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1. Let H be a Hilbert space, Y C H a subspace and g € Y’. Show that there exists exactly
one extension ¢ € H' of ¢g with |¢oll = [|¢]|-
2. Let X be a normed space, (z,)neny € X and x € X. Then the following is equivalent:

(a) >_,enTn converges unconditionally to .
(b) For every € > 0 there exists a finite subset A C N such that for every finite set B

with AC BCN
Hz,rb—xH < €.
beB

3. Let H be a Hilbert space. For a linear operator P : H — H the following is equivalent:

(a) P is an orthogonal projection.
(b) P? =P and (Pz,y) = (z, Py).

4. Haar functions. Let ¢ = x[o,1/2) — X[1/2,1)- For n,k € Z define
wn,k R — ]Ra wn,k(t) = 2k/2 ¢(2kt - n)
For k€ Ngand n € {1,2,...,2F —1} let

h2’€+n(t) = quk,n(t), for t € [0, 1)7
hok 1y 1 [0,1] = R,

and ho(t) =1, t €[0,1].

(a) (hj)jen, is a orthonormal system in Lo[0, 1] and (¢, k )n, kez is a orthonormal system
in Ly(R).

(b) T : Ly[0,1] — Lo[0,1], Tf = Z?igl(f,hj>hj is a orthonormal projection on the
subspace

U ={f € Ly[0,1] : f const. in intervals [r27%, (r +1)27%) with r € Ng}.

(¢) For f € C0,1], the series Z;’;()(f ,hj)h; converges uniformely to f.

(d) (hj)jen, is an orthonormal basis of L2[0,1].

() (Yrn)knez is an orthonormal basis of La(R).



