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Notation

The letter K usually denotes either the real field R or the complex field C. The positive real numbers
are denoted by Ry := (0, 00).
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Chapter 1

Banach spaces

1.1 Metric spaces

We repeat the definition of a metric space.

Definition 1.1. A metric space (M,d) is a non-empty set M together with a map
d:MxM—R
such that for all z,y,z € M:

(i) d(z,y) =0 <= z=y,
(ii) d(z,y) = d(y, z),
(iil) d(z,y) < d(z,2) +d(z,y).

The last inequality is called triangle inequality. Usually the metric space (M, d) is denoted simply
by M.
Note that the triangle inequality together with the symmetry of d implies
d(x,y) >0, x,y € M,
since 0 = d(z, z) < d(z,y) + d(y,z) = 2d(z, y).
It is easy to check that
ld(z,y) — d(y, z)| < d(z, 2), x,y,2 € M.

A subset N C M is called bounded if
diam N := sup{d(z,y) : z,y € N} < cc.
Let r > 0 and x € M. Then

B, (z):={y € M :d(z,y) <r} =: open ball with centre z and radius r,
K. (z):={y e M :d(z,y) <r} =: closed ball with centre x and radius r,
Sp(x):={y € M :d(z,y) =r} =: sphere with centre = and radius r.
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Examples. o R with the d(z,y) = |z — y| is a metric space.

e Let X be a set and define d: X x X — R by d(z,y) =0 for x = y and d(x,y) =1 for x # y.
Then (X, d) is a metric space. d is called the discrete metric on X.

Let (M, d) be a metric space. Recall that the metric d induces a topology on M: a set U C M is
open if and only if for every p € U there exists an £ > 0 such that B.(p) C U. In particular, the
open balls are open and closed balls are closed subsets of M. Let x € M. A subset U C M is called
a neighbourhood of x if there exists an open set U, such that x € U, C U.

It is easy to see that the topology generated by d has the Hausdorff property, that is, for every
x # y € M there exist neighbourhoods U, of z and U, of y with U, N U, = 0.

Recall that a set N C M is called dense in M if N = M, where N denotes the closure of N.

Definition 1.2. A sequence (z,)neny € M converges to x € M if and only if lim d(x,,x) = 0,
n—oo
that is,
Ve>0 INeN: n>N = d(z,,z) <e.
The limit z is unique. A sequence (x,)nen is a Cauchy sequence in M if and only if

Ve>0 INeN: mn>N = d(z,,z,) <e.

Definition 1.3. A metric space in which every Cauchy sequence is convergent, is called a complete
metric space.

Definition 1.4. Let (X, Ox) and (Y, Oy ) be topological spaces.

(i) A function f : X — Y is called continuous if and only if f~!(U) is open in X for every U
open in Y.

(ii) An bijective function f : X — Y is called a homeomorphism if and only if f and f~! are
contiunous.

The following lemma is often useful.

Lemma 1.5. Let (M,d) be a complete metric space and N C M. Then N is closed in M if and
only if (N,d|nr) is complete.

Remarks. o Every convergent sequence is a Cauchy sequence.

o Every Cauchy sequence is bounded. Recall that a sequence (x,)nen is bounded if the set
{z,, : n € N} is bounded.

Not every metric space is complete, but every metric space can be completed in the following sense.
Definition 1.6. Let (M,d;) and (N,dy) be metric spaces. A map f : M — N is called an

isometry if and only if dy (f(z), f(y)) = dar(z,y) for all z,y € M. The spaces M and N are called
isometric if there exists a bijective isometry f: M — N.
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Note that an isometry is necessarily injective since x # y implies f(z) # f(y) because d(f(z), f(y)) =
d(x,y) # 0, and that every isometry is continuous.

Theorem 1.7. Let (M,d) be a metric space. Then there exists a complete metric space (1\7, c?) and
an isometry ¢ : M — M such that (M) = M. M is called completion of M; it is unique up to
isometry.

Proof. Let
Cyr = {(xn)nen C M : (z5)nen is a Cauchy sequence in M}
be the set of all Cauchy sequences in M. We define the equivalence relation ~ on Cp; by
x~y = dTn,yn) 20, n = 00

for all © = (Zn)nen, ¥ = (YUn)nen € Car- It is easy to check that ~ is indeed a equivalence relation
(reflexivity and symmetry follow directly from properties (i) and (ii) of the definition of a metric
and transitivity of ~ is a consequence of the triangle inequality).

Let M :=C M/ ~ the set of all equivalence classes. The equivalence class containing x = (2, )nen
is denoted by [z]. On M we define

d:MxM-=R, dz),y]) = lim d(zn,yn). (1.1)

n—oo

We have to show that d is well-defined.
Let (xn)neN € [Z‘] and (yn)neN € [y] Then

|d(xna yn) - d(xma ym)| < |d(xm yn) - d(xmvyn)‘ + |d(xmayn) - d(mwu ym)'
< d(zn,Tm) + d(Yn, Ym) — 0, m,n — oo.

Since (d(zn, Yn))nen is a Cauchy sequence in the complete space R, the limit in (1.1) exists.
Moreover, for (Zp)nen € [2] and (§n)nen € [y] it follows that

ld(Zn, yn) = d(Zn, Gn)| < |d(Tns Yn) — d( @, Yn)| + |d(Zns Yn) — d(Zn, Gn)|
< d(zn,ZTn) + dyn, Jn) — 0, n — 00.

Hence d is well-defined.
Let

o:M—M, o) =[(2)nen]
We will show that (M\ , c?) is a complete metric space, that ¢ is an isometry and that (M) = M in
several steps.
Step 1: (]\/4\,&\) 15 a metric space.
Proof. Let [z], [y], [2] € M. Then

o~

« 0= d([‘r]v [yD = lim d(xnvyn) — T~y — [l‘} - [y]

n—oo
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~ o~

o d([],[y]) = lim d(zp,yn) = lim d(yn,zn) = d([y], [z]).

o d([e],[y]) = lim d(@n,yn) < lim d(wa,z0) +d(z,yn) = d([2], [2]) + d([], [9)-

Step 2: ¢ is an isometry.
Proof. This follows immediately from the definition.

Step 3: o(M) = M.
Proof. Let (zn)nen € [2] € M and € > 0. Then there exists an N € N such that d(z,,zm,) < §,
m,n > N. Let z:=xy € M. Then

o~

dlp(2), [z]) = lim d(@n,z) < g <e.

n— oo

Next we show that (]\//.7, (i) is complete. Let (Z,)nen be a Cauchy sequence in M. Since w(M) is
dense in M there exists a sequence z = (2, )neny € M such that

-~

1
AT, 2n) < —, n € N.
n

The sequence z is a Cauchy sequence in M because

A(2n, 2m) = d(9(2n), @(2m)) < d(@(2n), Bn) + d(@ns Em) + d(Ems 9(2m))
<l+c/l\(£n,i'm)+l%0, m,n — oo.
n m

The sequence (&y,)nen converges to [z] because

-~ ~

~ 1
d(Zn,2) < d(Zn,0(z0)) + d(@(zn),2) < - + lim d(zn, 2m) — 0, n — oo.

m—o0

We have shown that ¢(M) is a dense subset of the complete metric space (]/\4\ , c/l\) and that ¢ is an
isometry.

Finally, we have to show that M is unique (up to isometry). Let (N, dy) be complete metric space
and ¥ : M — N an isometry such that (M) = N. Then the map

can be extended to a surjective isometry T : (M) = M- N by

Tr=T(lim z,):= lim Tz,

n—oo n—oo
for v = lim z, with z, € p(M), n € N. O
n—oo
Examples. o C™ with d(x,y) = max{|z; —y,|: j=1,...,n} is a complete metric space.

o C" with d(z,y) = \/|z1 —y1|2+ -+ + [zn — yn|? is a complete metric space.
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o Let C([a,b]) be the set of all continuous functions on the interval [a,b]. For f, g € C([a,b]) let
d1(f,9) := max{[f(z) — g(z)| : = € [a, b]},
b
hlf9) = [ 1£(z) - gla)]d.

Then d; and dg are metrics on C([a,b]). (C([a,b]),d1) is complete, (C([a,b]),d2) is not
complete.

Remark. The completion of (C([a,b]),d2) is Li(a,b) (the set of all Lebesgue integrable functions
on (a,b)).

Definition 1.8. A metric space is called separable if it contains a countable dense subset.
Proposition 1.9. Let (M,d) be a separable metric space and N C M. Then N is separable.

Proof. We have to show that there exists a countable set B C N such that B D N where the
closure is taken with respect to the metric on M. By assumption on M there exists a countable set
A:={z, :n €N} C M such that A= M. Let J := {(n,m) e NxN: 3y € N with d(z,,y) < L}.
For every (n,m) € J choose & Yy, € N and define B := {y,, ., : (n,m) € J}. Obviously, B is a
countable subset of N. To show that B is dense in N it suffices to show that for every y € N and
k € N there exists a b € B such that d(b,y) < +. By definition of A there exists a z,, € A such that
d(xn,y) < 2—119 In particular, (n, 2k) € J. It follows that d(yn, 2k, ¥) < d(Yn,2k, Tn)+d(zn,y) < % O

1.2 Normed spaces

Definition 1.10. Let X be a vector space over K. A norm on X is a map

l-: X =R
such that for all z,y € X, a € K
(@) [z =0 < =z=0,
(i) faz| = laf =],
(iil) [z +yll < llzll + [lyl-
Remarks. « Note that the implication < in (i) follows from (ii) because ||0|| = ||2- 0] = 2||0]|.

o Note that [|z|| > 0 for all z € X because 0 = || — z| < 2||z||. The last inequality follows
from the triangle inequality (iii) and (ii) with = —1.

Remark. A function [-] : X — R which satisfies only (ii) and (iii) of Definition 1.10 is called a
seminorm. As seen in the remark above for norms, a seminorm is non-negative and satisfies [0] = 0.

Remark. A norm on X induces a metric on X by setting

d(l‘,y) = ||.13—y||, 957y€X~
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Hence a norm induces a topology on X via the metric and we have the concept of convergence etc.
on a normed space.

Definition 1.11. A complete normed space is called a Banach space.

Obviously, every subspace of a normed space is a normed space by restriction of the norm. A
subspace of a Banach space is a Banach space if and only if it is closed.

Proposition 1.12. Let X be a normed space. Then the following is equivalent:

(i) X is complete.
(ii) Ewery absolutely convergent series in X converges in X.

Proof. Exercise 1.2. O

Example 1.13 (Quotient space). Let X be a Banach space and M C X a closed subspace. On
X we have the equivalence relation

T~y <= zT—yeM.

For z € X we denote the equivalence class of X/M containing = by [z]. Then X/M is a vector
space if we set

]+ [y] =[xz +y], afz]:=ax], r,y€ X, a ek
For z € X let dist(x, M) := inf{||z — m| : m € M}.
o (X/M,] - |l~) is a normed space with
[ ll~ s X/M = R, [[2]]|~ = dist(z, M).
Proof. First we show that || - || is well-defined. For z,y € X with x —y € M we find
eM
—~ =
dist(xz, M) = inf{||lx —m| :m € M} =inf{|ly — (y —z+m)| : m € M}
=inf{|ly —m| : m € M} = dist(y, M).

Property (ii) in the definition of a norm is easily checked. For property (iii) let [z], [y] € X/M.
Then

] + [Wlll~ = Iz + 9|~ = nf{|lz +y —m| : m € M}
inf{||lz — mgy +y —my| : my,my € M}
inf{||z — mg|| : my € M} + inf{||ly — my|| : m, € M}
Ilz]ll~ + [Tyl ~-

IN

It is clear that [z] = 0 implies ||[z]||~ = 0. Now assume that ||[z]||~ = 0. We have to show
that € M. By definition of dist there exists a sequence (my,)nen such that ||z — my,| — 0,
that is, (my,)nen converges to x. Since M is closed, it follows that = € M. O
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o Let X be a Banach space and M a closed subspace. Then X/M is Banach space with the
norm defined in Example 1.13.

Proof. We already saw that X/M is normed space. It remains to prove completeness. Let
([xn])nen be a Cauchy sequence.

First we show that we can assume ||[z,] — [zn]]l~ < 27" for all m > n: Choose Ny €
N such that ||[zn,] — [zm]l|~ < 27! for all m > N;. Next choose Ny > Nj such that
I[zn,] = [Tm]]|~ < 272 for all m > Na. Continuing this process, we obtain a subsequence with
the desired property. Since a Cauchy sequence converges if and only if it contains a convergent
subsequence, it suffices to prove convergence of the subsequence constructed above.

By definition of the quotient norm we can assume that ||z, —zp+1| < [[2n —Zni1]l|~+27" <
21=n Then (x,,)nen is Cauchy sequence in X because for all n > m

n—1 n—1 n—1
o = @l = || 3 wnss = 2af < D lowss —wall <23 277
j=m Jj=m j=m
Therefore x := lim z,, exists and
n— oo
[[n] = [@lll~ = llzn — 2]ll~ < fl2n — 2| =0, n— oo O

Remark 1.14. (i) In the proof above we used that, by definition of || - ||, for every x € X and
every € > 0 there exists an Z € [z] such that ||Z|| < ||[z]||~ + €. Equivalently, there exists an
m € M such that ||z +m]| < ||[z]||~ + &.

(ii) Obviously, ||| > ||[x]||~ for every x € X.

Examples 1.15. (i) Finite dimensional normed spaces. C" and R™ are complete normed spaces
with

[ lloo : K* = R, [|2]loc = max{lz;|:j=1,...,n}.

Let 1 < p < co. Then C™ and R™ are complete normed spaces with
n 1
P
Il € =Rzl = (3 Jesl) ™.
j=1

The triangle inequality ||z +yll, < ||z]l, + ||y, is called the Minkowski inequality (see Section 1.3).
(ii) Let T be a set and define

loo(T) :={x : T — K bounded map}.
Obviously, £ (T) is a vector space. Let
|2]|oo == sup{|x(t)| : t € T}, z € loo,

be the supremum norm. Then (¢ (T),| - ||so) is & Banach space.
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Proof. Exercise 1.4. O

(iii) Sequence spaces.

o Ll := ¥l (N) is a Banach space.

e Forl<p<oolet

and
oo 1
lally = (D lwal?) ", @€ty
n=1

With the usual component-by-component addition and multiplication with a scalar, £, is a
vector space and (p, || - ||,) is a Banach space.

Proof. First we show that £, is a vector space. For o € K and z,y € ¢, we have

o0 o0
D axa P = la? Y |l < oo
n=1 n=1
and
o0 o0 o0
>+ yalP < (2max{|zn] lyal})’ =27 (max{|za, yal})”
n=1 n=1 n=1

oo
<27 3 faal” + lyal” = 27 (|25 + lyll7) < oo

n=1

Hence /¢, is a K-vector space. Properties (i) and (ii) in the definition of a norm are easily
verified. The triangle inequality is the Minkowski inequality (see Section 1.3).

To show that (¢, || - ||p) is complete, let (z,)nen be a Cauchy sequence in ¢,. Set z, =
(Zn,m)men. Then the sequence of the m-th components is a Cauchy sequence in K because

|xn,m - mk,m| < Hifn - kapv meN.

Since K is complete, the limit y,, := lim x,, ., exists. Let y := (ym)men. We will show that
n—oo

y € £, and that z, 1IN y. Let ¢ > 0 and N € N such that ||z, — zx| < & for all k,n > N.

For every M € N

M

> Jang = wa P < llan — axllh < P
j=1
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Taking the limit k¥ — oo on the left hand side yields

M

Z ‘xn,j — yj|p < P,
j=1
Taking the limit M — oo on the left hand side finally gives

o0

Z |5En,j — yj|p < eP < o0,
j=1

in particular, x, —y € £,. Since ¢, is a vector space, we obtain y = x,, + (y — z,) € ¢, and
|zn — yllp < e. That (z,)nen converges to y follows from the inequality above since € can be
chosen arbitrarily. O

(iv) 2, spaces: See measure theory.
(v) Subspaces of £o,. Let

d:={x = (xn)neny CK : z, # 0 for at most finitely many n},

co:={z=(zp)nen CK : lim z, = 0},
n—oo

c:={z=(xp)ney CK : lim z, exists},
n— oo

Obviously, the inclusions d C ¢y € ¢ € £ hold. Moreover, it can be shown that ¢y and c are closed
subspaces of ¢, and that d is a non-closed subspace of {,. In particular, (co, || - ||co) and (¢, || - |loo)
are Banach spaces, (d, || - ||s) is not a Banach space (see Exercise 1.5).

(vi) Spaces of continuous functions. For metric space T' (e.g. an interval in R) let
C(T):={f:T —K: fis continuous},
B(T):={f:T —K: fis bounded},
BC(T) :=C(T)n B(T).
For f € B(T) let
[[flloc == sup{| (%)

In Analysis 1 it was shown that (B(T), || - ||so) and (BC(T),| - ||sc) are Banach spaces. Note that
C(T) = BC(T) for a compact metric space T'.

:te T}

(vii) Spaces of differentiable functions. Let [a,b] a real interval. We can define several norms on
the vector space

01([07 b)) :={f :[a,b] = K: f is continuously differentiable}.
o (C([a,b]),] - |loc) is not a Banach space.

Proof. For n € Nlet f, : [-1,1] = K, fu(t) := (t* + n=2)z. Then the f, converge to
g:[-1,1] = K, g(t) = |t| in the || - ||co-norm. But g ¢ C*([a, b]). Hence C([a, b]) is not closed
as a subspace of the Banach space C([a,b]), so it is not a Banach space. O
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o For f € C*([a,b]) let

1l = 1flloo + 11 loo-

Then (C*([a,b]), || - /(1)) is a Banach space. Note that the right hand side is finite because by
assumption f’ is continuous.

Proof. Let (zn)nen be a Cauchy sequence in (C*([a,0]),] - [[(1))- Then there exist z,y €
C([a,b]) such that z, — x and ], — y in the supremum norm. A well-known theorem in
analysis implies 2’ = y, hence x,, — z in || - [|(1). O

In the following, C'([a,b]) will always be considered to be equipped with the norm | - |1
unless stated otherwise.

Theorem 1.16. Let X be a Banach space, Y a closed subspace and N a finite dimensional subspace
of X. Then Y + N is a closed subspace. In particular, every finite-dimensional subspace is closed.

Proof. Obviously, Y + N is a subspace of X. To proof that it is closed, we proceed by induction.
Therefore we can assume without restriction that dim N = 1. Let z € X such that N = {\z : XA € K}
and (Zn)nen = (Yn + anz)nen a Cauchy sequence in Y + N.

Case 1. (ap)nen is bounded. Then it contains a convergent subsequence (an,)ren. Then the
sequence (Yn, JkeN = (Tn, — an, #)keN converges because it is the sum of two convergent sequences.

Case 2. (an)nen is unbounded. Then there exists a subsequence (an, )ren With klim |an, | = oc.
— 00

Since (zn, )ken is bounded, it follows that

Hence d(z,Y) = 0. Since Y is closed, this implies z € Y, therefore N +Y =Y is closed in X.

Finally, choosing ¥ = {0} shows that every finite-dimensional subspace is closed. O

— 0, n — 00.

1
Qp,,

Ty,
[277%%

Note that the sum of two closed subspaces is not necessarily closed, see as the following example
shows. Another example can be found in [Hal98, §15].

Example. In /; consider the subspaces

U= {(xn)nen € l1 : 2, =0, n € N}
V= {(Zn)nen € 41 : Tap_1 = N2y, n € N}

Obvioulsy, U and V are closed subspaces of £1. Let e, be the nth unit vector in ¢;. Let m € N.
Then e9,,,—1 € U CV +U and esy, = (€2 —|—% €om—1) — i €am—1 € V 4+ U. Since span{e, : n € N}
is a dense subset of ¢, it follows that V + U = ¢;.

Now we will show that V + U # ¢1. Let

1

% = () ner 5 _ ) mT meven
- n)n bl n —
,  nodd.
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Clearly = € ¢1. Suppose that there exist v = (vp)nen € V, 4 = (un)nen € U such that z = v + u.
It follows for all m € N

1
(2m)?

0= Tom—1 = Vam—1 + Uam—1 = MU2yy, + U2pp—1 =

= Xom = V2m + U2m = VU2m,
— + Uzm-1
4m?2 ’

impliying that us,,_1 = —ﬁ, m € N, hence u # ¢1. Therefore x #V 4+ U.

Definition 1.17. Let X be a normed space and || - ||; and || - ||2 be norms on X. They are called
equivalent norms if there exist m, M > 0 such that

m|zly < |lzflz < Mllzlly, z€X. (1.2)
Theorem 1.18. Let ||-||1 and ||-||2 be norms on a vector space X. The the following are equivalent:

(1) I-[lx and || - |2 are equivalent.

(ii) A sequence (xn)neny C X converges with respect to ||-||1 if and only if it converges with respect

to || - ||l2 and in this case the || - ||1-limit and the || - ||2-limit are equal.
(iii) A sequence (n)neny C X converges to 0 with respect to || - ||1 if and only if it converges with
respect to || - ||2.

Proof. (i) = (ii) = (iii) is clear.

“(iii) = (1)”: Obviously it suffices to show the existence of M € R such that (1.2) is true.

Assume no such M exists. Then there exists a sequence (zp)neny € X such that ||z,|1 = 1 and

lznll2 > nllza]li = n. Let v, := n~lz,. Then y, LN 0, so by assumption also yj Iy o, This

contradicts ||y,||2 > 1 for all n € N. O

The theorem above implies in particular, that the topologies generated by equivalent norms coincide.
Moreover, the identity map id : (X, |- ||1) = (X, ]|-]]2) is uniformly continuous for equivalent norms.

Example 1.19. On C'([a,b]) define the norm
1fll2) := sup{max{|z(t)], |2 (£)[} : ¢ € [a, b]}.
and let || - [|(1) be as in Example 1.15 (7). It is not hard to see that

Izlla) < llzll@) < 2lzllq)y, =€ C'(la,b]).
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Theorem 1.20. All norms on K" are equivalent.

Proof. Let {e1,...,e,} be a basis of K". For z = Z;;l oy, €y, define

n 1

2

ol = (D lasl?) ™.
j=1

Obviously, || - |2 is a norm on X and it suffices to show that every norm on X is equivalent to || - ||2.
Let || - || be a norm on X and x = >7_, ane,. Using triangle inequality for || - || and Hélder’s
inequality, we obtain

n
2] = HZ o e;
=1

<Slasllesll < (3 lasl) (X lles 12)” = Cllzle (1.3)
j=1 j=1 j=1

1

with constant C' := (Z?Zl || e; HQ) * independent of z.

Note that ||-||2 : X — R is continuous, hence S := {z € X : ||z||]2 = 1} is closed being the preimage
of the closed set {1} in R. In addition, S is bounded, therefore S is compact by the theorem of
Heine-Borel. Now consider the map T : (X, | - |l2) — R, Tz = ||z||. By (1.3), T is uniformly
continuous, so its restriction to the compact set S has a minimum m and a maximum M. Since
I -1 is @ norm, m > 0 (otherwise there would exist an x € S with ||z| = 0, thus x =0 but 0 ¢ 5).
Therefore

mllzla =m < |z < M = Mllzlls, €S,
and by the homogeneity of the norms
mllzllz < [lz] < Mlzl2,  zeX. O

The theorem above implies that all norms a a finite-dimensional K-vector space are equivalent.
Moreover, it follows that every finite normed space is complete because K" with the Euclidean
norm is complete and that a subset of a finite dimensional normed space is compact if and only if it
is bounded and closed (Theorem of Heine-Borel for K™ with the Euclidean metric). In particular,
the unit ball in a finite dimensional space is compact.

This is no longer true in infinite dimensional normed spaces. In fact, the unit ball is compact if
and only if the dimensions of the space is finite. For the proof we use the following theorem which
is also of independent interest, as it shows that in a certain sense quotient spaces can work as a
substitute for the orthogonal complement in inner product spaces (see 4.2).

Theorem 1.21 (Riesz’s lemma). Let X be a normed space, Y C X a closed subspace with Y # X
and € > 0. Then there exists an © € X such with ||z|| =1 and dist(z,Y) > 1 —e.

Proof. If Y = {0} or € > 1, the assertion is clear. Now assume 0 < € < 1. Note that in this case

lis > 1. Since Y is closed and different from X, the quotient space X/Y is not trivial. Hence

there exists an £ € X such that [|[£]||~ = 1. By Remark 1.14 there exists y € Y such that

1
L=~ < lle+ull < 7—-
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Let = ||€ + y|| 71 (£ + y). Obviously, ||z|| =1 and for every z € Y

o =2l = g+ ol e +y = e+ lz ]| 2 e+ ul ™ NiElle = e+l > 1 -
N————

€Yy
Hence d(z,Y) =inf{|lx — z]|: z2€ Y} > 1—¢. O
Theorem 1.22. For a normed space X the following are equivalent:
(i) dim X < oo,
(ii) Bx :={z € X : ||z|| < 1} is compact.
(iii) Every bounded sequence in X contains a convergent subsequence.

Proof. “(i) = (ii)” follows from Theorem 1.20.

“(ii) = (i)”: Assume that Bx is compact. Then there are z1, ..., z, € X with [jz;|| < 1,
7 =1,..., n, such that
Bx C | Bi(x). (1.4)
j=1
Let U = span{x1, ..., x,}. If U # X, then, by Riesz’s lemma, there exists an € X such that

|z|| =1 and dist(z,U) > %, in contradiction to (1.4). Therefore dim X = dimU < n.

“(if) = (iii)”: If By is compact, then obviously for every a > 0 also aBx := {axz : * € Bx}
is compact. Since every bounded sequence is a subset of some By, it must contain a convergent
subsequence.

“(iii) = (1)”:  Assume that dim X = co. Choose z1 € X with ||z1]| = 1 and set Uy := span{x;} #
X. By Riesz’s lemma there exists an zo € X with [|zo|| = 1 and dist(z2,U;) > 1, in particular
21 — 22]| > 3. Set U, := span{zy, z2} # X. Continuing this way, we obtain a sequence z =
(Zn)nen € X with ||z, — 2| > § for all n,m € N with n # m. Therefore, the sequence z does not
contain a convergent subsequence, hence Bx is not compact (Recall that a compact metric space

is sequentially compact). O

Let X be a vector space and A a set. A family (x))rean € X is called linearly independent if
every finite subset is linearly independent. A Hamel basis (or an elgebraic basis) of X is a family
(xa)aea C X that is linearly independent and such that every element x € X is a (finite!) linear

combination of the x). The existence of a Hamel basis can be shown with Zorn’s lemma.

Definition 1.23. Let X be a normed space. A family (z,)nen is a Schauder basis of X if every
x € X can be written uniquely as

oo
Z QpTy with «,, € K.
n=1
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Definition 1.24. Let (X, | - ||) be a normed space over K. A subset Y C X is said to be a total
subset of X if

span(Y) = X,
that is, if the set of all linear combinations of elements of Y is dense in X.

Theorem 1.25. A normed space (X, || -||) s separable if and only if it contains a countable total
subset.

Proof. Let A be a dense countable subset of X. Then obviously span A = X, that is, A is a total
subset of X. B B

Now assume that A is countable total subset of X. Let B := {Aa, : n € N, A € Q} where Q :=Q
if X is a R-vector space and @ = Q+1iQ if X is a C-vector space. In both cases B is countable.

We will show that B = X. Let 2 € X and € > 0. Since A is a total subset of X, there exist
ai, ..., an € Aand A\, ..., A, € K such that

n

e

o= > Nayll < 5.
j=1

Since @ is dense in K, there exist uq, ..., pn € @ such that

6 n 71 )
=l <5 (Xlaill) 5 g=1
j=1

Then y :=>_"_, pija; € span A and

n n € n
o=yl < ||o = D Ajas | + v = 3o dvas| < 5+ [ 32 bas = Agla
Jj=1 Jj=1 j=1
g - 3 3
<5 tmaxly = A1) llanll < 5+ 5 == O

Jj=1

Note that every normed space with a Schauder basis is separable, but not every separable normed
space has a Schauder basis.

Examples 1.26. (i) ¢, is separable for 1 < p < oo.

Proof. Let e, := (0, ...,0,1,0...) be the nth unit vector in ¢,. We will show that {e,, : n € N}
is a total subset of £,. Let © = (2 )nen C £p. Then

n 0o

HQJ — E Ijej = H E Ijej
. p p
Jj=1

Jj=n-+1

—0, n—oo. O

(ii) s is not separable.
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Proof. Recall that the set A := {(Zn)nen : Tn, € {0,1}} i s not countable. Obviously, A C {o,. Let
B be a dense subset of (.. Then for every z € A there exists an b, € B such that ||z — b, ||o < 3.
Since ||z — y||oo = 1 for & # y € A, it follows that B has at least the cardinality of A, that is, there
exists no countable dense subset of /,,. O

(iii) Cla,b] is separable since by the theorem of Weierstrafl the set of polynomials
{la,b] = R, .+ 2" : n € N}

is a total subset of C[a, b].

1.3 Holder and Minkowski inequality

In this section we prove Holder’s inequality and Minkowski’s inequality. For the proof we use
Young’s inequality.

Theorem 1.27. Let p,q € (1,00) such that

1 1
S =1
p q
Then for all a,b > 0:
1 1
ab < —af + - b% (1.5)
p q

Proof. If ab = 0, then inequality (1.5) is clear. Now assume ab > 0. Since the logarithm is concave
and % + % =1 is follows that

1n(1 a? + ébq> > %m(ap) + éln(bq) = In(a) + In(b) = In(ab).

p
Application of the monotonically increasing function exp : R — R yields (1.5). O
Theorem 1.28 (Holder’s inequality). Let 1 < p < oo and ¢ = p’%l, i e.,
1 1
24221
p q

(setting é =0). Ifz€¥, andy € £y, then z = (TpYn)nen € {1 and
Izl < llllp [[yllq- (1.6)

Proof. If x = 0 or y = 0 then the inequality (1.6) clearly holds. Also the cases p =1 and p = oo
are clear.
Now assume z,y # 0 and 1 < p < co. The Young inequality (1.6) with

|z _ yl
— b=
2| lyllq
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yields
2501yl Lzl 1yl
lzllp Iylle = p =l ¢ llyllg
Taking the sum over gives
1 = 1
o 2o lmil < - ;[P + \qu—**=1 O
1]l lyllq ; T p ||$||pz ! H IIqZ ’
A,_/ H,_/
=l=l3 =lyllg
=1 =1

In the special case p = ¢ = 2 we obtain the Cauchy-Schwarz inequality.

Corollary 1.29 (Cauchy-Schwarz inequality). For z = (z,)nen, ¥ = (Yn)nen € Lo the Holder
inequality implies

o0
@)l = | > 2575 < lalz =
j=1

Theorem 1.30 (Minkowski inequality). For 1 < p < oo and z,y € £, Minkowski’s inequality
holds:

e +yllp < llzllp + [lyllp- (1.7)

Proof. If  +y = 0 then (1.7) clearly holds. Also the cases p =1 and p = oo are easy to check.
Now assume z+y # 0 and 1 < p < oo. Let ¢ € (1, 00) such that %—i— % = 1. The triangle inequality
in K and Holder’s inequality (1.6) yield for all M € N:

Z|x3 +y;l" = Z|IJ +yil -l + 5P !

Jj=1

M

Z |5 |25 + 5|~ 1+Z|yj |lzj +y; [P~ '

= ]_1

IN

A
M= !
=
<
)
N—

10
/N
(1=
=

<
+
<
<

L

kg

. ~——

S
+
/~
=
S
=
N—

D=
~~
=

B
<
+
£

—_

=g
N—

Q=

IN

1
Note that (Z;\il la; + yj|p) ? -0 for M large enough. Hence the above inequality yields

M 1

(Sl +3,17)” < lally + Il

j=1
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using p — g = p(l — %) = 1. Taking the limit M — oo finally proves (1.7).






Chapter 2. Bounded maps; the dual space 25

Chapter 2

Bounded maps; the dual space

2.1 Bounded linear maps

Definition 2.1. Let X,Y be normed spaces over the same field K. The set of all linear continuous
maps X — Y is denoted by L(X,Y), i.e.,

L(X,Y)={T:X — Y : T linear and continuous}
and L(X) == L(X, X).
Recall that the following is equivalent:
(i) T: X =Y is continuous
(ii

lim Tz, = Tlim, . x, for every convergent sequence (,)nen € X
n— oo

)
)
(i) Vep € X Ve>03>0: [z —xo]| <d = ||Tz—Txol <e
(iv) UCY open = T 1 (U)={z e X:f(x) €U} openin X.

Definition 2.2. Let X,Y be normed spaces over the same field K. For a linear map 7' : X — Y
define the operator norm

T[] := sup{||Tz| : v € X, [[=]| = 1}.
If |T]| < oo then T is called a bounded linear operator and ||T| is the operator norm of ||T|.
Remark 2.3. (i) For a continuous linear map 7': X — Y

[Tzl <IT[ =), =X

Proof. The inequality is obvious for z = 0 or ||z|| = 1. For z € X \ {0} let Z = ||z||"*z. By
definition of ||T|| we find | Tz|| = ||z|| |TZ] < ||z| |T||. Note that the inequality is also true
if T is unbounded and x # 0. O
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(ii) The following is easy to check:

1T = sup{||T| : = € X, [l«] =1}

sup{||Tz| : x € X, ||z|]| < 1}

[T
_ re X, 0}
sup{ Tzl T € T #

inf{M eR:Vz e X ||Tz| < M|z}

Remark 2.4. (i) For S, T € L(X,Y) and A € K we define
ANT+S5): X =Y, AT+ S)z:=Tz+ Sz.

Since the sum and composition of continuous functions is continuous, and (AT + S obviously
is linear, L(X,Y) is a vector space.

It will be shown in Theorem 2.6 that ||-|| is indeed a norm. Note the the operator norm depends
on the norms on X and Y. This is can be made explicit using the notation |||z x,y), or
similar notation.

