (Ao — Al < [[(Ao = T)~*| 7%, then the term in brackets is invertible, hence so is
A —T and we obtain

A=T)" = —T) [id—(ho —N(ho —T)7"] "
o0

=0 =D (X o= V"o 1))

n=0

=> o= N"(No—T) "V
n=0

which proves (ii). If p € C with || < |[(T — Ao) || 7%, then Ao + p € p(T), hence
dist(Mg, o(T)) > (T — Ao) || 71, so also (i) is proved. O
As a corollary we obtain the following theorem.
Theorem 5.8. Let X be a Banach space and T(X — X) a closed linear operator.

(i) o(T) is closed.

(i) If T € L(X), then o(T) is compact.
Proof. (i) C\ o(T) = p(T) is open by Lemma 5.7.
(ii) Let A € C with |A| > ||T||. Then A — T = A(id —A~!T) is invertible since
[A7'T|| < 1 (Neumann series, Theorem 2.10), hence A € p(T) It follows that
{AeC:|A > ||T|I} 2 p(T). Since o is closed and bounded, it is compact. O

Next we prove the so-called resolvent identities.

Theorem 5.9. Let X be a Banach space and T(X — X), S(X — X) a linear

operators with D(S) = D(T).
(i) 1st resolvent identity:
ROAT) = R(p, T) = (0= VRN T)R(p, T), A € p(T).
In particular, the resolvents commute.
(i) 2nd resolvent identity:

R\, T)—R(\,S)=R\T)T—-S)R(\,S), A€ p(T) N p(S).
Proof. (i) follows from a straightforward calculation:
RAT) = R(p,T)=(A=T)" = (u—1T)""
=A-T) M p-T-(A-D)]p-7)"
= (1= VRO T)R(u, T).
(ii) is shown similarly:
RA\T)—RAS)=A-T)"'-(A-85)!
=A-T)'A=S-(A-T)](A-9)*
=R\, T)(T - S)R(\,S), O
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Next we study properties of the resolvent map p(T) — L(X), A — R(\,T). By
Lemma 5.7 we already now that its domain is open and that it is analytic, that is,
locally it has a power series representation.
Definition 5.10. Let Q € C be an open set, X a Banach space and f: Q — X.
(i) f is called holomorphic in zy €  if and only if the limit
lim [(2) = f(20)
z—2z0 zZ— 20

exists in the norm topology. f is called holomorphic if and only if it is holo-
morphic in every zg € Q.

=
=3
=

f is called weakly holomorphic in zy € 2 if and only if the limit

i 1) = £(0)

zZ—Zo zZ— 20

exists in the weak topology. f is called weakly holomorphic if and only if it
is weakly holomorphic in every zy € Q. Hence, for every ¢ € X’ the map
Q — C, z+— ¢(f(z)) is holomorphic in the usual sense.

Lemma 5.11. Let X be a Banach space. A sequence (zn)nen € X is a Cauchy
sequence if and only if the sequence (p(xy,))nen C X is uniformly Cauchy for ¢ € X'
with ||p|| < 1 (that is, for every e > 0 exists a N € N such that |p(xy) —@(zm)| < €
for allm,n > N and all p € X" with ||| <1).

Proof. Assume that (x,)neny € X is a Cauchy sequence and let ¢ > 0. Then
there exists a N € N such that ||z, — 2| < € for m,n > N. It follows that
lo(zn) — @(@m)|| < llellllzn — zm|| < € for all m,n > N and all ¢ € X’ with
el < 1.

Now let & > 0 and assume that there exists an N € N such that |p(z,) —p(zn)] <€
for all m,n > N and all ¢ € X’ with ||¢|| < 1. Recall that the map Jx : X — X"
is an isometry. It follows for m,n > N

lzn — 2ml = [[Ix 20 — Ixzm| = sup{|(Jxzn — Ixazm)p| : v € X', llel <1}
=sup{lp(zn) — p(am)| : p € X', [lo| <1} <e. o

Recall the following fundamental theorem of complex analysis.

Theorem 5.12 (Cauchy’s integral formula). Let Q € C open and let f : @ — C
holomorphic. Let zg € Q and r > 0 such that K,(z) :={z € C: |z — 29| <r} C Q.
Then

fla) = ! /r /() dz, a € By(20) (5.1)

" 2mi r(z0) 2@

where T'y(z0) is the positively oriented boundary of K,(z0). More generally, for
n € Ny,

™ (a) = o /r,.m) (& dz,  a€ B.(2). (5.2)

27l z—a)"tl

Theorem 5.13 (Dunford). Let X be a Banach space and let Q € C open. A map
[+ Q — X is holomorphic if and only if it is weakly holomorphic.
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Proof. Clearly, holomorphy of f implies weak holomorphy. Now assume that f is
weakly holomorphic. Let z9 € Q. Choose r > 0 such that K,(z0) = {z € C:
|z — 29| <7} € Q. and let I'v(29) be the positively oriented boundary of K, (zp).
For every ¢ € X' Cauchy’s integral formula (5.1) yields

oy =g [ AL g,
T (z0)

= — B, .
2mi z—a @ € Br(z0)

For a € B;(z0) and 0 < |h| < r — |29 — a] it follows that a +h € K,(29), hence with
Cauchy’s integral formula we obtain

(et 1) - plf@) - (g0 (@
1 1 { 1 1 h

~om Io(zo) PLlz—a—h

1 [ 1 1
- %/Fr(m) {(z —a)z—a—1h) (z 7a)2}¢(f(z)) dz
_f 4 .
© 27 Jr, ) (2 —a)2(z—a—h) dzg

Since z — ¢(f(z)) is holomorphic in a neighbourhood of I';(zp), it is in particular
continuous. Hence there exists C, such that

le(f(2)l < C,

By a corollary to the theorem of Banach-Steinhaus (Corollary 3.8), there exists
C > 0 such that

z € I'r(20)-

If )l <C,  z€T(z).

14 Abr 2010

Hence we obtain

|3 (60 +1) — o(7(@)) ~ <=0 N)(@)| < hllgllC”

This implies that

tim o (- (7@ + ) = 7(a))) = Jim 1 (9(7(a + 1) ~ o(f(@)) = (o0 /) (@),

h—0 h—0
uniformly for ¢ € X', ||¢|| < 1. Therefore, by Lemma 5.11, ’lin}) L(fla+h) = f(a))
exists. O
Theorem 5.14 (Dunford). Let X be a Banach space, 2 C C open and T : Q@ —
L(X). Then the following is equivalent:
(i) T is holomorphic in the operator norm.
(if)

(iii

T is strongly holomorphic.

T is weakly holomorphic.

Proof. (i) = (ii) follows from the definition. (ii) <= (iii) follows form Theo-
rem 5.13. It remains to prove (iii) = (i). As in the proof of Theorem 5.13 we
obtain for z € X and ¢ € X’

o)

1 (gp(T(a-&-h)z—T(a)m)) - %lz:a(‘PT(Z)”;) = 2/_;” /r o G- &

h

Last Change: Tue May 25 14:50:43 COT 2010

82 5.2. The resolvent

Since z +— ¢(T'(z)z) is holomorphic in a neighbourhood of T'»(zp), it is continuous,
so there exists Cy,,, such that
P(T()0)] < Copr 2 € To(z0).

By a corollary to the theorem of Banach-Steinhaus (Corollary 3.8), there exists
C, > 0 such that
IT(2)z]| < Co, 2 € Tn(20),

and by the theorem of Banach-Steinhaus (Theorem 3.7), there exists C' > 0 such
that
T <C, 2z €Tu(z).

This implies that

;lLiLI%J %(g&(T(a +h)x — T(a)‘l/)) = go( ;ILIE}) %(T(a +h)x — T(a)x))

exists, uniformly for ¢ € X', ||| < 1. Therefore, by Lemma 5.11,

lim %(T(a + h)x —T(a)z)

h—0 h
exists and convergence is uniform for € X with [|z|| = 1. Analogously as in the

proof of Lemma 5.11 it follows the existence of

’%]—IL(T(@M) — T(a)). |

Theorem 5.15. Let X be a Banach space, T(X — X) a densely defined closed
linear operator. Then the resolvent map
p(T) = L(X), A ROLT) = (A—T)!

is holomorphic.

Proof. Let A\g € p(T) and X € C with |A — Xg| < |[R(Xo, T)]|. For fixed 2 € X and
¢ € X' we have by Lemma 5.7

oo

H(ROT)2) = o (300 = 2)" (RO, T))"H) )
n=0
= Z()‘ = 20)"e((R(ho, 7)) )

where we used that the operator series converges and ¢ is continuous. Since the last
sum is absolutely convergent, it follows that A — ¢(R(\,T)z) is analytic locally at
Ao, hence holomorphic. Since weak holomorphy is equivalent to holomorphy in the
operator norm (Theorem 5.14), the theorem is proved. [}

The preceding theorem allows us to apply theorems of complex analysis to the
resolvent map.

Theorem 5.16. Let X be a Banach space and T € L(X). Then o(T) # 0.
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Proof. Assume o(T) = (). Observe that this implies X # {0} and T~! € L(X). Let
A € C with [A| > ||T||. Then A € p(T") and using the Neumann series

— no—(n S " —n = —1
IRAT)| = H;/\ 7| sglx\ T~ = =y

In particular, [|[R(X, T)|| — 0 for |[A\] — co. Hence for every x € X and ¢ € X' the
map A — @(R(\, T')z) is holomorphic and bounded in C, so constant by the Liouville
theorem. Since p(R(\,T)x) — 0 for |\| — oo, it follows that ¢(R(X,T)z) = 0 for
all A € C, z € X and ¢ € X'. By a corollary to the Hahn-Banach theorem
(Corollary 2.16) it follows that R(X\,T)xz = 0 for all z € X and A € C, hence
R(\,T) =0, A € C. This contradicts the fact that 1 = | 7T~ < |T|I|T7Y| =
0. O

The following example shows that for unbounded linear operators the cases o(T) = ()
and o(T') = C are possible.

Examples 5.17. (i) Let X = C([0,1]) and
T:X2CY0,1]) = X, Tz==x
Then T is unbounded and closed and o(T) = 0y, (T) = C.
(ii) Let X = {z € C([0,1]) : 2(0) = 0}, D(T) = {x € X NC'([0,1]) : 2’ € X} and
T:X2ODT)— X, Tz==2
Then 7 is unbounded and closed and o(T") = 0.

Proof. (i) Obviously, T' is unbounded and densely defined. If (z,,)nen € D(T') such
that 2, — 2 and Tx, — y € X, then, by a theorem of Analysis 1, z is differentiable,
hence in D(T') and Tz = 2/ = y which implies that T is closed.

For every A € C the differential equation ' — Az = 0 has the solution z5(t) = e
Note that zy € D(T) and (T — A)zy =0, so A € o, (T).

