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1. Let X be a normed space with dim X > 1 and S,T linear operators on X such that
ST — TS = id. Show that at least one of the operators S and T is unbounded.

Hint. Show that ST — T8 = (n + 1)T™.

2. Let 1 < p < o0. For z = (2p)nen € loo let T : €, — ¢, defined by (Tz), = zpz, for
= (Tn)nen € £p. Show that T' € L(¢,) and find ||T|.

3. Let X be a normed space. Show that X is separable if X’ is separable.

4. Show the Hahn-Banach theorem for a complex vector space.

Suggestion: For a complex vector space X show:
(a) Let ¢ : X — R be an R-linear functional. Then
Vo: X = C, Vy(x):=(z) —ip(iz),

is a C-linear functional on X with ReV,, = ¢.
(b) Let A: X — C a C-linear functional with ReA = ¢ . Then V, = A.

(c) Let p be a sublinear functional on X and ¢, V,, as above. Then
[p(@)] < p(z) = V(o) <plx), zeX.

(d) |lell = ||Vl for ¢ and V,, as above.