(ii) Let X,Y,Z be normed spaces and T' € L(X,Y), S € L(Y,Z). Then
ST:X — Z, STxz:=S(Tx).

Obviously, ST € L(X, Z) as composition of continuous linear functions and ||ST|| < [|S]] ||T]|
because by Remark 2.3

18Tz < [[SIH[Tl| < [ISI T =], = €X.
In particular, L(X) is an algebra.

Theorem 2.5. Let X,Y be normed spaces, T : X — Y linear. The following is equivalent:

(i) T is continuous.

(i)

(iii) T 4s bounded.
)

(iv) T is uniformly continuous.

T is continuous in 0.

Proof. The implications (iii) = (iv) = (i) = (ii) are obvious.

“ (ii) = (iii)”:  Assume that 7" is not bounded. Then there exists a sequence (z,)nen € X such
that ||z,|| = 1 and ||Tzy,| > n for all n € N. Let y,, :== n~'xz,,. Then y, — 0 but ||Ty,|| > 1 for all
n € N in contradiction to the continuity of T" in 0. O

Theorem 2.6. Let X,Y be normed spaces.

(i) L(X,Y) is a normed space.
(ii) If Y is Banach space, then L(X,Y) is a Banach space.
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Proof. (i) In Remark 2.4 we have seen that L(X,Y) is a vector space. From definition of the
operator norm it is clear that | T|| = 0 if and only if T = 0 and that [|AT'|| = |A|||T|| for all
A € K. To prove the triangle inequality let S, T € L(X,Y) and z € X.

1(S + Tzl =[Sz + Taf| < [|Sz|| + [Tx| < S| + T
Taking the supremum over all z € X with ||z = 1 yields [|S +T| <||S||+ |-

(ii) Let (Ty)nen be a Cauchy sequence in L(X,Y"). For x € X, the sequence (T, )¢y is a Cauchy
sequence in Y because

[Tnz = Top|| < | T — Tl [ ]
Since Y is complete, we can define

T:X—=Y, Tx:= lim T,x.

n—oo
It is easy to check that T is linear. That T is bounded and T,, — T follows as in Exam-
ple 1.13(2): For € > 0 exists an N € N such that
€
HTn—TmH<§, n,m > N.
In particular, for all x € X it follows for n > N that

€
Tz — Thx|| < |[Tz — Tzl + || Tme — Tnz|| < ||Tx — Tz + 37 mE N. (2.1)

Taking the limit m — oo on the right hand side yields ||Tz — T, z| < § < e. It follows that
T — T, is a bounded linear map. Since L(X,Y’) is a vector space, also T =T, + (T' — T,,) is
a bounded linear map. In addition, (2.1) shows that 7, — T, n — oo. O

Examples 2.7. In the following examples, the linearity of the operator under consideration is easy
to check.

(i) Let X be a normed space. Then the identity id : X — X is bounded and |id| = 1.

(if) Let 1 < p < oco. The left shift and the right shift on ¢, are defined by

R:lp, — 0, (z1, 22,23 ... Jnen — (0,21, 22,...),

L:ép—>€p, ($1,£2,$3...)neNl—>(33‘2,.133,...).

Obviously, R and L are well-defined and linear. Moreover, R is an isometry because | Rz|, =
|z||p; in particular ||R| = 1.

The left shift is not an isometry because, e. g., ||L(1,0,0,...)|[, = [|0], =0 < 1=|(1,0,0,...)|l,-
It is easy to see that || Lz||, < ||z||p, ¢ € £p, implying that | L|| < 1. Since ||L(0,1,0,0...)|, =
[1(1,0,0...)|l, = [1(0,1,0,0...)||, we also have ||L|| > 1, so that altogether ||L| = 1.

Note that LR = id,, but RL # idy,.

(iii) 7 : C1([0,1],] - lcr) = C([a,b], || - |loo), T2 = 2’ with ||z]|c1 = ||Z|ls + [|2’]|cc. The operator
T is bounded and ||T|| = 1.
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Proof. The operator T' is bounded with || T]| < 1 because ||T%]|co = [|7]lco < |%]l0o + [|7']|co <
|z]|cr for all z € X.

To proof that ||| > 1 let z,, : [0,1] = R, z,(t) := + exp(—nt). Obviously, z, € C*([0,1]),
[nllcr = £ + 1 and ||Tay |l = 1. It follows that

|7 = sup {12l - 2 € ©1([0, 1)) \ {0}} > sup { I2nl= .y € N}

”x”cl ”ancl

:sup{ﬁ:nEN}:l. O
(iv) T:CH[0,1],] - lloo) = C([a,b], || - l|c), T = 2’ is not bounded.
Proof. As in the example above let z,, : [0,1] = R, z,(t) := %exp(—nt). It follows that

sup { Izl . € C1(jo, 1))\ {0} } > sup{Wo _—

zsup{%:nEN}zoo O

Lemma 2.8. let X,Y be normed spaces, X finite-dimensional. Then every linear map T : X — Y
is bounded.

Proof. Let ey, ..., e, be a basis of X. Since on X all norms are equivalent, we can assume that

n n
HZajej => layl.
=1 i=1

j:
Let M := max{||Te;| : j = 1,...,n}. Then T is bounded with ||T|| < M because for x =
Z?:l aje; € X

ITally = || Y asTe; | <D laslITe; lly < MY Jay| = Mlal x. m
j=1 j=1

=1

Theorem 2.9. Let X,Y be normed spaces, Y a Banach space. Let D C X be a dense subspace of
X and T € L(D,Y). Then there exists exactly one continuous extension T : X —Y of T. The
extension is bounded with ||T|| = ||T.

Proof. For x € X choose a sequence (,)neny € D which converges to x. The sequence is a
Cauchy sequence in D, hence, by the uniform continuity of T, (T'z,)nen is a Cauchy sequence
in Y, and therefore it converges in Y because Y is complete. Let (§,)nen be another Cauchy
sequence in D which converges to x. By what was said before, (T'E,) converges in Y. Then
m |[Tzy =Tl = lim [|T(zn — &)l < lm [T [[(zn — &)l = [T lim [[(zn — &)l = 0, the
n—o00 n—o00 n—oo n—oo

following operator is well defined:

T:X — Y, Tz := lim Tz, for any (z,)nen € D which converges to x.

n—roo
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It is not hard to see that T is a linear extension of 7' and that ||T|| > ||T||. To see that indeed
equality holds, we only need to observe that by definition of T’

{ITall: @ € D, [l = 1} = {|T=| : = € X, ||| = 1},

hence the suprema of both sets without the closure are equal (and equal to the supremum of the
closed sets). Since 7T is linear and bounded by ||T|, it is continuous.

Assume that S is an arbitrary continuous extension of T'. For x € X and a sequence (z,,)neny € D
which converges to x we find

Sz = lim Sz, = lim Tz, = lim Tz, =Tz.
n—o00 n—o0o n— 0o

Therefore, T is the unique continuous extension of 7. O
Finally we give a criterion for the invertibility of a bounded linear operator.

Theorem 2.10 (Neumann series). Let X be a normed space and T € L(X) such that Y~ T
converges. Then id =T is invertible in L(X) and

(id-17)"' = i . (2.2)
n=0

In particular, if X is a Banach space and ||T|| < 1, then id =T is invertible and

IGd=T)~ M < @~ TIH~

Proof. The proof is analogous to the proof for the convergence of the geometric series. We define
the partial sums Sy, :=>." ;T™, m € Ng. Then

(id—-T)S,, = S, (id =T) = id —T™ 1, m € No. (2.3)
Note that:

(i) T™ — 0 for m — oo because Y ~_,T"™ converges.
(ii) Spm = > vy IT™ for m — oo by assumption.
(iii) For fixed R € L(X) the maps L(X) — L(X), S — RS and S — SR respectively are

continuous.

Hence taking the limit m — oo in (2.3) gives

(d-7)> 1" = ( 3 T") (id -T) = id
n=0 n=0
implying that id —7 is invertible and that (2.2) holds.
Now assume that X is a Banach space and that ||| < 1. Then ) 7™ converges in norm
because ||[T™| < ||T||*. In particular, (E;-n:o Tj) is a Cauchy sequence in L(X). Since L(X)

meN
is complete by assumption on X and Theorem 2.6 the series converges. By the first part of the

proof, id —T is invertible and formula (2.2) holds. O
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Application 2.11 (Volterra integral equation). Let k € C([0,1]?) and y € C([0,1]). We ask
if the equation

x(s) — /08 E(s,t)z(t) dt = y(s), s €[0,1]. (2.4)

has solution = € C([0,1]). If a solution exists, is it unique? Can the norm of the solution be
estimated in terms of y?

Solution. Note that equation (2.4) can be written as an equation in the Banach space C([0,1]):
r—Kr=y

where
K :C(0,1]) = C([0,1]), (Kz)(s) ::/ k(s,t)z(t) dt, s € [0,1].
0
Obviously, K is a well-defined linear operator and for all z € C([0,1]), s € [0,1]
)] =| [ k5,000 at] < [0 k0]t < 5 ] o
s t s t
K2a(s)] = ‘/ k(s,t)/ k(t )2 (k) di dt’ < k|2 ||x||oc/ / dty dt
0 0 0 0
ENTPAT 5
= [|5]I5 2/l 5
Repeating this process, it follows that
|K"z(s)| < % 151156 [l o0 s€[0,1], z € C([0,1]), n €N,

which shows that [|[K"| < = 1n particular, oo o K™ converges so that id —K is invertible by

n!

Theorem 2.10. Hence equation (2.4) has exactly one solution x € C([0,1]), given by
T = Z K™y.
n=0

koo
ST lE M lylloe < 32520 B llylloe = € Ikl iyl O

Moreover, ||2]/c = H oo K™y

2.2 The dual space and the Hahn-Banach theorem

Definition 2.12. Let X be a normed space. X’ := L(X,K) is the dual space of X; elements in
the dual space are called functionals.

Note that in general the algebraic dual space, i.e., the space of all linear maps X — K in general
is larger than the topological dual space defined above.
Theorem 2.6 implies immediately:
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Proposition 2.13. The dual space of a normed space X with the norm
2’| = sup{lz’(z)| : x € X, ||z < 1}, 2’ € X',
is a Banach space.

Definition 2.14. Let X be normed space. p: X — R is a a seminorm if
() p(Az) = [Alp(z), AeK, zeX,
(i) p(z +y) <plx) +py), wyeX.
A seminorm p is called bounded if there exists an M € R such that
p(x) < Mlall,  we€X.
If p satisfies only
() p(Ax) = Mp(z), A>0,zeX

instead of (i), then it is called a sublinear functional.

Remark. Observe that p(x) > 0 for every € X and every sublinear functional p. Moreover, note
that every seminorm is a sublinear functional.

Examples. e Every norm on X is a seminorm.
e Every linear functional ¢ : X — K induces a seminorm by

X =R, z = |o(x)].

o On the space of all real valued bounded sequences £, (N,R) we have the sublinear functional

Lo (N,R) — R, x — limsup z,,

n— oo

which is not a seminorm.

The next fundamental theorem shows that every normed space admits non-trivial functionals (ex-
cept when X = {0}).

Theorem 2.15 (Hahn-Banach theorem for normed spaces over R). Let X be normed space
over R and let p: X — R be a sublinear functional. Let Y C X a subspace and let pg: Y — R be
a linear function on'Y with

—p(=y) <woly) <ply), yev
Then @ has an extension to a linear function ¢ : X — R which satisfies

—p(—z) < p(z) < p(x), reX. (2.5)
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Proof. For Y = X there is nothing to show. Now assume Y # X. We distinguish between the real
and the complex case.

We divide the proof in two steps.

Step 1. Let zo € X \'Y and Z := span{zp, Y}. We will show that ¢ can be extended to some
¥ € Z' such that (2.8) holds for all z € Z.
Obviously, every linear extension of 1) must be of the form

Ye(y + Az20) = o (y) + Ac, ANeR, yeY
for some ¢ € R. We have to find ¢ such that
—p(=(y+A20)) S ve(y+A20) <ply+Az20), yeY, AeR (2.6)

By assumption on ¢q

po(x) —po(y) = wo(x —y) <plx—y) <plz+2) +p(—=(y+2)), yzeY,
implying

—¢o(y) —p(=(y + 20)) < —po(2) + p(z + 20),  y,x €Y,

so that

a:=sup{—po(x) —p(x + 20) : x € Y} <inf{—po(z) + plx + 20) 1z € Y} = b.

Now let ¢ € [a, b] arbitrary. We show that . is an extension of g as desired. Let z = y+ Azp € Z
with y € Y and A € R.

We have to show (2.6). For A = 0 equation (2.6) clearly holds. Now let A # 0. Note that by
definition of a and b, we have that

o) ~p(Ga+20) Sa < e < b < po(ha) +p(ke + )
Hence, for A > 0,
ey + Az0) = o(y) + Ac < po(y) + Ab < Ap(3 + 20) = p(y + Az0),
e(y + Az0) = o(y) + Ae = @o(y) + Aa = =Ap(0(37 + 20)) = —p(—(y + A2))-
If X <0, then we can write ¢¥.(y + Azp) = —¢.(—y + |A20) and the above inequalities show that
be(y +A20) 2 =p(=y + [A|20) = =p(=(y + A=),
Ye(y +Az0) < p(=(=y + [Al20)) = p(y + A=)
In summary, we have —p(—z) < ¢(z) < p(z) for all z € Z.

Step 2. Let ® be the set of all proper extensions ¢ of ¢g that satisfy —p(—z) < ¢(x) < p(z) for all
x € D(¢) (the domain of ). By Step 1, ® is not empty and partially ordered by

p1 < Y2 <= 9 is an extension of ;.

Every totally ordered subset ®( has the upper bound
D(f)= |J PW).  flx)=y(x) for z € D(y).
Pedq

By Zorn’s lemma, ® contains a maximal element . This ¢ is defined on X because otherwise, by
Step 1, it would not be maximal. Therefore ¢ is an extension of ¢ as desired. O
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The above theorem can be formulated easily for seminorms instead of sublinear functionals.

Theorem (Hahn-Banach theorem for normed spaces over R for seminorms). As in The-
orem , Let X be normed space over R, Y C X a subspace and let ¢y : Y — R be a linear function
on'Y with

leo(y)] < p(y), yey

where p: X — R is a seminorm on X. Then pg has an extension to a linear function ¢ : X — R
which satisfies

lp(z)| <p(z), z€X (2.7)

Proof. This follows immediately from Theorem 2.2 because p(—x) = p(z) for all x € X. Therefore
—p(—z) < a < p(x) is equivalent to |a| < p(z). O

Next we prove the version of the Hahn-Banach theorem for seminorms of the case of a complex
normed space. (Note that the inequality (2.7) does not make sense in a complex normed space.)

Theorem 2.16 (Hahn-Banach theorem for normed spaces over R). Let X be normed space
and p: X — R a seminorm. Let Y C X a subspace and ¢q : Y — K a linear function on'Y with

o) <ply), yeY.
Then pg has an extension to a linear function ¢ : X — K which satisfies

lp(z)| < p(z), z€X. (2.8)

Proof. The case K = R was shown above. Now assume that K = C. Consider X as a vector space
over R and define the functional

Vo:Y =R, Vo(y) =Re(p(y)).
It is R-linear because for all z,y € Y and o € R

Vo(az +y) = Re(po(ax + y)) = Re(apo(x) + ¢o(y)) = aRe(po(x)) + Re(po(y))
= aVp(z) + Vo(y).

In addition, Vj is bounded by the sublinear functional p

Vo)l = [Re(po(y))| < [po(y)l <ply), ye Y.

By what we have already shown, there exists an R-linear extension V' : X — R of Vp with |V (z)| <
p(z), x € X. Now define

v: X = C, o(x) =V(x) —iV(iz).

The function ¢ has the following properties:
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(i) ¢ is an extension of po. To see this, let y € Y.

e(y) = Voly) —iVo(iy) = Re(po(y)) — iRe(po(iy)) = Re(wo(y)) — iRe(ipvo(y))
= Re(po(y)) +1Im(po(y)) = ¢o(y)-

(ii) ¢ is C-linear. To show this, let z,y € X and ( = a + ib with a,b € R.

ple+y) =V(z+y) -iV(i(z+y) = V() + V(y) —iV(iz) - iV(iy)
= o(z) + oy )
o(Cx) = p(ax) + p(ibx) = V(az) — iV (iax) + V(ibx) — iV (i%b)
V(z) —iV(iz)] + b[V (iz) + iV (z)]

= (a+1b)[V(z) =iV (iz)] = Cp(z).

|
)

(iii) ¢ is bounded by p. To prove this, let z € X and « € R such that
lp(2)] = ¥ p(x) = Re (p(e* x)) = V((¢" 2)) < p((e'*x)) = p().
In conclusion, ¢ is a C-linearextension of g which is bounded by p as desired. O

Remark. If in the Hahn-Banach theorem we consider only real normed spaces and replace the
seminorm p by a sublinear functional such that ¢ (y) < g(y) for all y € Y, then ¢y can be extented
to a functional ¢ : X — K such that —¢(z) < ¢(x) < g(z) for all z € X, see [Rud91, Theorem 3.2].

The Hahn-Banach theorem has some important corollaries.

Corollary 2.17. Let X be a normed space, Y C X a subspace and oo € Y'. Then there exists an
extension ¢ € X' of pg such that ||¢|| = ||¢oll-

Proof. The map p : X — R, p(x) = |lwoll|lz]| is a sublinear functional on X and |po(y)| <
leo (W) lyll = p(y) for all y € Y. By the Hahn-Banach theorem, ¢o can be extended to a ¢ € X’
with [o(z)] < p(x) = [lpol l|z[l, so that [[¢]| < [l¢oll. On other hand ||| > [lpo|| holds because ¢
is a restriction of ¢. O

The next corollary shows that X’ does not consist only of the trivial functional and that it separates

points in X.

Corollary 2.18. Let X be a normed space, x € X, x # 0. Then there exists a o € X' such that
o(x) = ||z||. In particular for all v,y € X :

(i) =0 <= Vo€ X' ¢(x)=0,

(i) z#y = Joe X' o@)# ¢y)
Proof. Let Y :=span{z} and ¢ € Y’ defined by ¢o(Az) = A||z||. Then po(z) = ||z|| and ||¢o|| = 1.

By Corollary 2.17 there exists an extension ¢ € X’ of pg with the desired properties. Statement
(i) is clear; (ii) follows when (i) is applied to x — y. O
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Corollary 2.19. Let X,Y be a normed spaces.

(i) [lz]l = sup{e(z) : o € X', [lo] = 1}, = € X.
(ii) For T : X =Y linear

IT|| = sup{p(Tz) : z € X, |lz] =1, o €Y, || = 1}.

Proof. (i) For all ¢ € X" with [l¢| = 1: |lz[| = [lell[lz]] = [#(z)], hence |lz]| = sup{p(z) : ¢ €
X', |l¢ll = 1}. To show that in fact we have equality, we recall that by Corollary 2.18 there exists a
¢ € X' with ||¢]| =1 and ¢(z) = ||=||. Hence the formula in (i) is proved. Note the the supremum
is in fact a maximum.

(ii) Let M = sup{p(Tz) : z € X, ||zl = 1, ¢ € Y, |l¢|| = 1}. We have to show M = |T].
Obviously, M = oo if and only if ||T'|| = co. Now assume ||T|| < co. Let € > 0. Then there exists an
x € X with ||z]| =1 and ||Tz| > ||T|| — . Choose a ¢ € X’ such that ||| =1 and p(Tx) = ||Tx||.
Then M > o(Tz) = ||T|| — €. Since € is arbitrary, it follows that M > ||T'||. The revers inequality
follows from

o(Ta) < el 1Tz < [l T =] =TI, =€ X, [lzll =1, ¢ € X', [lol| = 1. H

Corollary 2.20. Let X be a normed space, Y C X a closed subspace. For every xg € X \'Y exists
¢ € X' such that ¢|ly =0 and ¢(x¢) = 1.

Proof. Let m : X — X/Y be the canonical projection. Then n(y) = 0, y € Y, and w(xg) # 0.
Since X is a normed space by Example 1.13, there exists a 1 € (X/Y)’ such that p(7(x)) # 0 and
o(m(xg)) = 1. Obviously ¢ =9 o € X’ and has the desired properties. O

Corollary 2.21. Let X be a normed space, Y C X a subspace. Then the following are equivalent:
() ¥ = X,
(i) (ply =0 = ¢=0), ¢eX'

Theorem 2.22. Let X be a normed space.

X' separable => X separable.

Proof. By Proposition 1.9 the unit sphere Sx/ := {2’ € X' : ||2/|| = 1} is separable. Choose dense
subset {2}, : n € N} of Sx/. and z, € Sx := {z € X : |z|| = 1} with [|2],(z,)]] > 5. Let
U = span{z, : n € N}. We will show U = X. Assume this is not true. By Corollary 2.20 there
exists an 2’ € Sy such that 2/ # 0 and 2’|y = 0. Let n € N such that ||z}, — 2/|| < 1. This leads
to the contradiction

1 1
3 Slen(@n)l < |2 (@) =2’ (@n)] + |2 (z0)] < |2 = 2| + |2’ (@a)| < - D

2.3 Examples of dual spaces

Theorem 2.23. (i) Let 1 < p < oo and q such that

1 1
42 =1
p q
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with the convention é = 0. q s called the Holder conjugate of p.

The following map is an isometric isomorphism.:
T:ly,— (L), (Tz)y= anyn forx = (z,) €Ly, y= (yn) € £p.
n=0
(ii) The following map is an isometric isomorphism:
T:tl— (co), (Tz)y= Z Tnyn forxz = (zn) €41, ¥y = (Yn) € o-
n=0
Proof. (i) Let 1 <p < oo. T is well-defined by Hélder’s inequality and

(T2)yl = | Y @nyn] < lllallyllp-

n=0

Linearity and injectivity of T" is clear. The inequality above gives
[Ta] < llzlly, 2 € Ly (2.9)

It remains to show surjectivity of T and that |Tz|| > ||z||, € ¢,. To this end, let ¢’ € (£,)" and
set x, :=1y'(en), n € N, where e,, is the nth unit vector in ¢,. We will show that = := (z,,)nen € {4
and that Tz = y. For 3’ = 0 this is clear. Now assume that 3’ # 0. For n € N define

D B
" 0, x, = 0.

Using pqg — p = q we find

N

N
Z [tnl? = Z |xn|p(q71)7 NeN.
n=1 n

=1

Hence, for all N € N,

N N N N N
Dozl =D wate =D tay'(en) =y (D _tnen) <Y1 D tnenl,
n=1 n=1 n=1 n=1 n=1

N N

= I 1tal)? < (D Jal?) .

n=1 n=1

=

For N large enough, the last factor in the line above is not zero, so, using 1 — % = %, we obtain

N
1
(D lzal®)® < 19/l
n=1
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implying that « € £,. Since (Tx)e, = zpe, =y e,, n € N, and {e, : n € N} a total subset of £,
it follows that Tz = y’. In particular, with the inequality above, ||z||, < ||¢/'|| = ||[Tz||. Together
with (2.9) it follows that ||Tx| = ||z||, that is, T is an isometry.

The proof for p =1 is similar.
(ii) Well-definedness and injectivity of T are clear. Moreover ||[Tz|| < ||z||; for every = € ¢; because

S oo
1S wan] < olloe S Joal = Iwllclial, € co 2 et
n=0 n=0

To show that T is surjective, let y' € (¢o)" and let x,, := yy,(e,) where e, is the nth unit vector in
¢o. For n € N choose a,, € R such that |y/(e,)| = exp(iow,)y'(er). It follows that

Z 0| = Z Y (en)] = Z exp(ian ) y'(en) = ?/( Z exp(ian) en)

0o
<|y'll[| > explian) en || . = 1I¥/I-
n=0

Hence z € ¢ and ||z||1 < ||¢/||. As before, since {e,, : n € N} is a total subset of cg, it follows that
Tx =y and the proof is complete. (Note however, that {e, : n € N} is not dense in £.) O

The theorem above shows that

(gp)/ = Eq’ 1<p <o,

Remark. Note that ({s,) 2 ¢1. To see this, assume that () = ¢;. Since ¢; is separable,
Theorem 2.22 would imply that also ¢, is separable, in contradiction to Example 1.26.

Other important examples are given without proof in the following theorems.

Theorem 2.24. Let (Q, %, 1) be a o-finite measure space. Let 1 < p < oo and q such that %—i—% =1.
Then

T (@)~ (5@, TN = [ fide [eL(Q). 9 L)
is an isometric isomorphism.

Theorem 2.25 (Riesz’s representation theorem). Let K be a compact metric space and M (K)
the set of all regular Borel measures with finite variation, that is ||| < oo with

el == Sup{ Z |e(V)| : Z partition of K in pairwise disjoint measurable sets}.
Vez

Let1§p<ooandqsuchthat%—&—%:l. Then

T M(K) = (C(K),  (Tu)(g) = /Q gdu, peM(K), geC(K),

s an isometric isomorphism.
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For a proof, see [Rud87, Theorem 6.19].
The theorems above show that

(%) =2 %, 1<p< oo,
(C(K)) = M(K).

3
~—

2.4 The Banach space adjoint and the bidual
Definition 2.26. Let XY be normed spaces and T' € L(X,Y’). The Banach space adjoint of T is
T:Y — X', (T'y )z :=y'(Tx), y €Y', xeX.

Obviously, T” is linear and continuous as composition of continuous functions, hence 7" € L(Y’, X”)
and the following diagram commutes

X ——Y

' =y’ oT y

Theorem 2.27. Let X,Y,Z be normed spaces.

(i) The map L(X,Y) — L(Y', X'), T — T', is linear and isometric, that is, |T’|| = ||T]|. In
general, it is not surjective.

(if) (ST) =T'S" for Se L(Y,Z) and T € L(X,Y).
Proof. (i) Linearity of T'+— T" is clear. Immediately by the definition of 7" we have that
1Tyl = lly" o Tl < I/ IHITN, ¥ €Y,
hence || T'|| < ||T||. By Corollary 2.19 ||T]| is

IT|| = sup{y/(Tz) : x € X, [l =1, y" €Y', ||| = 1}.

For every € > 0 there exist € X, ||z|| = 1, ¥’ € Y’ such that ||T]| — e < ¢/(Tz) = (T'y')(z) <
1Ty [l = (177> so [T} < [I77]].

(ii) For all 2/ € Z" and € X we have ((ST)'2')(z) = 2/(ST(x)) = 2/(S(Tx)) = (8'2')(Tx) =
T (582 )x = (T"S")(2')(x), hence (ST) =T'S". O

Example 2.28. Let 1 < p < co. The adjoint of the left shift
L:t,— ¢, L(zy,x9,23,...) = (z2,23,...)

is the right shift.
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Proof. Let % + % =1and y = (Yn)nen € lg = (1,)". Then for all z = (z,)nen € lp:

n=2

i (Ry)nxn = (Ry)x. O

Definition 2.29. Let X be a normed space. X" := (X’) is the bidual of X.
For every z € X the linear map
Jx(z): X' = K, Jx(z)x' =2z

is linear and bounded by ||z||, hence Jx (z) € X".
Theorem 2.30. The map

Ix: X = X", Ix(x)x' =2'z, 2 €X'
is a linear isometry. In general, it is not surjective.
Proof. We have seen above that Jx is well-defined, linear and ||Jx (x)| < [|z||, * € X. Now let

x € X and choose ¢, € X’ such that ¢, (x) = ||z|| (Corollary 2.18). It follows that ||Jx (z)p.| =
oz (@) = [, hence [[Jx (z)|| = 1. H

The preceding theorem gives another easy proof that every normed space X can be completed (see
Theorem 1.7).

Corollary 2.31. FEvery normed space is isometrically isomorphic to a dense subspace of a Banach
space.

Proof. By the theorem above, X is isometrically isomorphic to Jx (X) C X”. Since X" is complete
(Theorem 2.6), the closure Jx (X) is a Banach space. O

Definition 2.32. A Banach space is called reflezive if Jx is surjective.

Examples 2.33. (i) Every finite-dimensional normed space is reflexive.
(ii) £, is reflexive for 1 < p < oo by Theorem 2.23.

(iii) ¢ and ¢; are not reflexive.
Note that there are non-reflexive Banach spaces X such that X = X" (but Jx is not surjective).

Lemma 2.34. Let X,Y be normed spaces and T € L(X,Y). Then T" o Jx = Jy o T, that is, the
following diagram commutes:
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X —r vy
JX JY

X// 7 Yl/

Proof. Forz € X and y € Y’
[T"(Ix@))(Y) = (Jx@)(Ty) =Ty'z =y (Tz) = (Jy (Tx))y" = [(Jy o T)(2)]y".
O

If X and Y are identified with subspaces of X" and Y via the canonical maps Jx and Jy, then T”
is an extension of T. Note that with this identification S € L(Y”’, X') is adjoint operator of some
T e L(X,Y) if and only if S(X) CY.

Lemma 2.35. Let X be a normed space. Then Ji o Jx: = idx-.
Proof. Note that Jxs : X' — X" and J§ : X" - X'. Forz € X, 2’ € X'
[(J% o Ix/)x'|(z) = [Jx2'|(Jx (2)) = [Ixz]z' = 2'z. O

Theorem 2.36. (i) Every closed subspace of a reflexive normed space is reflexive.

ii) A Banach space X is reflexive if and only if X' is reflexive.
(i) P y

Proof. (i) Let U be a closed subspace of a reflexive normed space X and let u” € U”. We have to
find a w € U such that Jx(u) = u”. Let 2§ : X' — K, z{(2’) = «”(2'|y). Obviously, zj is linear
and bounded because

|20 ()| = |u” (@) < " [[ll" ol < a1 [l2"1],

hence zj € X”. Since X is reflexive there exists an 2o € X such that Jx(zg) = z{. Assume that
xo ¢ U. Since U is closed, there exists a ¢ € X’ such that ¢|y = 0 and ¢(z¢) = 1 (Corollary 2.20).
On the other hand ¢(x¢) = 0 by choice of 2 because

2 (zo) = xy (2') = Ix (x0)z' =" (2'|v), 2 e X/,
Therefore xg € U. It remains to be shown that Jy (xg) = u”, that is
' (u') = v/ (x0), u el

Let v’ € U’ and choose an arbitrary extension ¢ € X’ (Corollary 2.17). By definition of zg it
follows that

u”(u') = u" (plu) = 25 () = p(z0) = ' (z0).

(ii) Let X be reflexive. We have to show that Jx: : X' — X" is surjective. Let a}’ € X"”’. The

map zj : X = K, z{(z) = z§'(Jx(z)) is linear and bounded, hence z{, € X’. We will show that



Chapter 2. Bounded maps; the dual space 41

JIxi(zy) = xy’. Let 2 € X”. Since X is reflexive, there exists an x € X such that Jx(z) = 2.

Therefore

1 " "

Txo(x0)a" = 2" (20) = Jx (x)(x0) = xor = 2’ (Jx (2)) = 2 (2"),

: !/ n
hence indeed Jx/(z5) = xy’.

Now assume that X’ is reflexive. By what was is already proved, X" is reflexive. Since X is a
closed subspace of X" via the canonical map Jx, X is reflexive by part (i) of the theorem. O]

Corollary 2.37. A reflexive normed space X is separable if and only if X' is separable.

Proof. That separability of X’ implies separability of X was shown in Theorem 2.22. If X is
separable and reflexive, then also X" is separable. By Theorem 2.36 X' is reflexive, so we can again
apply Theorem 2.22 to obtain that X’ is separable. O

Definition 2.38. Let X be a normed space. A sequence (x,)nen converges weakly to o € X if
and only if

lim 2'(x,) = 2’ (x), e X'
n—oo

. w .
Notation: z,, — x or w-lim z,, = x.
n — oo

If it should be emphasised that a sequence converges with respect to the norm in the given Banach
space, then the sequence is called norm convergent. Sometimes the notion strongly convergent is
used. Note, however, that in spaces of linear operators the term “strong convergence” has another
meaning (see Defintion 3.12).

The next remark shows that strong convergence is indeed stronger than weak convergence.

Remarks 2.39. (i) If the weak limit of a sequence exists, then it is unique, because, by the
Hahn-Banach theorem, the dual space separates points (Corollary 2.18).

(ii) Every convergent sequence is weakly convergent with the same limit.
(iii) A weakly convergent sequence is not necessarily convergent. Consider for example the se-
quence of the unit vectors (e,)nen in ¢o. Let ¢ € ¢ = ¢;. Then Tllié% o(e,) = 0 but the

sequence of the unit vectors does not converge in norm.

Example 2.40. Let (z,,)nen be a bounded sequence in C([0, 1]). Then the following is equivalent:

(i) (zn)nen converges weakly to y € C[(0,1)].

(i) (@n)nen converges pointwise to y € C[(0,1)].
Proof. “(i) = (ii)” It is easy to see that for every ¢y € [0, 1] the point evaluation x — x(to) is a
bounded linear functional. Hence for all ¢ € [0, 1] the sequence (z,(t)nen converges to some y(t).
By assumption, [0,1] — K, ¢+~ y(t) belongs to C([0,1]).
“(if) = ()7 follows from Riesz’s representation theorem (Theorem 2.25) and the Lebesgue
convergence theorem (see A.19). O
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Theorem 2.41. Every bounded sequence in a reflexive normed space contains a weakly convergent
subsequence.

Proof. Let X be a reflexive normed space and « = (z,,)neny € X be a bounded sequence.

First we assume that X is separable. By theorem 2.37, also X’ is separable. Let {¢,, : n € N} be a
dense subset of X’. We will construct a subsequence y = (Y )nen of © such that for every j € N the
sequence (¢, (yn))nen converges. The sequence (p1(zy))nen is bounded, so it contains a convergent
subsequence

(901(£n1,1)7 @1(%1,2), @1(33711,3), )

Now the sequence (¢2(xn, ;))jen is bounded, so it contains a convergent subsequence

(902(*%712,1), 802(1%2,2), 902(xn2,3)a . )

Continuing like this, we obtain a sequence of subsequences x,,, = (zn,, j)jen, m € N such that
(¢m(zn,, ;))jen converges. Now the “diagonal sequence” y with y,, := x,,, m has the desired
property.