(ii) Obviously, T' is unbounded and densely defined. If (z,)nen € D(T) such that

zn, — 2 and Tz, — y € X, then, by a theorem of Analysis 1, z is differentiable

and 2’ = y. Moreover, z(0) = lim z,(0) =0, so in D(T) and Tz = 2’ = y which
n—o0

At

implies that T is closed.
For every A € C and every y € X the initial value problem z’ — Az = y, (0) has
exactly one solution z, given by

t
zA(t) = e)‘t/ e y(s) ds.
0

Obviously € C1[0,1], 21(0) = 0 and 24 (0) = Azx(0) + y(0) = 0. Hence T — ) is
bijective, in particular A € p(T). O

Note that in the last example the continuity of (7' — X) can be seen immediately:
ot
17 =)l = lloa oo = sup [ [ e y(s) ] ¢ < 0,11}
0

1
< ||ly|| oo max{1, e*}/ e ds.
0
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Definition 5.18. Let X be a Banach space The spectral radius of T € L(X) is
#(T) := limsup |77 .

Theorem 5.19. Let X be a Banach space, T € L(X) and r(T') its spectral radius.
@) 7(T) < T™|V™ < ||T| for all m € N, in particular r(T) = lim ||T™|/™.
(ii) o(T)CS{AeC: N\ <r(T)}.

(ii) If X is a complex Banach space, then there exists a A € o(T) such that
|Al = r(T), in particular

r(T) = max{|\| : A € o(T)}.
(iv) If X s Hilbert space and T is normal, then r(T) = ||T|.
(v) If X is a complex Hilbert space and T is normal with r(T) = 0, then T = 0.

Proof. (i) Let m € N arbitrary. For every n € N there exist pn,q, € Ny with
¢n <m and n = pym + gn. Let M := max{1, |T||, ..., [T }||}. Then

77| = P || < TP | T | < M7

am

= |7

1

This implies r(T') = limsup ||T"[|% < limsup M2 ||T™ |7~
n—oo n—oo

(ii) By the formula of Hadamard, the radius of convergence of Y oo, z" |||
%)~ = r(T)~'. Hence for all A € C, [A\| > #(T), the series

is (limsup || T
ch:o A~ —: A converges in norm. By Theorem 2.10 (Neumann series), A is
the inverse of \—T'. Because T is closed, it follows that {A € C: |A\| > »(T)} C p(T),
or equivalently {\ € C: |\ <7(T)} C o(T).

(i) Let ro := max{|A| : A € o(T)}. It follows from (ii) that ro < r(T). Now
choose any pu € C with |u| > ro. We have to show that |u| > r(T"). Observe that
by definition of R(T") and by the formula of Hadamard

o0
(A=D)7t= AN\ > (D), (5.3)
n=0

where the series on the right hand side converges in norm. In particular, for every
¢ € LX)

A =T)"1 =3 A (), A > (D).

n=0

Hence A — o(T — A\)~! defines an analytic function for [A| > 7(T). It follows
from complex analysis that then the equality in (5.3) holds for all A in the largest
open ring where A — (A — T) is analytic, that is for all A\ > (7). In particular,
300 o~ (F(T™) converges for every ¢ € L(X)', hence it is weakly convergent,
and therefore (1~ ("1 o(T™)), e converges to 0. It follows that (u~ " TDT™), oy is
weakly convergent to 0, hence it is bounded (Corollary 3.9). Let M € R such that
= +D|T™| < M, n € N. Then |[|T"||* < M#p'*# for all n € N, in particular
W) = T [T <

(iv) Recall that ||TT*|| = |T||? for a normal operator T' (Theorem 4.39). Hence

T2 = 1T*T*)2|| = [(TT*)?) = [(TTHI* = IT|*,

Last Change: Tue May 25 14:50:43 COT 2010



Chapter 5. Spectrum of linear operators 85

hence || T2|| = ||T|?>. By induction, it can be shown that hence ||T2"| = ||T||*" for
all n € N, implying that

r(T) = lim ||T"|* = lim |T%"

= = lim |T| = |7T].
s

(v) follows directly from (iv). O

Note that in general r(T') < ||T'||, for example 7(T) = 0 for every nilpotent linear
operator.

5.3 The spectrum of the adjoint operator

Lemma 5.20. (i) Let X be a Banach space and T(X — X) a densely defined
closed linear operator. Then o(T') = o(T) and R(\,T)" = R(\,T") for X €
p(T).

(i) Let H be a Hilbert space and T(H — H) a densely defined closed linear
operator. Then o(T*) = o(T) = {A € C : X € o(T)} and R\, T)* =

R(X*,T*) for A € p(T).

Proof. The assertions follow from Theorem 4.65. O

Lemma 5.21. Let X be a Banach space and T(X — X)) densely defined and closed.
(i) Aeop(T) = A€ o,(T") U (T").
(i) A€o (T) = e op(T).
Proof. (i) If X € 0p(T), then ker(A — T') 2 {0}, rg(A—T") C ker(T)° # X. It
follows that A € o, (T”) or A € o (T").

(i) If X € 0(T), then rg(A — T') # X. By Theorem 4.64 rg(A — T') = X if and only
if (\—T) = X—T"is not injective, hence X € o,(1”). O

Theorem 5.22. Let H be a complex Hilbert space, T(H — H) a symmetric oper-
ator and A € C\ R.

@) A =D)all = [ImN)| [|z]| for all x € D(T).
In particular T — X : D(T) — rg(T — \) is invertible with continuous inverse
and the point spectrum of T is real.
(ii) If T is closed, then rg(X\ —T) is closed.
Proof. (i) For all x € D(T)

A=)zl lz]| > [(A = T)z,2)| = [{(Re A = Tz, 2) +iIm Az, z)|
> [Tm Al

In particular, A — T' is injective, which implies that A ¢ op,(T).
(i) If (A = T) is continuous and closed, to its domain rg(A — T') is closed. O

Theorem 5.23. Let H be a complex Hilbert space and T(H — H) a symmetric
operator. Then the following is equivalent.

(i) T is selfadjoint.
(i) rg(A—=T) = H for all z€ C\R.
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(iii) rg(i—T)=H.

(iv) There exist z+ € C withImzy >0 and Imz_ < 0 such that rg(z+ —T) = H.

(v) o(T) CR,
)

(vi) T is closed and ker(+i —T*) = H.

Proof. (i) = (ii) Let A € C\ R. Then rg(A —T) # H is closed by Theorem 5.22
and A* ¢ op,(T). It follows by Theorem 4.73 that

rg(A —T) = 1g(A — T)** = ker(\* — T*)* = ker(\* = T)* = {0}* = H.

(ii) = (i) By assumption, 7" is symmetric, hence 7' C T, so it suffices to show
that D(T*) € D(T). Let A € C\R. Then A — T and A — T are bijective. For
x € D(T*) there exists a y € D(T) such that (A—T"*)z = (A=T)y. Since ' C T*, it
follows that Ty = T*, hence z —y € ker(A—T*) = {0} which implies z =y € D(T).
(i) = (iii) = (iv) is obvious.

(iv) = (v) Let z4+ € C with Im 2z} > 0 and Imz_ < 0 such that rg(z4+ —T) = H.
By Theorem 5.22, it follows that z4 — T is injective and its inverse is bounded by
|Sz+|. Hence, by Lemma 5.7, every A € C with |A — z4| < [Sz+| belongs to p(T).
Given any A € C\ R, repeating the argument above finitely many times shows that
A€ p(T).

(v) = (ii) is obvious.

(vi) = (iii) Since T is closed, the range of +i — T is closed by Theorem 5.22.
Therefore rg(£i — T) = rg(£i — T)*+ = ker(Fi — T*)* = {0}* = H.

(i) = (vi) Since T' =T, it is closed and C\R C p(T'), in particular ker(+i—T) =
{0}. O

Analogously, we find a characterisation of essentially selfadjoint operators.

Theorem 5.24. Let H be a complex Hilbert space and T(H — H) a symmetric
operator. Then the following is equivalent.
(i) T is essentially selfadjoint.

) 1g(A—T) = H for all z€ C\R.

(i) rg(xi—T)=H.
)
)
)

11

v

There ezist z4 € C withImzy >0 and Imz_ < 0 such that rg(z+ —T) = H.
o(T) CR.
ker(+i — T*) = H.

—

v

(vi

Definition 5.25. Let X be a Banach space and T'(X — X) densely defined and

closed. A € C is called approzimate eigenvalue if there exists a sequence (z,)nen C

X such that ||z,]| = 1 for all n € N and lim (T — A)z, = 0. The set of all
n—o0

approximate eigenvalues is denoted by oap(T').

Proposition 5.26. (i) Every approzimate eigenvalue belongs to o(T).
(ii) Ewvery boundary point of o(T) C C is an approzimate eigenvalue of T.
(iti) If X is a Hilbert space and if T is selfadjoint, then every A € o(T) is an

approzimate eigenvalue of T.
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Proof. (i) Let A be an approximate eigenvalue of T'. Choose a sequence (2, )nen C
D(T) such that ||z,|| =1 for all n € N and (A — T")z;,, — 0. Assume that X € p(T').
Then R(A\,T) = (A — T)~! is bounded, therefore

lim z,, = hm RA-T)AN=T)xzn, =RA\-T) lim A\—T)z, =0,
n—oo

n—oo
in contradiction to [|z,| = 1 for all n € N.
(ii) Let A be a boundary point of o(T'). Then there exists a sequence (A, )nen C
p(T) which converges to X. For every n € N choose x, € X such that ||z,|| =1
and HR An, T)an|l > |R(An, T)||. From Lemma 5.7 we know that [|R(X,, T)| >
—dMO\" =770 Set 4, == ||[ROn, T)|| "' R(An, T)2p. Then y,, € D(T) and |y,|| = 1
for all n € N. Moreover
A =Tyl <A = Aa)ynll + 1 (An = Tynll
= A= al + RO — Tzt
<A =An| + 2RO, —T)|| 7t — 0, n — 0o.
Hence A € 0,p(T).

(ii) By Theorem 5.23 the spectrum of a selfadjoint operator is real, so o(T) =
00(T) C 0ap(T) C o(T). follows immediately form

O

Lemma 5.27. Let H be Hilbert space and T € L(H) selfadjoint. Then o(T)
[m, M] where m := inf{(Tx,z) : ||z|| = 1} and M := sup{(Tz,z) : |z| =
Moreover, m,M € o(T).

c
}

Proof. Let A € R, A < m. Then X\ — T is injective because for all z € X
I = D)elllzll 2 (A = T)a,z) > (A —m)jz]*, (5.4)

In particular, rg(A—T) = D((A—T)"") is closed because (A\—T)"' : rg(A\—T) — H
is closed and continuous by (5.4). Hence rg(A—7) =rg(A —T) = ker(A-T)* = H.
It follows that (—oo, m) € p(T). Analogously (M, oo, m) € p(T) is shown.

Now we show that m € o(T). By Proposition 5.26 it suffices to show that m €
0ap(T). By definition of m there exists a sequence (2, )nen such that |z, | =1 for
all n € N and (Tzy, ,x,) \, m. Since s(z,y) := (T — m)x,y) defines a positive
semidefinite sesquilinear form, Cauchy-Schwarz inequality implies

T = m)aal® = 5@, (T = m)z,)| < (@0, 0) 2 s((T — m)an)?
= (T —m)zn 7x7z>%<(T - m’)zmn (T~ m)$n>%

Since the first term in ‘ghe product tends to 0 for n — oo and the second term is
bounded by (|T'|| —m)z < oo, it follows that ||(T" — m)xy,|| tends to 0 for n — oco.
This shows that m € 0., (7). The proof of M € o(T') is analogous. O

5.4 Compact operators

Recall that a metric space M is compact if and only if every open cover of M
contains a finite cover. M is called totally bounded if and only if every for every
€ > 0 there exists a covering of M with finitely many open balls of radius e. M is
called precompact (or precompact) if and only if M is compact. It can be shown that
a totally bounded metric M is compact if and only if M is complete. In particular,
a subset of a complete metric space is totally bounded if and only if its closure is
compact. A subset of a metric space is called relatively compact if and only if its
closure is compact.
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Definition 5.28. Let X,Y be normed spaces. An operator T' € L(X,Y) is called
compact if for every bounded set A C X the set T'(A) is relatively compact. The
set of all compact operators from X to Y is denoted by K (X,Y).

