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Sets; induction; binomial coefficients. Hand in: August 13, 2009

1. For sets A, B and C show at least two of the following statements:

(a) A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C),

(b) A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C).

(c) A \ (B ∪ C) = (A \B) ∩ (A \ C),

(d) A \ (B ∩ C) = (A \B) ∪ (A \ C).

2. (a) Find a bijection N× N→ N (proof!).

(b) Show that Q is countable.

3. Show the following formulae:

(a)
n∑

k=1

k3 =
(n(n + 1)

2

)2

, n ∈ N,

(b)
2n∑

k=1

(−1)k+1 1
k

=
n∑

k=1

1
n + k

, n ∈ N.

4. For n ∈ N0 and m ∈ N let

a(m, n) := #{(x1, . . . , xm) ∈ Nm
0 :

m∑
j=1

xj ≤ n},

b(m, n) := #{(x1, . . . , xm) ∈ Nm
0 :

m∑
j=1

xj = n}.

(a) Show that a(m, n) = b(m + 1, n) for all m ∈ N and n ∈ N0.

(b) Show that a(m, n) =
(

n + m

m

)
for all m ∈ N and n ∈ N0.

Hint: Show a(m, n− 1) + a(m− 1, n) = a(m, n) and use induction on n + m.