Now we will show that y is weakly convergent. Let 2’ € X’ and € > 0. Choose an k € N such that
llz" — il < 357 where M := sup{||z,|| : n € N} < co. Let N € N such that [ox(yn) — 0r(ym)| < 5,
m,n > N. It follows for m,n > N:

12" (Yn) = 2" (Ym)| < 12" (Yn) = @k (Wn)| + 10k (Un) = @ (Ym)| + 0% (Ym) — 2" (Ym)]
<2M||z" — x|l + o (Yn) — Pk (Ym)|

<f4io
2 2 7

This implies that (z'(yn))nen is a Cauchy sequence in K, hence it converges. To show that (¥, )nen
converges weakly, define the map

P X' =K, )= lim 2'(y,).

n—oo

By what is already shown, v is well-defined and linear. It is also bounded because
()] = | lim o (ga)| = lim |2/ ()| < Timn [’ ()] < M.

Hence ¢ € X”. Since X is reflexive, there exists a yo € X such that 2'(yo) = ¥(2') = lim 2'(y,).

n—oo
Hence (yn)nen converges weakly to .

Now assume that X is not separable. Let Y := span{z, : n € N} where (z,,)nen is the bounded
sequence in X chosen at the beginning of the proof. Y is separable (Theorem 1.25) and reflexive
(Theorem 2.36). Hence, by the first step of the proof, there exists a subsequence (yn)neny C Y of
(p)nen and a yo such that vy, — yo in Y. Let 2/ € X’. Then 2’|y» € Y’, hence nhﬁn;(} ' (yn) =

lim 2’|y (y,) = 2’|y (y0) = 2'(yo). Therefore we also have y,, — yo in X. O
n—oo
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Chapter 3

Linear operators in Banach spaces

3.1 Baire’s theorem

Theorem 3.1 (Baire-Hausdorff). Let (X, d) be a complete metric space and (A, )nen be a family
of open dense subsets of X. Then ()2, A, is dense in X.

Taking complements, it is easily seen that the theorem above implies

Theorem. Let (X,d) be a complete metric space and (Bp)nen be a family of closed subsets of X
such that U;’il B,, contains an open subset. Then at least one of the sets B,, contains a non-empty
open subset.

Proof of Theorem 3.1. For r > 0 and z € X let B(z,7) :={£ € X : |[x — &|| < r}. We have to show
that any open ball in X has non-empty intersection with mnGN Ay,. Let e >0 and g € X.
A; is open and dense in X, hence A; N B(xg,¢) is open and not empty. Hence there exist €1 €
(0,27 te) and @1 € Ay such that B(z1,e1) C A1 N B(x,€), hence

B(J)h %) - B($1,€1) - Al N B(Z‘Q,E).
A, is open and dense in X, hence As N B(zq, %1) is open and not empty. Hence there exist
g2 € (0,272¢) and x5 € Ay such that B(z,e2) C Ay N B(xy, %), hence

B(mg, 872) - B(QTQ,SQ) C AN B(S(Jl, %) CANAIN B(ﬂ?o,&l).
In this way we obtain sequences (&, )nen and (z,)nen with 0 < &, < 27 "¢ and
B($n7 57") Q B(l‘n7€n) g An n B(l’n_l,€n_1) Q An—l n.. .A2 N Al N B(.’KQ,&l). (31)

Observe that x,, € B(zy, %) for N € Nand n > N. This implies that (x,)nen is a Cauchy sequence

in X because, for fixed N € N and all n,m > N we obtain d(x,,,x,) < d(xm,zn) + d(zn, zN) <

2-N+1 Since X is complete, y := lim x,, exists and 2y € B(zy,en) for every N € N because for
n—o0

fixed N, we have that x, € B(xy, %) if n > N. Hence (3.1) implies

Yy e B(I‘N, ETN) - B(l‘N_l,EN_l) CAN_1N...A3N A, ﬂB(xO,al), N > 2,
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$0 Y € (Npen An N B(zo,€). O

Definition 3.2. Let (X, d) be a metric space.

e A C X is called nowhere dense in X, if A does not contain an open set.
e A C X is of first category if it is the countable union of nowhere dense sets.

e A C X is of second category if it is not of first category.

Note that A is nowhere dense if and only if X \ A4 is dense in X.
An equivalent formulation of

Theorem 3.3 (Baire’s category theorem). A complete metric space is of second category in
itself.

Examples 3.4. Q is of first category in R. R is of second category in R.

3.2 Uniform boundedness principle

Definition 3.5. Let (X, d) be a metric space. A family F = (fx)xea of maps X — R is called
uniformly bounded if there exists an M € R such that

|fa(z)] < M, € X, A€A.

The next theorem shows that a family of pointwise bounded continuous functions on a complete
metric space is necessarily uniformly continuous on a certain ball.

Theorem 3.6 (Uniform boundedness principle). Let X be a complete metric space, Y a
normed space and F C C(X,Y) a family of continuous functions which is pointwise bounded, i. e.,

VeeX 3C,>0 VfeF |f(z)]<Cy.
Then there exists an M € R, xg € X and r > 0 such that
Ve € Br(zg) VfeF |f(x)] <M. (3.2)

Proof. For n € N let

Ani= Ve X 1f @) < n}.

feF

Note that for every n € N the set {z € X : || f(z)|| < n} is closed because f and || - || are continuous.
Since all A,, are intersections of closed sets, they are closed. Let x € X. Since F is pointwise
bounded, there exists an n, € N such that x € A,,_, hence X C UpenA,. By Baire’s theorem exists
an N € N, g € X, r > 0 such that B,.(z¢) C Ay, that is, (3.2) is satisfied with M = N. O

The Banach-Steinhaus theorem is obtained in the special case of linear bounded functions.
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Theorem 3.7 (Banach-Steinhaus theorem). Let X be a Banach space, Y a normed space and
F C L(X,Y) a family of continuous linear functions which is pointwise bounded, i. e.,

VeeX 3C, >0 VfeF |f(z)]<Cy.
Then there exists an M € R such that

Ifll < M, feF.

Proof. By the uniform boundedness principle there exists an open ball B,.(zg) C X and an M’ € R
such that ||f(z)|| < M’ for all x € B,(x¢) and f € F. For z € X with ||z|| =1 and f € F we find

1 1
IF @)l = ~[IFra)ll = ~ I f(zo) = f(wo —ra)ll
1 2M'
< CUf @l +11f (2o —ro)l) = —= = M,
€B,(z0)
showing that F is uniformly bounded by M. O

Corollary 3.8. Let X be a normed space and A C X. Then the following are equivalent:
(i) A is bounded.
(ii) For every ' € X' the set {2'(a) : a € A} is bounded.

Proof. “(i) = (ii)” is clear.
“(ii) = (i)” The family (Jx(a))eeca C X" is pointwise bounded by assumption. By the Banach-
Steinhaus theorem there exists a M € R such that

lall = [[Vx(a)| < M,  a€A.

Hence A is bounded. O
Corollary 3.9. Every weakly convergent sequence in a normed space is bounded.

Proof. Let X be a normed space and (x,,),en be a weakly convergent sequence in X. By hypothesis,
for every 2’ € X' the set {z'(x,) : n € N} is bounded. Therefore, by Corollary 3.8, the set
{zn, : n € N} is bounded. O

The following theorem follows directly from Theorem 2.41 and Corollary 3.9.

Theorem 3.10. Let (X, | - ||) be a normed space, (zn)nen and xo € X. Then the following is
equivalent:

(i) o = w-lim z,,.
n — oo
(ii) (zn)nen is bounded and there exists a total subset M' C X' such that

lim f(zy) = f(z0),  feM.

n— oo
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Corollary 3.11. Let X be Banach space and A’ C X'. Then the following is equivalent:

(i) A’ is bounded.
(ii) For all x € X the set {a'(z) :a’ € A’} is bounded.

Proof. The implication “(i) = (ii)” is clear. The other direction follows directly from the Banach-
Steinhaus theorem. O

Note that for “(ii) = (i)” the assumption that X is a Banach space is necessary. For example, let
d =1z = (zp)nen : T, # 0 for at most finitely many n} C f,. d is a non-complete normed space
(see Example 1.15(5)). For m € N define the linear function ¢, : d = K by pm(en) = momn
where 4y, ,, is the Kronecker delta. Obviously ¢, € d’ and ||| = m, hence the family (p,,) is
not bounded in d’, but for every fixed = € d the set {¢n,(x) : m € M} is.

Definition 3.12. Let XY be normed spaces, (T),)neny € L(X,Y) a sequence of bounded linear
operators and T € L(X,Y).

(i) (Th)nen converges to T, denoted by lim T,, =T, if and only if
n— 00
lim ||T,, — T =0.
n—oo
(ii) (T)nen converges strongly to T, denoted by s-1im T, = T or T,, = T, if and only if
n — oo

lim || T,z — Tx| =0, e X.
n—oo

(iii) (T})nen converges weakly to T, denoted by w-lim T, = T or T,, = T, if and only if
n — oo

lim |p(T,z) — o(Tx)| =0, reX, peY.

n—oo

Remark. (i) The limits are unique if they exist.

(ii) Convergence in norm implies strong convergence and the limits are equal. Strong convergence
implies weak convergence and the limits are equal.

The reverse implications are not true:

o Let X =0(N), T, : X - X, Thx = (21, ..., Tn, 0, ...) for & = (n)men. Then T converges
strongly to id but ||T;, —id || = 1 for all n € N, so that (T},)nen does not converge to id in
norm.

o Let X =0(N), T}, : X - X, T, = (0, ..., 0, x1, z2, ...) (n leading zeros) for = () men-
Then T converges weakly to 0 but || T,z|| = 1 for all n € N, so that (T},)nen does not converge
strongly to 0.

Proposition 3.13. Let X be a Banach space, Y be a normed space and (T),)neny € L(X,Y) such
that for all x € X the limit Tx := li%T,Lx exists. Then T € L(X,Y).
ne
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Proof. Tt is clear that T' is well-defined and linear. By the uniform boundedness principle, there

exists an C' € R such that ||T,]] < C for all n € N. Now let z € X with ||| = 1. Then

[Tz|| = lim | Thz| < sup||T,| ||z < C which implies that T € L(X,Y). O
n—oQ neN

We finish this section with a result on strong convergence of positive operators on a space of
continuous functions. An operator 71" on a function space is called positivity preserving if Tf > 0
for every f > 0 in the domain of T'.

Theorem 3.14 (Korovkin). Let X = C]0,2n] the space of the continuous functions on [0, 2]
and let x; € X with xo(t) = 1, x1(t) = cos(t), z2(t) = sin(t) fort € [0,2n]. Let (Th)nen € L(X) be
a sequence of positivity preserving operators such that Th,x; — x; forn — oo and j =0,1,2. Then
(T))nen converges strongly to id, that is, T,z — x for all x € X.

Proof. We define the auxiliary functions

t_
yi(s) = sin? ?S, t,s € [0, 27].

Note that y.(s) = 3(1 — cos(s)cos(t) — sin(s)sin(t)), hence y; € span{zo,x1, 22}, in particular
Thy: — y for n — oo.

Now fix z € X and £ > 0. Since z is uniformly continuous there exists a d > 0 such that for all
s,t € [0, 2m]

yi(s) = sin? %s <d = |z(t) —=z(s)| <e.

2llzllee we obtain that

Setting a =
() = 2(s)| < e+ am(s),  ste0,2a],

because either s,t are such that y,(s) < J, then |z(t) — z(s)| < & by definition of §; or y,(s) > 9,
then |z(t) — z(s)| < 2||z]|co = @d < ay:(s). Hence we have that

e —ay(s) < a(t)—a(s) < e +ayls),  ste0,2n]
= —exg—ay < z(t)rg—z < exp+ ayy, t € [0, 2]

and since T, is positive and y; is a positive function
—eThxo — Ty < x()Thxo — Thxr < Tz + Ty, t € [0,2n).

Since Ty, zg — 2o and T,y — 3(1—cos(t)z; —sin(t)zz) for n — oo, we can find N € N large enough
such that eT,,zg + aThy: < exg + ay; + € for all n > N, hence

lx(t)Thxo — Thax| < exp+ ay: + ¢, t€[0,2n], n> N.
Hence 2T}, x9g — T),z¢ converges to 0 in norm in X because by the inequality above
|2 () (Thxo)(t) — (Thz)(t)] < e+ ay(t) +e = 2, t €[0,27], n > N.
That T,,x — x follows now from

|z — 2Thzolloo + [2T0w0 — Thlloo < [|2]| |70 — Thwolloo + [[2TnT0o — Tnllco- O
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Fourier Series

Definition 3.15. Let z : R — R a 2n-periodic integrable function. The Fourier series of x is

S(x,t) = % + Z(ak cos(kt) + by sin(kt)),

k=1
where

1 s

ay = 7/ x(s) cos(ks) ds, k € Ny,
L
1 (" .

by = —/ x(s) sin(ks) ds, ke N.
™ —T

Note that the Fourier series is a formal series only. In the following we will prove theorems on
convergence of the Fourier series.

First we will use methods from Analysis 1 to show that for a continuously differentiable periodic
function its Fourier series converges uniformly to the function. Next we will use the uniform
boundedness principle to show that there exist continuous functions whose Fourier series does not
converge pointwise everywhere. Finally, the Korovkin theorem implies that the arithmetic means
of the partial sums of the Fourier series of a periodic function converges uniformly to the function.

For a given 2m-periodic function and n € N we define the nth partial sum

su(@,t) = 2 13 (a cos(kt) + by sin(kt)). (3.3)
2 k=1
Lemma 3.16.
T sin((n+3)s)
1 —em(s 0,
sp(x,t) = f/ (s +t)Dy(s) ds  with D,(s) =< 25n() 57 (3.4)
L n—+ % s=0.
D,, is called Dirichlet kernel. D,, is continuous and
1 ™
- D, (s)ds=1. (3.5)

—T

Proof. Using the trigonometric identity cos(a)cos(b) + sin(a)sin(b) = cos(a — b) and that = is
27-periodic we obtain

sn(z,t) = % + Z(ak cos(kt) + by sin(kt))
k=1

— l /Tr :U(S)(l + Ié(cos(ks) cos(kt) + sin(ks) Sin(kt))) ds

™) _x 2

_ i/: o(s) (5 + g:lcos(k(s ~ 1)) ds

/7r x(s+1t) (% + Xn: cos(ks)) ds.
k=1

1
™ —T
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Now we calculate for s # 0

n

1 - 1 1 S 18 71ks 1 71”5
5+ cos(ks) = 5+ 526 ret =g 2 e Z
k=1 k=—n k=
e—ins g12ns _ 1 _ lel(n-i—%)s _ e—l(”+§) _ (( + %) ) _ Dn(s)
2 ev-—1 2 es/2_ems/2 2sin §
Note that lirr%) Dn(s) =n+ 4 =3+ >} cos(0). For the proof of (3.5) let = 1 a constant
S—r
function on R. Then, by (3.3),
1 ™
— D, (s) ds = s, (x,t) = z(t) = 1. O
77

—T

Theorem 3.17. Let x : R — R be a 2w-periodic continuously differentiable function. Then the
Fourier series of x converges uniformly to x.

Proof. Let x : R — R a 27r-periodic continuously differentiable function. Let € > 0 and h € (0, )
such that h < . Using (3.4) and (3.5) it follows that

e
e

|x(s)—sn(x,t)\:’f/ o(s+1) — (t))Dn(s)ds‘

St [t | [ o

= A, (1) =B, (t) =:C ()

We have to show that A, (t), By (t) and C,(¢) tend to 0 for n — oo uniformly in ¢. Using the mean
value theorem and that Jo < sin(o) for o € [0,7/2] we obtain

h —r h {I,'l s
Bn(t):/_hw |sin((n + 1)s)| dsg/ LATTLIN

2sin | 5] NI _p 2sin 5]
<1
< 2h||2’ ||oo < 5
Define the auxiliary function
ft(s):w, s € [h,m], t €[0,m].

2sin(3)

The functions f; are continuously differentiable and || f¢||co < 231‘1155(‘);/"2) My || fllee < 2!1?1 (|L°72) =
Ms. Note that the bounds do not depend on ¢. Integrating by parts, we find

t) = ‘/hﬂ fe(s)sin((n + 3)s) ds‘

| cos((n+ 3)s) ™ " cos((n + 3)s)
—‘—Mft(s)h"‘/h ?ft()
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€

Note that M’ does not depend on . When we choose N such that ni\i[ r < 5 we obtain finally

2

|z(s) — sp(z,t)] < e for all t € R, that is, ||z — sp(z, - )|leo < e. O

Theorem 3.18. There exists a 2mw-periodic continuous function x whose Fourier series does mot
converge everywhere pointwise to x.

Proof. We identify the 27-periodic functions on R with

X ={zeC([-m 7)) : z(-7) =z(m)}.
Clearly (X, | - |s) is a Banach space.
Note that for fixed t € [-m, 7] and n € N
Sn(-,t): X - K

is linear and bounded, hence an element in X’.

Assume that for every z € X its Fourier series converges pointwise to . Then for every x € X and
t € [—m, 7] the sequence (s, (x,t))nen is bounded (because it converges to x(¢)). By the uniform
boundedness principle there exists C; such that ||s,(-,t)|| < C; for all n € N. In particular, we
have

[sn(-,0)[| <Co, neN.

It is easy to see that

I (, 0)] :f‘/ s)ds| < —Hx”oo/ |Do(s)| ds

hence [|s,(-,0)|| < [7 s)|ds. On the other hand, the function y(s) = sign(D,(s)) can be
approximated by contlnuous functlons Ym With [|ym| =1 such that
1 [ 1 /" 1 /"
sl Ol = [ a(6)Du(s)ds >+ [ sign(Du(s)Da(s)ds =1 [ Dao)]ds

so that finally we obtain

1 U
||5n(-,0)||=;-/ | Dy (s)|ds < Co, n e N.

—T

However |[s,(-,0)| = oo for n — oo because

[ 1puotas = 2 [ 1Oy, [Tl

- 2sin 2 S
_ 2/ﬂ(n+ o) |51na‘ do > 2"221/(k+1)ﬂ' |sino| do
0 g ko Y k7 g
n—1 1 (k+1)m n—1 1
> 2 _ i do =4 _.
- ,; (k;+1)/ |sino|do szzow(k+1)

=4

MS
T =

~
Il
A

Hence the theorem is proved. O
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Finally we show that the arithmetic mean of the partial sums of the Fourier series of a continuous
function converge.

Theorem 3.19 (Fejér). As before let
X :={zeC(-mn]) : a(-7) =a(r)}

and let T,, € L(X) defined by

n—1
1
Thor = — -).
nt = > snla, )
k=0
Then (T, )nen converges strongly to id (i.e. Tpx — x forn — oo, x € X).

Proof. Note that the T,, are well-defined and that for all z € X and ¢ € [—7, 7]

n—1 n—1
1 T 1 (™ z(s+1t)) . 1
T,x(t) = - Z /_7T xz(s+t) Di(s)ds = o m Z sin((k + 5)8) ds.
k=0 k=0
We simplify the sum in the integrand:
n—1 n—1 , n—1 eins 1
Z sin((k + %)s) = Imz Sl(k+3)s _ 1 (eié Z eiks) — Im (eig T )
k=0 k=0 k=0
elns 1 eins/2 (eins/2 _ eins/2)
=Im ols/2 _o—is/2 Im ols/2 _ o—is/2
— Im 2i(cos(ns/2) + isin(ns/2))sin(ns/2)  sin?(ns/2)
N 2isin(s/2) ~ sin(s/2)
If we define the Fejér kernel
1 sin?(ns/2)
Fo(s) == 2n sin(s/2) > # 0,
% s =0,
we can write 1), x as
1
T,x(t) = = / 7" Fp(s)x(s +t) ds.
7r

Note that all F), are positive functions, hence the T,, are positive operators. To show the theorem,
it suffices to show that T,,z; — x; for ¢(t) = 1, z1(t) = cos(t), z2(t) = sin(t) (Korovkin theorem).
Using (3.3) it follows that si(zg, ) = zo for all k € Ny and that

SO(Ila ) = SO(I% ) = Oa
3k(£27 '):xlv Sk(‘rlv '):3?2, k€ N.

Since T,z = xo, Thx; = "T’la:j for 7 =1,2 and n € N the theorem is proved. O
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3.3 The open mapping theorem

Definition 3.20. A map f between metric spaces X and Y is called open if the image of an open
set in X is an open set in Y.

Note that an open map does not necessarily map closed sets to closed sets. For example, the
projection 7 : R x R = R, 7((s,¢)) = s, is open. The set A := {(s,t) e Rx R : s> 0,st > 2} is
closed in R x R but 7(A) = (0, 00) is open in R.

Lemma 3.21. Let X,Y be Banach spaces and T € L(X,Y) such that
By (0,r) € T(Bx(0,1)).
for some r > 0. Then for every e € (0,1)
By (0,(1 - £)r) € T(Bx(0,1)).

Here Bx (zo,r) :={x € X : ||z — xo|| <7} and By (yo,7) :={y €Y : [y — yol| < r} are open balls
in X and Y respectively.

The lemma says that if T(Bx(0,1)) is dense in By (0,7), then, for any 0 < p < r, the ball By (0, p)
is contained in T(Bx(0,1)).

Proof. Note that the assertion is equivalent to
By (0,7) C (1 — &) *'T(Bx(0,1)) = T(Bx(0,(1 —¢&)™1)).

Fix ¢ > 0 and yo € By (0,7). We have to show that there exists an 29 € X with ||zo]] < (1 —¢)~?
and yo = T'(zo). By assumption, By (0,7) C T'(Bx(0,1)). Hence there exists an x; € Bx(0,1) such
that ||yo —Tz1|| < er. By scaling, we know that T'(Bx (0,¢)) is dense in By (0,er). Since yo—Tx1 €
By (0,¢er), there exists an w3 € Bx(0,¢) such that |lyo — Twq — Tas|| < e%r. Since T(Bx(0,¢?)) is
dense in By (0,&2r), there exists an 23 € Bx(0,&?) such that |lyo — Ty — Tay — Tas|| < &3r.
Continuing in this way, we obtain a sequence (x,)nen such that

llznll <™t llyo — ZTzkH <re”, neN. (3.6)
k=1

It follows that ¢ := Y o, o, exists and lies in B(0, (1—¢)~1) because Y, [|ak|| < Ype, reh~t =
r(1 —¢)~L. Since T is continuous, we know that

oo

T(xp) = T(sz) = ZTxk.

k=1 k=1

By (3.6) it follows that >"}'_; Tz), converges to yo for n — co. Hence Tz = yo and the statement
is proved. O

In the proof of the open mapping theorem we use the following fact.
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Remark. Let T : X — Y be a linear map between normed spaces X and Y and assume that
Tx(B(0,1)) is dense in By (y,d) for some y € Y and § > 0. Then Tx(B(0,1)) is dense in By (0, 9).

Proof. Obviously it suffices to show that T(Bx(0,2)) is dense in By (0,24). Since T is linear,
it follows immediately that Tx(B(0,1)) is dense in By (—y,d). Let z € By(0,26) and ¢ > 0.
Note that y — 2/2 € By (y,6) and —y — 2/2 € By(—y,d). Choose 1,22 € Bx(0,1) such that
|ITz1 — (y — 2/2)|| < e/2 and || Tz2 — (—y — 2)|| < €/2. Since x1 + z3 € Bx(0,2) and

1T (21 + 22) — 2| < | T21 = (y = 2/2)|| + 1 T2z — (—y — 2/2)| <&,
it follows that z € T(Bx(0,2)) because ¢ can be chosen arbitrarily small. O

Theorem 3.22 (Open mapping theorem). Let X,Y be Banach spaces and T € L(X,Y). Then
T is open if and only if it is surjective.

Proof. If T is open, then it is obviously surjective.
Now assume that T is surjective. We use the notation of the preceding lemma. By assumption

Y = fj T(Bx (0, k).
k=1

Since Y is complete, by Baire’s category theorem there must exist ann € Nand y € Y and € > 0
such By (y,e) C T(Bx(0,n)), in other words, T'(Bx (0, 1)) is dense in By (y/n,e/n). By the remark
above T'(Bx (0,1)) is dense in By (0,¢/n), so by Lemma 3.21 By (0,0) C T(Bx(0,1)) for all § < ¢/n.

Now let U C X be an open set and uw € U. Then there exists an open ball Bx(0,¢) such that
u+ Bx(0,6) C U. By what was shown above, there exists an § > 0 such that Tu + By (0,6) C
Tu+ T(Bx(0,e)) = T(u+ Bx(0,e)) CT(U). O

The open mapping theorem has the following important corollaries.

Corollary 3.23 (Inverse mapping theorem). Let X,Y be Banach spaces and T € L(X,Y) a
bijection. Then T~ exists and is continuous.

Proof. By the open mapping theorem T is open, so its inverse T—! is continuous. O

Corollary 3.24. Let X,Y be Banach spaces and T € L(X,Y) injective. Then T~! :1g(T) — X
is continuous if and only if rg(T) is closed.

Proof. If rg(T) is closed in Y then it is a Banach space. So by the previous lemma, T : X — rg(7T)
has a continuous inverse. On the other hand, if 7-! : rg(T) — X is continuous, then T is an
isomorphism between X and rg(7"), so rg(7T') is complete, hence closed in Y. O

Corollary 3.25. Let X be a K-vector space and || - |1 and || - ||2 norms on X such that X is
complete with respect to both norms. Assume that there exists an « > 0 such that ||z]|2 < aflz|1
for all x € X. Then the two norms are equivalent.
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Proof. Let T : (X, ||-|l1) = (X,]|-]l2), Tz = x. T is surjective and bounded by «, so it is continuous.
By the open mapping theorem, its inverse is continuous, hence bounded. The statement follows
now from ||z||; = [T x|y < | T |z, x € X. O

3.4 The closed graph theorem
Let X,Y be normed spaces. Then X x Y is a normed space with either of the norms

A XY =R, (@)l = =l +[lyll,

- XY =R, [ y)ll = izl + lyl>

Note that the two norms defined above are equivalent.

Definition 3.26. Let X,Y be normed spaces, D a subspace of X and T : D — Y linear. T is
called closed if its graph

GT):={(z,Tx):z €D} C X XY

is closed in X x Y. T is closable if G(T) is the graph of an operator T. The operator T is called
the closure of T

D is called the domain of T, also denoted by dom 7. Sometimes the notations T: X 2D — Y or
T(X —Y) are used.

Obviously, the graph G(T') is a subspace of X x Y.

Lemma 3.27. Let X,Y normed space and D C X a subspace. Then T : X D D — Y is closed if
and only if for every sequence (zp)nen C D the following is true:

(n)nen and (Txp)nen converge

— x¢:= lim z, € D and lim Tx, = Txg. (3.7)
n— 00 n—oo

Proof. Assume that T is closed and let (z,)nen such that (z,)neny and (T'z,)nen converge. Then
((Xp, Txp))nen C G(T) converges in X xY. Since G(T) is closed, lim (x,,Tx,) = (x9,y0) € G(T).
n—0o0

By definition of G(T) this implies lim x,, = 29 € D(T) and Tzg = yo = lim Tz,.
n—oo n—oo

Now assume that (3.7) holds and let ((z,,, TZ,))nen € G(T) be a sequence that converges in X x Y.

Then both (2, )nen and (Txy, )nen converge, hence xg := lim x,, € D and lim Tz, = Txo which
n— o0 n— o0

shows that lim (x,,Tz,) = (0, Tx¢) € G(T), hence G(T) is closed. O
n—oo

Lemma 3.28. Let X,Y normed space and D C X a subspace. Then T : D — Y is closable if and
only if for every sequence (z,)nen C D the following is true:

lim z, =0 and (Txzp)nen converges =—> lim Tz, = 0. (3.8)

n—oo n—roo
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The closure T of T is given by

D(T)={x € X : 3 (zn)nen C D with lim z,, = x and (Tx,)nen converges },

Tx = li_>m (Txy,) for (xn)nen C D with li_>m Tp = T. )

Proof. Assume that T is closable. Then G(T) is the graph of a linear function. Hence for a

sequence (z,)ney € D with lim x, = 0 and lim Tz, = y for some y € Y it follows that
n— oo n— o0

(0,y) € G(T) = G(T). Hence y = T0 = 0 because T is linear.
Now assume that (3.8) holds and define T as in (3.9). T is well-defined because for sequences

(Tn)neny and (Z,)nen in D with lim z, = lim &, = z such that (Tz,)neny and (T3, )ney in D

converge, it follows that (z,, — ¥, )nen converges to 0. Sinch(xn — &) = T(x, — ¥,) converges, it

follows by assumption that lim Tz, — lim T%, = lim T(z, — #,) = 0. Linearity of T is clear.
n—oo n—oo n—oo

By definition, G(T) is the closure of G(T), so T is the closure of T O

Remarks 3.29. Let X,Y be normed spaces.
(i) Every T € L(X,Y) is closed.

(ii) If T is closed and injective, then T~! is closed.

Proof. Closedness of {(z,Tx) : x € X} C X xY implies closeness of {(T 1y, y) : y € rg(T)} C
X xY. O

(ili) f T:D D X — Y is linear and continuous, then 7T is closable and D(T) = D(T).

Examples 3.30. (i) A continuous operator that is not closed.
Let X be normed space, S € L(X) and D a dense subset of X with X \ D # (). (For example,
d is dense in ¢p.) Then T := S|p is continuous because it is the restriction of a continuous
function, but is not closed. To see this, fix an o € X \ D and choose a sequence (z,,)neny € D
which converges to xg. Then (T, )nen converges (to Sxg). If T were closed, this would imply
that zg € D, contradicting the choice of zg.

(ii) A closed operator that is not continuous.
Let X =C([-1,1)), D=CY[-1,1)) CC([-1,1]) and T : X DD — X, Tx = 2'. Then T is
closed and not continuous.

Proof. Let (z,,)nen C D such that (z,)nen and (T2, )nen converge. From a well-known theo-

rem in Analysis 1 it follows that zo := lim w, is differentiable and Txo = = ( lim =,) =
n—00 n—oo

lim 2}, = lim Tz,.

n—oo n— oo

That T is not continuous was already shown in Example 2.7 (iv) (choose z,,(t) = + exp(—n(t+

1))). O

(iii) Let X = %(—1,1), D = CY([0,1]) € %([0,1]) and T : X O D — X, Tw = 2/. Then T is
not closed.
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1

Proof. Let z,, : [-1,1] = R, 2,(t) = (t> +n72)2. Then (z,)neny € D and z,, — g for n — oo
where g(t) = |t|, t € [-1,1]. The sequence of the derivatives converges

; 1, t >0,

()= ————— = h(t)=4 1, t<0
n 2 —1\1 ) )
(8 +n7h)z 0, t=0.

Obviously h € %(—1,1). If T were closed, it would follow that g € C1([—1,1]), a contradic-
tion. O

Definition 3.31. Let X,Y be Banach spaces, D C X a subspace and T': X O D — Y a linear
operator. Then

[-lr:D =R, e = |zl + [Tz|

is called the graph norm of T.

It is easy to see that || - || is a norm on D. Moreover, the norm defined above is equivalent to the
norm ||z||7 = /||z]]?2 + || Tz||? on D. Most of the time, the graph norm defined in Definition 3.31
is easier to use in calculations. However, the norm with the square root is sometimes more useful
when operators in Hilbert spaces are considered.

Lemma 3.32. Let X,Y be Banach spaces, D C X a subspace and T : X DD — Y a closed linear
operator. Then

(i) (D, || - |r) is a Banach space.

(i) T:(D,| - |r) =Y, Tz =Tz, is continuous.

Proof. (i) To show completeness of (D, || - ||7) let (zn)nen C D be a Cauchy sequence with respect
to || +||7. Then, by definition of the graph norm, (z,),en is a Cauchy sequence in X and (T'z,,)nen

is a Cauchy sequence in Y. Since X and Y are complete, the sequences converge. Hence, by the
Il

closeness of T, || - ||- lim x, =: 29 € D and z,, — xo.
n—oo
(ii) The statement follows from | Tz||y < ||z||x + || Tz|ly = ||z|r, = € D. O

Lemma 3.33. Let X,Y be Banach spaces, D C X a subspace and T : X O D — Y a closed
surjective operator. Then T is open. If, in addition, T is injective, then T~ is continuous.

Proof. By Lemma 3.32 and the open mapping theorem (Theorem 3.22) the operator il - (D, ]| -
lr) =Y, Tx = Tz, is open. Let U C D open with respect to the norm in X. Then U is also open
with respect to the graph norm because obviously i : (D, || - ||l7) — (D, | - ||), iz = z, is bounded,
hence continuous. Hence T(U) = T(U) is open in Y.

Now assume in addition that T is injective. Then =1 : Y — (D, || ||r) is continuous by the inverse
mapping theorem. Since 7 is continuous, also T~ = (f oi ) l=ijo T-! is continuous. O

Lemma 3.34. Let X,Y be Banach spaces, D C X a subspace and T : X O D — Y a closed
injective linear operator such that T~ : rg(T) — X is continuous. Then rg(T) is closed.
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Proof. Let (yn)nen be a Cauchy sequence in rg(T') with yo := lim y,. and z, := T 'y,, n € N.
n—oo

Then (z,,)nen is a Cauchy sequence in D because ||z, —Zm|| = [T 90 =T ymll < 1T |Yn—Yml|-
Hence (zp)nen converges in X and its limit z¢ belongs to D and yo = li_}rn yn = Txo € rg(T)
n o

because T is closed. O

Theorem 3.35 (Closed graph theorem). Let X,Y be Banach spaces and T : X — Y be a
closed linear operator. Then T is bounded.