Remark 5.29. Sometimes compact operators are called completely continuous.

Remarks 5.30. (i) Every compact linear operator is bounded.

(i) T' € L(X,Y) is compact if and only if for every bounded sequence (z)nen
the sequence (T'z,)nen contains a convergent subsequence.

(ili) T € L(X,Y) is compact if and only if T'(Bx (0, 1)) is relatively compact.
(iv) Let T € L(X,Y) with finite dimensional rg(T"). The T is compact.

(v) The identity map id € L(X) is compact if and only if X is finite-dimensional.

Theorem 5.31. Let X,Y be Banach spaces. Then K(X,Y) is a closed subspace
of L(X,Y).

Proof. Obviously, 0 € K(X,Y) and Remark 5.30 (i) implies that the linear com-
bination of compact operators is compact. Now let (T, )nen € K(X,Y) a Cauchy
sequence. Since L(X,Y) is complete, there exists a T € L(X,Y) such that T}, — T.
We have to show T' € K(X,Y). Take an arbitrary bounded sequence (z,,)nen € X
and choose M € R such that ||2,|| < M, n € N. Since T} is compact, there exists a
subsequence (zg, ) such that (leg, )nen converges. Continuing like this, for every

k > 2 we find a subsequence (zsl )) of (zslk 1)) such that (Tkzg,k))neN converges. Let

(Yn)nen = (zsb )),,,GN the diagonal sequence. Then, for every k € N, the sequence

(Tkyn)nen converges. Let ¢ > 0. Choose k € N such that ||T — Ty|| < 537 and
N € N such that || Ty, — Tx@m|| < § for m,n > N. Then, for all m,n > N,

1Tyn — Tymll < N Tyn — Teynll + 1 Tkyn — Teymll + 1 Tiym — Tyml|
Me e Me

s T3t Ear

IA

Hence (T'yn)nen is Cauchy sequence in the Banach space Y, hence convergent. O

Lemma 5.32. Let X,Y,Z be Banach spaces, S € L(X,Y) and T € L(Y, Z). Then
TS is compact if at least one of the operators S or T is compact.

Proof. Let (xy,)nen be a bounded sequence in X. If S is compact, then there exists
a subsequence (2, )ken such that (Sz,, )ken converges. By continuity of T', also
(T'Szp, )ken converges.

Now assume that 7' is compact. Since S is bounded, (Sz,)ken is bounded, hence
there exists a subsequence (x, )ren such that (I'Szy,, )ren converges. O

Theorem 5.33 (Schauder). Let X,Y be Banach space and T € L(X,Y). Then
T is compact if and only if T' is compact.

For the proof we use the Ascoli-Arzeld theorem.

Theorem 5.34 (Arzeld-Ascoli). Let (M,d) be a compact metric space and A C
C(M) a family of real or complex valued continuous functions on M such that
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(i) A is bounded,
(ii) A is closed,
(ili) A is equicontinuous, that is,

Ve>0 30>0 VfeA d(z,y) <d = |f(z) — f(y) <e.
Then A is compact.

Proof. See, e.g., [Rud91] or [Yos95]. O

Proof of Theorem 5.33. First assume that 7" is compact. Let Kx(0,1) := {z €
X : ||z|| < 1} be the closed unit ball in X. By assumption K := T'(Kx(0,1)) is
compact in Y and bounded by ||T||. Now let (¢, )nen € Y’ be a bounded sequence
and M € R such that ||, | < M, n € N. We define the functions

fait K=K, fuly) = Son(y)'

Then (fn)nen is bounded by M and equicontinuous because |f(y1) — f(y2)] <
Cllyr — y2ll, y1,y2 € K. By the Ascoli-Arzeld, (f,)nen is compact, so there exists a
convergent subsequence (f,, )ren. Then also (T"¢p, )rken converges because

IT"en, — T'en,. || = sup{llon, (Tz) — ¢n,.(T2)|| : 2 € Kx(0,1)}
= sup{[ln, (v) = P, W : ¥ € K} = | frr. = frn I

Now assume that 7" is compact. Then 7" € L(X",Y") is compact. By Lemma 5.32
T" o Jx is compact. Recall that Jy oT = ToJx (Lemma 2.33),s0 JyoT : X —Y”
is compact. Since Y is closed in Y, T': X — Y is compact. O

Example 5.35. Let k € C([0,1]?) and

1
Ty, : C([0,1]) — C([0,1]), (Tpz)(t) = /0 k(s,t)z(s) ds.

Then T}, is compact.

Proof. Obviously T, is well-defined and bounded. Let (z,,)nen € C([0, 1]) a bounded
sequence with bound M. Hence (Tjxy)nen is bounded. To show that it is equicon-
tinuous fix € > 0. Since k is uniformly continuous, there exists a § > 0 such that
[k(s,t)—k(s',t")| < eif ||(s,t) — (s',t')]| < 8. Now for t1,ts € [0, 1] with [t; —t2] < 8
and n € N we obtain

1
[Thn(t1) — Than(tz)] < / [k(s,t1) — (s, t2)]|zn(s)| ds < e]|zn]|oe < Me.
Jo

By the Ascoli-Arzeld theorem it follows that (Ti2y, )nen is relatively compact, hence
it contains a convergent subsequence. O

Let X be vector space and T': X — X a linear operator. Then obviously
{0} Cker T CkerT? Cker T3 C ...,
XQrgTQrgTZQrgTBQ....

Lemma 5.36. Let X a vector space and T : X — X a linear operator.

(i) Assume that ker T**! = ker T* for some k € No. Then ker T™ = ker T* for
all integer n > k.
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(ii) Assume that rg T**+! = vgT* for some k € Ny. Then rgT" = rgT* for all
integer n > k.

Proof. We prove the lemma by induction. The case when n = k is clear by assump-
tion.

(i) Assume that n > k and ker 7" = ker T*. Then
ker 7" = {z e X : T" 2 =0} = {r € X : Tz € ker T*} = ker TF*! = ker T*.
(i) Assume that n > k and rg 7" = rg T*. Then
rg T = T(gT") = T(rgTF) = rg T+ = rg T*.
[}

Definition 5.37. Let X be a vector space and T : X — X a linear operator. We
define

min{k € Ny : ker 7% = ker TF+1}, if the minimum exists,

ascent of T := o(T) := {
00 else

min{k € Ny : rgT% = rg TF*'},  if the minimum exists,

descent of T := §(T) := {
00 else.

Lemma 5.38. Let X be a vector space and T : X — X a linear operator. If
both the ascent a(T) and the descent 6(T) are finite, then «(T) = 6(T) =: p and
X =rg(T?) & ker(T?).

Proof. Let p:=«(T) and g := §(T"). We divide the proof in several steps.

Step 1. rg(T?) Nker(T™) = {0} for every n € Ny.

To see this, choose x € rg(T?) Nker(T™). Then there exists a y € X such that
z =TPy,s0 0 =T"z = TPT"y. Hence y € ker TP™™ = ker T? by Lemma 5.36i. It
follows that z = TPy = 0.

Step 2. X =rg(T™) + ker(T?) for every n € Ny.

For the proof fix € X. Then Tz C rg(T%) = rg(T9"™). Hence there exists y € X
such that 79z = T9""y. Then T(z—T"y) = 0, and therefore x = T"y+(z—T"y) €
rg(T™) + ker(T7).

Step 3. a(T) < 6(T) =q.

Let z € kerT9t!. We have to show = € kerT9. By step 2, with n = p, there
exist 21 € rg(T?) and x5 € ker(T'?) such that @ = @1 + 5. Hence 21 = 2 — 22 C
ker(T9+1) N1g(T?) = {0} by step 1. Therefore z = x5 € ker(T9).

Step 4. §(T) < o(T) = p.

By step 1 and step 2, we have that X = rg(T?) & ker(T9). Since rg(TP*1) N
ker(T?) C rg(TP) Nker(T9) = {0}, we also have X = rg(T9*!) @ ker(T?), implying
rg R(TP*1) = rg(TP), hence § < p. O

Theorem 5.39. Let X be a Banach space, T € L(X) a compact operator and
AeC\{o}.
(i) ker(A —T)™ is finite dimensional for every n € Ny.
(ii) If U C X is a closed subspace with U Nker(A — T)" = {0}, then (A —T)(U)
is closed and A — T : U — rg((A — T)|u has a bounded inverse.
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(iil) rg(A — T)™ is closed for every n € Ny.

Proof. Note that (A —T)" = A" — 3", (})A"~*T* and the operator sum is com-
pact. Hence it suffices to show the assertions for n = 1.
(i) Observe that T|xer(rx-1) = Aid |ker(r—7). Hence Nid |ier(rx—1) is compact. By
Remark 5.30 (v) this is case if and only if ker(A — T') is finite dimensional.
(i) Since U Nker(A — T) = {0}, the restriction (A — T')|y is invertible. We will
show that its inverse is bounded. Assume ((A—T)|v) ~!is not bounded. Then there
exists a sequence (2 )nen such that [z, =1 foralln € Nand lim (A—-T)z, = 0.
n—oo
Since T is compact, there exists a convergent subsequence (T'@y, )ren. Hence
Aep, = Tap, + (A= T)ap, — lim Ta,, =:y.
h/—/ n—o00
-0

Note that y € U because U is closed. Moreover, y € ker(A — T') because
A=T)y=AN-T) lim a,, = lim (A =T)a,, =0.

Hence y € ker(A —T)NU = {0} in contradiction to ||y[| = lim [|Az,| = A # 0.
Hence ((A — T)|U)71 :1g(A — T)|y — U is bounded. Since it is also closed, its
domain rg(A — T')|y must be closed.

(ili) By (i) we already know that dimker(A — T') < oo. Then by the following
lemma 5.40 there exists a closed subspace U C X such that X = ker(A —T) @& U.
Hence rg(A — T') = rg((A — T')|v) is closed by (ii). O

Lemma 5.40. Let X be a Banach space and M C X a finite dimensional subspace.
Then there exists a closed subspace U of X such that X = M ¢ U.

Proof. Let x1, ..., x, a basis of M. Then there exist ¢1, ..., ¢, € M’ such that
llokll = 1 and @g(z;)0x; for all j,k =1, ..., n. By the Hahn-Banach theorem the
¢k can be extended to functionals ¢, € X' with ||¢| = 1, k = 1, ..., n. Let
P:X — X,Px= 27:1 @j(x)z. Obviously P = P2, hence P is a projection. Note
that M = P(X). Hence X =rg(P) @ ker P = M & ker P. O

Theorem 5.41. Let X be a Banach space, T € L(X) a compact operator and
A€ C\{0}. Then a(A=T)=0(A-T)=p < oo and X = ker(A—-T )P ®drg(A—T)P.

