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2. Show that the following functions are differentiable and find the derivative. Prove your
assertions.

(a) w : R+ → R, x 7→
√
x,

(b) cos : R→ R, sin : R→ R,

Hint. Prove Euler’s formula (Theorem 5.51): exp(z) = cos(z) + i sin(z), z ∈ C.

3. Show the following properties of the exponential function (Theorem 5.50):

(a) exp(z̄) = exp(z), z ∈ C,
(b) exp(z + w) = exp(z) exp(w), z, w ∈ C,
(c) exp(n) = en, n ∈ Z,
(d) exp(z) 6= 0, z ∈ C,
(e) | exp(ix)| = 1 ⇐⇒ x ∈ R.

4. (a) Show the following identities for x, y ∈ C:
(i) sin2(x) + cos2(x) = 1.

(ii) sin(x+ y) = cos(x) sin(y) + cos(y) sin(x),
(iii) cos(x+ y) = cos(x) cos(y)− sin(x) sin(y),

(b) Show that {x ∈ R+ : cosx = 0} 6= ∅.

Let π := 2 · inf{x ∈ R+ : cosx = 0}.

(c) For x ∈ R show:

(i) sinx = 0 ⇐⇒ ∃ k ∈ Z x = kπ.
(ii) cosx = 0 ⇐⇒ ∃ k ∈ Z x = kπ + π

2 .

Hint. Without proof you can use
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, x ∈ (0, 3].