Proof. Note that the projections

m:G(T) = X, m(z,Tx) =z,
e G(T) =Y, mo(x, Tx) =Tz
are continuous and that 7y is bijective. By assumption the graph G(T) is closed in X x Y, hence

a Banach space, so 7 is open by the open mapping theorem (Theorem 3.22). Hence T' = 7y o 77{1
is continuous. O

Lemma 3.36. Let X,Y be Banach spaces, D C X a subspace and T : D — Y linear. Then the
following are equivalent:

(i) T is closed and D(T) is closed.
(ii) T is closed and T is continuous.

(iii) D(T) is closed and T is continuous.

Proof. (i) = (ii) follows from the closed graph theorem because by assumption D is Banach space.
(ii) = (iii) and (iii) = (i) are clear. O

Example 3.37. An everywhere defined linear operator that is not closed.

Let X be an infinite dimensional Banach space and (zx)xca an algebraic basis of X. Without
restriction we can assume ||z|| = 1, A € A. Choose N — A, n — A, be an injection. Then the
operator

T:X - X, T(m):chAnm)\n for x:ZCAnCUAn € X,
neN AEA

is well-defined. Assume that T is closed. By the closed graph theorem 7" must be bounded, but
[Tz, || = [[nzy, || = n while ||z, || =1, » € N contradicting the boundedness of T'.
3.5 Projections in Banach spaces

Definition 3.38. Let X be a vector space. P: X — X is called a projection (on rg(P)) if P? = P.

Note that if P is a projection, then also id —P is a projection because (id —P)? = id —2P + P? =
id—P.
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Lemma 3.39. Let X be a normed space and P € L(X) a projection. Then the following holds:

(i) Either P =0 or ||P| > 1.
(ii) ker(P) and rg(P) are closed.
(iii) X is isomorphic to ker P & rg(P).

Proof. (i) Note that [|[P|| = [[P?|| < ||P|[?, hence 0 < [[P|| — || P||* = || P[|(1 — ||P).

(ii) Since P is continuous, ker(P) = P~1({0}) is closed. To see that rg(P) is closed, it suffices to
show that rg(P) = ker(id —P). Indeed, z € ker(id —P) implies x = Pz € rg(P) and y € rg(P)
implies (P —id)y = Py —y =y —y = 0, hence y € ker(id —P).

(iii) Obviously z — ((id —P)z, Px) € ker(P)®rg(P) is well defined, linear, bijective and continuous
because id —P and P are continuous. By the inverse mapping theorem then also the inverse operator
is continuous which shows that X and ker(P) @ rg(P) are isomorphic. O

Theorem 3.40. Let X be a normed space, U C X a finite dimensional subspace. Then there exists
a linear continuous projection P of X to U with ||P| < dimU.

Proof. From linear algebra we know that there exist bases (u1,...,u,) of U and (¢1,...,@n) of U’
such that ||ug|| = ||kl = 1 and ¢;(ux) = 6;&, j,k = 1,...,n. By the Hahn-Banach theorem the
¢k can be extended to linear functionals ¢ on X with ||¢k|| = [|¥k]. We define

P:X—X, Px:Zgok(x)uk.

k=1
Obviously P is a linear bounded projection on U and
n n
1Pz <Y llerll 2]l luxll = > llll = nllz. O
k=1 k=1

Theorem 3.41. Let X be Banach space, U,V C X closed subspaces such that X and U ®V are
algebraically isomorphic. Then the following holds:

(i) X is isomorphic to V& U with ||(u,v)| = |lull + ||v].
(ii) There exists a continuous linear projection of X on U.
(iif) V is isomorphic to X/U.

Proof. (i) Since U and V are Banach spaces, their sum U @ V is a Banach space. The map
UV — X, (u,v) — u+ v is linear, continuous and bijective. Hence by the inverse mapping
theorem, also the inverse is continuous.

(ii) P: X — U,u+ v+ u is the desired projection.

(iii) The map V — X/V, v +— [v] is linear, bijective and continuous. Since U is closed, X/U is a
Banach space. By the inverse mapping theorem it follows that V' and X/U are isomorphic. O

Definition 3.42. let X be a Banach space. A closed subspace U of X is called complemented if
there exists a continuous linear projection on U.
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Remark 3.43. Note that not every closed subspace of a Banach space is complemented in the
sense of the theorem above. For example, ¢q is not complemented as subspace of .

3.6 Weak convergence

Definition 3.44. Let X be a set and U = (Ux)aea a family of subsets of sets in X. The smallest
topology on X such that all Uy are open is called the topology generated by U, denoted by 7(U).

Obviously 7(U) exists and is the intersection of topologies containing all Uy.

Lemma 3.45. Let X be a set, U = (Ux)aea a family of subsets of X. Then the topology generated
by U consists of all sets of the form

U (n] Uy i (3.10)

vel k=1

that is, of arbitrary unions of finite intersections of sets in the family U.

Proof. Let 7(U) be the topology generated by U and o(U) the system of sets described in (3.10).
It is not hard to see that o(U) is a topology containing U, hence containing 7(&). On the other
hand, all sets of the form (3.10) are open in 7(U), so o(U) C 7(U). O

Definition 3.46. Let X be a set, A be an index set and for every A € A let (Yy, 7)) be a topological
space. Consider a family F = (fy : X — Y)) of functions. The smallest topology on X such that
all f) are continuous, is called the initial topology on X, denoted by o (X, F).

Note that 7(F) = T({f;l(U)\) CAEA, Uyenl.

Definition 3.47. Let X be a normed space. The topology o(X, X’) is called the weak topology on
X. The topology (X', X) is called the weakx topology on X’ when X is identified with a subset
of X" by the canonical map Jy.

Note that O’(X/,X) - U(X/,X") - o

Lemma 3.48. Let X be a normed space. A sequence (x,)nen C X is weakly convergent to some
xg € X (in the sense of Definition 2.38) if and only if it converges in the weak topology o(X, X').

Proof. Assume that (x,,)nen is weakly convergent with zy := w-lim «,, and let U be a o(X, X’)-open
n — oo

set containing xg. Then there exist ¢y, ..., @, such that
n
xo € ﬂ <P;1(VJ) cvU
k=1

with V; open subsets in R containing ¢;(zg). Since lim ¢(z,) = ¢p(xo) for all ¢ € X', we can
n— oo

choose an N € N such that ¢;(z,) € U; for all n > N and all j = 1,...,n. Hence z, €
Z:l{(pj_l(‘/j)} C U for all n > N.
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Now assume that (z,)neny € X converges to xg in the weak topology. Since by definition of
o(X,X") all functionals ¢ € X’ are continuous, it follows that (¢(z,))nen converges to ¢(xg) for
every p € X'. O

Lemma 3.49. Let X be a normed space, (Zn)neny € X and (on)neny € X'.

(i) xo =w-limz, = |xo| <liminfz,.
n — oo n—oo
(i) o =wx*-lim ¢, = ol <liminfp,.
n — o n—o0

Proof. (i) For xg = 0 the assertion is clear. By the Hahn-Banach theorem there exists an ¢ € X’
such that p(z¢) = ||zo|| and ||¢|| = 1. Hence

o]l = Jim ()] < liminf o] 1| = lim inf .

(ii) Let € > 0. Then there exists an z € X with ||z|| = 1 such that [|¢g]] — & < [|@o(z)|]. The
statement follows as above:

) . i .
Iipoll = & < llgo(@)| = lim_[lpn(a)]] < liminf [ion]| 2] = lim inf o] O

Definition 3.50. Let X be a topological space. A function f: X — R is called upper semicontin-
wous if limsup f(z,) < f(z). It is called lower semicontinuous if iminf f(z,) > f(z).
Tp—T

Tpn—T

Hence the lemma above states that || - || is lower semicontinuous in the weak topology.

Definition 3.51. For A € A let (X, 7)) be topological spaces. Define

X::HX,\::{f:A—> U X s £V € X, )\EA}.

AEA AEA

The product topology on X is the weakest topology such that for every A\ € A the projection

m X = Xy, mi(f) = f0),

is continuous.

Lemma 3.52. Let X as above with the product topology. Let O C P(X) be the family of all sets
U C X such that for every u € U there exist \j € A, U; C Xy, open, j =1, ..., n, such that

vef{seX :s(\;)eU;, j=1,...,n} = ﬂw;jl(Uj)gU.
j=1 N~

open in O

Then O is the product topology on X .

Proof. This is a special case of Lemma 3.48. O
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Theorem 3.53 (Banach-Alaoglu). Let X be a normed space. Then the closed unit ball K| =
{p € X' i |l¢|| <1} is weak*-compact.

Proof. For x € X define the set A, := {z € K: 2] < ||z||} and let A := [] .y Az together with
the product topology. By Tychonoff’s theorem A is compact. Note that elements a € A are maps
X — K with |a(z)| < ||z||, = € X. Hence K| C A because |p(z)] < ||¢|l |lz|| < ||z| for every
¢ € K{. The product topology on A is the weakest topology on A such that for every x € X the
map 7, : A = K, a— a(z) is continuous. Hence the topology on K/ induced by A is exactly the
weak #-topology on K7. So it suffices to show that K7 is closed in A with the product topology.

Let ¢ € K] and let #,y € X and € > 0. Then
Ui={acA: a(z+y)—elx+y) <e lalz) — @) <e, laly) —o(y)| <e}
is an open neighbourhood of . Hence there exists a g € U N K. Since g is linear, it follows that
lp(z +y) — () — oY)l = [e( +y) — (@) —e(y) — gz +y) +g(z) + 9(y)]
< le(@+y) —gl@+y)l + (@) —g(@)| + le(y) —g(y)| < 3e.

Since ¢ was arbitrary, this implies ¢(z +y) = ¢(z) + ¢(y). Similarly it can be shown that p(Ax) =
Ap(z) for A € Kand x € X. It follows that ¢ is linear. Since ¢ € A, it follows that ||| < 1, hence
v e Ki. O
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Chapter 4

Hilbert spaces

4.1 Hilbert spaces

Definition 4.1. Let X be a K-vector space. A map
(,7: X xX =K

is a sesquilinear form on X if for all z,y,z € X, A € K

(i) Az+y,z) =i<x,z)+(y,z>,
(ii) (x, Ay +2) =Xz ,y) + (x, 2).

The inner product is called

o hermitian <= (z,y) = (y,x), z,z€ X,
o positive semidefinite <— (x,xz) >0, x € X,
o positive (definite) <= (x,z) >0, z € X\ {0}.

Definition 4.2. A positive definite hermitian sesquilinear form on a K-vector X is called an inner
product on X and (X, (-,-)) is called an inner product space (or pre-Hilbert space).

Note that (z,z) € R, z € X, for a hermitian sesquilinear form X because (z,z) = (x,x).

Lemma 4.3 (Cauchy-Schwarz inequality). Let X be a K-vector space with inner product (- ,-).
Then for all z,y € X

[, 9)* < [z, ) [y, »)l, (4.1)

with equality if and only if x and y are linearly dependent.
Proof. For x = 0 or y = 0 there is nothing to show. Now assume that y # 0. For all A € K

0<(z+ Ay, z+\y) = (z,2) + My, z) + Az, y) + |\ (v, v).
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In particular, when we choose \ = — EZ Zi we obtain

(y,2)>  [z,y) N [(z,y)?
(y,y) (y,y) (y,y)
[(z,y)?
(y,y)

0< (a+ gz + M) = a.2) -
:<x,x>—

which proves (4.1). If there exist o, 8 € K such that ax 4+ Sy = 0, then obviously equality holds
n (4.1). On the other hand, if equality holds, then (z + Ay, 2 + Ay) = 0 with A chosen as above,
so x and y are linearly dependent. O

Note that (4.1) is true also in a space X with a semidefinite hermitian sesquilinear form but equality
in (4.1) does not imply that = and y are linearly dependent.

Lemma 4.4. An inner product space (X, (-,-)) becomes a normed space by setting ||z|| := (z,z)?,
zeX.
Proof. The only property of a norm that does not follow immediately from the definition of || - || is

the triangle inequality. To prove the triangle inequality, choose x,y € X. Using the Cauchy-Schwarz
inequality, we find

lz +yl1* = ll2]® + 2Re(z, y) + llyl* < l2l* + 2/(z, )] + Iyl
< [l + 2l lyll + Iyl = l= ]l + lly1)>- 0

In the following, we will always consider inner product spaces endowed with the topology induced
by the norm.

Definition 4.5. A complete inner product space is called a Hilbert space.

Lemma 4.6. Note that the scalar product on a inner product space X is a continuous map X x X —
K when X x X is equipped with the norm ||(z,v)| = ||=llx + |yl x-

Proof. The statement follows from

|<331 ,552) - <yl ,y2>| = |<331 y L2 — yz) - <y1 — 1 ,y2)|
< lzallllz2 — yell = llyr — 21| [lv2]- O

The polarisation formula allows to express the inner product of two elements of X in terms of their
norms.

Theorem 4.7 (Polarisation formula). Let X be an inner product space over K and z,y € X.
Then
w.y) = (Il + 2 = o - yl?), if K=R,

<$>y> =

I N

(e + 912 = e = 91 + lla + iy — illz — ig1?), i K=C.
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Proof. Straightforward calculation. O

A necessary and sufficient criterion for a normed space to be an inner product space is the following.

Theorem 4.8 (Parallelogram identity). Let X be normed space. Then the norm on X is
generated by an inner product if and only if for all x,y € X the parallelogram identity is satisfied:

lz + l” + llz — yl* = 2[ll* + 2[ly]1*.

In this case, the inner product is given by the polarisation formula.

Proof. Assume that the norm is generated by the inner product (-,-) and let ||z| = (z,z)2. Then
for all z,y € X parallelogram identity holds:

lz +yl* + llz = yl* = ll=]* + ly|* + 2Re(z, ) + lz|* + [ly]* — 2Re(z , )
= 2|z + 2[lylI*.

Now assume that the norm on X is such that the parallelogram identity holds and for z,y € X
define (z,y) by the polarisation formula. We prove that (-,-) is an inner product on X in the case
K = C. The case K =R can be proved analogously.

o Positivity.
Nz, 2) = o+ 2] = |z — 2l +ifle + iz]* - i]le - iz]?
= df|z|* + il +iwl* - illiz + =] = 4 z]* > 0.
o Hermiticity.

Kz,y) = llz +yll* = llz = ylI* +ille + iyl - illz - iyl
= lly+all” = lly — 2* +il| — iz +yl* — illiz + y|* = 4y, 2).
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o Additivity.

A{z,y) + (z, 2))
=z +yl? = llz = yll* +illz +iyll* - illz - iy|?

+llz + 2l = flo = 2l +ille +i2])* — iz — iz

e [l Lt et |
HH 5 T3 Ty 2
y+z_y—zH2_H Ytz y—zHQ
+Hx+ 2 2 Tyt
_ 2 _ 2
RHISRES  tS
_ 2 _ 2
e 2 R e - M 4 B
y+z|? y—z|? y+z|? y—z|?
=1 s R R I
T AT 2 9
2 _ 2 2 _ 2
+2i x+iygzﬂ +21Hy22‘ _ 9 m—iy;ZH —21Hy2zH
2 2 2 2
o R e I R e e
2 2 2 2
:2.4<x,y;’z>.

If we choose z = 0 we find (z,y) = 2(x, §), hence
y+z
(,y) + (x,2) = 2<x,T> = (r,y+2).

o Homogeneity. From the additivity we obtain (Az,y) = Az ,y) for all A € Q. Note that
(iz,y) = i{x,y), hence homogeneity is proved for A € Q + iQ. Hence for fixed z,y € C the
two continuous functions C — C, A — Az ,y) and C — C, A\ — (A\z,y) must be equal
because they are equal on the dense subset Q +iQ of C. O

Theorem 4.9. The completion of an inner product space is an inner product space.

Proof. By continuity of the norm, the parallelogram identity holds on the completion X of an inner
product space X. So X is an inner product space. O

Examples 4.10. (i) R™ and C" with the Euclidean inner product

n
<.’L’,y> = Zxk%7 Tr = (xkr)Z:h Yy = (yk)Z:h
k=1

are inner product spaces.

(ii) £2(N) with

oo
(z,y) = ZxkyTw z = (zr)ken, ¥ = (Yr)ken,
k=1
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is an inner product space.

(iii) Let R([0,1]) be the vector space of the Riemann integrable functions on the interval [0, 1].
Then

1 -
(f.g) = / FOg@ dt,  f.g € R0, 1),

defines a sesquilinear form on R([0,1]) which is not positive definite, since, for example,
X{oy # 0, but (x0y,X0}) = 0.

The restriction of (-,-) to the space of the continuous functions C(]0, 1]) is an inner product
which is not complete (its closure is the space Z2([0,1])).

4.2 Orthogonality

Definition 4.11. Let X be an inner product space.

(i) Elements x,y € X are called orthogonal, denoted by = L y, if and only if (x,y) =0

(ii) Subsets A, B C X are called orthogonal, denoted by A L B, if and only if (a,b) = 0 for all
a€ A beB.

(iii) The orthogonal complement of a set M C X is

MY ={zeX:21lm, me M}

Remarks 4.12. (i) Pythagoras’ theorem holds: ||z + y||? = ||z||? + ||y||? if z L v.
(ii) For every set M C X its orthogonal complement M+ is a closed subspace of X.
(iii) A C (A1)t for every subset A C X.
(iv) At = (span A)* for every subset A C X.

Theorem 4.13 (Projection theorem). Let H be a Hilbert space, M C H a nonempty closed and
convex subset and xg € H. Then there exists exactly one yo € M such that ||xo —yol| = dist(zo, M).

Proof. Recall that dist(zg, M) := inf{|jxzg —y|| : y € M}. If xg € M then the assertion is clear
(choose yo = zp).

Now assume that zg ¢ M. Without restriction we may assume zy = 0.

Ezistence of yo. Let d := dist(xg, M) = inf{|ly|| : ¥y € M}. Then there exists a sequence
(Yn)nen € M such that nlin;o lynl| = d. We will show that (y,)nen is a Cauchy sequence. Note

that ||'y"+%||2 > d? because y”"'% € M by the convexity of M. Hence the parallelogram identity
(Theorem 4.8) yields

’ Yn — Ym
2

1
Ul + llymll*) = d* — 0, n,m — oc.

IA

yn_ymHz yn+ymH2_d2
2 2

N

Since X is a Banach space, (yn)nen converges to some yo € X, and since M is closed, yo € M.
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Uniqueness of yo. Assume that there are yo, §o € M such that ||yol| = |G|l = d = dist(z, M).
The parallelogram identity yields

Yo + Fo |2 Yo+dol|2 |Yo—Fol2 1 _
Ty TS Y T

It follows that ||yo — goll = 0, so yo = Jo- H

Lemma 4.14. Let M be a closed and convex subset of a Hilbert space H and fix vy € H. For
yo € M the following are equivalent:

(i) llzo — yoll = dist(zo, M),
(ii) Re{xo —yo,y —yo) <0, y € M.

Proof. (i) = (ii) Fort € [0,1] and y € M let y; := yo +t(y — yo). Then y; € M by the convexity
of M and by assumption on g
[

I? I

< lwo = yell” = llwo — yo — t(y — yo)
= [lzo — yol|* — 2t Re{mo — yo, ¥ — vo) + ]|y — vol|*-

||1U0 — Yo

So for all ¢t € (0,1]

2Re(zo — yo, ¥y — Yo) < tlly — ol

which implies Re{zo — yo, ¥ — yo) < 0.
(ii) = (i) Let y € M. By assumption

lzo — ylI> = (o — yo) + (yo — v)|I?

= |lzo — woll* + llyo — ylI*> + 2Relwo — yo , 5o — ¥) = |lwo — yol|*. O

Lemma 4.15. Let U be a closed subspace of a Hilbert space H and fix xo € H. For yg € U the
following are equivalent:

(i) [lzo = woll = dist(xo, U),
(11) o — Yo 1U.
Proof. (i) = (ii) Let y € U. If y = 0, then obviously (o — yo,y) = 0. If |ly|| = 1, let
A= |lyl~*(zo — yo,y). By assumption
2o = yoll* < llzo — yo — Myl?
= llzo = yoll* = XMao — yo,y) — Ay, @0 — yo) + [AP[ly]?
= [lzo = ol + (1 = 2]y ~*)[(zo — y0,9)[*
= [lzo — y0H2 = [{zo — o ,y>|2
so (xg — yo ,y) = 0. By linearity of U then o —yo L y for all y € U.
(ii) = (i) Let y € U. By assumption

I?

2o = ylI* = [[(zo — o) + (wo — WII* = llzo — woll* + llyo — ylI* > llzo — woll*- O
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Recall that a linear operator P : X — X on a Banach space X is called a projection if and only if
P? = P (see Definition 3.38).

Theorem 4.16. Let H be a Hilbert space, U C H a closed subspace with U # {0}. Then there
exists a projection Py € L(H) on U such that |[Py|| = 1 and ker(Py) = Ut. Also id —Py is
continuous projection with ||id —Py|| = 0 if U = H and ||[id—Py|| =1 if U # H. If U U™t is
equipped with the norm ||(u,v)| = (||ul|® + ||[v]|?)2, then H = U & U*.
Definition 4.17. Py as in the theorem is called the orthogonal projection on U.
Proof of Theorem 4.16. Fix o € H and let Py(xg) := yo the unique element yy € U such that
llzo — yol| = dist(zo,U). Then rg(Py) = U and P2 = Py, hence Py is a projection on U.
By Lemma 4.15, Py(x) is the unique element in U such that xg — Py(x) € U*.
Re(zo — Pu(wo), y — Pu(z0)) <0,  yeU.
We will show that Py is linear. Let 21,22 € H and A € K. Since UL is a subspace, we obtain
/\1‘1 — Ty — ()\PU(l‘l) - PU(a?g)) = /\(561 - PU(J)1)) - (332 — PU(l‘g)) S UJ_.
Hence, by definition of Py,
PU()\xl - .rg) = )\PU(xl) - PU(Z‘Q).
We already know that rg(Py) = U. ker(Py) = U+ because

PU(Q:):O < .I()EUJ'.

Therefore id — Py is a projection with rg(id —Py) = U* and ker(id —U) = U. By Pythagoras’
theorem we obtain

lzwol|* = | Prr (o) + (id —Pu) (o) |I* = || Pur (wo)[|* + | (id —Py) (o) |-

In particular, H = U @ U+ with norm as in the statement, and ||Py|| < 1 and |id —Py|| < 1.
Lemma 3.39 implies |Py|| =1, |id=Py||=1if U # H and ||id—Py|| =0if U = H. O

Lemma 4.18. Let U be a subspace of a Hilbert space H. Then U = U++.
Proof. By the projection theorem (Theorem 4.16), for every closed subspace V
Py=id—Py. =id—(id—Py1.) =Py,
hence V = V++. Application to V = U shows the statement. O

Definition 4.19. Let X,Y be vector spaces. A map X — Y is called antilinear or conjugate linear
if fAz+y)=Af(z)+ f(y) forall A e K and z,y € X.



70 4.2. Orthogonality

Theorem 4.20 (Fréchet-Riesz representation theorem). Let H be a Hilbert space. Then the
map

b:H—-H, y—(,y)
is an isometric antilinear bijection.

Proof. Obviously ®(0) =0 € H’. The Cauchy-Schwarz inequality yields

2@ = [, 9l <l=llllyll, = yeH,
hence [[D(y)]| < |lyll Tty # 0, then set & = [ly||~y. Note that 2] = 1 and [|©(y)z]| = [lyll, implying
that ||®(y)|| = |ly||- So we have shown that ® is well-defined and an isometry. In particular, ® is
injective.

To show that ® is surjective, fix an ¢ € H'. If ¢ = 0, then ¢ = ®(0). Otherwise we can
assume that ||| = 1. Since ker{¢} is closed, there exists a decomposition H = ker ¢ @ (ker )=.
Note that rg(¢) = K, hence dim(ker o)t = 1. Choose yo € (kerp)* with p(yo) = 1. Then
(ker o)+ = span{yo}. For z = u + \yy € ker o @ (ker @)+,

(@, llyoll "%y0) = A = Ap(y) + @(u) = ¢(x),

I~

hence ¢ = (-, |lyol| " 'yo). Since ® is an isometry, it follows that 1 = ||¢| = H “
ol = 1. 0

Corollary 4.21. (i) Ewvery Hilbert space is reflexive.
(ii) The dual H' of a Hilbert space H is an inner product space by
(®(x),®(y))u = (v, 7)n
with ® : H — H' as in Theorem 4.20.

Proof. (ii) is clear. Let U : H' — H” as in Theorem 4.20. Then it is easy to check that To® = Jy,
so Jy is surjective, implying that H is reflexive. O

Corollary 4.22. Let H be a Hilbert space.
(i) A sequence (x,)nen € H converges weakly to xo € H if and only if

(n — 0 ,y) — 0, y € H.

(ii) Ewvery bounded sequence (x,)nen € H contains a weakly convergent subsequence.

Proof. (i) follows from the Riesz-Fréchet theorem, and (ii) follows with Theorem 2.41. O
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4.3 Orthonormal systems

Definition 4.23. Let H be a Hilbert space. A family S = (x))xea of vectors in H is called an
orthonormal system if (xy,zx) = dxn. A orthonormal system S is an orthonormal basis (or a
complete orthonormal system) if and only if for every orthonormal system T

SCT = S=T.

Examples 4.24. (i) The unit vectors (e, )nen in £2(N) are a orthonormal system.
(ii) Let H = Lo(—m, 7). An orthonormal system in H is
s {1}U{1s'() eN}U{lco() en}
={— —sin(n-):n —cos(n-):n .
V2 VT N

Lemma 4.25 (Gram-Schmidt). Let H be a Hilbert space and (Tn)nen @ family of linearly
independent vectors. Then there exists a orthonormal system S = ($p)nen Such that span S =
span{x, : n € N}.

Proof. Let s1 := ||1]|7121. Next set yo := 22 — (21, 51)s1. Note that yo # 0 because xo and 1 are
linearly independent. Let sy := ||ya]|“1y2. Then s; L sy and ||s1]| = [|s2]| = 1. Now for k > 1 let

n

Yn+1 ‘= Tp41 — Z<xk 5 3k>ska Sn+41 = ||yn+lH_1yn+1-
k=1

Since x1,...,%,41 are linearly independent, s,4; is well-defined. By construction, s,4; L s;
for j = 1,...n. Note that for every n € N, s, € span{z1, ..., x,} and z, € spanS, hence
span S = {z, : n € N}. O

Example. Let H = Ly((0,1)) and z,, € H defined by z,,(t) = t". Application of the Gram-Schmidt

orthogonalisation yields polynomials s,(t) = \/n + 1 P,(t) where P,(t) = Q%H!(%(F — 1)™ is the

nth Legendre polynomial.

Theorem 4.26 (Bessel inequality). Let H be a Hilbert space, {s, : n € N} a orthonormal
system in H. Then

o0
Yol s <llz)?,  weH
n=1

Proof. For N € N let xy := x — Z,ﬁ[:l(x,sn)sn. Since zy L s, for n = 1,..., N, Pythagoras’
theorem yields

N 2 N N
lall® = llzx 2 + || D6 sadsa|| = lowl2+ D 1,2 2 D 1@, sn)l. =

n=1 n=1 n=1
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Lemma 4.27. Let H be a Hilbert space, S = (sx)aea a orthonormal system in H. Then for every
x € H the set

Sy :={AeA:{x,s)) £0}

is at most countable.

Proof. By the Bessel inequality, for every n € N the set
1
Sum = {)\ Az, s> f}
n

is finite. Hence S, = Uf;l Sz is at most countable. O

Definition 4.28. Let X be a normed space, (zx)xea C X. Then )y, xx converges uncondition-
ally to x € H if and only if Ag := {\ € A : z) # 0} is at most countable and > 7, x5, = x for
every enumeration Ag = {\, : n € N}.

Recall that in finite dimensional Banach spaces unconditional convergence is equivalent to absolute
convergence. In every infinite dimensional Banach space, however, there exists a unconditionally
convergent series that does not converge absolutely (Dvoretzky-Rogers theorem).

Corollary 4.29 (Bessel inequality). Let H be a Hilbert space and S C H a orthonormal system.
Then

Sl <lal?,  we

ses

Proof. For fixed € H, the set S, = {s € S : (x,s) # 0} is at most countable (Lemma 4.27), so
the claim follows from the Bessel inequality for countable orthonormal systems. O

Theorem 4.30. Let H be a Hilbert space and S C H a orthonormal system. Then

P:H— H, szZ(z,s)s
sES

is an orthogonal projection on span S and the series is unconditionally convergent.

Proof. First we proof that the series in the definition of P is unconditionally convergent (this
proves then well-definedness of P). Fix « € H. For fixed x € H, the set S, = {s € S : (x,s) # 0}
is at most countable (Lemma 4.27). Let S; = {s, : n € N} be an enumeration of S,. Then
(>Xrh (=, Sk>8k)n€N is a Cauchy sequence because

M 2 M
| St ssel| = 3 Heosi)P — 0, MK =00
k=N k=N

by Bessel’s inequality. Since H is complete, y := > 77 (x,s,)sk exists. Let 7 : N — N be a
permutation. Then also yr := > 7~ (x, sx(k))sxx) exists. We have to show that y = y.. For all
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ze€H

oo oo
Zy Sn){(Sn, 2 Zy Sa)(Sr,2) = (Yn , 2).

We have used that > 2 (y,s,)(sn,z) is absolute convergent and can therefore be rearranged,
because, by Hélder’s inequality and Bessel’s inequality

(3l sn)lon ) < (iuy,sn )(D s> ) < Iyl < oc.

n=1

Since y — yr L 2, z € H, it follows that y = y,. Therefore the series in the definition of P is
unconditionally convergent and P is well-defined.

It is clear that P is a linear and || P|| < 1 follows from Corollary 4.29. Let x € H. We have to show
that  — Pz € span S+ (Theorem 4.16). This is clear because

<x—z<x,s>,so>:<x—Z(x,s>,so>=O, Sp € S. O

sES sES,

Theorem 4.31. Let H be a Hilbert space and S C H a orthonormal system. Then the following
s equivalent.
(i) S is a complete orthonormal system.
(i) z LS = =0, z€H.
(iii) H = spanS.
) @

(iv Z(w,s>s, reH.
sesS
(V) (@,y) = (x,8)(s,y), xy€H.
ses
(vi) Parseval’s equality holds: ||z||* = Z| x,s) reH.
seS

Proof. (i) = (ii) If there exists an € H such that z € S+ \ {0}, then S’ := SU {||z| "'z} is a
orthonormal system with S C S’, contradicting the maximality of S.

i) = (iii) follows from Lemma 4.18.
iii) = (iv) By theorem 4.30, x — > _¢(x,s)s is the orthogonal projection on span S = H.

(i
(
(iv) = (v) straightforward.
(v) = (vi) Choose = = y.
(v

t

i) = (i) Assume there exists an orthonormal system S’ 2 S. Then for every s’ € S"\ S we get
he contradiction
1= )2 = (s 5) 2 =0, 0
seS

Now we show that the orthonormal systems in Example 4.24 are complete.
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Examples 4.32. (i) The set of the unit vectors {e,, : n € N} in ¢5(N) are a complete orthonormal
system in ¢5(N) because {e, : n € N} = £5(N).

(ii) Let I" be a set and define

£o(T) = {f :I' = K : f(v) # 0 for at most countably many v € I" and

SO < oo},

yel’

Then (f,g) =>_ ver S (7)g(7) is a well-defined inner product (note that only countably many
terms are # 0 and the sum is absolutely convergent by Holder’s inequality). As in the case
I' = N it can be shown that ¢>(T") is a Hilbert space and (fx)xer where f\(y) = dxy (Kronecker
delta) is a complete orthonormal system in ¢5(T).

(iii) Let H = L5(0,1) and

S:{\/%}U{%sin(n-):neN}U{%cos(n-):nEN}.

Note that span S is the set of all trigonometric polynomials. Without restriction we can
assume that K = R. By the theorem of Fejér, the trigonometric polynomials are dense in
Cor = {f € C([-m,7]) : f(—m) = f(7)} with respect to || - ||, hence also with respect to
Il ll2- Since Cayr is || - ||2-dense in Lo([—m, 7]), S is a total subset of Ly([—,7]).

Lemma 4.33. Let H be an infinite dimensional Hilbert space. Then the following is equivalent.

(i) H is separable.
(ii) Ewvery complete orthonormal system in H is countable.
(iii) There exists an countable complete orthonormal system in H.

Proof. (i) = (ii) Assume S C H is an uncountable complete orthonormal system in H. Let
e € (0,272) and s # § € S. Then B.(s) N Bz(s') = 0 because by Pythagoras ||s — || =
VIsIIZ + [|s']2 = v/2. Let A be a dense subset of H. For every s € S there exists an a; € A such
that as € B(s). In particular, as # ay if s # s, so A cannot be countable, thus H is not separable.

(ii) = (iii) The existence of a complete orthonormal system in H follows from Zorn’s lemma.
By assumption, it must be complete.

(iii) = (i) Let S be a countable orthonormal system in H. Then span S = H by Theorem 4.31
and H is separable by Theorem 1.25. O

Lemma 4.34. Let H be Hilbert space and S and T be complete orthonormal system in H. Then
S| = [T

Proof. The statement is proved in linear algebra if |S| < co. Now assume that S is not finite. For
x € Stheset T, :={y € T: (x,y) # 0} is at most countable by Lemma 4.27. By Theorem 4.31 (ii)
T € U,es Tw, hence |T| < [S]|N| = |S]. Analogously, |S| < |T||N| = |T|. By the Schroder-Bernstein
theorem then |S| = |T|. O
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Theorem 4.35. Let H be a Hilbert space and S an orthonormal basis of H. Then H = {5(S) (see
Ezample 4.32(ii)).

