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Differentiation; exponential functions. Hand in: October 23, 2009

1. For k € N let fx : R — R defined by

o1
tFsin =, x#0,
x

0, x=0.

fe(x) =

For which k is fj differentiable? For which k is f; continuously differentiable?

2. Let f : [a,b] — [a,b] be continuous and differentiable in (a,b) with f'(z) # 1, z € (a,b).
Show that there exists exactly one p € [a,b] such that f(p) = p.

3. (a) Darbouz’s Theorem. Let f : D — R be a differentiable function of the nonempty
interval D = (a,b) C R. Show that for every ¢ € R with

inf{f'(z) : x € D} < ¢ < sup{f'(z):z € D}.

there exists a ¢ € (a, b) such that f'(c) = gq.

(b) Let D = (a,b) a nonempty interval and f : D — R a differentiable function with
an isolated global minimum at xy € D. Is the following statement true:
There exist ¢,d € (a,b) such that ¢ < zy < d and f'(z) < 0, z € (¢,x0) and
f'(x) 20, z € (x0,d).

4. Exponential functions. For fixed a € Rt = (0, 00) define the function
Do : C—C, pa(z) = exp(z1n(a)).
(a) For a € RT and g € Q show
Pa(q) = a’. (*)
(b) Show that p, is differentiable and find its derivative.

Recall. For a € Rt and n € N we have defined

1 . s .
a™ = | | a, a® =1, an := unique positive solution of z" = a.

Therefore a? :=((a%) )" is defined for all ¢ = 2% € Q with m € N, n € No, o € {£1}.

Remark. Because of the identity (%) one defines

z

a® := exp(z1n(a)), a€RY, zeC.



