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Continuity. Hand in: September 24, 2009
1. For j=1,...,nlet (Xj,| -]|;) be normed spaces over F where F = R or C. Recall that
(X1 x -+ x Xy, || - ||) with
@1, zn) ] o=l + -+ 2l
is a normed space over F.
(a) Show that for all j =1,...,n the projection pr; is continuous where
prj: X1 x o x Xy — X, (@1,...,2n) — ;).

(b) Let f = (f1,-.-,fn) : V — X1 X ---X,, where V is a normed space (that is
fi:V = Xjand f(v) = (f1(v), -, fu(v))).
Show that f is continuous if and only if every f; is continuous.

(c) Let X be a normed space, F=Ror C, and f: Dy —F, g¢:Dy; — F continuous.
Let Dfy = Dy N Dy. Then fg: Dyyg — F, (fg)(z) = f(x)g(x) is continuous. If

g(z) #0, x € Dyg, then 5 :Dyg — T, g(x) = g((;g is continuous.

2. Proof the Cauchy criterion (Theorem 5.15):

Let (X,dx), (Y,dy) be metric spaces, Y complete, f : X DD — Y a function and z¢ a
limit point of D. Then f has a limit in x( if and only if

Ve>030>0Vax,yeDy:
(0 < dx(@,m0) <8 A 0<dx(y,m0) <6 = dy(f(2), f(y)) <¢).

3. Let (X,d) be a metric space and f,g : X — R continuous functions. Show that the
following functions are continuous:

S: X —>R, S(z):=min{f(z), gx)},
T:X —R, T(x):=max{f(x), gx)}.
4. Where are the following functions are continuous? Proof your answer.
(a) f:[0,00) =R, z—
(b) g:C—R, zw|z+ 72,
—/—z, -1<z<0,

(¢) h:[-1,1JU{2} =R, =z ¢ /z, 0<z<1,
T, T =2.
. 1, scq,
(d D:R—-R, D(:v).{o7 r€R\Q,

Hint: Show that R\ Q is dense in R, that is, for every = € R there exists a sequence
(n)neny C R\ Q such that lim z, = x.
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