Proof. Define T : H — (3(S) by Tz(s) = (z,s), x € H, s € S. T is well-defined by Bessel’s
inequality. Then T': H — £5(S) is linear and isometric by Parseval’s equality. To show that T is
surjective, let y € £3(S5) and define 2 := ) __sy(s)s. Then x € H (Theorem 4.30) and Tz =y. [

Note that by construction (Tz,Ty) = (x,y), x,y € H.
Corollary 4.36. If H is a separable Hilbert space, then H = (5(N).

Corollary 4.37 (Fischer-Riesz theorem). L.[0,1] & (5(N).

4.4 Linear operators in Hilbert spaces

Definition 4.38. Let H;, Hy be Hilbert spaces and ®; : H; — HJ’ the canonical isomorphism in
the Fréchet-Riesz representation theorem (Theorem 4.20). Let T € L(Hy, Hz). Its (Hilbert space)
adjoint operator is T* := ®'T'®y € L(Hy, H;) where T’ is the Banach space adjoint of T (see
Definition 2.26).

Hence T is characterised by
<T£L',y>:<$,T*y>, erlayeHQ-

Theorem 4.39. Let Hy, Hy, H3 be Hilbert spaces, S,T € L(Hy,Hs), R € L(Hs, H3) and \ € K.
(i) NS +T)* = \S* +T*.

(ii) (RT)* =T*R*.

(0 T € L. 1) and |11 = )

v) ||TT*|| T = )

(vi) ker T = (rg(T*))*, ker T* = (rg(T))*.

(vil) If T is invertible, then (T—1)* = (T*)~1.

Proof. (i)—(iv) are clear. For the proof of (v) note that for ||z| =1
|IT2|* = (Tz,Tz) = (v, T*Tx) < |« |T* T < |T*T| < T[T = |71

Taking the supremum over all z € H with ||z|| = 1 shows the desired equalities.
(vi) kerT = (rgT*)* because for x € H

Txr=0 <= VyeH, (Tz,y)=0 <<= VyeHy, {(z,Ty)=0
— 1z Lrg(TY).

Then also ker T* = (rg(T**))* = (rg(T))*. O
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Definition 4.40. Let Hy, Hy be Hilbert spaces, T' € L(H1, Hs).
(i) T is called unitary if T is invertible and TT* = idg, and T*T = idgy, .
(ii) T is called normal if Hy = Hy and TT* = T*T.
(iii) T is called selfadjoint if Hy = Hy and T = T™*.
Remarks. (i) T selfadjoint = T normal.

(ii) T € L(Hy,Hy) = TT* and T*T are selfadjoint.
Next we show that a length preserving linear map between Hilbert spaces also preserves angles.

Lemma 4.41. Let Hy, Hy be Hilbert spaces and T' € L(H1, Hs).

(i) T is an isometry <— Tz, Ty) = (x,y), z,y € H;.
(ii) T is unitary <= T 1is a surjective isometry.

Proof. (i) The direction “<” is clear; “=" follows from the polarisation formula (Theorem 4.7).
(ii) “=” Since T is unitary, if follows that rg(T) D rg(TT*) = rg(idy,) = Ha, so T is surjective.
T is an isometry because for all x,y € Hy

(Tw,Ty) = (T"Tx,y) = (x,y),

“<”  Assume that T as a surjective isometry. Since
(z,y —T"Ty) = (z,y) — (Tz,Ty) =0,  =x,y€ H,

it follows that T*Ty =y, so T*T = idy, . In particular T is surjective. Now we will show that 7™
is an isometry. Let £, € Hy. Then there exist z,y € Hy such that Tz = £ and Ty = 7. It follows
that

(T*¢,Trn) = (T"Tx , T*"Ty) = (x,y) = (Tx,Ty) = (£, n).
By the same argument as for 7" we conclude that idg, =TT = TT™*. O
Examples 4.42. (i) Let Hy, H» be Hilbert spaces with dim H; = dimHs = n < oo. After

choice of bases, a linear operator 7': Hy — Hj has a representation (a;;)7;_; € M,(C). The
matrix corresponding to 7™ is then (@j;)};_;.

(ii) Let H = L0, 1]. For k € Loo([0,1] x [0,1]) define
T Lal01) 5 1000, ()0 = [ K 07(6) 0
Then Ty, € Lo[0, 1] and
T L0 S L0 (100 = [ FKEAS) ds

that is 7)) = T%.
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Theorem 4.43 (Hellinger-Toeplitz). Let H be a Hilbert space, T : H — H a linear operator
such that

(Tw,y) =(x,Ty), x,yeH.
Then T is bounded, hence selfadjoint.

Proof. Tt suffices to show that T is closed because D(T) = H is closed. Let (z,)neny € H with
z, — 0 and Tz, — y. Observe that

2 _ . _ . _ . _ _
lylI* = lim (T2, y) = lim (@, Ty) = ( lim z,, Ty) = (0, Ty) =0,
so y = 0. This implies that T is closable, hence closed since D(T') = H. O

Theorem 4.44. Let H be a complex Hilbert space. For T € L(H) the following is equivalent.
(i) (Tx,z) eR, x € H.
(ii) T is selfadjoint.
Proof. (i) = (i) follows from
(Tz,z) = (z,Tz) = Tz, x), x € H.
(i) = (ii) Let z,y € H and X € C.

A= (T(\z+y), \x+y) =[N (Tz,z) + (Ty,y) + MTz,y) + NTy, z),

B:= Tz +7vy), Me+y) = N (Tx,z) + (Ty,y) + My, Tz) + Mz, Ty).
By assumption, A = B, so in the special cases A =1 and A =i we obtain

(Tx,y) +(Ty,x) = {y, Tx) + (z,Ty),
<TQZ,y> - <Ty,$> = *<y,Tl'>+<l'7Ty>,

so finally (Tz,y) = (z,Ty). O
Theorem 4.45. Let H be a Hilbert space, T € L(H) selfadjoint. Then

IT|| = sup [(T,z)].

llzll<1
Proof. Let M := sup|,<; |(T'z,z)|. Obviously M < ||T'[| because for [|z| <1
[Tz, )| < | T]|=]* < [|IT1-
To show the reverse inequality fix x,y € H. Observe that

(T(x+y),r+y) —(T(x—y),z—y) =2(Tz,y) + 2(Ty, )
=2(Tz,y)+2(y,Tz) = 4Re(Tz,y).
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Hence, by the parallelogram identity (Theorem 4.8), for ||z| < 1, |ly|| < 1,

Re(Tz,y) < = (KT(z+y),z+ )|+ (T(z—y),z—y)|)

<

e i

M
(Ml +y[* + Mz = yll*) = Z-(l=]* + llyl*) < M.

Now choose A € C, |A| =1 such that N(T'z,y) = [(Tz,y)|, so
(Tz,y)l = (T(\x),y) = |Re(T(Ax) ,y)| < M, |lz[| <1, [lyl| < 1.
In particular, ||(-,Tx)|| < M, so ||Tz| <1 for ||| < 1. This shows ||T|| < M. O

Corollary 4.46. Let H be a Hilbert space and T € L(H) selfadjoint. If (Tx,x) =0, x € H, then
T=0.

Note that the condition (Tx,z) = 0 automatically implies that T is selfadjoint in the case of a
complex Hilbert space. In a real Hilbert spaces H the assumption that T is selfadjoint is necessary

0 1)) : R?2 — R2? the rotation about

for the statement in the corollary. For example, let T = ((_1 0

90°. Then T # 0 but (T'z,z) = 0 for all z € R2.
Lemma 4.47. Let H be a Hilbert space, T € L(H) a normal operator. Then

[Tz|| = |T"xl|,  x€H,
in particular, ker T = ker T™.
Proof. 0 = (T*Tx —TT*z ,z) = ||Tz|* — | T*z|]. O
Definition 4.48. Let H be a Hilbert space. A bounded selfadjoint operator T € L(H) is called
non-negative, denoted by T' > 0, if (Txz,z) > 0 for all x € H. It is called positive, denoted by
T >0,if (Te,z) >0 for all x € H\ {0}. We write T' < S if and only if S —T > 0. A sequence
(Th)nen € L(H) is increasing if and only if T, < T,41, n € N. A sequence (T},)nen € L(H) is

decreasing if and only if (=T}, )nen € L(H) is increasing.

Theorem 4.49. Let H be a Hilbert space. Fvery monotonic bounded sequence of selfadjoint linear
operators on H converges strongly.

Proof. Let (T),)nen be a bounded monotonic sequence of selfadjoint operators. Without restriction
we assume that it is increasing. Let

Snm : H x H— K, Snm(2,y) = (T — Tin)x ,y)

is a positive semidefinite sesquilinear form on H if n > m. Let M be a bound of (T},)nen. Note
that then || T}, — Ton|| < 2M. Then, using Cauchy-Schwarz inequality, we find for n > m and x € H
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with |jz| =1
(T = To)al|? = (T — Ton)a, (T = To)) = S (2, (T — Tn))
< S (2,2)7 Spm (T — Tz, (T — Ti)z)?
= (T = Tz, )2 (Tny = T)a, (T, — Trn) )2
< (T = T, x>%||Tn—Tm||%||Tn—Tm||
< (2M %<< To)a,a)?.

By assumption ((T,z,2))nen is & monotonically increasing bounded sequence in R, hence conver-
gent. It follows that (T,,z)nen is a Cauchy sequence, hence T converges strongly to some T' € L(H)
(Proposition 3.13). That T is selfadjoint follows from

(Tz,y) = hm <T xz,y) = lim (x,T,y) = (z,Ty), x,y € H. O

n—roo

4.5 Projections in Hilbert spaces

Proposition 4.50. Let H be a Hilbert space, P € L(H) a projection. If P # 0 then the following
is equivalent.

(i) P is an orthogonal projection.
(i) [[P] = 1.
(iii) P is selfadjoint.
(iv) P is normal.
)

(v

Proof. (i) = (ii) follows from Theorem 4.16.
(ii) = (i) Let = € ker P and y € rg(P). Then for all A € K

(Px,z) >0,z € H.

Myl = 1P(@ + M)lI* < llo+ Myll* = (2] + AP [y + 2Re(Mz , y)).-

In particular, 0 < ||z[|? +2ARe(z,y) for all A € R, and 0 < ||z||?> + 2iX\ Im(z ,y) for all A € iR, hence
Re(z,y) = Im(z,y) = 0.

(i) = (iii) Observe that (Pz,y) = (z, Py) for all z,y € H because

(Pz,y) = (Px,y — Py + Py) = (Pz, Py),
(x,Py) = (x — Px + Px,Py) = (Px, Py).

(iii) = (iv) is clear.

(iv) = (i) By Lemma 4.47, ker P = ker P* = (rg P)*.

(i) = (v) For all z € H: (Px,x) = (Px,x — Px + Pz) = (Px,Pz) > 0.
(v) = (i) Let = € ker P, y € rg P. Since for all A € R

0 < (P(z+Xy),z+Ay) = Oy, 2+ Ay) = N[lylI” + My, z),
it follows that (z,y) = 0. O
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Lemma 4.51. Let H Hilbert space H. A linear operator P : H — H is an orthogonal projection
if and only if P> = P and (x, Py) = (y, Px) for all z,y € H.

Proof. Assume that P is an orthogonal projection. Then P? = P and by Proposition 4.50 P is
selfadjoint.

If P2 = P and (z,Py) = (y,Px) for all z,y € H, then P is a projection. By the theorem of
Hellinger-Toeplitz (Theorem 4.43) P is selfadjoint, hence P is an orthogonal projection by Propo-
sition 4.50. O

Lemma 4.52. Let H be a Hilbert space, Uy,Us C H closed subspaces and Py, Py the corresponding
orthogonal projections. Then the following is equivalent:

(i) PiP,=P,P, =0.

(ii) Uy L Us.

(iii) Py + P2 is an orthogonal projection.

If one of the equivalent conditions above hold, then rg(Py + P2) = Uy @ Us.

Proof. (i) = (ii) By assumption, Uy = rg P, C ker P, = (rg P1)* = Ui, hence U; L Us.

(ii) => (i) By assumption, rg P, = Uy C Ui- = ker Py, hence P P, = 0. Since (ii) is symmetric in
U; and Us,, it follows also that P, P; = 0.

(i),(il) = (iii) Observe that PP, = P,P; =0, so P; + P» is a projection because

(P + P)> =P+ PPy + PPy, + P = Py + Ps.

Since the sum of two selfadjoint operators is selfadjoint, P, + P, is selfadjoint, hence, by Proposi-
tion 4.50 an orthogonal projection.
(iii) = (i) Since P; + P; is an orthogonal projection, it follows that

PP+ PPy = (P + P)* — (P + P) =0.

In particular 0 = (P P> + P,Py)Pox = (id+P,) Py Pox. Note that for y € H \ {0} the vectors
(id — Py)y and P,y are linearly independent, hence (id +Pz2)y = (id —P2)y + 2P,y is zero if and only
if (id —Py)y = 0 and Py = 0, hence y = 0. Therefore rg Py P> C ker(id +P2) = {0}. O

Lemma 4.53. Let H be a Hilbert space and Py and P, orthogonal projections on subspaces Uy and
Us,.

(i) PLPy is an orthogonal projection if and only if PoPy = PyPy. In this case, PPy is an
projection on Uy N Us,.

(ii) Py — Py is an orthogonal projection if and only if PyPo = P,Py = Ps.

Proof. (i) 1If PP, is an orthonormal projection, then, by Proposition 4.50, PP, is selfadjoint,
that is Py Py = (P1P)* = Py Py = P,P;. On the other hand, if P; and P» commute, then it is easy
to verify that (PyP2)? = PiP, and (P, P,)* = P, P», hence P P, is an orthogonal projection. In
this case, rg(P1Py) = rg(PyPy), so rg(P1P2) C Uy NUs. On the other hand, P, P,z = x for every
x € Uy NUy, so also rg(P; P2) D Uy NUs holds.
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(ii) Using Lemma 4.52 we obtain

Py — P, orthonormal projection <= 1 — (P; — P) orthonormal projection
< (1 - Py)+ P orthonormal projection
<~ P2(1—P1):(1—P1)P2=O

— PP =PP =P 040

Lemma 4.54. Let H be a Hilbert space and Py, Py orthogonal projections on Hy, Hy C H. Then
the following is equivalent.
(i) Hy C Hy,
(ii) ||Poz|| < [|Prz|, x€ H.
(iii) (Pox, J:) <(Piz,z), ze€H.
(IV) P0P1
Proof. (ii) <= (iii) Let # € H and P an orthogonal projection. Then (Pz,z) = (P?z,z) =
(Px, Pz) = || Px|]?.
(i) <= (iv)

PP, =P @Po(ld—Pl):O <:>rg(id—P1)§kerP0

— (rgP)* C(rgPy)*t < H{ C Hy
<~ Hy C H;.

(iv) = (ii) Forall z € H: |[Poz|| = |PoPiz|| < ||Pol|| Piz|| < || Prz].

(ii? = (i) Let x € H{- =ker P;. Then 0 = (Pyz,z) > (Pyz,z) = ||P||?, hence Hi- C ker Py =
Hy . O

Lemma 4.55. Let H be a Hilbert space and (P,)nen @ sequence of orthogonal projections with
(P, x) < (Pyx,z) for allz € X and m < n. Then (P,)nen converges strongly to an orthogonal
projection.

Proof. By Theorem 4.49 we already know that s-lim P,, =: P exists and is a selfadjoint operator.
It remains to be shown that P is a projection, that is, that P2 = P. For x € H and n € N

P>y =(P—-P,+P,)(P— P, +P,)z=(P—P,)Px+ P,(P— P,)x + Px.
Note that (P — P,)Px — 0, n — o0, and also P,(P — P,)x because |P,|| = 1, n € N. Since
P22z = P,z — P, it follows that P2 = P. O
4.6 The adjoint of an unbounded operator

In sections 2.4 and section 4.4 we have defined the adjoint of bounded linear operators between
Banach or Hilbert spaces. Now we define the adjoint of an unbounded linear operator. Recall that
T(X —Y) denotes a possibly unbounded linear operators defined on a subspace D(T') C X.
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Definition 4.56. Let X,Y be Banach spaces and D(T') C X a dense subspace. For a linear map
T:X DOD(T)— Y we define

D(IT"):={p €Y' : x— p(Tz) is a bounded linear functional on D(T)},

Since D(T) is dense in X, the map D(T) — K, = — ¢(Tx) has a unique continuous extension
T ¢ € X' for ¢ € D(T"). Hence the Banach space adjoint T’

T:Y' OD(T") — X/, (T'p)(z) = p(Tx), z€ D), p€DT).
is well-defined.

Theorem 4.57. Let X,Y be Banach spaces, D(T) C X a dense subspace and T : X D D(T) - Y
be a linear operator. Then T is closed.

Proof. Let G(T") = {(v,T'y') : ¢ € D(T")} C Y’ x X' be the graph of T”.
Note that (y',z') € G(T") if and only if 2’z = ¢/(Tz) for all x € D(T). Now let ((y},x}))nen C
G(T") a convergent sequence with li_>m (yh,,xh) = (yh, xp). For all x € D(T) it follows that

n oo

/T /T / T /
THT = n11_>1r010 T = nh—>Holo yn(Tx) = nll_}n;o yo(Tx),

thus (y(,zy) € G(T') which implies that T" is closed. O

Definition 4.58. Let X,Y be Banach spaces. For linear operators 5,7 from X to Y we write
S CTif T is an extension of S, that is, if D(S) C D(T') and T'|pgy = S.

Theorem 4.59. Let X,Y,Z be Banach spaces.

(i) Let (S,D(S)) and (T,D(T)) be densely defined linear operators X — Y. If S C T then
T CS.

(ii) Assume S(X = Y) and T(Y — Z) are densely defined such that also T'S is densely defined.
Then S'T" C (T'S)'.

(iii) Assume S(X = Y) and T(X — Y) are densely defined such that also T+ S is densely defined.
Then (S"+T") C (S+T)".

Proof. (i) is clear from the definition of the adjoint operator.
(ii) Let 2/ € D(S'T"). Then T'z' € D(S’) and the map

D(S) =K, zw (T'2)(Sx)
is continuous. Then also its restriction
D(TS) - K, zw (T'2)(Sz) =2 (TSx)

is continuous. Note that by assumption D(T'S) is dense in X, hence 2z’ € D((T'S)’") and (T'S)'z' =
S'T' 2.
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(iii) Let ' € D(T" 4+ S’) = D(T’") N D(S’). Then the map
DT+S)—K, zw—y(Tz)+y (Sx)=y'(T+ 9)x)

is continuous. Since by assumption D(T + S) is dense in X, ¢y’ € D(T'+ S)') and (T + S)'y’
(T/ _"_S/)y/

o

If S and T are bounded, then “=" holds in (ii) and (iii) (Theorem 2.27). Note that for unbounded
linear operators T" + S’ = (T + S)’ is not necessarily true. For example, if T(X — Y) is a densely
defined unbounded linear operator such that also 7" is densely defined with D(T”) # Y’. Then
DI~ T #Y' = D(T - T).

Corollary 4.60. Let X be a Banach space, T a densely defined linear operator in X with bounded
inverse T=' € L(X). Then T is invertible and

(T/)—l _ (T_l)/.

Proof. By Theorem 4.59 (ii) it follows that (T-1)T" C (TT~!) = idy = idx, hence (T~})'T’" =
idD(T’)~

Again by Theorem 4.59 (ii) we find T(T~!) C (T-1T) = id/D(T) = idx, so it suffices to show
D(T(T1)) = D(T"). Let ¢ € D(T") and n = (T~1)'¢. For every x € D(T) it follows that
n(Tz) = (T~Y)(Tx) = o(TV'Tz) = ¢(z), which implies € D(T"), hence D(T'(T')) =
D(T"). O

Note that above Corollary follows also from Theorem 5.20.
More general is Theorem 4.65 due to Phillips.

Definition 4.61. Let X be a Banach space. For subspaces A C X and B C X’ we define the
annihilators

A ={peX :p(x)=0, x € A} C X',
‘Bi={reX:p(x)=0, p€ B} CX.

Remark 4.62. The sets A° and °B are closed subspaces and °(A°) = A. If X is reflexive, then
also (°B)° = B.

Proof Obviously7 A° and °B are bubspaces Let (2!, )nen C A° be a convergent sequence. Then

xh = nhm x), € A° because xjx = hm x,x =0 for all x € A. Let (z)nen C °B be a convergent

sequence. Then zg:= lim z, € °B because pxy = hm pxy, =0 for all ¢ € B.
n—oo

Now we show that °(A°) = A. Since obviously A C °(A4°), also A C °(A°). Assume that there
exists an a € °(A°)\ A. By a corollary to the Hahn-Banach theorem (Corollary 2.20) there exists a
¢ € X' such that |4 = 0 and ¢(a) # 0. Therefore ¢ € A°, so by definition of °(A°), also ¢(a) = 0.

(°B)° = B follows if we identify X with X" using the canonical map Jx. O
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Lemma 4.63. Let X,Y be Banach space, Y # {0} and T(X — Y) a densely defined closed linear
operator and yo € Y \ {0}. Then there exists a ¢ € D(T") such that p(yo) # 0, in particular,

D(T") # {0}

Proof. By assumption, the graph G(T) of T is closed and (0,yo) # G(T). Hence, by a corollary
to the Hahn-Banach theorem (Corollary 2.20) there exists 1) € (X x Y')" such that 9|g(r) = 0 and
¥((0,90)) # 0. Let ¢ : Y = K, (y) = ¥((0,y)). Obviously ¢ € Y’ and ¢(yo) # 0. Moreover,
© € D(T") because for all z € D(T)

p(Tx) = ((0,Tz)) = ¢((z, Tz) — (2,0)) = ¢((z, Tx)) — ¢((x,0))
= —((,0)). O

Theorem 4.64. Let X and Y be Banach spaces. For a densely defined closed linear operator
T(X —Y) the following holds:
(i) 1g(T)° = rg(T)" =ker T".
(ii) rgT = °(ker T").
(ili) rgT =Y <= T’ is injective.

)

)

rg
reg

—

(iv) °(xgT")ND(T) = ker T.
(v) rgT" C (kerT)°.

Proof. (i) The first equality is clear. The second equality follows from

Vyerg(T) ¢(y) =0
VeeDT) oTx)=0
peD(T'), T'p =0

¢ € ker(T").

 erg(T)°

1ot

(ii) rgT =°((rgT)°) =°(kerT") by (i) and Remark 4.62.

(iii) By (ii), rgT =Y if and only if °(ker 7”) = Y. This is the case if and only if ¢(y) = 0 for all
p €kerT' and y € Y, that is, if and only if ker 77 = {0}.

(iv) Let z € ker(T) and 2’ € rgT’. Choose y' € D(T") with T"y’ = 2’. Then 2’z = (T'y')z =
y'(Tx) =y’ (0) =0, hence x € °(rgT").

Now let € °(rg T")ND(T). Then y'(Tx) = (T'y' )z = 0 for all y’ € Y. Since T is closed, it follows
by Lemma 4.63 that Tz = 0, hence x € ker T'.

(v) Let 2’ €rg(T’) and = € ker T. Choose y' € D(T") such that 7'y’ = z’. Then 2’z = (T'y" )z =
y' (Tz) =y (0) = 0. It follows that rg(7T") C (ker T')°, and since (ker T')° is closed, the statement is
proved. O

Theorem 4.65 (Phillips). Let X,Y be a Banach spaces, T(X — Y) a densely defined injective
linear operator with rg(T) =Y. Then

(Tt = (T71Y. (4.2)

Moreover, vg(T) =Y and T~ is bounded if and only if T is closed and (T")~! is bounded on X'.
(T~ denotes the inverse of T : D(T) — rg(T), similar for (T")71.)
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Proof. By assumption, D(T~!) = rg(T) is dense in Y, hence Y, (T~!)" exists. Moreover, T" is
injective by Theorem 4.64 (iii), hence (7")~! : rg(T") — Y exists.

Let us prove (4.2). To show that (T")~! C (T1)’, let p € rg(T") = D((T’)~'). Note that for every
y € rg(T) = D(T'), we have that

p(T™1y) = (T(T) ) (T hy) = (T) ) (TT™y) = (T) " o)y
hence ¢ € D((T~1)’) and hence (T~1) o = (T") L.

To show that (T")~! D (T~1), let ¢ € rg(T”) = D((T')’). Note that (T~1)'¢ € D(T’) because
for all z € D(T") we have that

(T ') (Tz) = (T~ 1)Tz) = ¢((x)

and hence ¢ = T'((T~ 1) p € 1g(T’) = D((T") L.

If rg(T) = Y and T~! is bounded, then T is closed and T-! € L(Y, X) which implies that also
(T~1) e L(X", Y.

If on the other hand T is closed and (7")~! € L(X’,Y’), then also T~! is closed. For all p € X’
and y € D(T~1) with ||y|| = 1, we have that

(T~ y) | = T/(T) " (T~ )| = [(T) " )l < 1T el

Hence {T~ 'y : y € D(T1),|ly|| = 1} is bounded by Corollary 3.8, therefore T~ is bounded its
domain is closed by the closed graph theorem, hence D(T!) = rgT = rg(T) = Y. Since T~ ! is
closed by O

Theorem 4.66 (Closed range theorem). Let X,Y be reflexive Banach spaces and T : X D
D(T) =Y a closed densely defined linear operator. The following is equivalent:
(i) rg(T) is closed.
(i) rg(T") is closed.
T:X DD(T) —rg(T) is open.
T :Y' DD(T") — rg(T") is open.
) ="°(kerT").
") = (ker T)°.

(ii

)
)
(iv)
)
)

<

g(

(v T
rg(T

—

(vi
Proof. (i) <= (iii) Since T is closed, (D(T), || - ||r) is a Banach space and
T:(D(T),| - |lr) = rgT, Tx=Tx

is continuous (Lemma 3.32). Observe that also i : (D(T),] - ||r) = X, = + x is continuous and
that T=Toi ': XD D(T) — Y. Note that rg T is a Banach space.

If rg T is closed, then T : (D, || - ||7) — rg T is open by the open mapping theorem (Theorem 3.22),
then also T = Toi~* : X D D(T) — rg T is open as composition of open maps. If T : D(T) — 1g T
is open, then it is surjective, hence rgT is closed.

Note that T is closed (Theorem 4.57), hence (ii) <= (iv) is proved analogously.
(i) <= (v) follows from theorem 4.64 (ii).
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(ii) <= (vi) follows from theorem 4.64 (ii)

1g(T7) = °(ker T") = (ker T')°.

(iii) <= (iv) Recall that T is open if and only if there exists an , 7 > 0 such that the image of the
open ball in X with centre 0 and radius r contains the open unit ball in Y. That is, there exists a
r > 0 such that T(Bx(0,7)) 2 By (0,1). Assume that T is open and let r as above.

To show that 7" is open, we have to show that for every z{, € rg(7”) with ||z{|| < 1, there exists
ayy € D(T") with T'y(, = z;, and ||yy|| < r. Define a linear functional ¢ on rg(T) as follows: for
y € rg T with |ly]] < 1 choose x € D(T) such that ||z|| < r and Tx = y. Set ¢(y) = z{(z and extend
¢ linearly to rg T. Note that |¢(y)| = |zpx| < |lzg||llz]] < rlly]l, ¢ is bounded, so by the theorem of
Hahn-Banach it can be extended to a functional yj € Y’ with ||yj|| < r. Note that

D(T) — K, = yo(Tz) = o(Tz) = zT

is continuous, so y;, € D(T).

(iv) <= (iii) Follows analogously if we note that 7" = T by the reflexivity of X and Y. O

Definition 4.67. Let H;, Hy be Hilbert spaces and D(T)) C H; a dense subspace. For a linear
map T : H;y 2 D(T) — Hs its Hilbert space adjoint T* is defined by

D(T*):={y€ Hy : x+ (Tx,y) is a bounded on D(T)},
T*: Hy D D(T*) — Hy, Ty = y*,
where y* € Hy such that (Tx,y) = (x,y*) for all x € D(T).
Note that for y € D(T*) the map x — (T'x,y) is continuous and densely defined and can therefore
be extended uniquely to an element ¢, € H{. By the Riesz representation theorem (Theorem 4.20)

there exists exactly one y* € H; as desired.

Definition 4.68. Let Hy, Hs be Hilbert spaces and D(T') C Hy, D(S) C H; subspaces. The linear
maps T : Hy 2 D(T) = Hy and S : Hy D D(S) — H; are called formally adjoint if

<Txay>H2 = <xasy>H13 xGD(T)7y€D(S)
Note that the formal adjoint of a non-densely defined linear operator is not unique; in particular,
the operator trivial operator with D = {0} is formally adjoint to every linear operator.
If T is densely defined, then its adjoint 7™ is its maximal formally adjoint operator.
Lemma 4.69. Let Hy and Hy be Hilbert spaces and define
U:Hy x Hy, — Hy X Hy, (z,y) — (y, —x).

If T(H, — Hy) is a densely defined linear operator, then

G(T*) = U(G(T)") = [U(GT)]* (4.3)
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Proof. Observe that U is unitary, hence U(G(T)*) = [U(G(T))]*. The first equality in (4.3) follows
from

(yo,z0) € G(T™) (Tz,yo)y ={(z,z0)x, z=¢€ D)
(Tx,yo) — (z,20) =0, x€D(T)
(Tz,—z), (Yo,20))HoxH, =0, x€ D)
(U(x,Tx), (Yo,x0))Hoxm, =0, x€D(T)
(

o 20) € [U(G(T))]-. o

reeee

Theorem 4.70. Let Hy and Hy be Hilbert spaces. For a densely defined linear operator T(X —Y')
the following holds:

(i) T™* is closed.
(ii) If T is closable, then T* is densely defined and T** =T .

Proof. (i) follows immediately from (4.3).
(ii) Let yo € D(T*)*. Then (yo,y) = 0 for all y € D(T). This implies

0=1((090), (=2, ¥ mxr. = ((0,%0) Uy, 2))oyxms (y,2) € GT).
Hence by Lemma 4.69,
(0.30) € [UHG(TM)]* = G(T)* = G(T) = G(T).
It follows that yo = T0 = 0, so D(T*) =Y. Let
V i Hy x Hy — Hy X Ho, V(y,z) = (z,—y).
Obviously VU = —idg, « i, and application of Lemma 4.69 to T* yields

G(T™) = V(G(T)*F = VUGN = [-(G(T)H)]F = G(T)*H = G(T)
G(T).

hence T** =T. ]

Theorem 4.71. Let Hy, Ho, H3 be Hilbert spaces.

(i) Let T(Hy — Hs) and S(Hy — Hs) be densely defined linear operators. If S C T then
T C S*.

(i) Assume S(H; — Hay) and T(Hy — Hs) are densely defined with TS = Hy. Then S*T* C
(TS)*.

(iii) Assume S(Hy — Hs) and T(Hy — Hs) are densely defined with T +S = Hy. Then (T* +
S*) C (S+1)*.

If S and T are bounded, then “=" holds in (ii) and (iii).
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Proof. As is in the Banach space case. O

Corollary 4.72. Let H be a Hilbert space, T a densely defined linear operator in H with bounded
inverse T~ € L(H). Then T* is invertible and

(T = (T ) =T
Proof. By Theorem 4.71 (ii) it follows that (T=1)*T* C (TT~1)* = idy+ = idg, hence (T~1)*T* =

idD(T*) .

Again by Theorem 4.71 (ii) we find T*(T~1)* C (T71T)* = idp(ry = idp, so it suffices to show

b
D(T*(T~YH*) = D(T*). Let y € D(T*) and 2z = (T~1)*y. For every x € D(T) it follows that
(Tz,z) = (Tz, (T Y)*y) = (T 'Tz,y) = (z,y), so 2 € D(T*) which implies D(T*(T~1)*) =
D(T™). O

Theorem 4.73. Let Hy, Hy be Hilbert spaces, T(Hy — Haz) a densely defined closed linear operator.
Then the following holds.

(i) rg(T)" = 1g(T) =kerT".
(ii) rg(T) = (ker T*)*.
(iii) rg(T*)* = kerT.
(iv) rg(T*) = (ker T)*.

Proof. (i) Note that y € rg(T)* if and only if (Tx,y) for all z € D(T). This is equivalent to
y € D(T*) and T*y = 0.

(ii) By (i) 18(T) = 18(1) = (kerT*).
(iii) By Theorem 4.70 T* is closed and densely defined and T** = T. Application of (i) to T*
shows rg(T*)+ =kerT.

(iv) Application of (ii) to T* shows rg(T*) = (ker T')* . O
Example 4.74. Let H = L5[0, 1]. Let

D(Ty) := W5 (0,1) = {x € Ly[0,1] : z absolutely continuous, =’ € L1[0,1]},
D(Tg) =D(Ty) N{z € L]0,1] : z(0) = z(1)}
(Ty) N {zx € L2[0,1] : x(0) = x(1) = 0}.

For k=1,2,3 let
Ty : HD D(Tk) — H, Trx = iz,

Obviously, the T}, are well-defined and D(T},) is dense in H (Theorem A.27). We will show: T} = T3,
T3 =11, T3 = Tb, in particular all T}, are closed.
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Proof. Let x,y € D(T1). Then, using integration by parts,

(Tiz,y) = /O ixﬂy(i) at = i ()y(0)| - /0 (07 (D) dt
— i2()y(1) — iz(0)y(0) + (x, T1y).
In particular we obtain
<T$7y> = <$,Ty>, €T ED(Tl)’ Y ED(T3),
<T$,y> = <$,Ty>, x7/y€D(T2)'
This shows that
D(Ty) € D(T}), D(Iy) CD(T5) and D(T}) C D(T})

and T |p(ry) = T3, 15 |p(ry) = T1 and T3 |p(ry) = Ta.
To prove the inclusion D(T7) C D(T5) let g € D(Ty) and ¢ = T}'g. Define ®(t) = f(f ©(s)ds. Then
® is absolutely continuous and &' = ¢. For x € D(T})

/ i (09(0) dt = (T, g) = (&) = / (1) () dt
0 0

:x(t)@‘;_ /0 i’ (H)®(1) dt

:x(1)q>(1)7/0 i’ (H)B(E) dt.