The number p = a(A —T) = 6(A — T) is called the Riesz index of X\ —T.

Proof. By Lemma 5.38 it suffices to show that «(T") and §(7T") are finite.

Assume that « is not finite. Since in this case ker(A — T) C ker(A —T)? C ... we
can find a sequence (z,,)nen C X such that for all n € N

1
lznll=1, zp, €ker(A—T)", and |z, —z| > 3 for all z € ker(A —T)" 1.

The last condition can be satisfied by the Riesz lemma (Theorem 1.18) because
ker(A —T)™ is closed for all n € N. Then for all 1 <m <n

| Tzn — Tam| = | A2n —ATm — A= T)xn + (A = T, || >

eker(A=T)n—1

N =

Therefore (Tz,,)nen does not contain a convergent subsequence in contradiction to
T being compact.
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Assume that § is not finite. Since in this case rg(A —T) 2 rg(A—T)? 2 ... we can
choose a sequence (xy,)nen € X such that for all n € N

1
lznll =1, 2z, €rgA—T)" and |z, —z|> 3 for all z € rg(A — T)" 1.

The last condition can be satisfied by the Riesz lemma because rg(A —T)" is closed
for all n € N by Theorem 5.39. Then for all 1 <m <n

1Tz — Tam|| = |Aen —Azm — (A = T)an + A =Tz || >

erg(A—=T)n+1

1
3

Therefore (Tzy)nen does not contain a convergent subsequence in contradiction to
T being compact. O

Theorem 5.42 (Spectrum of a compact operator). Let X be a Banach space.
For a compact operator T € L(X) the following holds.

(i) If A € C\ {0}, then X either belongs to p(T) or it is an eigenvalue of T, that
is €\ {0} € p(T) U oy (T).

(i) The spectrum of T is at most countable and 0 is the only possible accumulation
point.

(iii) If A € o(T) \ {0}, then the dimension of the algebraic eigenspace Ax(T') is
finite and A\(T) = ker(A — T')P where p is the Riesz index of A\ —T'.

(iv) X =ker(A—T)P @ rg(A —T)? for A € o(T) \ {0} where p is the Riesz index
of A= T and ker(A — T)? and rg(A\ — T')P are T-invariant.

(v) op(T)\ {0} = 0,(T") \ {0} and o(T) = o(T"). If H is a Hilbert space then
ap(T)\ {0} = {X € C: X € 0,(T")} \ {0} = 0,(T%) \ {0}, where the bar
denotes complex conjugation, and o(T) = {\ € C: X € o(T*)} = o(T*).

Proof. (i) Let A € C\ {0}. By Theorem 5.41 the Riesz index p of A — T is finite. If
p =0, then X =rg(A—T) by the proof of Lemma 5.38 (step 2), hence A € p(T). If
p #0, then A € o, (T).

(ii) It suffices to show that for every ¢ > 0 the set {\ € o(T) : |A| > ¢} is finite.
Assume there exists an € > 0 such that the set is not finite. Then there exists a
sequence (A, )nen such that A, # A\, for n # mand |\,| > €, n € N. Since o(T)\{0}
consists of eigenvalues, we can choose eigenvectors x,, of 7" with eigenvalues \,,.
Note that the z, are linearly independent because A, # A, for n # m. Let
U, := span{z1, ..., z,,}. Note that all U,, are T-invariant, closed and that U; C
U; C Us € .... Using the Riesz Lemma, we can choose a sequence (Y, )nen such

=

that for all n € N
1
Iyl =1, v € U and g — 2] > 5 for all 2 € Uy,
Let 1 < m < n. Note that Ty, € U,,. Let y,, = Z_;‘L:1 ajx; for some a; € C. Then

O = T)n = o — Txn + 3 (T = M)y = > 0(Aj — An)2; € Unoi.
i=1 =1

Hence
1Tyn — Tymll = Anyn —(An = Ty — Ty || >

€Un—1

(5.5)

N | =

Last Change: Tue May 25 14:50:43 COT 2010



Chapter 5. Spectrum of linear operators 93

Therefore (T, )nen does not contain a convergent which contradicts the assumption
that 7" is compact.

(iii) and (iv) follow from Theorem 5.42.

(v) By Schauder’s theorem T” is compact (theorem 5.33) Hence for A € C it follows
that

Aep(T) <= ker(A\—T)={0}and rgA\—-T)=X
<~ °rg(A-T')={0}and °ker(A\—T1")=X
<~ 1g(A—T')=X"and ker(A—T")={0}
= Alep) O
Theorem 5.43 (Fredholm alternative; Riesz-Schauder theory). Let X be a
Banach space, T € L(X) a compact operator and X € C\ {0}. Then ezactly one of
the following is true:
(i) For every y € X the equation (A —T)x =y has ezactly one solution v € X.
(if) (A =T)z =0 has a non-trivial solution x € X.
Proof. (i) is equivalent to A € p(T') and (ii) is equivalent to A € o,(T'). Since A # 0,
the latter is equivalent to A € o(T'). The assertion follows from Theorem 5.42. O

A more precise formulation of the Fredholm alternative is the following.

Theorem 5.44. Let X be a Banach space, T € L(X) a compact operator and
A€ C\{0}. Fora,y,€ X and p,n € X' consider the equations

A) A=Tz=y, (©) (A=The=n,
B) A=T)z=0, (D) (A=T"p=0.
Then
(i) Fory e X the following is equivalent:
(a) (A) has a solution x.
(b) ¢(y) =0 for every solution ¢ of (D).
ii) Forn € X' the following is equivalent:
(i) Forn g is eq
(a) (C) has a solution .
(b) n(z) =0 for every solution x of (B).
iii) Fredholm alternative: Exactly one of the following holds:
Y 9

(a) For ally € X and n € X' the equations (A) and (C) have ezactly one
solution (in particular (B) and (D) have only the trivial solutions).

(b) (B) and (D) have non-trivial solutions. In this case dim(ker(\ —T)) =
dim(ker(A —T")) > 0 and (A) and (C) have solutions if and only if

o(y) =0 for all solutions ¢ of (D),
n(x) =0 for all solutions x of (B).

Definition 5.45. Let X,Y be Banach spaces. T € L(X) is called Fredholm oper-
ator if rg(T') is closed and n(T) := dim(ker T") < oo and d(T') := codimy (rgT) :=
dim(Y/rg(T)) < oco. In this case, x(T') := n(T) —d(T) is called the Fredholm indez.
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Proof of Theorem 5.44. ............ O

Now we return to the spectrum of compact operators.

Lemma 5.46. Let H be Hilbert space, # {0}, and T € L(H) a selfadjoint compact
operator. Then at least one the values |T|| or —||T|| is an eigenvalue of T. In
particular, if T # 0, then T has at least one eigenvalue distinct from 0.

Proof. If |T|| = 0, the assertion is clear. Now assume that ||T|| # 0. Recall that
|7 =sup{|(Tz,z)| : 2 € X, ||z|| =1} (Theorem 4.45).

By Lemma 5.27 the numbers m = inf{(Tz,z) : ¢ € X,||z| = 1} and M =
inf{(Tz,z) : € X,||z|| = 1} belong to the spectrum of T'. Since T is compact and
||| # 0, it follows that @ # {£||T||} No(T) = {£||T||} N op(T). O

Theorem 5.47 (Spectral theorem for compact selfadjoint operators). Let
H be a Hilbert space and T € L(H) a compact selfadjoint operator.

(i) There exists an orthonormal system (e,)N_, of eigenvectors of T with eigen-
values (A,)N_; where N € NU {co} such that

N
Te=> Mlz,en)en, z€H (5.6)

n=1
The A, can be chosen such that |\| > |X2| > .... The only possible accumu-

lation point of the sequence (An)nen s 0.

(i) If Py is the orthogonal projection on ker T, then

N
z=Pz+Y (x,en)en, wEH. (5.7)
n=1
(iii) If A€ p(T), A#0
S (2, en)
—1,. _ y—1 . s€n X
A=T)"'z=X P0.1+";/\n7/\en, r € H.

Proof. (i) Let X1 = X and Ty = T. If T # 0, then there exists a A, € o,(T1)
such that |A\1| = ||T1|| # 0. Let By be an orthonormal basis of ker(A; — T%). Note
that By is finite because T is compact (Theorem 5.42). Let X := ker(\, — T)* =
rg(A\ —T) = rg(\ — T). Here we used that T is selfadjoint and consequently
X € 0,(T) € R. By Theorem 5.42, X, is T'-invariant, hence T := T} |x, € L(X3).
Obviously, T is selfadjoint and compact. If Ty # 0, then there exists a Ay € op,(T3)
such that [A2| = ||T2|| # 0. Let By be an orthonormal basis of ker(Ao—T5). Note that
Bj is finite because T is compact (Theorem 5.42). Hence By UBs is an orthonormal
basis of span{ker(A; — T, ker(A2 — T')}. Let X3 := span{ker(\; — T), ker(\o — T)}+
and T3 := Th|x,. Continuing like this we obtain a sequence of Banach spaces X,
and a sequence of compact selfadjoint operators T, € L(X,,). Let € X. Define

Tn+1 =T — Z (T,en)en € Xny1.
e, €B1U...By,
It follows that
1Tz -T Z (@, en)en || = | Totrzns1] < [Augalllz] — 0, n — 00.
en€B1U...By
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This implies that

N N

Tx = Z(m,c">T e, = Z Az, en)en .

n=1 n=1

(ii) Note that ...
(iif)
O

Corollary 5.48. Let H be a Hilbert space and T € L(H) a compact selfadjoint
operator. There exists a sequence (P,)N_, of pairwise orthogonal projections with
N e NU{oo} and a sequence M| > |X2| > ... such that

N
T=3 MPn (5.8)

n=1

where the series converges to T in the operator norm. If (A\n)n, is an infinite se-
quence, then lim A, = 0. The representation (5.8) is unique if the A, are pairwise
n—oo

distinct.

Proof. If the series is a finite sum, the assertion is clear. Now assume that the
series is an infinite. Note that for every k € N the operator Y -, An Py is normal
and that the norm of a normal operator is equal to maximum of the moduli of the
elements of its spectrum (Theorem 5.19). Since |Ag41| — 0 for & — oo the claim
follows from

k
|7=> 2P
n=1

oo
:HT— Z APl =sup{|An] :n>k+1}=|\epa|. O
n=k+1

The representation (5.8) allows us to define the root of a positive compact selfadjoint
operator.

Theorem 5.49. Let H be a Hilbert space and K € L(H) a compact operator.

(i) T is positive <= all eigenvalues of T' are positive.
T is strictly positive <= all eigenvalues of T are strictly positive.

(i) If T is positive and k € N then there exists exactly one positive compact
selfadjoint operator R such that RF = T.

Note that the theorem does not imply that there cannot be non-compact operators
A € L(H) such that A2 = T. In Corollary 5.59 we will show that every bounded

positive selfadjoint operator has a unique positive root.

Proof of Theorem 5.49. Recall that a linear operator T is positive if and only if
(Tx,z) >0 for all z € H. Let Py, A, and e, as in (5.7). Then (i) follows from

(Ta,z) = <Z)\n<x,en>en, P+ Ml en ,e),,> =Y Maliz,ea)l? > 0.

