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Let X, Y, Z Banach spaces, T : X D D(T) — Y a linear operator.

(a) Let S:X DD(S) — Y be a linear operator. Then the operator sum S + T is defined
by

D(S+T):=D(S)ND(T), (S+T)x =Sz +Tx.

(b) Let R:Y 2 D(R) — Z be a linear operator. Then the operator product or composition
RT is defined by

D(RT):={x e D(T):Tx € D(R)}, (RT)x := R(Tx).

1. Let X, Y be Banach spaces, T € L(X,Y) and S : X D D(S) — Y a closed linear
operator. Show that S + T is a closed linear operator.

2. Let X, Y, Z be Banach spaces, T : X D D(T) = Y, S:Y 2 D(S) — Z closed linear
operators. Show:

(a) If T is continuous, then ST is closed.

(b) If S is continuously invertible (i.e., S=! : R(S) — Y exists and is continuous), then
ST is closed.

The statements hold also if “closed” is replaced by “closable”.

3. Let X = /5(N) and
T:X2D(T) — X, Tx = (nxn)neny for = = (Zn)nen-
Check if T is closed if
(a) D(T) ={z = (zn)nen € L2(N) : (n2n)nen € £2(N)},
(b) D(T) =d={zx = (zn)nen € {2(N) : x,, # 0 for only finitely many n}.

4. Let X be a Banach space, n € N and T" a densely defined linear operator from X to K™.
Then T is closed if and only T' € L(X,K").



