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1. Let X be a normed space. A sequence (xn)n∈N ⊆ X is a weak Cauchy sequence if for
every ϕ ∈ X ′ the sequence (ϕ(xn))n∈N is a Cauchy sequence in K.

(a) Let x = (xn)n∈N be a bounded sequence in X. Show that x is a weak Cauchy
sequence if and only if there exists as dense subset U ′ of X ′ such that (ϕ(xn))n∈N
is a Cauchy sequence for every ϕ ∈ U ′.

(b) Every weak Cauchy sequence in X is bounded.

2. Let X be a Banach space, (xn)n∈N ⊆ X, (ϕn)n∈N ⊆ X ′, and x0 ∈ X, ϕ0 ∈ X ′ such that

xn
‖·‖−−→ x0 and ϕn

w∗−−→ ϕ0. Show that lim
n→∞

ϕn(xn) = ϕ0(x0).

3. For λ ∈ R define fλ : R→ C, fλ(s) = eiλs and let X = span{fλ : λ ∈ R}. Show that

〈f , g〉 := lim
T→∞

1
2T

∫ T

−T
f(s)g(s) ds

defines an inner product on X. Show that the completion of X is not separable. (‖fλ −
fλ′‖ =?)

Elements in the closure of X are called almost periodic functions.

4. Let X be a vector space with a semidefinite sesquilinear form 〈· , ·〉. Show that the
Cauchy-Schwarz inequality

|〈x , y〉|2 ≤ 〈x , x〉〈y , y〉, x, y ∈ X, (∗)

holds. Does equality in (∗) imply that x and y are linearly dependent?