For the proof of (ii) define R = 3, )\,}/k( ,en)en. Obviously R = T. To show
uniqueness, assume that there exists a compact selfadjoint positive linear operator
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S such that S¥ = T. Since S is compact, it has a representation S = > EnQn
with pairwise orthogonal projections @,. By assumption

T=5"=3 uQn
n
Hence the i, are the kth roots the eigenvalues A,, of 7', so S = R. ]

Definition 5.50. Let H be a Hilbert space and T' € L(H) a positive selfadjoint
compact operator. Then |T)| := (T*T)%. The non-zero cigenvalues s, of |T| are the
singular values of T'.

Obviously |T'| and |T*| are positive selfadjoint compact operators.
Lemma 5.51. (i) |||T|z|| = ||[Tz| and |||T*|y| = |T*y|| and for x € Hy and
y € Hy.

(i) s is a singular value of T if and only if s* is an eigenvalue of T*T and TT*.

Proof. (i) For all x € Hy
1T} |* = (| T|a, |T|z) = (| Tz, @) = (T*Tx,z) = |Tz|*.

An analogous calculation shows || |T*|y || = ||T*y|| and for y € Ha.
(ii) follows from the uniqueness of the representation (5.8). ]

Note that |T'| can be defined more generally for positive selfadjoint operators on a
Hilbert space H, see Definition 5.60.

A representation similar to (5.6) exists for arbitrary compact operators.
Theorem 5.52. Let Hy, Ho be Hilbert spaces and T € L(Hy, H>) a compact oper-
ator.

(i) Let sy > s > --- > 0 be the singular values and (p,)N_; C Hy and (vn)N_q C
Hoy such that

N
To= sule, onbn, 7€ H,

n=1
N

Ty = suly . ¥n)pn, yE M
n=1

If there are infinitely many s,, then lim s, = 0.
n—oo

(ii) The non-zero eigenvalues of |T'| and |T*| coincide and are equal to the s,.
The sﬁ, are the eigenvalues of T*T and TT*. Moreover, the 1, = iTwn are
eigenvectors of T™.

Proof. (i) Let (¢n)nen € Hy a ONS such that, see Theorem 5.47,

N N
ITlx = snlw,0n)pn, TTa=> s2{x,on)pn.

n=1 n=1

Let v, :== IinTcpn. Then (¢, )nen is an ONS in Hy because

1 1, . 1
(wn 71/)m> = 5_2<T99n -,T507n> = <T T‘Pn 5 (Pm> = 3_2 37216nm = Onm-
n n

52
sn
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Moreover
* 1 * s 2
TT*, = — TT*Tpn = 2T, = 524,
Sn Sn

Hence o, (T*T) \ {0} = {s2 : 1 <n < N} C 0,(TT*) \ {0}. Similarly the reverse
inclusion can be shown, so that oy, (7*T) \ {0} C o, (TT*) \ {0}.

(i) ... O
Theorem 5.53 (Min-Max-Principle). Let Hy, Ho be Hilbert spaces, K € L(Hy, Hz)
a compact operator with singular values sy > so > s3 > .... Then s; = ||K|| and
forn>2

Spt1 = inf sup{HKﬂ:H cx € Hy, x Lspan{zq,..., 2.}, |j2]| = 1}.
@1.ewn €Hy

iy

5.5 Hilbert-Schmidt operators

Definition 5.54. Let Hy, H> be Hilbert spaces and K € L(Hi, Hs). K is called
a Hilbert-Schmidt operator if and only if there exists an ONB (ex)aea of Hy such
that

Z [l K ex||? < oo.

AEA

The set of all Hilbert-Schmidt operators from H; to Hp is denoted by HS(H, Ha).

Theorem 5.55. Let Hy, Hy be Hilbert spaces.

(i) A operator K € L(Hy, H2) is a Hilbert-Schmidt operator if and only if K* is
a Hilbert-Schmidt operator. In this case:

S K ealP= Y IKes 2= 3 K er]? < oo

acA BeB AEA

for all ONBes (eq)aca of Hi and (eg)pep of Ha.
(ii) Ewvery Hilbert-Schmidt operator is compact.

(ili) Let K € L(Hy,Hs) be a compact operator with singular values x1 > x5 >
s3> .... Then K is a Hilbert-Schmidt operator if and only if K* is a Hilbert-
Schmidt operator if and only if

D st < o0
Theorem 5.55 (i) shows that for K € HS(H;, Hs) the Hilbert-Schmidt norm

[Kllus == > [Keq|[* for an ONB (eq)acs-
a€cA

is well-defined.
Proof of Theorem 5.55. ... O
An important class of examples is given in the following theorem.

Theorem 5.56. Let H = Ly(0,1) and T € L(H). Then the following is equivalent:
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(i) T is a Hilbert-Schmidt operator.

(ii) There exists a k € L(0,1)? such that
1

(Tz)(t) :/ k(s t)x(s) ds.
0

If one of the equivalent conditions holds, then

1 2
7= ([ [ k0 as. )" = el

Proof. ... O

Theorem 5.57. Let Hy, Hy be Hilbert spaces.

(1) (HS(Hl, Hy), | - HHS) is a normed spaces. The norm is induced by the inner
product

(S, Thus =Y (Sea,Tea), ST €HS(Hy, Hy),

for an arbitrary ONB (ea)aca of Hi.

(i) Let T € HS(Hy,Hs) and A a bounded linear operator between appropriate
Hilbert spaces. Then AT and TA are Hilbert-Schmidt operators and

[ATlus < 1A Tlas: (1T Allas < AT [lus.
(i) HS(H) is a two-sided ideal in L(H).

Proof. ... O

5.6 Polar decomposition

Theorem 5.58. Let H be a Hilbert space and T € L(H) a positive selfadjoint
operator. Then there exists exactly one R € L(H) such that R is positive and
R*=T.

Proof. ... O

Corollary 5.59. If S,T € L(H) are positive and ST = TS, then also ST is
positive.

Proof. ... O
Definition 5.60. For T € L(H) we define |T| := (T*T)z.

Definition 5.61. Let Hy, H> be Hilbert spaces and U € L(Hy, Hs). U is called a
partial isometry if Ul ey )+ is an isometry. ker U L is called its 4nitial space.

Note that U is an partial isometry if and only if
U‘(kcr U)ot (ker U)L —rg(U)
is unitary.
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Theorem 5.62 (Polar decomposition). Let Hy, H, be Hilbert spaces and T €
L(Hy, Hy). Then there exists a partial isometry U € L(Hy, Ha) such that T = U|T)|.
If in addition the initial space of U is (ker T)*, then U is unique.

Proof. ... O

Last Change: Tue May 25 14:50:43 COT 2010



Chapter A. .2, spaces 101

Appendix A

) spaces

Spaces of integrable functions play an important role in applications. As the norm
of a function f : [a.b] — K one could consider

b
11 = [ 15 e

or more generally, for some 1 < p < oo

b P
£l = ( [lsor dt> .

Observe that the space of continuous functions C([a,b]) is not complete for the
norm || - ||;. For example, let

t", 0<t<1
(0,2 R, n(t) = -~
02 =R falt) {1’ S,

All f,, are continuous and it is easy to check that || f, — fm|1 — 0 for n,m — oco.
On the other hand, the pointwise limit of the f,, is not continuous, so it is not clear
if (fn)nen converges to a continuous function (in fact, it does not).

If we extend the space of functions to the Riemann integrable functions R([a,b]),
then the sequence above does converge. However, || - || is no longer a norm.
Moreover, for pointwise convergent functions, in general limit and integral can-
not be exchanged; in general, the pointwise limit of a sequence of Riemann in-
tegrable functions does not need to be Riemann integrable. For example, let
QnN0,1] = {gn : » € N}. Then all characteristic functions x(q,,....4,} are Rie-
mann integrable, but he pointwise limit xgno,1] is not.

“qn

Recall that the Riemann integral of a function f : [a,b] — R is obtained as the
limit of Riemann sums when the interval [a, b] is divided in small pieces. Lebesgue’s
approach is to divide the range of the function in small pieces and then measure
the “size” of the pre-image. Hence admissible are functions whose pre-images of
intervals can be measured in some sense, or limits of such functions.

A.1 A reminder on measure theory

Definition A.1. Let T be a set and ¥ C PT a family of subsets of T'.

(i) ¥ C PT is called a ring if for all A, B € ¥ also AU B and A\ B belong to X.
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(ii) ¥ CPT is called a o-ring if it is a ring and |J,,cy An € X for all (A, )nen € X.

(iii) X C PT is called an algebra if ¥ is a ring and T’ € X, that is
(a) D e,
(b) Ae X = T\AeX,
(c) AL BeX = AUBeZX.

(iv) ¥ C PT is called a o-algebra if it is a algebra and |J
(An)nen C 2.

hen An € X for all

Note that for A,B € ¥ also ANB=A\ (T'\B) € .

Remark. The name ring becomes clear if one sets A+ B := (AUB)\ (AN B) and
A-B:=ANB.

Definition A.2. Let T be a set with a o-algebra X. A measure on X is a function
12X — [0, 00 such that

(i) p®) =0,

(i) (Ap)nen € A with pairwise disjoint A, = p(Us; An) =D ney u(4y).
Obviously, the intersection of rings is again a ring and PT is a ring. Hence, given
a family U of subsets of T', there exists a smallest ring containing &/, namely the

intersection of all rings that contain ¢/. This ring is called the ring generated by U.
Analogously the o-ring, the algebra and the o-algebra generated by U are obtained.

Example A.3. The smallest o-algebra containing all intervals of R is called the
Borel sets.

More generally, let (7, O) be a topological space. Then the Borel sets is the o-
algebra generated by O.

The aim is to assign a measure u(U) to every Borel set U C R such that the measure
of intervals is its length.

Definition A.4. Let T be a set with a ring ¥ of sets. A pre-measure p on (7, %)
is a function

Y — (0,00
such that p() = 0 and

(Ap)nen C X, pairwise disjoint and U A, e = U Ap) = Z 1(Ay).
neN neN neN

Note that a pre-measure is monotonic: if A, B € ¥ and A C B, then u(A) < u(B).
Example A.5. Let A be the set of all finite unions of finite intervals and define
n(A) = fR x4 dz where x4 is the characteristic function of A. Then p is a pre-

measure on A.

Proof. Obviously A is a ring, for every A € A the characteristic function x4 is
Riemann integrable and p(0) = 0. Now let (A4, )nen C A be pairwise disjoint with
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Unen 4n € A. Obv1ously7 wlUn_y Ap) =3 w(Ay) for every n € N. For n € N
define By, := A\ (A1 U---UA,). Obviously, B, € A and

n
7'“‘U )+ (B

To prove that pu(A) = p(lUpe; Ax) it suffices to show that hm w(Bn) = 0. Fix

e > 0. Since B € A there exists an compact set C,, C B,, w1th /L(B  \ C) < 27",
Let D, := C;N---NC,. Then all D, are compact and D, C C,, C B,,. By
construction, B; O By O Bs..., hence

C=

l‘(Bn\Dn):#(Bn\(clm"'mcn):l‘( (Bn\ck LnJ Bk\Ck
k=1

k

<Z/lBk\Ck i kE:E.

k=1

1

On the other hand, (°~; D C (oo, B, = 0. Since all D, are compact and
Dy 2 Dy D ..., there cxlsts an K € N such that D, = 0, n > K. Hence

w(By) = (B \ Dn) <eforalln>k. O

In order to measure all Borel sets, we have to show that the pre-measure of Exam-
ple A.5 can be extended to the Borel sets.