Note that ®(1) = 0 as can be seen if x is chosen to be a constant function. Hence

1
/ iz’ (t)(g(t)i®(z)) dt = 0, xz € D(Th),
0
implying that g +i® € rg(T})* = {0}. It follows that g is absolutely continuous and g(0) = ip(0) =
0, 9(1) = ip(1) =0, so g € D(Ts).
Analogously, T5 = T and T5 = T} can be shown. O

Definition 4.75. Let H be a Hilbert spaces, D(T') C H a dense subspace and T': H 2D D(T) — H
a linear map.

(i) T is called symmetric it T C T*.
(ii) T is called selfadjoint if T = T*.
(iii) T is called essentially selfadjoint if T = T*.

The operator T, in the example above is selfadjoint, the operator T3 is symmetric.
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Chapter 5

Spectrum of linear operators

If not stated explicitely otherwise, all Hilbert and Banach spaces in this chapter are assumed to be
complex vector spaces.

5.1 The spectrum of a linear operator
Definition 5.1. Let X be a Banach space and T(X — X) a densely defined linear operator.

p(T) :=={A € C : Xid —T is bijective} resolvent set of T,
o(T) :=C\ p(T) spectrum of T.

The spectrum of T is further divided in point spectrum o, (T), continuous spectrum o.(T) and
residual spectrum o (T):

op(T) :={A € C : Xid —T is not injective},
oo(T) :={A € C : Xid —T is injective, rg(T — \id) # X, rg(T — A\id) = X},
or(T) :={A € C : A\id —T is injective, rg(T — Aid) # X }.
It follows immediately from the definition that
o(T) =o0p(T)Uoo(T)Uoy(T).

In the following, we often write A\ — T instead of Aid —T'.

Definition 5.2. (i) Elements A\ € 0,(T) are called eigenvalues of T

ii) For € o we define the geometric eigenspace o in A\, Nx(T'), and the algebraic
For A (T defi h fT A, Na(T d the algeb
eigenspace of T in A, A\(T), by
NN(T) :=ker(T — \),
ANT):={z e X : (T —N)"z =0 for some n € N}.
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(iii) For A € p(T) the resolvent of T in X is (A\id —=T)~! := R(A\, T'). The map
p(T) = L(X), A ROLT)
is the resolvent map.

Remark 5.3. If T is closed, then (T'— \)~! is closed if it exists. Therefore, by the closed graph
theorem,

p(T)={\€C : T — \is injective and (T — \)~' € L(X)}.

Remark 5.4. Often the resolvent set of a linear operator is defined slightly differently: Let T'(X —
X) is a densely defined linear operator. Then A € p(T) if and only if A — T is bijective and
(A —T)~! € L(X). With this definition it follows that p(T) = @ for every non-closed T'(X — X)
because one of the following cases holds:

(i) A —T is not bijective = A ¢ p(T);
(i) A — T is bijective, then (A — T)~! is defined everywhere and not closed, so it cannot be
bounded, which implies A ¢ p(T).

Remark 5.5. If dim X < oo, then 0.(T) = 0,(T) = 0 and o, (T) is the set of all eigenvalues of T'.

Theorem 5.6 (Spectral mapping theorem for polynomials). Let X be a Banach space,
T € L(X) and P € C[X] a polynomial. Then

Proof. Let A € C. Then there exists a polynomial @ such that P(X) — P(\) = (X = A)Q(X). In
particular, P(T) — P(\) = (T — N)Q(T) = Q(T)(T — \). Hence, if X € o(T), then (T — \) is not
bijective, so P(T') — P()) is not bijective which implies P(c(T)) C o(P(T)).

Now assume g € o(P(T)). There exist a, A1, ..., A, € Csuch that P(X)—p=a(X —X) - (X —
An). Since P(T') — p is not invertible, at least one of the terms A; — T' cannot be invertible, that is
at least one \; must belong to the spectrum of T and p = P(\;) € P(o(T)). O

5.2 The resolvent

In this section we will study the resolvent map p(T) — L(X), A= R(A\,T) = (A —T)~1. We will
show that its domain is open and that it is analytic.

Lemma 5.7. Let X be a Banach space and T(X — X) a closed linear operator.

(i) IR0, T)| for all Ay € p(T).

1
> -
|2 Tt 0 (1))
(i) For Ao € p(T) and X € C with |\ — Xo| < ||[R(Xo, T)|| 7}

ROLT) = (Ao — N)"(R(Xo, T))"*.

n=0
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Note that (ii) shows that locally around a Ao € p(T") the resolvent has a power series expansion
with coefficients depending only on A\g and 7.

Proof of Lemma 5.7. Recall that for a bounded linear operator S € L(X) with ||.S]| < 1 the operator
(id—S)~! € L(X) and it is given explicitly by the Neumann series (Theorem 2.10)

(id-S)~ ZS"

Let Ag € p(T'). For A € C we find
A=T=X—T—(No—A)=[id—(Ao— N (Ao —T) "] (Ao = T).

If |Ao — Al < |[(Ao = T)7 Y7L, then the term in brackets is invertible, hence so is A — T and we
obtain

A=T)" = =T) " [id=(ho =N =T)"] "

= o =D (X o= X" —-1)7")

n=0

Z )\0 _ T)—(n+1)
which proves (ii). If u € C with |u| < |[(T — Xo) |71, then A\g + u € p(T), hence dist(\g, o (T)) >
(T — Xo)~ 1|71, so also (i) is proved. O

As a corollary we obtain the following theorem.

Theorem 5.8. Let X be a Banach space and T(X — X) a closed linear operator.
(i) o(T) is closed.
(ii) If T € L(X), then o(T) is compact.
Proof. (i) C\ o(T) = p(T) is open by Lemma 5.7.
(i) Let A € C with |A| > ||T||. Then A—T = A(id —A71T) is invertible since [|A~!T|| < 1 (Neumann

series, Theorem 2.10), hence A € p(T') It follows that {A € C: |A| > ||T||} 2 p(T'). Since o is closed
and bounded, it is compact. O

Next we prove the so-called resolvent identities.

Theorem 5.9. Let X be a Banach space and T(X — X), S(X — X) a linear operators with
D(S) =D(T).

(i) Ist resolvent identity:
RAT) = R(u, T) = (= NRAT)R(p, T), A pep(T).

In particular, the resolvents commudte.
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(ii) 2nd resolvent identity:

RO\T) — R(\,S) = ROLT)T — S)R(N,S),  Ae p(T)n p(S).

Proof. (i) follows from a straightforward calculation:

ROAT) = R(p,T)=A=T)"" = (u—T)""
=A-T)"'p-T—-A-T)](p-T)"
= (= AR\ T)R(p, T).

(ii) is shown similarly:

RO\T) =R\, 8) =(A-T)"" = (A= 9)~"
SO-T) - S (=T - 8
=R\ T)T - S)R(\,S), O
Next we study properties of the resolvent map p(T) — L(X), A — R(A\,T). By Lemma 5.7 we

already now that its domain is open and that it is analytic, that is, locally it has a power series
representation.

Definition 5.10. Let 2 € C be an open set, X a Banach space and f: Q — X.

(i) f is called holomorphic in zo € § if and only if the limit

i 1) = 1)

220 Z— 20

exists in the norm topology. f is called holomorphic if and only if it is holomorphic in every
zg € Q.

(ii) f is called weakly holomorphic in zy € Q if and only if the limit

i 1) = 1)

2—20 zZ— 2

exists in the weak topology. f is called weakly holomorphic if and only if it is weakly holomor-
phic in every zg € Q. Hence, for every ¢ € X’ the map Q@ — C, z — ¢(f(z)) is holomorphic
in the usual sense.

Lemma 5.11. Let X be a Banach space. A sequence (xn)nen C X is a Cauchy sequence if and
only if the sequence (¢(xn))nen C X is uniformly Cauchy for ¢ € X' with ||¢|| < 1 (that is, for
every € > 0 exists a N € N such that |¢p(z,) — ¢(zm)| < € for all myn > N and all ¢ € X' with
ol < 1).

Proof. Assume that (z,)neny € X is a Cauchy sequence and let € > 0. Then there exists a N € N
such that ||z, — zsm|| < € for m,n > N. It follows that ||o(z,) — @(xm)| < lell|zn — Tm|| < € for
all m,n > N and all p € X’ with ||| < 1.
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Now let ¢ > 0 and assume that there exists an N € N such that |¢(x,) — ¢(xm)| < € for all
m,n > N and all ¢ € X’ with [|¢|| < 1. Recall that the map Jx : X — X” is an isometry. It
follows for m,n > N
|20 = Zm|| = [[Txan — Jx@m| = sup{|(Jxzn — Ixzm)p| + ¢ € X, [l < 1}
= sup{lp(ea) — plom)] : ¢ € X', ol <1} <. o

Recall the following fundamental theorem of complex analysis.

Theorem 5.12 (Cauchy’s integral formula). Let Q € C open and let f : Q — C holomorphic.
Let zg € Q and r > 0 such that K.(z9) :={z € C: |z — 2| <r} CQ. Then

1 f(2)
= — 7 dg, € B, 5.1
S =g [ SThd aeB( 6.1)
where T'.(z0) is the positively oriented boundary of K,.(zy). More generally, for n € Ny,
!
) () = ™ ) 4 B 5.2
S = o /mzo) Goapt O 4F r(z0). (5:2)

Theorem 5.13 (Dunford). Let X be a Banach space and let 2 € C open. A map f:Q — X is
holomorphic if and only if it is weakly holomorphic.

Proof. Clearly, holomorphy of f implies weak holomorphy. Now assume that f is weakly holomor-
phic. Let zg € Q. Choose r > 0 such that K,(20) = {z € C: |z — 20| < r} € Q. and let T'(20)
be the positively oriented boundary of K,.(zg). For every ¢ € X’ Cauchy’s integral formula (5.1)
yields

P = o | UE) 4. ae By(e0).
T (20)

2mi zZ—a

For a € B,(zp) and 0 < |h| < r — |29 — a| it follows that a + h € K,(zp), hence with Cauchy’s
integral formula we obtain

Lo+ )~ e(ra)) - (0o 1)@
1 1 1 1 h
~ 2ni FT(ZO)E{Z*afh_zfa_(z—a)2}¢(f(z)) dz
" 2w, (e [(z —a)(z—a—h) (z— a)Z}@(f(Z)) dz
h p(f(2))

- dz.
271 Jr oy (2 —a)2(z—a—h)

Since z — ¢(f(z)) is holomorphic in a neighbourhood of T'.(zp), it is in particular continuous.
Hence there exists C, such that

lp(f(2) < Cpy 2 €Tw(20)
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By a corollary to the theorem of Banach-Steinhaus (Corollary 3.8), there exists C' > 0 such that
Hf(Z)H <Ca ZGF’I‘(ZO)-

Hence we obtain

|3 (7@t 1) — p(7(a)) — <o N)(a) | < hllglc"

This implies that

tim (7 (F(a-+ 1) — f(a))) = lim = (o(f(a+ 1) ~ ¢(f(a))) = (90 /) (a),

h—0 h—0

uniformly for ¢ € X', ||| < 1. Therefore, by Lemma 5.11, }llirr%) +(fla+h) — f(a)) exists. O
—

Theorem 5.14 (Dunford). Let X be a Banach space, @ C C open and T : Q@ — L(X). Then the
following is equivalent:
(i) T is holomorphic in the operator norm.
(ii) T is strongly holomorphic.
(iii) T is weakly holomorphic.

Proof. (i) = (ii) follows from the definition. (ii) <= (iii) follows form Theorem 5.13. It remains
to prove (iii) = (i). As in the proof of Theorem 5.13 we obtain for z € X and ¢ € X’

1 d _h (T (2)x)
E(@(T(a + h)x — T(“)@) - $|z:a(sﬁT(Z)x) ~ om /FT»(zo) (z — a)Q(Z —a— h) dz.

Since z — @(T'(z)x) is holomorphic in a neighbourhood of T',(zp), it is continuous, so there exists
Cy,, such that

lp(T(2)x)| < Copy 2 € Tr(20).
By a corollary to the theorem of Banach-Steinhaus (Corollary 3.8), there exists C, > 0 such that
IT(2)z]| < Coy, 2 €Tr(20),
and by the theorem of Banach-Steinhaus (Theorem 3.7), there exists C' > 0 such that
IT(2)| <C, z €T (20)-

This implies that
1 o1
’llli% 5 (ap(T(a + h)x — T(a)x)) = ap( 11113) E(T(a + h)x — T(a)x))
exists, uniformly for ¢ € X', ||¢|| < 1. Therefore, by Lemma 5.11,
1
}lllg%) E(T(a + h)x —T(a)x)
exists and convergence is uniform for x € X with ||z|] = 1. Analogously as in the proof of

Lemma 5.11 it follows the existence of

.1
}llli% E(T(a + h)—T(a)). O
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Theorem 5.15. Let X be a Banach space, T(X — X) a densely defined closed linear operator.
Then the resolvent map

p(T) = L(X), A= RW\T)=MA-T)"
s holomorphic.

Proof. Let X\g € p(T') and X € C with [X\ — Xg| < [|R(Ao, T)||. For fixed x € X and ¢ € X’ we have
by Lemma 5.7

oo

( D> (A= 20)"(R(o, T))n+1>33)

n=0

PR\, T)z) = ¢

b L

(A= 20)"o((R(Xo, T))" )
0

3
Il

where we used that the operator series converges and ¢ is continuous. Since the last sum is
absolutely convergent, it follows that A — @(R(\, T)z) is analytic locally at Ag, hence holomorphic.
Since weak holomorphy is equivalent to holomorphy in the operator norm (Theorem 5.14), the
theorem is proved. O

The preceding theorem allows us to apply theorems of complex analysis to the resolvent map.
Theorem 5.16. Let X be a Banach space and T € L(X). Then o(T) # 0.

Proof. Assume o(T) = (). Observe that this implies X # {0} and T-! € L(X). Let A € C with
Al > |IT|l. Then A € p(T') and using the Neumann series

oo oo 1
IROL T = || S A= < ST =) =

= = 1T = [Al
In particular, ||[R(A\,T)|] — 0 for |[A\|] — oo. Hence for every z € X and ¢ € X' the map
A = o(R(A, T)x) is holomorphic and bounded in C, so constant by the Liouville theorem. Since
©(R(\, T)x) — 0 for |A| — oo, it follows that ¢(R(A\,T)x) =0forall A € C,z € X and p € X'. By
a corollary to the Hahn-Banach theorem (Corollary 2.17) it follows that R(A\, T)z =0 for all z € X
and X € C, hence R(\,T) = 0, A € C. This contradicts the fact that 1 = ||[TT~|| < [|T||| T} =
0. O

The following example shows that for unbounded linear operators the cases ¢(T') = 0 and o(T) = C
are possible.

Examples 5.17. (i) Let X = C([0,1]) and
T:X2CY0,1]) = X, Trx=2.

Then T is unbounded and closed and o(T) = o,(T) = C.
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(ii) Let X = {z € C([0,1]) : 2(0) = 0}, D(T) = {z € X N C*([0,1]) : 2’ € X} and
T:X2D(T)— X, Tx=1'.
Then T is unbounded and closed and o(T") = 0.

Proof. (i) Obviously, T is unbounded and densely defined. If (z,,)nen € D(T) such that x,, — x and
Tz, — y € X, then, by a theorem of Analysis 1, x is differentiable, hence in D(T) and Tz = 2’ =y
which implies that T is closed.

For every A € C the differential equation ' — Az = 0 has the solution z,(t) = e*. Note that
xx € D(T) and (T — N)zy =0, s0 A € op,(T).

(ii) Obviously, T is unbounded and densely defined. If (z,)neny € D(T) such that z, — z and
Tzx, — y € X, then, by a theorem of Analysis 1, x is differentiable and =z’ = y. Moreover,
z(0) = nhﬂn;o 2,(0) =0, so in D(T) and Tz = 2’ = y which implies that T is closed.

For every A € C and every y € X the initial value problem z’ — Az = y, 2(0) has exactly one
solution x given by

¢
za(t) = e’\t/ e M y(s) ds.
0

Obviously zy € C1[0,1], 2x(0) = 0 and 24 (0) = Az(0) + y(0) = 0. Hence T — X is bijective, in
particular A € p(T). O

Note that in the last example the continuity of (T'— \) can be seen immediately:
t
T =N Yoo = 17A]loo = sup{‘ eAt/ e M y(s) ds‘ :telo, 1]}
0
1
< |yl oo max{1, e)‘}/ e ™ ds.
0

Definition 5.18. Let X be a Banach space The spectral radius of T € L(X) is
r(T) := limsup ||T" | #.

Theorem 5.19. Let X be a Banach space, T € L(X) and r(T) its spectral radius.

Q) »(T) < [|[T™||Y™ < ||T|| for all m € N, in particular r(T) = lim ||T™|Y/™.

m— o0
(ii) o(T) CS{A e C: N\ <r(D)}.
(iii) If X 4s a complex Banach space, then there exists a X\ € o(T) such that |\ = r(T), in

particular

r(T) =max{|A|: A € o(T)}.

(iv) If X is Hilbert space and T is normal, then r(T) = ||T||.
(v) If X is a complex Hilbert space and T is normal with r(T) =0, then T = 0.
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Proof. (i) Let m € N arbitrary. For every n € N there exist p,,q, € Nog with ¢, < m and
n=pym+ q,. Let M :=max{1, |T||, ..., |T™ ||}. Then

[T = [[TP=mFan || < TP ([T || < M|T™ ([P
This implies r(T") = lim sup ||T"||% < lim sup M%HT’"H#_% = HT"LH%.
n—oo n—oo
(ii) By the formula of Hadamard, the radius of convergence of > o 2" ||T™ | is (lim sup || 7™ || W)t
n—oo

7(T)~1. Hence for all A € C, [A| > r(T), the series > oo  A~("*DT™ =: A converges in norm. By
Theorem 2.10 (Neumann series), A is the inverse of A — T. Because T is closed, it follows that
{AeC: A >r(T)} Cp(T), or equivalently {A € C: |A\| < r(T)} C o(T).

(iii) Let o := max{|\| : A € o(T)}. It follows from (ii) that ro < (7). Now choose any u € C
with || > 9. We have to show that |u| > r(T"). Observe that by definition of R(T") and by the
formula of Hadamard

A=T)"t=> Ao, I\l > r(T), (5.3)
n=0
where the series on the right hand side converges in norm. In particular, for every ¢ € L(X)’
pA=T) =Y A o), A > (7).
n=0

Hence \ +— ¢(T — \)~! defines an analytic function for |A\| > (7). It follows from complex analysis
that then the equality in (5.3) holds for all A in the largest open ring where A — (A —T) is
analytic, that is for all A > (7). In particular, S 00 o u~("+D(T™) converges for every ¢ € L(X)',
hence it is weakly convergent, and therefore (pu= ("1 o(T™)),en converges to 0. It follows that
(,u_("“‘l)T”)neN is weakly convergent to 0, hence it is bounded (Corollary 3.9). Let M € R
such that Hu_(”“'l)UT"H < M, n € N. Then |[|T"|* < M=pu*= for all n € N, in particular

W) = tim I T]% < .
(iv) Recall that | TT*|| = |T||* for a normal operator T' (Theorem 4.39). Hence
17212 = 17Tl = [(TT*)?|| = [(TT)* = | TII*,

hence ||T2|| = ||T||?>. By induction, it can be shown that hence ||T?"|| = ||T||*" for all n € N,
implying that

= i n % = 1i 2" % = 1i =
K1) = lim [T°]* = lim 72" = tim 7] = |T]].
(v) follows directly from (iv). O

Note that in general 7(T') < ||T||, for example r(T') = 0 for every nilpotent linear operator.
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5.3 The spectrum of the adjoint operator

Theorem 5.20. (i) Let X be a Banach space and T(X — X) a densely defined closed linear
operator. Then o(T') = o(T) and R(\,T) = R(\,T") for X € p(T).

(ii) Let H be a Hilbert space and T(H — H) a densely defined closed linear operator. Then
o(T*)=0c(T)={ e C: Aeo(T)} and R\, T)* = R(\*,T*) for X € p(T).

Proof. If X € p(T), then A € p(T") and ((T'—\)~1) = ((T — \)’)~! by Theorem 4.65. (This follows
also from Corollary .)
If on the other hand A € p(7”), then

(T8 = *(ker(T' — \)) = *{0} = ¥,
ker(T — \) = °(rg(T" — X)) N D(T) =°(Y')NnD(T) = {0}.

Hence T — ) is injective and has dense range. Therefore Theorem 4.65 shows that rg(T — \) =Y,
hence A € p(T).
O

Lemma 5.21. Let X be a Banach space and T(X — X) densely defined and closed.

(i) A€ op(T) = Aeo,(T) U (T).

(i) A€o (T) = A€ og,(T).
Proof. (i) If A € o,(T), then ker(A — 1) 2 {0}, rg(A—T1") C ker(T)° # X. It follows that
A€ op(T!) or A € o, (T).

(i) If A € 0x(T), thenrg(A — T) # X. By Theorem 4.64 rg(A — T') = X ifand only if (A-T")" = A\-T"
is not injective, hence A € o, (T"). O

Theorem 5.22. Let H be a complex Hilbert space, T(H — H) a symmetric operator and A € C\R.

(i) |(A=T)z|| = [Tm(A)| [|z[| for all z € D(T).
In particular T — X\ : D(T) — rg(T — \) is invertible with continuous inverse and the point
spectrum of T is real.

(ii) If T is closed, then rg(A — T) is closed.
Proof. (i) For all x € D(T)

lA =T ||| > {(()\ — T)x,x)’ = |((Re)\ — Tz, z) 4+ i(Im )\x,x>}
> [Tm Affjz]].
In particular, A — T is injective, which implies that A ¢ o, (T).
(i) If (A —T) is continuous and closed, to its domain rg(A — T') is closed. O

Theorem 5.23. Let H be a complex Hilbert space and T(H — H) a symmetric operator. Then
the following is equivalent.
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(i) T is selfadjoint.
(ii) rg(A—T) = H for all z € C\ R.
rg(+i—T)=H.

)

)

(iii)

(iv) There exist z4 € C with Imz; > 0 and Imz_ < 0 such that rg(z+ —T) = H.
)
)

(v) o(T) <
(vi) T is closed and ker(+i —T*) = H.

Proof. (i) = (ii) Let A € C\R. Then rg(A—T) # H is closed by Theorem 5.22 and A\* ¢ o,(T).
It follows by Theorem 4.73 that

rg(A = T) =rg(A = T)* = ker(\* — T*)t = ker(\* — T)* = {0} =

(ii) = (i) By assumption, 7' is symmetric, hence T' C T*, so it suffices to show that D(T™) C
D(T). Let A € C\R. Then A\—T and A—T are bijective. For x € D(T™*) there exists a y € D(T) such
that (A—T"*)x = (A—=T)y. Since T' C T*, it follows that Ty = T*, hence x —y € ker(A—T") = {0}
which implies z =y € D(T).

(if) = (iii) = (iv) is obvious.

(iv) = (v) Let zx € C with Imz;y > 0 and Imz_ < 0 such that rg(z4+ — T) = H. By
Theorem 5.22, it follows that zo — T is injective and its inverse is bounded by |Sz+|. Hence, by
Lemma 5.7, every A € C with |A — z1| < |Qzy| belongs to p(T'). Given any A € C\ R, repeating
the argument above finitely many times shows that A € p(7T).

(v) = (ii) is obvious.

(vi) = (iii) Since T is closed, the range of ii T is closed by Theorem 5.22. Therefore rg(+i —
T) =rg(+i — T)*+ = ker(Fi — T*)t = {0}+ =

(i) = (vi) Since T'=T*, it is closed and C \ R C p(T), in particular ker(+i — T) = {0}. O

Analogously, we find a characterisation of essentially selfadjoint operators.

Theorem 5.24. Let H be a complex Hilbert space and T(H — H) a symmetric operator. Then
the following is equivalent.
(i) T is essentially selfadjoint.
(ii) rg(A\—T) = H for all z € C\ R.
) re(H = T) = H.
(iv) There exist z4 € C with Imz; >0 and Imz_ < 0 such that rg(zy —T) = H.
)
)

,_.5

(iii

(v) o(T) C
(vi) ker(=i T*)—H

Definition 5.25. Let X be a Banach space and T(X — X) densely defined and closed. A\ € C is
called approxzimate eigenvalue if there exists a sequence (2,)neny € X such that ||z,| = 1 for all
n € Nand lim (T — Az, = 0. The set of all approximate eigenvalues is denoted by o, (T).

n— oo
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Proposition 5.26. (i) Every approzimate eigenvalue belongs to o(T).
(ii) Ewery boundary point of o(T) C C is an approzimate eigenvalue of T'.

(iii) If X is a Hilbert space and if T is selfadjoint, then every A € o(T) is an approzimate eigenvalue
of T.

Proof. (i) Let A be an approximate eigenvalue of T. Choose a sequence (2, )neny € D(T) such
that ||z,|| = 1 for all n € N and (A —T)x,, — 0. Assume that A\ € p(T). Then R\, T) = (A—T)~*
is bounded, therefore

lim z, = lim RA—-T)A—T)x, = RA—-T) lim (A —T)z, =0,

n— oo n—oo n—oo

in contradiction to ||z,| =1 for all n € N.

(ii) Let A be a boundary point of o(T"). Then there exists a sequence (A,)nen C p(T') which con-
verges to . For every n € N choose z,, € X such that ||z, | = 1 and |[R(An, T)zy| > 5||R(An, T)]|.
From Lemma 5.7 we know that [|[R(A,,T)| > m Set yn := [[ROn, T)|| T R(Ap, T) -
Then y,, € D(T) and ||y,|| = 1 for all n € N. Moreover

[A=T)ynll < 1A= A)ynll + [|(An = T)ynll
=X =] + Ry — T |7
<A =X + 2RO =TT — 0, n — o0o.

Hence A € 0,,(T).

(iii) By Theorem 5.23 the spectrum of a selfadjoint operator is real, so o(T") = do(T") C 0,,(T) C
o(T). O

Lemma 5.27. Let H be Hilbert space and T € L(H) selfadjoint. Then o(T) C [m, M] where
m = inf{(Tx,z) : ||z = 1} and M = sup{(Tx,x) : ||z|| = 1}. Moreover, m,M € o(T).

Proof. Let A € R, A < m. Then A — T is injective because for all x € X
1A = Dz|lllz]] = (A = Tz, z) = (A = m) || (5.4)

In particular, rg(A — T) = D((A — T)~ 1) is closed because (A —T)~! : rg(A — T) — H is closed
and continuous by (5.4). Hence rg(A — T) = 1g(A—T) = ker(A — T)* = H. It follows that
(—o0, m) € p(T). Analogously (M, oo) € p(T) is shown.

Now we show that m € o(T"). By Proposition 5.26 it suffices to show that m € 0,,(T). By definition
of m there exists a sequence (z,)nen such that ||x,| =1 for all n € N and (Tx,, ,x,) \, m. Since
s(z,y) := ((T—m)z,y) defines a positive semidefinite sesquilinear form, Cauchy-Schwarz inequality
implies

(T = m)an|* = |s(zn, (T — m)an)| < s(2n,20) 2 s((T — m)zp)?
= (T = m)an, @) 3 (T = m)’zy , (T = m)zy)?.

Since the first term in the product tends to 0 for n — oo and the second term is bounded by
(IT|| = m)? < oo, it follows that [|(T —m)z,|| tends to 0 for n — co. This shows that m € oy (T).
The proof of M € o(T) is analogous. O
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5.4 Compact operators

Recall that a metric space M is compact if and only if every open cover of M contains a finite
cover. M is called totally bounded if and only if every for every € > 0 there exists a covering of
M with finitely many open balls of radius e. M is called precompact (or precompact) if and only
if M is compact. It can be shown that a totally bounded metric M is compact if and only if M is
complete. In particular, a subset of a complete metric space is totally bounded if and only if its
closure is compact. A subset of a metric space is called relatively compact if and only if its closure
is compact.

Definition 5.28. Let X,Y be normed spaces. An operator T € L(X,Y) is called compact if for
every bounded set A C X the set T(A) is relatively compact. The set of all compact operators
from X to Y is denoted by K(X,Y).

Remark 5.29. Sometimes compact operators are called completely continuous.

Remarks 5.30. (i) Every compact linear operator is bounded.

(ii) T € L(X,Y) is compact if and only if for every bounded sequence (z,)nen the sequence
(T'z,,)nen contains a convergent subsequence.

(iii) T € L(X,Y) is compact if and only if T(Bx(0,1)) is relatively compact.
(iv) Let T € L(X,Y) with finite dimensional rg(T"). The T is compact.

(v) The identity map id € L(X) is compact if and only if X is finite-dimensional.
Theorem 5.31. Let X,Y be Banach spaces. Then K(X,Y) is a closed subspace of L(X,Y).

Proof. Obviously, 0 € K(X,Y) and Remark 5.30 (ii) implies that the linear combination of compact
operators is compact. Now let (T},)nen € K(X,Y) a Cauchy sequence. Since L(X,Y) is complete,
there exists a T € L(X,Y) such that T,, — T. We have to show T € K(X,Y). Take an arbitrary

bounded sequence (x,)neny € X and choose M € R such that ||z,| < M, n € N. Since T} is

compact, there exists a subsequence (x%l)) such that (Tlxg))neN converges. Continuing like this, for

every k > 2 we find a subsequence (x%k)) of (a:;’“‘”) such that (Tkz%k))neN converges. Let (Yn)nen =

(xsl"))neN the diagonal sequence. Then, for every k € N, the sequence (Txyn)nen converges. Let
e > 0. Choose k € N such that ||T —Ty|| < 35; and N € N such that ||[Txz, — Tpzn| < § for

m,n > N. Then, for all m,n > N,

M e Me
~3M 3 3M
Hence (T'y,)nen is Cauchy sequence in the Banach space Y, hence convergent. O

Lemma 5.32. Let X,Y,Z be Banach spaces, S € L(X,Y) and T € L(Y,Z). Then T'S is compact
if at least one of the operators S or T is compact.
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Proof. Let (z,)nen be a bounded sequence in X. If S is compact, then there exists a subsequence
(Zn, )ken such that (Sz,, )ken converges. By continuity of T', also (T'Sxp, )ren converges.

Now assume that T is compact. Since S is bounded, (Sz,)ken is bounded, hence there exists a
subsequence (2, )ren such that (T'Sx,, )ren converges. O

Theorem 5.33 (Schauder). Let X,Y be Banach space and T € L(X,Y). Then T is compact if
and only if T' is compact.

For the proof we use the Ascoli-Arzeld theorem.

Theorem 5.34 (Arzela-Ascoli). Let (M,d) be a compact metric space and A C C(M) a family
of real or complex valued continuous functions on M such that

(i) A is bounded,
(ii) A is closed,

(iii) A s equicontinuous, that is,

Ve>0 3d>0 VfecA dlz,y) <d = |f(x) — f(y)| <e.

Then A is compact.

Proof. See, e.g., [Rud91] or [Yos95]. O

Proof of Theorem 5.33. First assume that T is compact. Let Kx(0,1) := {z € X : ||z|| < 1} be
the closed unit ball in X. By assumption K := T(Kx (0, 1)) is compact in ¥ and bounded by ||T.
Now let (¢n)nen € Y’ be a bounded sequence and C' € R such that |¢,] < C, n € N. We define
the functions

ot K=K, fuly) = on(y)-

Then (fy)nen is bounded by C' and equicontinuous because |f(y1) — f(y2)| < Cllyr — yo|| for all
y1,y2 € K. By the Ascoli-Arzeld, (f,)nen is compact, so there exists a convergent subsequence
(fny)ken. Then also (T"p,, )ken converges because

1T ony = T'@n,, | = sup{[lon, (Tx) = n,, (Tx)|| : x € Kx(0,1)}
= sup{|[en, (¥) = @n,, W 1 y € K} = | fuy, — frn |I-

Now assume that 7" is compact. Then T" € L(X",Y") is compact. By Lemma 5.32 T" o Jx is
compact. Recall that Jy oT =T o Jx (Lemma 2.34), so Jy oT : X — Y" is compact. Since Y is
closed in Y”, T : X — Y is compact. O

Example 5.35. Let k € C([0,1]?) and

T - C([0,1]) = C([0,1]),  (Tpz)(t) = /0 k(s, t)a(s) ds.

Then T}, is compact.
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Proof. Obviously T}, is well-defined and bounded. Let (2, )neny € C([0,1]) a bounded sequence with
bound C. Hence (Tjxy)nen is bounded. To show that it is equicontinuous fix ¢ > 0. Since k is
uniformly continuous, there exists a 6 > 0 such that |k(s,t) — k(s',t")| < e if ||(s,t) — (s',t')|| < .
Now for ¢,t5 € [0,1] with |t; — t2] < § and n € N we obtain

1
Tt (t1) — Toan (t2)| < / Ik(s, t1) — k(s, t2)||2n(5)] ds < e]| 2|0 < Ce.
0

By the Ascoli-Arzeld theorem it follows that (Thx,)nen is relatively compact, hence it contains a
convergent subsequence. O

Let X be vector space and T': X — X a linear operator. Then obviously
{0} CkerT CkerT? Cker T3 C ...,
X;DrgT;DrgT2 QrgT?’Q....
Lemma 5.36. Let X a vector space and T : X — X a linear operator.
(i) Assume that ker T*+! = ker T* for some k € Ng. Then ker T™ = ker T* for all integer n > k.

(ii) Assume that rg TF*' =g T* for some k € Ng. Then rgT"™ = 1gT* for all integer n > k.

