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Inequalities. Riemann-Stieltjes integral; Hand in: April 16, 2009

1. (a) Let (an)n∈N ⊆ R and suppose that an ≥ 0 for all n ∈ N. Show:
∞∑

k=1

an converges =⇒
∞∑

k=1

√
an

n
converges.

(b) Let F = R or C and n ∈ N. Show that (Fn, ‖ · ‖2) is a normed space1 where

‖x‖2 :=
√
|x1|2 + · · ·+ |xn|2, x = (xj)n

j=1 ∈ Fn.

2. Let a < c < b ∈ R, α : [a, b] → R a monotonic functions and f, g : [a, b] → R bounded
functions.

(a) Show that f is Riemann-Stieltjes integrable with respect to α if and only if the
restrictions f1 := f |[a,c] and f2 := f |[c,b] are so and that in this case:∫ b

a

f(x) dα =
∫ c

a

f1(x) dα +
∫ b

c

f2(x) dα .

(b) Suppose there exists a set M = {a1, . . . , an} ⊂ [a, b] such that α is continuous in
M and f(x) = g(x) for all x ∈ [a, b] \M . Then f ∈ R(α) if and only if g ∈ R(α);
in this case ∫ b

a

f(x) dα =
∫ b

a

g(x) dα.

3. (a) Let a ∈ R+ and let f : R → R, f = exp. Use Riemann sums s(f, P ) and S(f, P ) to

find

a∫
0

exp(x) dx.

(b) For k, m ∈ N find the integrals∫ π

−π

sin(kx) cos(mx) dx,

∫ π

−π

sin(kx) sin(mx) dx.

4. (a) Does lim
x→∞

∫ x

0

sin t

t
dt exist?

(b) Does
∫ 1

0

D(t)dt exist, where D is the Dirichlet function

D : [0, 1] → R, D(t) =

{
1 if x ∈ Q ∩ [0, 1],
0 if x ∈ [0, 1] \Q.

1Generally: Let p ∈ (1,∞). Show that (Fn, ‖ · ‖p) is a normed space where ‖x‖p :=
`Pn

k=1 |xk|p
´1/p

.