Theorem A.6 (Hahn). Let T be a set, A a ring on T and [i a pre-measure on
A. Let $(A) be the o-algebra generated by A. Then

—inf {3 i4n) : (Aduen €, AC (J A0}
n=1 n=1

If [i is o-finite, i. e., if there exist A, € ¥ with i(An) < 00 and T = ;1 An, then
the extension p is unique.

For the proof, we first show that i can be extended to an outer measure p* on PT.
Then, by the lemma of Carathéodory, the restriction of the outer measure to the
set of the p*-measurable sets is a measure.

Definition A.7. Let A be a o-algebra on T. An outer measure on A is a function
u*: A — [0, 00] such that

(i) w1 (@) =0,
(ii)) A,Be Awith ACB = u*(A) < pf(B)A
(iil) (An)nen €A = p (U )< Zn 1”

A set A € Ais called p*-measurable if
w(Z)=p(ZNA) +p"(Z\4), ZecA

Lemma A.8. With the assumptions of Hahn’s theorem (Theorem A.6)

o0 oo
_111f{z t (Ap)nen CA, AC UA"}
n=1 n=1
defines an outer measure on PT. In addition, pi(A) = p*(A) for Ae A.
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Proof. Properties (i) and (ii) of an outer measure are clear. Now let (A, )nen € PT
and € > 0. Then there exists a family (B), jen C A such that A4, C U;C:1 BJ and

oo
Z/L(BZL) < pr(Ap) + % neN.

By construction A =,y An € U By, and

n,jEN

<> B <> w4y +e
n,j=1

Note that (BJ)n jen is countable, hence we have proved p*(A4) < Y00 | ,U,*(A
Now let A € A. Clearly, u(A) < p*(A) holds. Now fix € > 0 and choose (A )ne

A such that A C |J,,cy An and

Since A = U, cn(An N A) and p is a pre-measure on A, it follows that

o0 o0
Z (AnNA) <> p(An) <p*(A)+e. meN
n=1 n=1
Since this is true for all € > 0, it follows that p(A) < p*(A). O

Lemma A.9 (Carathéodory). Let u* be an outer measure on PT. Then the set
M of all p*-measurable sets is a o-algebra and p* is a measure on M.

Proof. ...... O

Proof of Theorem A.6. It suffices to show that the set of the p*-measurable sets
contains A ... O

Hahn’s theorem gives the desired measure on the Borel sets.

Definition A.10 (Lebesgue completion). Let (7,3, 1) be a measure space.
A CTisa zero set if there exists a B C T with u(B) =0 and A C B (note that A
does not necessarily belong to ). The o-algebra generated by ¥ and the zero sets

is called the Lebesgue completion.

The measure on the completion of the Borel sets in R is the Lebesgue measure,
usually denoted by A. .

A.2 Integration

In the following, I is always an interval in R.

Definition A.11. A function f: I — R is called measurable if for every (a,b) C R
f~'((a,b)) is a Borel set.

More generally, let (T, X, ur) and (S,Xg, pus) be measure spaces. A function
f:T — S is called measurable if for every U € %g also f~H(U) € Sr.

Last Change: Sun Apr 18 14:49:01 COT 2010



Chapter A. .2, spaces 105

Example A.12. Let E be a Borel set. Then the characteristic function xg is
measurable.

Definition A.13. Let (T, %, 1) be a measure space. A function f : T'— C is called
a simple function if there are Ej, € ¥ and oy, € C such that

n
=3 arxm,
=1

It is easy to see that simple functions are measurable. Note, however, that the sum
representation of a simple function is not unique.

The next theorem lists important properties of measurable functions.

Theorem A.14. Let I be an interval in R and f,, f, g : I — R be functions.

(i) If f and g are measurable, then so are f + g, fg, % (if it exists), max{f,qg}
and min{ f, g}.

(ii) Every continuous function is measurable.

(iil) If all f, are measurable and f is their pointwise limit (i. e. f(t) = yliﬂm fat) =
f(t), t €I), then f is measurable. T

(iv) If f is measurable, then there exists a sequence (n)nen of simple functions
that converges pointwise to f. If in addition f > 0, then the sequence can be
chosen such that o, (t) / f(t), t € I.

(v) If f is measurable and bounded, then there exists a sequence (pn)nen of simple
functions that converges uniformly to f.

The theorem says that the set of the measurable functions are a vector space and
that it is stable under taking pointwise limits.

Next we introduce the integral for positive functions.

Definition A.15. Let (T, X, ) be a measure space.

(i) Let f =Y p_; arxe, with B € ¥ and oy € [0,00] a simple function. We
define its integral as

/dep = Zaky(Ek).

k=1
(ii) Let f : T — [0,00] be a measurable function. Choose a sequence (¢n)nen of

simple functions with ¢ < @9 < ... that converges pointwise to f. We define
the integral of f by

/fd/,z: lim /Lpndu.
T n—oo o

Of course, it must be proved that the integral in (i) does not depend on the sum
representation of the simple function, and that the limit in (ii) does not depend on
the chosen sequence of simple functions.
Definition A.16. Let I be an interval in R.

(i) A function f: I — [0,00] is called (Lebesgue) integrable if [, f dX\ < oo.
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(i) A function f : I — R is called (Lebesque) integrable if f+ := max{f,0} and
7 := max{—f,0} are integrable. In this case

/Ifd)\::/jf* dA—/If’ dA.

(i) A function f : I — C is called (Lebesgue) integrable if Re(f) and Im(f) are
integrable. In this case

/If dA ::/IRe(f) d)\+i/llm(f) dA.

The Lebesgue integral has the following properties.

Lemma A.17. (i) If f,g are Lebesgue integrable and o € K, then
/(sz+g) d/\:a/fd/\Jr/gd/\.
I I I

(ii) If f is Lebesgue integrable then

‘/[fd/\‘s/[\fldx\

For Lebesgue integrals much stronger convergence theorems hold than for the Rie-
mann integral. The most important convergence theorems are the following.

Theorem A.18 (Monotone convergence theorem). Let (fy)nen be a sequence
of measurable functions fp, : I — [0,00] with 0 < f1 < fo <---. Then
fiI—[0,00],  f(t):= lim fu(?)
n—oo

is measurable and

/ fdr= lim / fn .
X i/,

The monotone convergence theorem is also called Beppo Levi theorem.

A sequence (fn)nen converges to f A-a.e. if the set, where the sequence does not
converge to f, has measure zero.

Theorem A.19 (Dominated convergence theorem). Let (fn)nen be a se-

quence of measurable functions and assume that there exists a measurable function

f such that f(t) = lim f,(t) X-a.e. If there exists an integrable function g with
n—oo

[fnl < g A-a.e., then f is integrable and

/f d\ = lim /fn dA.
1 nmeoJr

e dominated convergence theorem is also calle ebesgue’s convergence eorem.
The d ted gence th Iso called Lebesgue’ gence th

Theorem A.20 (Fatou’s lemma). Let (fn)nen be a sequence of integrable func-
tions and assume that there exists a measurable function f such that f(t) = lim f,(t)
n—oo

A-a.e. If there exists a C' such that fl fn dX < C for alln € N, then f is integrable
and

/f dX < liminf /fn dA.
J1 neee Jr
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A.3 Z, spaces

In the following, 2 is always an open subset of R™.

Definition A.21. For 1 < p < co we define

Z,(Q) = {f :Q — K f measurable, /Q [fIP AN < oo},

= ([ 10)", re @

Definition A.22. For a measurable function f : @ — K we define the essential
supremum

esssup f:=inf{C € R:|f(t)] < C for A-almost all ¢}
and

Lo () :={f : @ — K: f measurable, esssup |f| < co},
| flloo := esssup f, feZo(9).

It is easy to see that .2, is a vector space. For 1 < p < oo it follows from

[1r+ar ax< [0+ 1ah ax< [ @max(|fl. o) ax
Q Q

Q
<2 [ max{|f,lg} dx <2 [ 17+ lg” ax
Q Q
=22(If12+ llg2) < ox.
That A\f € &), for A € K and f € .%}, is clear.

That || - ||, is a seminorm on .%, follows from the Minkowski inequality:

Theorem A.23 (Minkowski inequality). Let 1 < p < oo and f,g € £,(Q).
Then

I +glle < 1£1lp + llgllp-
For the proof of the Minkowski inequality, Holder’s inequality is used.

Theorem A.24. Let 1 < p < 0o and q the conjugated exponent, i. e.,
If f € £,(Q) and g € £4(Q), then fg € L1 (Q) and

Ifglle < [1£1lpllgllq-

1 1 _
;+;—1.

Note that .7}, is only a seminormed space, because there are non-zero functions f
with || f]|, = 0.

Theorem A.25. (£,(Q), |- |lp) is complete.

Definition A.26. Let N, (Q) := {f € %, : || f|l, = 0}. Then L, := .%,(Q)/N ()

is a complete normed space.

Usually an equivalence class [f] € L,(2) is simply denoted by f.

Often one is interested in dense subspaces of L,(€2).
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Theorem A.27. Let 1 < p < oo and Q € R" open. Then the test functions

Ce () == 2(Q) :={p e C(Q) : supp(¢) C Q is compact}.

form a dense subset of L,(S2).

Last Change: Sun Apr 18 14:49:01 COT 2010



Bibliography

[Den04]

[DSss]

[Halog]

[Heu06]

[Kat95]

[Les]

[RSS0]

[Rud87]

[Rud91]

[WeiS0]

[Wer00]

[Yos95]

[Zei95]

Robert  Denk. Funktionalanalysis 1. Universitdt Konstanz,
http://www.mathematik.uni-regensburg.de/broecker/index.html,
2004.

Nelson Dunford and Jacob T. Schwartz. Linear operators. Part I. Wiley
Classics Library. John Wiley & Sons Inc., New York, 1988. General theory,
With the assistance of William G. Bade and Robert G. Bartle, Reprint of
the 1958 original, A Wiley-Interscience Publication.

Paul R. Halmos. Introduction to Hilbert space and the theory of spectral
multiplicity. AMS Chelsea Publishing, Providence, RI, 1998. Reprint of
the second (1957) edition.

Harro Heuser. Funktionalanalysis. Mathematische Leitfiden. [Mathemat-
ical Textbooks]. B. G. Teubner, Stuttgart, fourth edition, 2006. Theorie
und Anwendung. [Theory and application].

Tosio Kato. Perturbation theory for linear operators. Classics in Mathe-
matics. Springer-Verlag, Berlin, 1995. Reprint of the 1980 edition.

Jaime Lesmes. Andlisis funcional. 2 edicién.

Michael Reed and Barry Simon. Methods of modern mathematical physics.
1. Academic Press Inc. [Harcourt Brace Jovanovich Publishers], New York,
second edition, 1980. Functional analysis.

Walter Rudin. Real and complex analysis. McGraw-Hill Book Co., New
York, third edition, 1987.

Walter Rudin. Functional analysis. International Series in Pure and Ap-
plied Mathematics. McGraw-Hill Inc., New York, second edition, 1991.