Proof. We prove the lemma by induction. The case when n = k is clear by assumption.
(i) Assume that n > k and ker T" = ker T*. Then

ker T" ' ={r e X : T" M2 =0} ={z € X : Twx € ker T"} = ker T""! = ker T*.
(i) Assume that n > k and rg 7" = rg T*. Then

rg Tt = T(xgT") = T(rg T*) = rg TF ! = 1rg TF.

Definition 5.37. Let X be a vector space and T : X — X a linear operator. We define

min{k € Ny : ker T% = ker T**1} if the minimum exists,

else

ascent of T :

I
2
3

i

—N—
8

descent of T - min{k € Ng : g TF = rg TF+1} ifl the minimum exists,
else.

I
=
=

I

—N—
8

Lemma 5.38. Let X be a vector space and T : X — X a linear operator. If both the ascent a(T)
and the descent 6(T) are finite, then a(T) = 6(T) =: p and X = rg(T?) @ ker(T?).

Proof. Let p:= «(T) and q := §(T"). We divide the proof in several steps.

Step 1. rg(T?) Nker(T™) = {0} for every n € Ny.

To see this, choose = € rg(T?) N ker(T™). Then there exists a y € X such that x = TPy, so
0=T"xz =TPTy. Hence y € ker TPT" = ker T? by Lemma 5.36i. It follows that x = TPy = 0.
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Step 2. X =1g(T") + ker(T'?) for every n € Ny.

For the proof fix x € X. Then T C rg(T?) = rg(T9""). Hence there exists y € X such that
Tix = T9""y. Then T9(x — T™y) = 0, and therefore © = T"y + (x — T"™y) € rg(T™) + ker(T7).
Step 3. o(T) < 6(T) =q.

Let o € ker T9"1. We have to show = € ker T9. By step 2, with n = p, there exist 1 € rg(T?) and
x9 € ker(T9) such that & = 21 + x5. Hence 21 = & — x5 C ker(T971) Nrg(TP?) = {0} by step 1.
Therefore x = x5 € ker(T).

Step 4. 6(T) < a(T) = p.

By step 1 and step 2, we have that X = rg(T?) & ker(7). Since rg(T?™1) Nker(T?) C rg(T?) N
ker(T9) = {0}, we also have X = rg(T%") @ ker(TY), implying rg R(TP*1) = rg(TP), hence
0 <p. O

Theorem 5.39. Let X be a Banach space, T € L(X) a compact operator and A € C\ {0}.
(i) ker(A —T)™ is finite dimensional for every n € Ny.

(if) If U C X is a closed subspace with U Nker(A — T)™ = {0}, then (A — T)(U) is closed and
A=T:U = 1rg((A=T)|v has a bounded inverse.

(iii) rg(A —T)™ is closed for every n € Ny.

Proof. Note that (A —T)™ = A" — " (?})A""*T* and the operator sum is compact. Hence it

n=1
suffices to show the assertions for n = 1.
(i) Observe that T'|ker(x—1) = Aid [ker(r—7). Hence Aid |ker(x—7) is compact. By Remark 5.30 (v)
this is case if and only if ker(A — T') is finite dimensional.

(ii) Since UNker(A—T) = {0}, the restriction (A\—T)|y is invertible. We will show that its inverse

is bounded. Assume ((/\ — T)\U)_ is not bounded. Then there exists a sequence (z,)nen such
that ||z,|| =1 for all n € N and lim (A — T)x,, = 0. Since T is compact, there exists a convergent
n—oQ

subsequence (T'x,, )ren. Hence

Ay, =Txp, +(A—T)xy, — lim Ta,, =:y.
N S n— o0

—0

Note that y € U because U is closed. Moreover, y € ker(A — T') because

A=Ty=A\=-1) nlgngo T, = nlggo()\ — Ty, =0.
Hence y € ker(A—T)NU = {0} in contradiction to ||y| = li_>m Az, || = A # 0. Hence ((/\—T)|U)_1 :
n—oo
rg(A — T)|y — U is bounded. Since it is also closed, its domain rg(A — T')|y must be closed.

(iii) By (i) we already know that dimker(A — T') < co. Then by the following lemma 5.40 there
exists a closed subspace U C X such that X = ker(A —T) & U. Hence rg(A —T) =rg((A —T)|v)
is closed by (ii). O

Lemma 5.40. Let X be a Banach space and M C X a finite dimensional subspace. Then there
exists a closed subspace U of X such that X = M & U.
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Proof. Let x1, ..., z, a basis of M. Then there exist ¢1, ..., v, € M’ such that [|pg| = 1
and @g(x;)0,; for all j,k =1, ..., n. By the Hahn-Banach theorem the ¢, can be extended to
functionals ¢y, € X’ with [[¢x]| =1, k=1, ..., n. Let P: X — X, Px =37, p;(x)z. Obviously
P = P? hence P is a projection. Note that M = P(X). Hence X = rg(P)®ker P = M ®ker P. [

Theorem 5.41. Let X be a Banach space, T € L(X) a compact operator and A € C\ {0}. Then
a(A=T)=6(A—T)=p< oo and X =ker(A—T)? @rg(A—T)".

The number p = a(A —T) = §(A —T) is called the Riesz index of A —T.

Proof. By Lemma 5.38 it suffices to show that «(T) and §(T) are finite.

Assume that « is not finite. Since in this case ker(A—T) C ker(A—T)? C ... we can find a sequence
(Zn)nen C X such that for all n € N

1
lenll=1, =, €ker(A—=T)", and |, —z| > B for all z € ker(A —T)"*.

The last condition can be satisfied by the Riesz lemma (Theorem 1.21) because ker(A—T)" is closed
foralln € N. Then foralll1 <m<n

T2y — Txpm| = | Atn —ATm — (A =T)xp + (A= T)xm || >

€ker(A-T)"—1

DN | =

Therefore (T, )nen does not contain a convergent subsequence in contradiction to T' being compact.

Assume that § is not finite. Since in this case rg(A — T') 2 rg(A — T)? 2 ... we can choose a
sequence (Zn)neny € X such that for all n € N

1
lznll =1, =z, €rgA—T)", and |z, —z||> 5 for all z € rg(A — T)" 1.

The last condition can be satisfied by the Riesz lemma because rg(A — 7)™ is closed for all n € N
by Theorem 5.39. Then for all 1 <m <n

IT2n — Txm| = | Atn —AZm — (A =T)xp + (A =T || >

€rg(A-T)"+1

DN =

Therefore (T, )nen does not contain a convergent subsequence in contradiction to T being compact.
O

Theorem 5.42 (Spectrum of a compact operator). Let X be a Banach space. For a compact
operator T € L(X) the following holds.

(i) If X € C\ {0}, then A either belongs to p(T) or it is an eigenvalue of T, that is C\ {0} C
o(T) Uary(T),

(ii) The spectrum of T is at most countable and 0 is the only possible accumulation point.
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(iii) If X € o(T)\ {0}, then the dimension of the algebraic eigenspace Ax(T) is finite and Ax(T) =
ker(A — T)?P where p is the Riesz index of A —T.

(iv) X = kerA=T)? @ rg(A —T)? for A € o(T) \ {0} where p is the Riesz index of A — T and
ker(A — T)? and rg(A — T)?P are T-invariant.

(v) op,(T)\ {9} = 0,(T")\ {0} and o(T) = o(T"). If H is a Hilbert space then o,(T) \ {0} =
{AeC:Xe o, (T*)}\ {0} = 0,(T*) \ {0}, where the bar denotes complex conjugation, and
o(T)={NeC: X €a(T*)} =0a(T*).

Proof. (i) Let A € C\ {0}. By Theorem 5.41 the Riesz index p of A — T is finite. If p = 0, then
X =rg(A —T) by the proof of Lemma 5.38 (step 2), hence A € p(T'). If p # 0, then A € o,(T).

(ii) It suffices to show that for every e > 0 the set {\ € o(T) : |A| > ¢} is finite. Assume there exists
an € > 0 such that the set is not finite. Then there exists a sequence (A, )nen such that A, # A, for
n # m and |A,| > e, n € N. Since o(T) \ {0} consists of eigenvalues, we can choose eigenvectors x,
of T' with eigenvalues \,. Note that the z,, are linearly independent because A, # A, for n 7é m.
Let U, := span{z1, ..., x,}. Note that all U, are T-invariant, closed and that U; C U, g Us C
Using the Riesz Lemmau7 we can choose a sequence (Yn)nen such that for all n € N

1
lynll=1, yn€U,, and |y, —2z||> B for all z € Up_1.

Let 1 <m < n. Note that Ty, € Uy,. Let y, = Z;;l ajz; for some a; € C. Then

M =Dy = (A =T xn—|—Zaj (T —M\)zxj = Za] n)xj € Up_1.
j=1
Hence
1
1Tyn — Tymll = [Myn —(An = T)yn — Tym || = 9 (5.5)

€Un—1

Therefore (Tx,)neny does not contain a convergent which contradicts the assumption that T is
compact.

(iii) and (iv) follow from Theorem 5.42.
(v) By Schauder’s theorem T” is compact (theorem 5.33) Hence for A € C it follows that

Aep(T) <= Lkerf(A\—-T)={0}and rgA\—-T)=X
<~ °rgA\—T")={0} and “ker(A—T") =X
— 1gA\—T")=Xand ker(A—T")={0}

— Aep(D) O

Theorem 5.43 (Fredholm alternative; Riesz-Schauder theory). Let X be a Banach space,
T € L(X) a compact operator and X\ € C\ {0}. Then exactly one of the following is true:

(i) For every y € X the equation (A — T)x =y has exactly one solution x € X.
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(ii) (A =T)z =0 has a non-trivial solution z € X.

Proof. (i) is equivalent to A € p(T) and (ii) is equivalent to A € o,(T"). Since A # 0, the latter is
equivalent to A € o(T'). The assertion follows from Theorem 5.42. O

A more precise formulation of the Fredholm alternative is the following.

Theorem 5.44. Let X be a Banach space, T € L(X) a compact operator and A € C\ {0}. For
z,y,€ X and @,n € X' consider the equations

(A) A=Tz=y, C) (A=T)p=n,
B) A-T)z=0, D) (A=T)e=

Then
(i) Fory € X the following is equivalent:

(a) (A) has a solution x.
(b) ©(y) =0 for every solution ¢ of (D).
(ii) Forn € X' the following is equivalent:
(a) (C) has a solution .
(b) n(z) =0 for every solution = of (B).
(iii) Fredholm alternative: Ezactly one of the following holds:

(a) For ally € X and n € X' the equations (A) and (C) have eractly one solution (in
particular (B) and (D) have only the trivial solutions).

(b) (B) and (D) have non-trivial solutions. In this case dim(ker(A—T)) = dim(ker(A—T")) >
0 and (A) and (C) have solutions if and only if

o(y) =0 for all solutions ¢ of (D),
n(x) =0  for all solutions z of (B).

Definition 5.45. Let X,Y be Banach spaces. T € L(X) is called Fredholm operator if rg(T) is
closed and n(T) := dim(kerT) < oo and d(T) := codimy (rgT) := dim(Y/rg(T)) < oo. In this
case, X(T') :=n(T) — d(T) is called the Fredholm indez.

Proof of Theorem 5.44. ............ O
Now we return to the spectrum of compact operators.
Lemma 5.46. Let H be Hilbert space, # {0}, and T € L(H) a selfadjoint compact operator. Then

at least one the values ||T|| or —||T|| is an eigenvalue of T. In particular, if T # 0, then T has at
least one eigenvalue distinct from 0.
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Proof. If |T|| = 0, the assertion is clear. Now assume that ||T'|| # 0. Recall that ||T|| =
sup{|{(Tx,z)| : x € X, ||| = 1} (Theorem 4.45).

By Lemma 5.27 the numbers m = inf{(Tz,z) : z € X,|z|| = 1} and M = inf{(Tx,z) : z €
X, ||lz|| = 1} belong to the spectrum of T. Since T is compact and [|T]| # 0, it follows that
0 # (EITIY N o(T) = (=TI} N0y (T). 0

Theorem 5.47 (Spectral theorem for compact selfadjoint operators). Let H be a Hilbert
space and T € L(H) a compact selfadjoint operator.

N

(i) There exists an orthonormal system (e,)N_, of eigenvectors of T with eigenvalues (Ap)N_;

where N € NU {oo} such that

N
Ty = Z Al en) en, r € H. (5.6)

n=1

The A\, can be chosen such that [A\1]| > |Aa] > --- > 0. The only possible accumulation point
of the sequence (Ap)nen s 0.

(ii) If Py is the orthogonal projection on ker T, then

N
x:P0z+Z<:1:,en>en, x € H. (5.7)

n=1

(ifi) IfA € p(T), A0

(z,en) €n, r e H.

N
-1, __ y—1
A=T)"'z =2 Pox—i-ngl)\ni)\

Proof. (i) Let X3 = X and Ty = T. If T # 0, then there exists a A\; € o,(71) such that |\| =
IT1]] # 0. Let B; be an orthonormal basis of ker(A; — 71). Note that Bj is finite because T is
compact (Theorem 5.42). Let X; := ker(\; — )+ = 1g(\; — T) = rg(A\; — T). Here we used that
T is selfadjoint and consequently A € o,(T) C R. By Theorem 5.42, X, is Tj-invariant, hence
Ty := Th|x, € L(X3). Obviously, T5 is selfadjoint and compact. If T # 0, then there exists a
Ao € 0,(T2) such that |Ag| = || T2|| # 0. Let Bz be an orthonormal basis of ker(Ay — T3). Note
that Bj is finite because T is compact (Theorem 5.42). Hence B; U By is an orthonormal basis
of span{ker(\; — T'),ker(A\y — T)}. Let X3 := span{ker(\; — T),ker(A\y — T)}* and T3 := Ts|x,.
Continuing like this we obtain a sequence of Banach spaces X,, and a sequence of compact selfadjoint
operators T,, € L(X,,). Let € X. Define

Tp+1 =T — Z <xaen> e, € Xpg1.

e, €B1U...B,,

It follows that

1Tz =T > (z,en)en = |Toni@anl < Pasallall — 0, n—co.
e, €B1U...B,
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This implies that

N

Ty = Z(:r e)Te, =

n=1 n=1

(T, en)

Mz

(ii) Note that ...

(iii)
O

Corollary 5.48. Let H be a Hilbert space and T € L(H) a compact selfadjoint operator. There
exists a sequence (P,)N_, of pairwise orthogonal projections with N € N U {oo} and a sequence
A1l > [A2| > ... such that

T=> Py (5.8)

where the series converges to T in the operator norm. If (\,), is an infinite sequence, then

lim A\, = 0. The representation (5.8) is unique if the A, are pairwise distinct.
n—oo

Proof. If the series is a finite sum, the assertion is clear. Now assume that the series is an infinite.
Note that for every k € N the operator Y.~ , A\, P, is normal and that the norm of a normal
operator is equal to maximum of the moduli of the elements of its spectrum (Theorem 5.20). Since
[Ak+1] = 0 for & — oo the claim follows from

nin n5n2k+1}:|/\k+1|~ O

|7~

The representation (5.8) allows us to define the root of a positive compact selfadjoint operator.

Theorem 5.49. Let H be a Hilbert space and K € L(H) a compact operator.

(i) T is positive <= all eigenvalues of T are positive.
T is strictly positive <= all eigenvalues of T' are strictly positive.

(ii) If T is positive and k € N then there exists exactly one positive compact selfadjoint operator
R such that RF =T

Note that the theorem does not imply that there cannot be non-compact operators A € L(H) such
that A2 = T. In Corollary 5.60 we will show that every bounded positive selfadjoint operator has
a unique positive root.

Proof of Theorem 5.49. Recall that a linear operator T is positive if and only if (T'z,z) > 0 for all
x € H. Let Py, A\, and e, as in (5.7). Then (i) follows from

(Tx,x) <Z)\ x,en)en, Pox—l—Z)\ T,en,€ n>=Z/\n|<x,en>|220.
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For the proof of (ii) define R =" A,ll/k<- ,€n) e,. Obviously R¥ = T. To show uniqueness, assume
that there exists a compact selfadjoint positive linear operator S such that S* = T. Since S
is compact, it has a representation S = ) 1, @, with pairwise orthogonal projections @,. By
assumption

T=8"=) mQn
Hence the pu,, are the kth roots the eigenvalues A, of T, so S = R. O

Definition 5.50. Let H be a Hilbert space and T' € L(H) a positive selfadjoint compact operator.
1
Then |T| := (T*T)=. The non-zero eigenvalues s,, of |T| are the singular values of T.

Obviously |T'| and |T*| are positive selfadjoint compact operators.

Lemma 5.51. (i) ||[|T|z || = |Tz| and || |T*|y || = |T*y|| and for x € Hy and y € H,.

(i) s 4s a singular value of T if and only if s* is an eigenvalue of T*T and TT*.

Proof. (i) For all x € Hy
Tl | = (| T|e, |T|2) = (T2, &) = (T*Tw, 2) = | T,

An analogous calculation shows || |[T*|y || = ||T*y|| and for y € Ho.
(ii) follows from the uniqueness of the representation (5.8). O

Note that |T'| can be defined more generally for positive selfadjoint operators on a Hilbert space H,
see Definition 5.61.

A representation similar to (5.6) exists for arbitrary compact operators.

Theorem 5.52. Let Hy, Hy be Hilbert spaces and T € L(Hy, Hy) a compact operator.

(i) Let sy > sy > -+ > 0 be the singular values of T and (,)N_; € Hy and (v,))_; C Hy such
that

N
Tw:zsn<ma§0n>wna x € Hy,

n=1
N

T*y:ZSn<y7"/}n>§0n7 y € Hy.
n=1

If there are infinitely many s,, then lim s, = 0.
n—oo

(ii) The mon-zero eigenvalues of |T| and |T*| coincide and are equal to the s,. The s are the
etgenvalues of T*T and TT*. Moreover, the 1, = SiTcpn are eigenvectors of T*.

Proof. (i) Let (¢n)nen € Hy a ONS such that, see Theorem 5.47,

N N
Tz =) sulz,@n)pn,  TTz =) splz,¢n)on

n=1 n=1



Chapter 5. Spectrum of linear operators 113

Let ¢, := I%Tcpn. Then (¢p,)nen is an ONS in Hs because
1 1, 1,
<1/1n Jﬂm} = 57<T@n 7T(Pm> = 57<T T(pn , Spm> = 57 Snénm = Opm.-

Moreover

1 2
TT*¢, = — TT*Tpn = 2T, = s21hy,.
S S

n n

Hence o, (T*T)\ {0} = {s2 : 1 <n < N} C o,(TT*)\ {0}. Similarly the reverse inclusion can be
shown, so that o, (T*T) \ {0} C 0,(TT*) \ {0}.
(i) ... O

Theorem 5.53 (Min-Max-Principle). Let Hy, Hy be Hilbert spaces, K € L(H;, Hs) a compact
operator with singular values s1 > s9 > s3 > .... Then sy = |[K|| and for n > 2

Sp+1 = inf sup{HKxH : € Hy, x Lspan{zy,...,z,}, ||| :1}.
T1,...xn€Hy

Proof. ... O

5.5 Hilbert-Schmidt operators

Definition 5.54. Let Hy, H be Hilbert spaces and K € L(H, Hs). K is called a Hilbert-Schmidt
operator if and only if there exists an ONB (ey)rea of Hy such that

Z [ K ey || < oo.

A€EA

The set of all Hilbert-Schmidt operators from H; to Hs is denoted by HS(H;, Hs).

Theorem 5.55. Let Hy, Hy be Hilbert spaces.

(i) A operator K € L(Hy, H3) is a Hilbert-Schmidt operator if and only if K* is a Hilbert-Schmidt
operator. In this case:

YolEealP =D IIKeslP =D |Kex|® <oo

acA BEB AEA
for all ONBes (eq)aca of Hi and (eg)per of Ha.
(ii) Ewery Hilbert-Schmidt operator is compact.

> .... Then K
is a Hilbert-Schmidt operator if and only if K* is a Hilbert-Schmidt operator if and only if

Zs% < o0.
n

(iii) Let K € L(Hy, Hs) be a compact operator with singular values x1 > x9 > $3 >
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Theorem 5.55 (i) shows that for K € HS(H;, Hz) the Hilbert-Schmidt norm

1

3
IK||gs :== (Z | K eq 2) for an ONB (eq)aca-

acA
is well-defined.

Proof of Theorem 5.55. (i) Let K be a Hilbert-Schmidt operator and (ex)xea an ONB of H; such
that >, [[Kex ||* < co. For an arbritray ONB (t3)sep of Ha we find, using Parseval’s equality
(Theorem 4.31) First we show that K* is also a Hilbert-Schmidt operator.

STIE sl =D D (K s enenl| =D Y (K el

peB BEB |[IAeA AEA BEB
=3 > W, Ke)P =Y | Kia* < oo
A€EA BEB AEA

In particular, the Hilbert-Schmidt norm of K* does not depend on the chosen ONB of Hs. Applying
the same proof to K*, it follows that the Hilbert-Schmidt norm of K = K** does not depend on
the chosen ONB of H;. For the proof of ||K|| < || K||mzs we observe that every x € Hy with ||z|| =1
can be extended to a ONB of H;. Hence

IKzs = | Kzl = sup{[|[Kyl| : y € Hy, |lyll =1} = [[K].

(ii) Let (ex)rea an ONS of H; and (e, )nen a subset containing all ey with K ey # 0 (this family is
at most countable by Lemma 4.27). For n € N let P, be the orthogonal projection on {eq,...,e,}.
Note that all P, are compact because they have finite-dimensional range. Since K is a Hilbert-
Schmidt operator, we find that

o0
1K = KPo|* = [|[K(d =Po)|* < IK(d=Po)lfis = > [Kenll> — oo,
m=n+1
in particular K is compact because it is the norm limit of compact operators.

(iii) Assume that K is compact. By Theorem 5.52 we can choose ONSs (i, ) xen of Hy and (¢, ) xen
of Hy such that Kz =)y sn(¥,©n), where s; > s5 > -+ > 0 are the singular values of K.

If K is a Hilbert-Schmidt operator, then

N N
Yosi=Y Keal® < |Klfis < oo
n=1 n=1

Now assume that Ziv=1 s2 < 0o and choose an arbitrary ONB of H; containing (¢, )nen. It follows
that

N N
DKl =D 1Kl < [Klfis = Y s < o0,
AEA n=1 n=1

implying that K is a Hilbert-Schmidt operator. O
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Lemma 5.56. The finite-rank operators are dense in the Hilbert-Schmidt operators.

Proof. Let H be a Hilbert space and S € HS(H). In particular, S is compact and there exist
ONBS (@n)nen and (¥, )nen such that S = ij, nl( s n)thn. For M € N let us define Sy, =
SM sl nton. Then |18 — Surl2 < [1S — Sarllis = SN prvy 52— 0 for M — oo, O

An important class of examples is given in the following theorem.

Theorem 5.57. Let H = L2(0,1) and T € L(H). Then the following is equivalent:
(i) T is a Hilbert-Schmidt operator.

(ii) There exists a k € Lo(0,1)? such that
1
(Tx)(t) :/ k(s,t)x(s) ds.
0

In this case we write Ty, for T.
If one of the equivalent conditions holds, then

1,1 9
7= ([ [ .0 ds. dt)” = [0

Proof. (ii) = (i) Let (epn), be an ONB of Ly(0,1). Then also (€,), is an ONB of L3(0,1) (where
€, denotes the to e, complex conjugated function) and we find

ZnTenH? e Z/ I 2

/ t),en)|? dt (5.9)

sten ds

:/O k(- )| dt (5.10)

1 1
:/ / k(s, D] ds dt = k]| 0.0)2
0 0

In (5.9) we have used the monotone convergence theorem to exchange the sum and the integral
(Theorem A.18) and in (5.10) we used Parseval’s equality (Theorem 4.31). It follows that T is a
Hilbert-Schmidt operator and that ||T'||us = [|&]| £, (0,1)2

(i) = (ii) By the proof we have an isometry
U L5(0,1)* — HS(L2(0,1)), Uk = Tj.

We will show that the range of U is dense in HS(H). By Lemma 5.56 it suffices to show that rg(¥)
contains the finite-rank operators. Let T" be of finite rank. Then 7" is of the form T'= """ (-, zn)yn
so that for every f € H

no

I = S (F waun(t) Z/f Na()yn(t ds—/(zxn () 165 as.

n=1
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This shows that T € rg¥. Fix S € HS(H) and choose a sequence (Sy)nen in the range of W.
Since V¥, is an isometry, it follows that (¥ ~1S,,),en is Cauchy sequence in H, hence its limit exists.
Using the continuity of ¥ we find

S= lim S, = lim UU1S, = qf( lim \Irlsn) € 1g(D). O

n—oo n—oo n—oo
Theorem 5.58. Let Hy, Hy be Hilbert spaces.

(1) (HS(Hl, Hy), || - ||Hs) is a normed spaces. The norm is induced by the inner product

(S, Thus =Y (Sea,Teq), ST €HS(Hy, Hy),

for an arbitrary ONB (eq)aca of Hi.

(ii) Let T € HS(Hy,H2) and A a bounded linear operator between appropriate Hilbert spaces.
Then AT and T A are Hilbert-Schmidt operators and

[AT lus < Al Tlus, [T Allus < AT us-
(iii) HS(H) is a two-sided ideal in L(H).

Proof. Note that (a + b)? = a? + b% + 2ab = a® + b*> — (a — b)? + a® + b < 2(a? + b?) for a,b € R.
(i) Let S,T € HS(H, Hz) and A € C. Then obviously AS € HS(H, H2). To show that S+ T €
HS(Hq, Hs) fix an ONS (ey)aecpa of Hy. Using the above remark is follows that

DS+ e <)Y (ISenll+1Tex ) <2 [ISex |+ Tex | < co.
A€A A€A AEA

It follows that (-,-)us is well-defined. The properties of an inner product are clear. In particular,
HTHHS = <T,T>HS for T € HS(Hl,HQ).
(ii) Note that

Do lATex [P < AP DY ITex | = [AIPIT s
AEA AEA

so AT is a Hilbert-Schmidt operator. It follows that TA = (A*T*)* is also a Hilbert-Schmidt
operator with norm [ TAllus = [|(A*T)*|lus = [[A"T*[[as < [|A*|[ [T [lns <= [|A[ [IT]|ss-

(iii) is a consequence of (i) and (ii). O

5.6 Polar decomposition

Theorem 5.59. Let H be a Hilbert space and T € L(H) a selfadjoint operator with T > 0. Then
there exists exactly one R € L(H) such that R>0 R?> =T.

In addition, if S € L(H) commutes with T, then S commutes with R.

the operator R is called the root of T and is denoted by v/T.
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Proof. Without restriction we can assume ||T|| < 1, hence 0 < T < id. Now assume that a solution
R e L(H) of R? =T exists. Let A :=id —T and X := id —R. Note that

id-A=T=R*=(1-X)?=id-2X + X2
Note that 0 < R < id if and only if 0 < X < id. Hence R is a non-negative solution of R?> = T if
and only if X is a non-negative solution of

X:%m+X%. (5.11)

Step 1. Construction of a solution of (5.11).
We define

Xo:=id, X, M+X2Q n € N.

Note that every X, is a polynomial in A with positive coefficients and that X, X, = X,,X,, for
all n,m € N. Since A is positive, this implies that all X,, are positive. We will show the following
properties of the sequence (X, )nen by induction.

(i) X, —X,_1 is a polynomial in A with positive coefficients, so that in particular X,, — X,,—1 > 0.
(i) [|X,l < 1.
All assertions are clear in the case n = 0 (with X_; := 0). Now assume that the assertions are true
for some n € N. Note that
1 1
Xupn — Xo= 5(A+X3) - §(A +X2) = (X2 -X2))

Since by induction hypothesis both terms in the second line are polynomials in A with positive
coefficients, (i) is proved for n+ 1. (i) follows from || X, 11| < (|| Al + | Xns]) < 1.

Since (X, )nen is uniformely bounded monotonically increasing sequence in, there exists an X €
L(H) such that X = s-lim X, and || X| < liminf, o || Xn| <1 (see Exercise 4.25).
n — oo

Now let S € L(H) with ST =T'S. By definition of A, then also SA = AS and X,,S = X,,S for all
X, since the X,, are polynomials in A. For every x € H we therefore obtain

0<||SXz — XSz| = lim I1SXnx — X, Sz|| = ILm 1SXpz — SXpz| =0.
Since all X,, commute with 7', it follows that X, X = X, X for all n € N, so that for all z € X
(X7 = X2)zl| = [(Xn = X)(Xn + X)z|| <2[[(Xp — X)%2z[| — 0, n — o0,

which shows that X2 = s-lim X?2. Therefore X solves (5.11) because
n — oo

X =slimX, =s- hm (A+X2) (A—|—3 lim X2) = (A—|—X2).

n — oo n~> n — oo
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Setting R = id —X we obtain a bounded selfadjoint solution of R? = T with 0 < R < id.

Step 2. Uniqueness of the solution.
Let R’ € L(H) be solution of R? =T with R’ > 0. Then R and R’ commute because

RA=R(R) =(R)’R = AR
It follows that
(R-R)R(R-—R)+(R-R)R(R-R)=(R*-R*(R—-R)=0.

Since both operators on the left hand side are non-negative, it follows that both of them are 0 and
therefore

(R-R)=(R-R)R(R—-R)-(R-R)R(R-R)=0.
Since R — R’ is normal, it follows that |[(R — R')||* = ||[(R — R)||*. O

Corollary 5.60. If S,T € L(H) are positive and ST =TS, then also ST is positive.

Proof. By Theorem 5.59 the root of T' exists, is selfadjoiunt and commutes with S. Hence for all
reH
(STx,z) = (SVTVTz ,z) = (NVTSVTx , x) = (SVTz ,VTx) > 0. O

Definition 5.61. For T € L(H) we define |T)| := (T*T)z.

Definition 5.62. Let H;, Hy be Hilbert spaces and U € L(H;, Hs). U is called a partial isometry
if Ul(kervyr is an isometry. ker U L is called its initial space.

Note that U is an partial isometry if and only if
Ul(er )+ : (ker Ut — rg(U)
is unitary.
Theorem 5.63 (Polar decomposition). Let Hy, Hy be Hilbert spaces and T € L(Hy, Hs). Then

there exists a partial isometry U € L(Hy, H2) such that T = U|T|. If in addition the initial space
of U is (ker T)*, then U is unique.

Proof. Note that || |T|z||? = ||Tx|?* for all € H; because
1Tle | = (|Tle, |T|2) = (T°T) 2@, (T°T)2a) = (T*Tx,x) = (Tw, Tx) = ||Ta|”.
We define
U:rg(|T]) = re(T),  U(|T|z) = Ta.

U is well-defined because for x,y € Hy with |T'|z = |T'|y it follows that ||Tx—Ty| = |||T|x—|T|y|| = 0
hence Tx = Ty. U is and isometry because || Tx| = || |T|« || for all x € H as shown above. In

particular, ||U|| = 1 and has a unique continuous extension to rg(|7'|) — rg(T"). Now we extend U
—
to Hy by setting Uz = 0 for all z € rg(|T']) = ker(|T|) = kerT. O
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Appendix A

Z) spaces

Spaces of integrable functions play an important role in applications. As the norm of a function
f :[a.b] = K one could consider

b
1] = / ()] dt,

or more generally, for some 1 < p < o0

. "
£l = ( / P dt) .

It can be shown that ||- ||, is a norm on C([a,]). However the space of continuous functions C([a, b])
is not complete for the norm || - ||;. For example, let

o 0<t<1
1

fn: [072}4)]1%3 fn(t): {
All f,, are continuous and it is easy to check that || f, — fiu|l1 — 0 for n,m — oo. So the f,, form a
Cauchy sequence, but it is not convergent. (If it were, then there must exist a continuous function
g such that

/Olfn(t)—g(t)ldtZ/O Ifn(t)—g(t)ldt+/1 [Fult) — g(0)]dt — 0

for n — oo. Hence g(t) = 0 for ¢t € (0,1) and g(t) = 0 for ¢t € (1,2) which is impossible for a
continuous function by the intermediate value theorem.

If we extend the space of functions to the Riemann integrable functions R([a, b]), then the sequence
above does converge to x[1,2)- But there are several other problems with the space of Riemann
integrabel functions.

For example, let Q N [0,1] = {g,, : n € N}. Then all characteristic functions X, := X{q,,....q,} are
Riemann integrable, ||xn|l1 = 0, the x, form a Cauchy sequence, the pointwise limit exists and is
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Xaqnio,1] Which is not Riemann integrabel. This example shows that || - [|; is only a seminorm on
R([a, b]), that Cauchy sequences do not need to converge and that in general pointwise limit and
integral cannot be exchanged. The pointwise limit of a sequence of Riemann integrable functions
does not need to be Riemann integrable.

Recall that the Riemann integral of a function f : [a,b] — R is obtained as the limit of Riemann
sums when the interval [a,b] is divided in small pieces. Lebesgue’s approach is to divide the range
of the function in small pieces and then measure the “size” of the pre-image. Hence admissible are
functions whose pre-images of intervals can be measured in some sense.

A.1 A reminder on measure theory
Definition A.1. Let T be a set and 3 C PT a family of subsets of T'.

(i) ¥ C PT is called a ring if for all A, B € ¥ also AU B and A\ B belong to X.
(ii) X C PT is called a o-ring if it is a ring and UnEN A, € X for all (A,)nen C 2.
(iii) ¥ C PT is called an algebra if ¥ is a ring and T € ¥, that is

(a) D ex,
(b) AeX = T\AeX,
(¢c) ABeY = AUBe?X.
(iv) ¥ C PT is called a o-algebra if it is a algebra and | J,, .y A € X for all (4y)nen € 2.

Note that for A, B € Y also ANB = A\ (T \ B) € X if ¥ is an algebra.

Remark. ¥ is indeed a ring in the algebraic sense if one sets A + B := (AU B) \ (AN B) and
A-B:=ANB.

