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1. For j = 1, . . . , n let (Xj , ‖ · ‖j) be normed spaces over F where F = R or C. Recall that
(X1 × · · · ×Xn, ‖ · ‖) with

‖(x1, . . . , xn)‖ := ‖x1‖+ · · ·+ ‖xn‖
is a normed space over F.

(a) Show that for all j = 1, . . . , n the projection prj is continuous where

prj : X1 × · · · ×Xn → Xj , (x1, . . . , xn) 7→ xj .

(b) Let f = (f1, . . . , fn) : V → X1 × · · ·Xn where V is a normed space (that is
fj : V → Xj and f(v) = (f1(v), . . . , fn(v))).
Show that f is continuous if and only if every fj is continuous.

(c) Let X be a normed space, F = R or C, and f : Df → F, g : Dg → F continuous.
Let Dfg = Df ∩ Dg. Then fg : Dfg → F, (fg)(x) = f(x)g(x) is continuous. If
g(x) 6= 0, x ∈ Dfg, then f

g : Dfg → F, f
g (x) = f(x)

g(x) is continuous.

2. Proof the Cauchy criterion (Theorem 5.15):

Let (X, dX), (Y, dY ) be metric spaces, Y complete, f : X ⊇ D → Y a function and x0 a
limit point of D. Then f has a limit in x0 if and only if

∀ ε > 0 ∃ δ > 0 ∀ x, y ∈ Df :(
0 < dX(x, x0) < δ ∧ 0 < dX(y, x0) < δ =⇒ dY

(
f(x), f(y)

)
< ε
)
.

3. Let (X, d) be a metric space and f, g : X → R continuous functions. Show that the
following functions are continuous:

S : X → R, S(x) := min{f(x), g(x)},
T : X → R, T (x) := max{f(x), g(x)}.

4. Where are the following functions are continuous? Proof your answer.

(a) f : [0,∞)→ R, x 7→
√
x,

(b) g : C→ R, z 7→ |z + z̄2|,

(c) h : [−1, 1] ∪ {2} → R, x 7→


−
√
−x, −1 ≤ x ≤ 0,

√
x, 0 < x ≤ 1,

x, x = 2.

(d) D : R→ R, D(x) :=

{
1, x ∈ Q,
0, x ∈ R \Q,

Hint: Show that R\Q is dense in R, that is, for every x ∈ R there exists a sequence
(xn)n∈N ⊂ R \Q such that lim

n→∞
xn = x.