Joachim Weidmann. Linear operators in Hilbert spaces, volume 68 of Grad-
uate Texts in Mathematics. Springer-Verlag, New York, 1980. Translated
from the German by Joseph Sziics.

Dirk Werner. Funktionalanalysis. Springer-Verlag, Berlin, extended edi-
tion, 2000.

Kosaku Yosida. Functional analysis. Classics in Mathematics. Springer-
Verlag, Berlin, 1995. Reprint of the sixth (1980) edition.

Eberhard Zeidler. Applied functional analysis, volume 109 of Applied Math-
ematical Sciences. Springer-Verlag, New York, 1995. Main principles and
their applications.

109


http://www.mathematik.uni-regensburg.de/broecker/index.html

Problem Sheets

111

112

Problem Sheet 1

Metric and normed spaces.

1. Banach’s fixed point theorem. Let M be a metric space. Amap f: M — M
is called a contraction if there exists a v < 1 such that

d(f(2), f(y) <vd(x,y), zyeM.

Show that every contraction f on a complete normed space M has exactly one
fixed point, that is, there exists exactly one 2o € M such that f(zo) = xo.

2. Let X be a normed space. Show:

(a) Every finite-dimensional subspace of X is closed.
(b) If V is a finite-dimensional subspace of X and W is a closed subspace of
X, then
V+W={v+w:veV, weW}

is a closed subspace of X.

3. Let T be a set and £ (T") be the space of all functions = : T — K with

||||oo := sup{|z(t)| : t € T} < c0.

Show that (loo(T), | - [|) is a Banach space.

4. Let the sequence spaces d, ¢o, ¢ be defined as in Example 1.12.

(a) Show that (co, || - |l) and (¢, || - [|s) are Banach spaces.

(b) Show that (d, || - ||o) is a normed space, but that it is not complete.
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Problem Sheet 2

Bounded linear operators; Hahn-Banach theorem.

1. Let X be a normed space with dimX > 1 and S,T linear operators on X
such that ST — T'S = id. Show that at least one of the operators S and T is
unbounded.

Hint. Show that ST"+! — T"*+1S = (n +1)T™.

2. Let 1 < p < oco. For z = (2)nen € loo let T : £, — £, defined by (Tz), = z,2n
for & = (2 )nen € £p. Show that T € L({,) and find ||T'||.

3. Let X be a normed space. Show that X is separable if X’ is separable.
4. Show the Hahn-Banach theorem for a complex vector space.
Suggestion: For a complex vector space X show:
(a) Let ¢ : X — R be an R-linear functional. Then
Vo: X —C, Vy(z):=p(x)—ip(i),

is a C-linear functional on X with ReV,, = ¢.
(b) Let A: X — C a C-linear functional with ReA = ¢ . Then V, = A.

(c) Let p be a sublinear functional on X and ¢, V,, as above. Then
lo(z)| <pla) < [Vo(x)] <p(x), weX.

(d) el = IV, || for ¢ and V,, as above.
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Problem Sheet 3

Dual space.

1. In X = (5(N) consider the subspace
U = {(zn)nen : T, # 0 for at most finitely many n}.

Let V' be an algebraic complement of U in X, i.e., U is a subspace such that
U+V =X and UNV = {0}. Show that

0o

p: X - K, Q(z):Zun fore =u+vwithueU, veV.
n=0

is well-defined, linear and not bounded.

2. Let £o(N,R) the set of all bounded sequences in R with the supremum norm.
Show that there exists an ¢ € (£oo(N,R))" such that

liminf z,, < ¢(z) < limsup @, = (Tn)nen € loo-
n—oo

n—00

3. Let X be a separable normed space and (z),),en a bounded sequence in X'.
Then there exists a subsequence (7, Jren and a zj € X’ such that

1i»nolc =, (z) = z4(z), zeX.
Can the statement be proved without the assumption that X is separable?

4. An isomorphism between normed spaces X and Y is a linear homeomorphism.

(a) IfT:X — Y is an [isometric] isomorphism between the normed spaces X
and Y, then 77 : Y’ — X’ is an [isometric] isomorphism. If X and Y are
Banach spaces, then the reverse is also true.

(b) If a normed space Y is isomorphic to a reflexive Banach space X, then YV’
is a reflexive Banach space.
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Problem Sheet 4

Baire's theorem; uniform boundedness principle.

1. (a) Let (M,d) be a complete metric space with infinitely many elements and
no isolated points. Then M is not countable.
(b) Every algebraic basis of an infinite dimensional Banach space is uncount-
able.

2. (a) Let X be a Banach space, Y be a normed space and (Ty,)nen C L(X,Y).
Assume that for all x € X the limit Tz := lim7,x exists. Then T €
L(X, Y) neN
(b) Let X,Y be Banach spaces, Y reflexive, and (T, )nen € L(X,Y) such that
(¢(Thx))nen converges for every z € X and ¢ € Y’. Then there exists an
T € L(X,Y) such that T, = T.

3. For a sequence (S, )nen € K =R or C the following is equivalent:

o0
(a) Z sn, converges absolutely.
n=1
oo
(b) Z sntn converges for every sequence (t,)neny € K that converges to 0.
n=1

4. Let [a,b] C R, n € N and choose a < t(ln) <o < t™ < band a(k"') c K,
k=1,...,n. For f € C([a,b]) define

Qu(f) =3 ol £t

k=1

Show that the following is equivalent:
b
(a) Qun(f)— / f(t) dt, n — oo, for all f € Cla,b].

b
(b) Qun(p) — / p;(t) dt, n — oo, for every polynomial p on [a,b] and
a

sup Yy ag”| < oo.
neN
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Problem Sheet 5

Open mapping theorem; closed graph theorem.

Let X, Y, Z Banach spaces, T : X D D(T) — Y a linear operator.

(a) Let S:X DD(S)— Y be a linear operator. Then the operator sum S+ T is
defined by

D(S+T):=D(S)ND(T), (S+T)x:=Sz+Tax.

(b) Let R:Y D D(R) — Z be a linear operator. Then the operator product or
composition RT is defined by

D(RT) :={xeD(T): Tz € D(R)}, (RT)z := R(Tx).

1. Let X,Y be Banach spaces, T € L(X,Y) and S : X 2 D(S) — Y a closed
linear operator. Show that S + T is a closed linear operator.

2. Let X, Y, Z be Banach spaces, T: X DD(T) — Y, S:Y 2 D(S) — Z closed
linear operators. Show:

(a) If T is continuous, then ST is closed.

(b) If S is continuously invertible (i.e., S~!:1g(S) — Y exists and is contin-
uous), then ST is closed.

The statements hold also if “closed” is replaced by “closable”.
3. Let X = l3(N) and
T:X2D(T)—X, Tr=(nas)en for o= (,)nen.
Check if T' is closed if
(a) D(T) ={z = (zn)nen € L2(N) : (nzy)nen € l2(N)},

(b) D(T)=d={z = (zn)nen € l2(N) : z, # 0 for only finitely many n}.

4. Let X be a Banach space, n € N and T" a densely defined linear operator from
X to K™. Then T is closed if and only T' € L(X,K").
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Problem Sheet 6

1. Let X be a normed space. A sequence (z,)nen C X is a weak Cauchy sequence
if for every ¢ € X' the sequence (¢(2n))nen is a Cauchy sequence in K.

(a) Let = (zn)nen be a bounded sequence in X. Show that z is a weak
Cauchy sequence if and only if there exists as dense subset U’ of X’ such
that (¢(2zn))nen is a Cauchy sequence for every ¢ € U’.

(b) Every weak Cauchy sequence in X is bounded.

2. Let X be a Banach space, (zn)nen € X, (¢n)nen € X', and 29 € X, o € X’

such that z,, N xo and @, — . Show that lim ¢, (zn) = o(zo).
n—oo

3. For A € R define fy : R — C, f\(s) = ¢** and let X = span{fy : A € R}. Show
that

T .
()= Jim 5z [ FTG) s

defines an inner product on X. Show that the completion of X is not separable.
(Ifx = vl =7)

Elements in the completion of X are called almost periodic functions.

4. Let X be a vector space with a semidefinite hermitian sesquilinear form (-, ).
Show that the Cauchy-Schwarz inequality

lo,m)® < (w,2)y.y), =zyeX, (%)

holds. Does equality in (*) imply that = and y are linearly dependent?
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Problem Sheet 7

Hilbert spaces.

1. Let X be a pre-Hilbert space, U C H a dense subspace and zy € X such that
(zo,u) =0 for all u € U. Show that zo = 0.

2. Let w € C([0,1],R). For z,y € C([0,1]) let

1
@y = /0 w(ty@t) dt.

Find a necessary and sufficient condition for w such that (-,-),, is an inner
product. When is the norm induced by (-, -),, equivalent to the usual Ly norm?

3. Let 1 < p < oo. For f € L,(R) and s € R let define Ty : L,(R) — L,(R) by
(Tsf)(t) := f(t — s). Obviously the Ty are linear isometries.

(a) Let 1 < p < oco. Show that T, = id for s — 0. Do the T, converge in
norm?

(b) Do the Ty converge in norm or strongly in the case p = co?

4. Show that W™(Q), H™(Q) and H{*(Q2) are Hilbert spaces.

For problem 4:
For 2 C R define the set of test functions

2(Q) :={p € C™(Q) : supp(p) C Q is compact}.
For a multiindex o = (a1, ..., ap) € N" let |a| = a; + -+ + a, and D% =

O ... 9% if the derivative exists.
Let f € La(2). A function g € L(€2) is called the ath weak derivative of f if

(g,9) = (=)*Kf,D%),  ¢e2(Q).

Note that g is uniquely defined; we denote the weak derivative g by D) f.
For m € N we define the Sobolev space

W™ (Q) 1= {f € La(Q) : D) f € Ly(Q),|a| < m}.
W™(Q) is an inner product space with

(frg)wm = > (D f, D).

Ja|<m
Further, we define the spaces
H™(Q) :=C™(Q)NW™(Q) and Hi' () := 2(Q)

where the closure is taken with respect to the norm induced by (-, )ywm.
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Problem Sheet 8

Hilbert spaces.

. Let H be Hilbert space, (zn)nen € H and zp € H. Then the following is
equivalent:
(a) xn — 0.

() |znl — zo and z,, % xp.

. Let H be a Hilbert space, V,W C H closed subspaces and Py, Py the corre-
sponding orthogonal projections. Show

Vow <~ Py = Py Py = PwPy.

. Let H be a Hilbert space, VW C H closed subspaces and Py, Py the corre-
sponding orthogonal projections. Show that the following is equivalent:

(a) Pva' =0.

(b) VL W.

(¢) Py + Pw is a orthogonal projection.

Show that rg(Py + Pw) = V@ W if one of the equivalent conditions above hold.

. Let H be a Hilbert space and B : H x H — K sesquilinear. On H x H consider
the norm ||(z, y)[| := v/[l=[I* + [[y]]>.
(a) Show that the following is equivalent:
(i) B is continuous.
(ii) B is partially continuous, that is, for every fixed zo, y — B(zo,y) is
continuous and for every fixed yo, z — B(z,yo) is continuous.

(iii) B is bounded, that is, there exists an M € R such that ||B(z,y)| <
M|z||||y|| for all z,y € H.