Definition A.2. Let T be a set with a o-algebra . A measure on X is a function p : X — [0, 00]
such that

(i) u(®) =0,
(ii) (An)nen C A with pairwise disjoint A, = p(Ur—; 4An) = > ooy 1(Ay).

Obviously, the intersection of rings is again a ring and PT is a ring. Hence, given a family U of
subsets of T', there exists a smallest ring containing U/, namely the intersection of all rings that
contain . This ring is called the ring generated by U. Analogously the o-ring, the algebra and the
o-algebra generated by U are obtained.

Example A.3. The smallest o-algebra containing all intervals of R is called the Borel sets.

More generally, let (T, O) be a topological space. Then the Borel sets is the o-algebra generated
by O.

The aim is to assign a measure u(U) to every Borel set U C R such that the measure of intervals
is its length.



Chapter A. £, spaces 121

Definition A.4. Let T be a set with a ring ¥ of sets. A pre-measure p on (7, X) is a function
w3 — [0, 00]
such that u(@) = 0 and

(An)neny € X, pairwise disjoint and U A e = u U A,) = Z (A
neN neN neN

Note that a pre-measure is monotonic: if A, B € ¥ and A C B, then p(A) < u(B).

Example A.5. Let A be the set of all finite unions of finite intervals and define p(A) := [, x4 dz
where x 4 is the characteristic function of A. Then p is a pre-measure on A.

Proof. Obviously A is a ring, for every A € A the characteristic function x4 is Riemann inte-
grable and () = 0. Now let (A,)nen € A be pairwise disjoint with (J,,cy An € A. Obviously,
wlUn_y An) =30, 1u(Ay) for every n € N. For n € N define B, := A\ (A1 U---UA,). Obviously,
B, € A and

=u(lJ A
k=1
To prove that p(A) = p(Upe; Ax) it suffices to show that hrn w(B,) =0. Fixe > 0. Since B € A

there exists an compact set C,, C B,, with u(B, \ Cp) < 2 “E. Let D, :=C;N---NC,. Then all
D,, are compact and D,, C C}, C B,. By construction, By O By 2 Bs..., hence

p(B\ D) = u(B,\ (o1 G = (| (B \ O0)) < (| (Bi\ G4)
k=1 k=1
< Zu(Bk\Ck) < 22 ke=¢
k=1 k=1
On the other hand, (,_; D, C ﬂzozl B,, = 0. Since all D,, are compact and D1 D Dy D ..., there
exists an K € N such that D, =0,n> K. Hence u(B,) = u(Bn \ D) < ¢ for all n > k. O

In order to measure all Borel sets, we have to show that the pre-measure of Example A.5 can be
extended to the Borel sets.

Theorem A.6 (Hahn). Let T be a set, A a ring on T and ji a pre-measure on A. Let 3(A) be
the o-algebra generated by A. Then

1nf{i  (A)nen C 3, AC GAn}.
n=1 n=1

If i is o-finite, i. e., if there exist A,, € ¥ with u(A,) < oo and T =, Ay, then the extension
1S unique.
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For the proof, we first show that ji can be extended to an outer measure p* on PT. Then, by the
lemma of Carathéodory, the restriction of the outer measure to the set of the p*-measurable sets is
a measure.

Definition A.7. Let A be a o-algebra on T. An outer measure on A is a function p* : A — [0, 00]
such that

(i) p*(@) =0,

(i) A,Be Awith ACB = pu*(4) < u*(B).

(i) (An)nen €A = p*(UpZ An) < 30070, 15 (An).
A set A € A is called p*-measurable if

pH(Z2)=p (ZNA) +pt(Z\A), ZeA

Lemma A.8. With the assumptions of Hahn’s theorem (Theorem A.6)
o0 o0
pr () =it {37 i(An) + (Andnen €A, AC | An}
n=1 n=1

defines an outer measure on PT. In addition, u(A) = p*(A) for A € A.

Proof. Properties (i) and (ii) of an outer measure are clear. Now let (A,)neny € PT and £ > 0.
Then there exists a family (B,)n jen € A such that A, C J;Z, B, and

> (B gu*(An)JrQin, n € N.
j=1
By construction A := J, ey An € U, jen Bj, and
WA < S ) < (A e
n,j=1 n=1

Note that (BY), jen is countable, hence we have proved p*(A4) < >°°° | u*(Ay).
Now let A € A. Clearly, u(A) < p*(A) holds. Now fix € > 0 and choose (A,,)nen C A such that

A C U,en An and
i w(Ay) < p*(A) +e. n € N.
n=1
Since A = (J,,cn(An N A) and p is a pre-measure on A, it follows that
n(A) < iu(z‘ln NA) < iM(An) <p'(A)+e neN
n=1 n=1

Since this is true for all € > 0, it follows that pu(A4) < p*(A). O
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Lemma A.9 (Carathéodory). Let pu* be an outer measure on PT. Then the set M of all pu*-
measurable sets is a o-algebra and p* is a measure on M.

Proof. ...... O
Proof of Theorem A.6. It suffices to show that the set of the p*-measurable sets contains A4 ... O
Hahn’s theorem gives the desired measure on the Borel sets.

Definition A.10 (Lebesgue completion). Let (T, %, 1) be a measure space. A C T is a zero
set if there exists a B C T with u(B) = 0 and A C B (note that A does not necessarily belong to
¥). The o-algebra generated by 3 and the zero sets is called the Lebesgue completion.

The measure on the completion of the Borel sets in R is the Lebesgue measure, usually denoted by
A

A.2 Integration

In the following, I is always an interval in R.

Definition A.11. A function f : I — R is called measurable if for every (a,b) C R its preimage
f~'((a,b)) is a Borel set.

More generally, let (T, X7, ur) and (S, Xg, us) be measure spaces. A function f: T — S is called
measurable if for every U € Xg also f~1(U) € 7.

Example A.12. Let E be a Borel set. Then the characteristic function xg is measurable.

Definition A.13. Let (T,%, 1) be a measure space. A function f : T — C is called a simple
function if there are Ey € 3 and oy € C such that

n
f = Z QAR XE) -
k=1

It is easy to see that simple functions are measurable. Note, however, that the sum representation
of a simple function is not unique.

The next theorem lists important properties of measurable functions.

Theorem A.14. Let I be an interval in R and f,, f, g : I — R be functions.

(i) If f and g are measurable, then so are f + g, fg, 5 (if it exists), max{f,g} and min{f,g}.
(ii) Ewery continuous function is measurable.
(iii) If all f,, are measurable and f is their pointwise limit (i.e. f(t) = lim f,(t) = f(t), t € I),

n—oo
then f is measurable.
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(iv) If f is measurable, then there exists a sequence (pn)nen of simple functions that converges
pointwise to f. If in addition f > 0, then the sequence can be chosen such that @, (t) 7 f(t),
tel.

(v) If f is measurable and bounded, then there exists a sequence (on)nen of simple functions that
converges uniformly to f.

The theorem says that the set of the measurable functions are a vector space and that it is stable
under taking pointwise limits.

Next we introduce the integral for positive functions.

Definition A.15. Let (7, %, 1) be a measure space.

(i) Let f =3 1_, arxr, with B € ¥ and oy € [0, 00] a simple function. We define its integral
as

/ fdp = Z app(Er).
T k=1

(ii) Let f: T — [0, 00] be a measurable function. Choose a sequence (¢y,)nen of simple functions
with ¢1 < o < ... that converges pointwise to f. We define the integral of f by

/ fdp = lim On dp.
T n—oo T

Of course, it must be proved that the integral in (i) does not depend on the sum representation of
the simple function, and that the limit in (ii) does not depend on the chosen sequence of simple
functions.

Definition A.16. Let I be an interval in R.
(i) A function f: I — [0,00] is called (Lebesgue) integrable if [, f dX < oc.
(ii) A function f : I — Ris called (Lebesgue) integrable if fT := max{f,0} and f~ := max{—f,0}

are integrable. In this case
/fd)\:z/f+ dA—/f_ dA.
I I I

(iii) A function f : I — C is called (Lebesgue) integrable if Re(f) and Im(f) are integrable. In this
case

/If dA :=/1Re(f) dA—&—i/Im(f) dA.

I

The Lebesgue integral has the following properties.

Lemma A.17. (i) If f,g are Lebesgue integrable and o € K, then

/I(af+g)dA=a/IfdA+/IgdA.
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(ii) If f is Lebesgue integrable then

\/IfdA]s/l|f|dA.

For Lebesgue integrals much stronger convergence theorems hold than for the Riemann integral.
The most important convergence theorems are the following.

Theorem A.18 (Monotone convergence theorem). Let (f,)nen be a sequence of measurable
functions fr, : I — [0,00] with 0 < f; < fo <---. Then
f:1—10,00], f@) == lim f,(¥)

n—oo

is measurable and

/f d\= lim [ f, d\.
I I

n—oo

The monotone convergence theorem is also called Beppo Levi theorem.

A sequence (fy)nen converges to f A-a.e. if the set, where the sequence does not converge to f,
has measure zero.

Theorem A.19 (Dominated convergence theorem). Let (f,,)nen be a sequence of measurable
functions and assume that there exists a measurable function f such that f(t) = lim f,(t) A-a.e.
n—oo

If there exists an integrable function g with |f,| < g A-a.e., then f is integrable and

/f d\= lim [ f, dX\.
I n— oo I

The dominated convergence theorem is also called Lebesgue’s convergence theorem.

Theorem A.20 (Fatou’s lemma). Let (f,,)nen be a sequence of integrable functions and assume
that there exists a measurable function f such that f(t) = lim f,(t) A-a.e. If there exists a C' such
n—oo

that fI fn dA < C for alln € N, then f is integrable and

/f dx gliminf/fn .
I n—oo I

A.3 Z, spaces

In the following, ) is always an open subset of R™.

Definition A.21. For 1 < p < oo we define

Z,(Q) == {f . Q= K : f measurable, /Qmp A\ < oo},

= ([ 17)" re g
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Definition A.22. For a measurable function f : 2 — K we define the essential supremum

esssup f:=inf{C € R: f(t) < C for A-almost all ¢},
essinf f := —esssup(—f)

and

L) :={f : Q= K: f measurable, esssup |f| < oo},
I/ lloo := esssup|f], f e 2o ().

It is easy to see that £, (Q) is a vector space. For 1 < p < oo this follows from

[1s+araxs [dri+lohr ax< [ @max(ifl, o}y ax
Q Q Q

< gp/ max{|f|?, [g|P} d\ < 2p/ L7+ |g[? dA
Q Q
=27(|IfII5 + llgll}) < oo.

That Af € &), for A € K and f € %, is clear.

That || - ||, is a seminorm on .}, follows from the Minkowski inequality:

Theorem A.23 (Minkowski inequality). Let 1 <p < oo and f,g € Z,(?). Then

1f+gllp < 171+ llgllp-

For the proof of the Minkowski inequality, Holder’s inequality is used.

Theorem A.24. Let 1 < p < oo and q the conjugated exponent, i. e.,
and g € Z,(Q), then fg € £ () and

1
D

gl < I f1lpllgllq-

Note that ., (€2) is only a seminormed space, because there are non-zero functions f with || f||, = 0.
Theorem A.25. (Z,(Q), | -|lp) is complete.

Definition A.26. Let N,(Q) := {f € %, : ||fl, = 0}. Then L, := £,(Q)/N(Q) is a complete

normed space.

Usually an equivalence class [f] € L, () is simply denoted by f.

Often one is interested in dense subspaces of L, (2).

Theorem A.27. Let 1 < p < 0o and 2 € R™ open. Then the test functions
CS () :==2(Q) :={p € C™(Q) : supp(p) C Q 1is compact}.

form a dense subset of L,(Q).
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Appendix B

Exercises

Exercises for Chapter 1

1.

Banach’s fixed point theorem. Let M be a metric space. A map f: M — M is called a
contraction if there exists a v < 1 such that

d(f(x), f(y) <vd(z, y), xz,y € M.

Show that every contraction f on a complete normed space M has exactly one fixed point, that
is, there exists exactly one zg € M such that f(z¢) = xo.

. Let X be a normed space. Then the following is equivalent:

(i) X is complete.

(ii) Every absolutely convergent series in X converges in X.

. Let X be a normed space. Show:

(a) Every finite-dimensional subspace of X is closed.

(b) If V is a finite-dimensional subspace of X and W is a closed subspace of X, then
VW ={v+tw:veV, weW}

is a closed subspace of X.

. Let T be a set and £ (T) be the space of all functions z : T'— K with

|z|loo := sup{|z(t)| : t € T} < 0.

Show that (¢s(T), ] - |lec) is a Banach space.

. Let the sequence spaces d, cg, ¢ be defined as in Example 1.15.

(a) Show that (co,| - |leo) and (¢, || - |co) are Banach spaces.
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(b) Show that (d,| - ||e) is a normed space, but that it is not complete.

6. Sea X un espacio normado con dim X > 1y S,T operadores lineales en X tales que ST —
TS = id. Muestre que al menos uno de estos operadores no es acotado. Ayuda: Muestre que

ST+ — LS = (o + 1)T™.

7. Sean X y Y espacios normados con X de dimensién finita. Muestre que toda funcién lineal
T:X — Y es acotada.

8. (a) Sea X = C([a,b]) con la norma || - ||co. Muestre que
b
T:X —C, Tx:/x(t)dt

es un operador lineal y acotado. ;Cudl es su norma?

(b) Ahora considere X con la norma

b 1/p
fallyi= ([ 1zt at)™, wex.

para 1 < p < co. jSigue siendo T acotado? Si es asi, calcule su norma.

9. Sea 1 < p < 00. Para z = (zp)nen € oo sea T : £, — £, definido por (Tx), = z,2, para
= (Tn)nen € £p. Muestre que T' € L(¢,) y calcule | T.

Exercises for Chapter 2

1. Demuestre el teorema de Hahn-Banach para espacios vectoriales complejos.

Sugerencia: Para un espacio vectorial sobre los complejos X muestre que:
(a) Sea ¢ :X — R un funcional R-lineal, entonces
Vo: X = C, Vy(z):=¢(x)—ip(iz),

es un funcional C-lineal sobre X con ReV,, = ¢.
(b) Sea A: X — C un funcional C-lineal con Re A = ¢, entonces V,, = A.

(c) Sea p un funcional sublineal sobre X y ¢, V, definido como en el punto anterior, entonces
lp(z)| < plz) <= [Vo(2)| <pz), zeX.
(d) el =Vell-

2. En X = ¢5(N) considere el subespacio

U = {(zn)nen : Tn = 0 excepto para un nimero finito de indices n}.
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Sea V el complemento algebraico de U en X, i.e., U es un subespacio tal que U + V = X y
UNV ={0}. Muestre que

p: X =K, cp(ac):Zun paraz=u+vconu €U, veV.
n=0

es un funcional lineal bien definido y no acotado.
3. (a) Sea ¢ C {y el conjunto de las sucesiones convergentes. Muestre que el funcional

vo:c—= K, = (p)peny — lim z,

n—oo

es continuo y calcule su norma.

(b) Sea £ (N, R) el conjunto de todas las sucesiones acotadas en R con la norma del supremo.
Muestre que existe ¢ € (€oo(N,R))’ tal que

liminf z, < ¢(z) < limsup z,, T = (Zn)neN € loo-
n—o0 n—o0o

4. Sea X un espacio normado, f: X — K un funcional lineal no nulo y K = ker f

(a) Muestre que dim(X/K) = 1.

(b) Muestre que f es continuo si y solo si ker f es cerrado.

5. Un isomorfismo entre espacios normados X y Y es un homeomorfismo lineal. Pruebe las sigu-
ientes afirmaciones.

(a) SiT:X — Y esun isomorfismo [isométrico] entre los espacios normados X y Y, entonces
T :Y' — X’ es un isomorfismo [isométrico]. Si X y Y son espacios de Banach, el converso
también vale.

(b) Si un espacio normado Y es isomorfo a un espacio de Banach reflexivo X, entonces Y es
un espacio de Banach reflexivo.

6. Sea X un espacio normado separable y (2] )nen una sucesion acotada en X’. Entonces existe
.z / / /!
una subsucesion (27, )ren y 2o € X' tal que

kli_)rrgo x%k (z) = zp(z), reX.
Es cierto esto sin la hip6tesis de que X sea separable?
7. Sea X un espacio normado y M un subespacio de X. Sea
L={feX'| f(zx) =0 para todoz € M}.

Muestre que L es un subespacio cerrado de X’ y que M’ es isométricamente isomorfo a X'/ L.

8. Sea X un espacio compacto, Cr(X) el conjunto de funciones continuas real-evaluadas sobre X
y Y C X un subconjunto cerrado.
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Considere el mapa p : Cr(X) — Cr(Y') definido por p(f) = f|y. Muestre que I := ker(p)
es un subespacio cerrado de Cg(X).

Sea p: Cr(X)/I — Cr(Y) el mapa inducido en el espacio cociente. Pruebe que p es una
isometria.

Demuestre que rg(p) es completo.

Use el teorma de Stone-Weierstrafl para concluir el teorema de Tietze: Sea X un espacio
compacto de Hausdorff y Y C X un subconjunto cerrado. Entonces cada funcién continua
f:Y — R tiene una extension continua f: X — R con || fllc(x) = | fllcw)-

9. Muestre que en [; la convergencia débil y la convergencia en norma coinciden.

Exercises for Chapter 3

1.

Todo espacio métrico completo con infinitos elementos y ningin punto aislado es no enu-
merable.

Toda base algebraica de un espacio de Banach infinito dimensional es no enumerable.

Sea X un espacio de Banach, Y un espacio normado y (7},)neny € L(X,Y). Suponga que
para todo z € X el limite Tx := liI%Tnx existe. Entonces T' € L(X,Y).
ne

Sean X,Y espacios de Banach, Y reflexivo, y (T)neny € L(X,Y) tal que (p(Thx))nen
converge para todo z € X y ¢ € Y'. Entonces existe un T' € L(X,Y) tal que T,, = T.

. Muestre que la hipo6tesis de completitud en el principio de acotacién uniforme es necesaria.

. Sea [a,b] C R, n € Ny tome a < tgn) < e < tsln) <by al(cn) cK k=1,...,n Para

f € C([a,b]) se define

Muestre que los siguientes enunciados son equivalentes:

(a)

(b)

b
Qn(f) %/ f(t) dt, n — oo, para todo f € Cla,b].

b
Qn(p) — / p(t) dt, n — oo, para todo polinomio p : [a,b] = Ky

sup Y op_; \a,gn)| < oo0.
neN

Sean X, Y, Z espacios de Banach y T': X D D(T) — Y un operador lineal.
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(a) Sea S : X D D(S) — Y un operador lineal. Entonces la suma de operadores S + T se
define como

DS +T):=D(S)ND(T), (S+T)x =Sz +Tx.

(b) Sea R:Y D D(R) — Z un operador lineal. Entonces el producto de operadores o com-
posicion RT se define como

D(RT) :={z € D(T) : Tz € D(R)},  (RT)z := R(Tx).

5. Sean X, Y, Z espacios de Banach, R € L(X,Y), T : X 2D(T) =Y, S:Y 2D(S) —» Z
operadores lineales cerrados. Muestre que:

(a) R+ T es un operador lineal cerrado.
(b) SR es cerrado.

(c) Si S es continuamente invertible (i.e., S™1 : 1g(S) — Y existe y es continuo), entonces ST
es cerrado.

Muestre ademas que estas afirmaciones siguen siendo validas cambiando “cerrado” por “clausurable”
6. Sea X ={(3(N) y
T:X2OD(T)— X, Tz = (nxp)nen para = = (Z,)nen-

Diga si T es cerrado con:
(a) D(T) = {JJ = (xn)nEN € £2(N) : (nxn)nEN € 62(N)}a
(b) D(T)=d={z = (zn)nen € €2(N) : z, # 0 para solo finitos n}.

7. Sea X un espacio de Banach, n € N y T un operador lineal densamente definido de X en K™.
Muestre que T es cerrado si y solo si T € L(X,K").

8. Sean X y Y espacios normados y T : X O D(T') — Y un operador lineal cerrado.

(a) Sea K C X compacto. Muestre que T'(K) es cerrado en Y.
(b) Muestre que si F es un compacto en Y entonces T~ 1(F) es cerrado en X.

(c) Si A es cerrado en X, es cierto que T(A) es cerrado?

9. Sea X un espacio normado. Una sucesion (2, )nen € X es una sucesion débil de Cauchy si para
todo ¢ € X' la sucesién (p(zy,))nen €s una sucesién de Cauchy en K.

(a) Sea x = (Zn)nen una sucesién acotada en X. Muestre que = es una sucesién débil de
Cauchy si y solo si existe un subconjunto denso U’ de X’ tal que (o(z,))nen €S una
sucesiéon de Cauchy para todo ¢ € U’.

(b) Toda sucesion débil de Cauchy en X es acotada.
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10. Sea X un espacio de Banach, (Z,)neny € X, (pn)neny C X', vy 2o € X, po € X' tal que

Tn M) Loy Pn — @o. Muestre que lim on(Tn) = wo(zo).
n— 00

11. Sea X un espacio normado.
(a) Muestre que (X,| - ||) = (X, o(X,X’)). Es decir: un funcional lineal ¢ : X — K es

continua con respecto a la topologfa inducida por || - || si y sé6lo si es continua con respecto
a la topologia débil.

(b) Sean (zn)nen € X, 19 € X y (¢n)nen € X', w0 € X' tal que 2, = Zo y ©n — 0.
Muestre

[[zoll < liminf [lz, [, [lpol < liminf |[y,]].
n— oo n—oo

(¢c) Sean S ={z € X : ||z|| = 1} la esfera unitaria y K = {x € X : ||z|| = 1} la bola unitaria
cerrada en X. ;Siempre son débilmente cerradas (prueba o contraejemplo)?

12. Paran € N sea e, = (0,...,1,0,...) la sucesién que tiene 1 en la posicién n y 0 en el resto.

(a) Muestre que (e,)nen no es convergente débilmente en ¢;.

(b) Muestre que (e, )nen €s w# convergente en (.

13. Sea X un espacio vectorial y M C X un subconjunto convexo, balanceado y absorbente.
Muestre que el funcional de Minkowski pj; es una seminorma en X.

Exercises for Chapter 4

1. Sea X un espacio pre-Hilbert, U C H un subespacio denso y 2o € X tal que (xo,u) = 0 para
todo u € U. Muestre que xg = 0.

2. Sea w € C([0,1],R). Para z,y € C([0,1]) se define

(@, Y)w = /0 2()yDw(t) dt.

Halle una condicién necesaria y suficiente spobre w para que (-, ), sea un producto interno.
Bajo qué condicién la norma inducida por (-, -),, es equivalente a la norma usual de Lo?

3. Let H be Hilbert space, (z,)neny € H and g € H. Then the following is equivalent:

(a) xn — xp.

(b) ||znl| = zo and z, 2 Zo.
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4. Ejemplo de una proyecciéon no acotada. Sea H = ls y e; el vector usual e{ = 55 . Defina

Ly := span{eany1 : n € Ng}

Yy
Ly = +iesest o + o
2 1= Span § €1 262,63 2264765 2366,... .
(a) Muestre que Ly N Ly = {0}.
(b) Muestre que Ly & Lo = H.

—
o

Muestre que Ly @ Lo # H.

Defina el operador Py : Ly @ Ly — Ly @ Lo, Po(x + y) = x. Muestre que Py es una
proyecciéon no acotada.

—
Q.
NN

5. Para A\ € R defina f\ : R — C, fi(s) = e y sea X = span{f : A € R}. Muestre que

T

(fo) = Jim o [ f()90s) ds

define un producto interior en X. Muestre que la completacién de X no es separable. (||fx —
Il =?)
Los elementos en la completacién de X se llaman funciones casi periddicas.

6. ¢Existe algtin producto interno (-, -) en C[0,1] tal que (x,z) = ||z||% para todo = € C[0,1] ?

7. Sea X un espacio pre-Hilbert. Muestre los siguientes resultados

(a) Sean z,y € X con x | y, entonces
Iz +ylI* = llzl|* + [lylI*.

LEl converso es cierto en general? ;jHay algin caso para el que se tenga?

(b) Siz#0,y#0yz Ly muestre que el conjunto {z,y} es linealmente independiente.
;,Como se puede generalizar este resultado?

(¢) = Ly, siysolosi|z+ ay| > ||z| para todo escalar a.

8. Let H be a Hilbert space, Y C H a subspace and g € Y'. Show that there exists exactly one
extension ¢ € H' of ¢o with |¢oll = |l¢]|-

9. Sea X un espacio pre-Hilbert y U C X un subespacio. Muestre que
(a) U # U*L. ;Se tiene alguna contenencia?

b) UaU+t#X

10. Sea 1l <p < oo. Para f € L,(R) y s € R defina Ty : L,(R) — L,(R) como (Tsf)(t) :== f(t—s).
Claramente los T son isometrias lineales.
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(a) Sea 1l <p < co. Muestre que T 25 id para s — 0. Los T convergen en norma?

(b) Los T convergen en norma o convergen fuertemente en el caso p = co?

11. Muestre que W™(Q), H™(Q) y HJ"*(Q?) son espacios de Hilbert.

Para el problema 4.10: Para  C R definimos el conjunto de funciones de prueba

2(Q) :={p € C(Q) : supp(p) C Q es compacto}.

Para un multi-indice a = (o, ..., a,) € N se define |a| = a1+ -+, y D% = 07" ... 05"
si la derivada existe.

Sea f € La(). Una funcién g € Ly(R2) se llama la derivada débil a-ésima de f si
(g,9) = (D)Uf, D), ¢ 2().

Note que la derivada débil es tnica si existe; se denota por D() f.

Para m € N definimos el espacio de Sobolev
W™Q) :={f € La(Q) : D f € Ly(Q), |a| < m}.
W™(Q) es un producto interior con

(frg)wm ==Y (D f,Dg),.

lo|<m

Ademaés, definimos los espacios

H™(Q) :=Cm(Q)NnWm(Q) and Hi'(Q) = 2(9Q)
donde la clausura es tomada con respecto a la norma inducida por (-, )ym.

12. Sea H un espacio de Hilbert and B : H x H — K sesquilineal. En H x H considere la norma
1@, y)ll = V] + llyl>.
(a) Muestre que las siguientes son equivalentes:

(i) B es continua.
(ii) B is parcialmente continua, es decir, para cada x¢ fijo, y — B(zo,y) es continua para
cada yo fijo, z — B(z,yo) es continua.
(iii) B es acotado, es decir, existe M € R tal que | B(z,y)|| < M||z||||y| para todo =,y € H.

(b) Si B es continuo, entonces existe T € L(H) tal que
B(x,y) = (Tz,y),  xy€H.

(c) Si ademds existe m > 0 tal que B(x,z) > m|z|? x € H, entonces T es invertible y
1T < .
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13. Sea H un espacio de Hilbert. Muestre que para toda sucesién (z,), C H acotada, existe una
subsucesion (z,, )x tal que la sucesion (Y, )m donde,

1 m
Ym = E Zmnka
k=1

converge.

14. Sea X un espacio normado, (z,)neny € X y @ € X. Las siquientes son equivalentes:

(&) > ,enTn converge incondicionalmente a .

(b) Para todo € > 0 existe un conjunto finito A C N tal que para todo conjunto finito B con
ACBCN

HZ:rbfo <e.

beB

15. Sea H un espacio de Hilbert. Si P : H — H es un operador lineal, las siquientes son equiva-
lentes:

(a) P es una proyeccién ortogonal.

(b) P?=Py (Pz,y) = (z,Py).

16. Sea H un espacio de Hilbert, V,W C H subespacios cerrados y Py, Py sus correspondientes
proyecciones ortogonales.

(a) Muestre que
Vow — Py = Py Py = Py Py.

(b) Muestre que las siguientes afirmaciones son equivalentes:
(i) PyPw =0.
(i) VL W.
(iii) Py + Pw es una proyeccion ortogonal.

Muestre que rg(Py + Py) = V @ W si alguna de las condiciones anteriores se tiene.

17. Sea H un espacio de Hilbert y Py, P; las proyecciones ortogonales sobre Hy, H; C H. Entonces
las siguientes afirmaciones son equivalenteas:

|Poz|| < ||Pizl|, =z€ H.
(Pox ,x) < (Piz,x), x€ H.
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18. Sea H un espacio de Hilbert separable, (z,)neny una base ortonormal de H, y, (y,)nen una
sucesion tal que:

oo
Yl —yall < 1

n=1

vy z L y,, para todo n € N, entonces z = 0.

19. Sea H un espacio de Hilbert complejoy T : H — H un operador lineal acotado. Muestre que T’
es normal si y solo si ||T*z|| = ||Tz|| para todo x € H. En este caso, muestre que ||T?|| = ||T||2.

20. Haar functions. Let ¢ = x|o,1/2) — X[1/2,1)- For n,k € Z define
Unp R =R, by () = 282 9(2%¢ — ).
For k€ Ngandn e {0,1,2,...,2F —1} let
hok 1 (t) = Yrn(t), for t€[0,1),

has (1) = lim ).

h,2k+n : [0, 1} — R,

and ho(t) =1, t € [0,1].

(a) (hj)jen, is a orthonormal system in Ly[0, 1] and (¢, x)n,kez is a orthonormal system in
Ly(R).

(b) T:Ls0,1] = Lo[0,1], Tf = Zjig%f ,hj)h; is a orthonormal projection on the subspace
U ={f e Ly[0,1] : f const. in intervals [r27%, (r +1)27%) with r € Ng}.

c) For f € C[0,1], the series S22 (f, h;)h,; converges uniformely to f.
7=0 J1°°9
(d) (hj)jen, is an orthonormal basis of L2[0,1].

(e) (Yk.n)knez is an orthonormal basis of La(R).

21. Sea H un espacio de Hilbert, VW C H subespacios cerrados y Py, Py sus correspondientes
proyecciones ortogonales.

(a) Muestre que
VoW <~ Py = Py Py = PwPy.

(b) Muestre que las siguientes afirmaciones son equivalentes:
(i) PyPw =0.
(i) V LW.

(ili) Py + Py es una proyeccién ortogonal.

Muestre que rg(Py + Py) = V @ W si alguna de las condiciones anteriores se tiene.
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22. Sea H un espacio de Hilbert y Py, P; las proyecciones ortogonales sobre Hy, H; C H. Entonces
las siguientes afirmaciones son equivalenteas:
(1) HO C Hl,
(i) | Pox|| < ||Piz|l, =€ H.
(iii) (Pox x> (Plx x), x€H.
(IV) P()Pl

23. Sea H un espacio de Hilbert separable, (z,)nen una base ortonormal de H, y, (yn)nen una
sucesion tal que:

[e%S)
D llzn —ynll <1
n=1

vy z L y,, para todo n € N, entonces z = 0.

24. Sea H un espacio de Hilbert complejo y T : H — H un operador lineal acotado. Muestre que T'
es normal si y solo si || T*x|| = ||Tz|| para todo # € H. En este caso, muestre que ||T2|| = ||T|2.

25. Sea H un espacio de Hilbert y (7},)nen una sucesién acotada y mondtonamente creciente de
operadores autoadjuntos. Muestre que la sucesion converge en el sentido fuerte a un operador
autoadjunto.

26. Sea (P,)nen una sucesién mondtona de proyecciones ortogonales en un espacio de Hilbert H.
Muestre que (P,,)nen converge en el sentido fuerte a una proyeccién ortogonal Py ademds

(a) rg P =U,en79Pn si P, es creciente.
(b) rg P =(),en79Pn si P, es decreciente.

27. Sean Hy, Hy y Hj espacios de Hilbert y S(Hy — Hs) y T(Hs — Hjs) operadores lineales
densamente definidos.

(a) SiT € L(Hs, H3) entonces T'S es densamente definido y (T'S)* = S*T*.
(b) Si S es inyectivoy ST € L(Ha, Hy) entonces T'S es densamente definido y (T'S)* = S*T™*.
(c) Si S es inyectivoy S~ € L(Hy, Hy) entonces S* es inyectivo y (R*)~! = (R™1)*

28. Sean Hy, H espacios de Hilbert y U : Hy x Hy — Hs x Hy, U(z,y) = (—y, z). Entonces

(a) U es unitario.
(b) SiT(Hy — Ha) es densamente definido,

G(T*) = [UG(D)]* = UG(T)").

(¢) T* es cerrado.
(d) Si T es clausurable, T* es densamente definido y T** =T.
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Exercises for Chapter 5
1. (a) Sea X =C([0,1]) y a € C([0,1]). Muestre que
A:X X, (An)(t) = a(t)z(t)
es un operador lineal acotado. Encuentre [|A, 0(A), op(A), 0¢(A) y ov(A).
(b) Sea H={f € C([0,1]) : z(0) =0} y

S:H— H, (Sz)(t) :/0 x(s) ds.

Encuentre o(S), 05(9), 0c(S) y o:(S).
2. Sea (An)nen C C una sucesién acotada, y,
T: 08— 0t T ((n)nen) = (AnZn)nen-

Encuentre o(T), op,(T), 0¢(T) y 0+(T). Muestre ademds que, para todo KX C C compacto no
vacio, existe un operador T € L(£') cuyo espectro es K.

3. Sea X un espacio de Banach S,T € L(X). Muestre que o(ST) \ {0} = o(T5) \ {0}.

Hint. Muestre que id —ST es invertible si y solo si id =TS es invertible, encontrando una
relacién entre (id —7'S)~! y (id —ST)~!. Suponga ||T||||S|| < 1 y mire si la relacién en este
caso es valida en general.

4. Encuentre el espectro puntual, el espectro continuo y el espectro residual de los operadores:
R: gg(N) — gQ(N)7 R((El, T2, T3, .. ) = (0, X1, T2, T3, .. .),

L: EQ(N) — ZQ(N)’ L(Il, T2, T3, .. ) = (mg, XT3, T4, .. .),
T:0°(N) = £°(N), T(x1,x2,23,...)= (T2,23,Zq,...).
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