(b) If B is continuous, then there exists a T' € L(H) such that
B(z,y) = (Tz,y), w,y€H.

(¢) If in addition there exists an m > 0 such that B(z,z) > m|z|?, = € H,
then T is invertible and |77t < m™L.
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Problem Sheet 9

Orthogonality.

1. Let H be a Hilbert space, Y C H a subspace and ¢ € Y’. Show that there
exists exactly one extension ¢ € H' of ¢o with [l@o| = ||¢]|

2. Let X be a normed space, (zn)nen € X and z € X. Then the following is
equivalent:

(a) >-,enTn converges unconditionally to .

(b) For every € > 0 there exists a finite subset A C N such that for every finite
set B with AC BCN

| =] <

beB

3. Let H be a Hilbert space. For a linear operator P : H — H the following is
equivalent:

(a) P is an orthogonal projection.
(b) P?= P and (Pz,y) = (z, Py).

4. Haar functions. Let ¥ = X0, 1/2) — X[1/2,1)- For n,k € Z define
Yok R =R, b p(t) = 282925 —n).
For k€ Ngandn €{0,1,2,...,2F — 1} let
Ry (8) = Vi (t), for te[0,1),
h2k+n . [O, 1] — ]R,
hok 1, (1) = tliril* Yioon (t).
and ho(t) =1, t € [0,1].

(a) (hj)jen, is a orthonormal system in L0, 1] and (¢, k)n,kez is a orthonor-
mal system in La(R).

(b) T: Ly[0,1] — Lo[0,1], Tf = Zjlg%f ,h;)h; is a orthonormal projection
on the subspace

U = {f € Ls[0,1] : f const. in intervals [7‘2’]"7 (r+ 1)2”“) with r € No}.

o
—

For f € C[0,1], the series ZJO»C:()(f ,hj)h; converges uniformely to f.

(d) (hj)jen, is an orthonormal basis of Ls[0,1].

@
~

(¥k,n)k,nez 1s an orthonormal basis of La(R).
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Projections; positive operators.

1. Let H be a Hilbert space and Py, P» orthogonal projections on Hy, H; C H.
Then the following is equivalent.

(i) Ho € Hu,

(i) || Poz|| < || Pz, =€ H.
(ili)(Poz ,z) < (Pyz,z), xz€H.
(iv)PyPL = Py

Let H be a Hilbert space. For bounded selfadjoint operators S, T € L(H) we write
T>0if (Te,z) >0forallz e Hand T < S if S —T > 0. A sequence (T},)nen €
L(H) is increasing if and only T,, < T,,11, n € N. A sequence (T},)nen € L(H) is
decreasing if and only (—=T,)nen € L(H) is increasing.

2. Let H be a Hilbert space and (7, )nen a bounded, monotonically increasing
sequence of selfadjoint operators. Show that the sequence converges strongly to
an selfadjoint operator.

Hint. If S is a non-negative operator, then s : H x H — H, s(z,y) = (Sz,y) is
a non-negative sesquilinear form.

3. Let (P,)nen be a monotonic sequence of orthogonal projections in a Hilbert
space H. Then (P,)nen converges strongly to an orthogonal projection P
and
(a) 18P =U,entg Pn if (Pn)nen is increasing,

(b) rg P =,en18 P if (Py)nen is decreasing.

4. Let X and Y be Banach spaces, Y # {0}, and T': X O D(T) — Y a densely
defined linear operator. Show:

(a) If T is closed, then for every y € Y, y # 0, there exists a ¢ € D(T”) such
that ¢(y) # 0. In particular, D(T") # {0}.

(b) There exists a linear operator T such that D(T”) = 0.
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Problem Sheet 11

Adjoint operators; spectrum of linear operators.

1. Let Hy, Hs, Hs be Hilbert spaces and S(Hy; — H») and T'(Hs — H3) be densely
defined linear operators.
(a) If T € L(Ha, Hs), then T'S is densely defined and (T'S)* = S*T™*.
(b) If S is injective and S™' € L(Ha, Hy), then TS is densely defined and

(TS)* = §*T*.
(c) If R is injective and R™! € L(Ho, H), then R* is injective and (R*)~! =
(R1)".

2. Let X = C([0,1]) and a € C([0,1]). Show that
A X — X, (Az)(t) = a(t)z(t)
is a bounded linear operator. Find [|A||, 0(4), 0p(A), 0c(A) and o, (A).

3. (a) Let H=C([0,1]) and
T:H— H, (Tz)(t) :/0 x(s)ds.
Find o(T), op(T), 0c(T) and or(T').
(b) Let H={f € C([0,1]) : 2(0) = 0} and

S:H— H, (Sx)(t):/tm(s)d&
0

Find o(S), 0,(S), 0c(S) and 0,(S).

4. Let X be a Banach space, T € L(X) and P € C[X] a polynomial. Then
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Problem Sheet 12

Spectrum; approximate eigenvalues.

1. Find the point spectrum, continuous spectrum and the residual spectrum of the

left shift and the right shift:
R:6(N) = 6(N),  R(x1, 22, 3, ...) = (0, 21, 22, T3, ...),
L:l3(N) — (5(N), L(z1, 2, 23, ...) = (v2, T3, T4y ...).

. Let X be a Banach space and S, T € L(X). Show ¢(ST) \ {0} = o(T'S) \ {0}.

Hint. Show: if id —ST is invertible, then id +7(id —ST)~1S is the inverse of
id-TS.

3. Let X be a Banach space and T' € L(X). A € C is called approzimate eigenvalue

if there exists a sequence (Zn)nen € X such that |z, | = 1 for all n € N and
lim (T — \)a, = 0.

(a) Every approximate eigenvalue belongs to o(T).
(b) Every boundary point of o(7') C C is an approximate eigenvalue of T'.

(c) If X is a Hilbert space and if T is selfadjoint, then every A € o(T') is an
approximate eigenvalue of T'.

. Let X be a complex Banach space. For T' € L(X) and X € C let
AN(T) :={z € X : x € ker(T — \)" for some n € N}
be the algebraic eigenspace of T in X € o,(T).

(a) Let Ao € 0p(T), @o € Ax,(T) \ {0} and D :={X € C: |A| > ||T||}. Define

[iDoX, SO 1= (= 1) La,
1 (o —-T\"
C\ AN X A) = ——— .
R L TP Gy
Show that g is a holomorphic extension of f.
(b) Let A1, ..., A\, pairwise distinct eigenvalues of 7" and Ay, (T') the corre-
sponding algebraic eigenspaces. Choose z; € Ay, (T),z; #0,j =1, ..., n.
Then the vectors z1, ..., x, are linearly independent.
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Problem Sheet 13

Compact operators.

1. Let X be a Banach space and K € L(X) a compact operator. Show that there
exists a non trivial subspace U of X such that B(U) C U for every B € L(X)
which commutes with K (that is: BK = KB).

2. Let X and Y be Banach spaces and T € L(X,Y’). Show:
(a) rg(T) is closed if and only if there exists a constant C' > 0 such that
|Tz|| > C dist(z, ker(T)), zeX.
(b) If there exists a closed subspace U of Y such that Y = rg(T) @ U, then
rg(T) is closed.
3. Let X be a reflexive Banach space, Y a Banach space and T' € L(X,Y’). Show
that the following is equivalent:

(a) T is compact.

(b) w-lima, =0 implies lim Tz, = 0 for every sequence (z,)nen C X.
n'— 00 n—00

4. Let 7: [0,1] — [0, 1] be continuous and
A:C[0,1] — Clo,1], Af:=for.

For which 7 is A compact?
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Problem Sheet 14

Compact operators.

1. Let X = C[0,1] and k € C[0,1]%. Show that the following operator is compact:

T:X — X, (Tx)(t) = /tk(s,t)z(s) ds
0

2. Let X and T as in the previous exercise. Show that o(T) \ {0} = 0. Show that

for every A € C\ {0} and every y € X there exists exactly one z € X such that
(T - Nz =y.

3. Let Hy, H be Hilbert spaces and T € L(Hy, H2). Then the following is equiva-
lent:
(a) T is compact.
(b) T* is compact.
(¢) T*T is compact.

4. Let Hy, Hy be Hilbert spaces and T € L(H;, Hs) a compact operator. Let

(Pn)nen be a monotonically increasing sequence of projections with P = id.
Then ||K — KP,| — 0.
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Fischer-Riesz theorem, 63

formal adjoint operator, 73

Fourier series, 39

Fréchet-Riesz representation theorem, 59
Fredholm alternative, 93

Fredholm index, 93

Fredholm operator, 93

functional, 24

Gram-Schmidt, 60
graph norm, 47

Holder conjugate, 27
Holder inequality, 17, 107
Haar functions, 120
Hahn-Banach theorem, 24
Hamel basis, 16
Hellinger-Toeplitz
theorem ~, 65
Hilbert space, 54
Hilbert-Schmidt norm, 97
Hilbert-Schmidt operator, 97
holomorphic, 80
homeomorphism, 6

index
Fredholm ~, 93
Riesz ~, 91
inequality
Bessel ~, 60, 61
Cauchy-Schwarz ~, 18
Holder’s ~, 17, 107
Minkowski ~, 10, 107
Minkowski’s ~, 18
Young’s ~, 17
initial topology, 50
inner product, 53
inner product space, 53
integral, 105
isometry, 6
partial ~, 98
isomorphism, 114

Korovkin theorem, 38

Lax-Milgram theorem, 119
Lebesgue completion, 104
Lebesgue measure, 104
Lebesgue’s convergence theorem, 106
Legendre polynomial, 60
lemma
Fatou’s ~, 106
Lemma
Riesz’s ~, 15

measure, 102

metric space, 5

Min-Max-Principle, 97

Minkowski inequality, 10, 18, 107
monotone convergence theorem, 106

Neumann series, 22
norm

equivalent ~s, 13
normed space, 9
nowhere dense, 35

open map, 43
Open mapping theorem, 44
operator
closable ~, 45
closed ~, 45
compact ~, 88
essentially selfadjoint ~, 76, 86
Fredholm ~, 93
positive, 66
selfadjoint ~, 76, 85
spectrum of a ~, 77
operator norm, 19
operator product, 116
operator sequences, 38
operator sum, 116
orthogonal, 56
orthogonal complement, 56
orthogonal projection, 58
orthonormal basis, 59
orthonormal system, 59
outer measure, 103

Parallelogram identity, 54
Parseval’s equality, 62
partial isometry, 98
Polarisation formula, 54
positivity preserving, 38
pre-Hilbert space, 53
pre-measure, 102
precompact, 87

product topology, 51
projection, 48, 58, 67
projection theorem, 56

reflexive, 31

relatively compact, 87
resolvent, 77, 82
resolvent map, 77
resolvent set, 77
Riemann integral, 101
Riesz index, 91
Riesz’s lemma, 15
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Riesz-Schauder theory, 93 product ~, 51
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semicontinuous, 51 triangle inequality, 5
seminorm, 24
separable, 8 unconditionally convergent, 120
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Cauchy ~, 6 uniformly bounded, 36
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sesquilinear form, 53 weak convergence, 32
shift operator, 21, 30 weak topology, 50
simple function, 105 weak * topology, 50
singular values, 96
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space
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spectral radius, 84
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symmetric operator, 76
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