RATIONAL POINTS OF QUIVER MODULI SPACES

VICTORIA HOSKINS AND FLORENT SCHAFFHAUSER

ABsTrRACT. For a perfect base field k, we investigate arithmetic aspects of
moduli spaces of quiver representations over k: we study actions of the absolute
Galois group of k on the k-valued points of moduli spaces of quiver represen-
tations over k and we provide a modular interpretation of the fixed-point set
using quiver representations over division algebras, which we reinterpret using
moduli spaces of twisted quiver representations (we show that those spaces
provide different k-forms of the initial moduli space of quiver representations).
Finally, we obtain that stable k-representations of a quiver are definable over
a certain central division algebra over their field of moduli.
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1. INTRODUCTION

For a quiver (Q and a field k, we consider moduli spaces of semistable k-represen-
tations of @ of fixed dimension d € NV, which were first constructed for an alge-
braically closed field k using geometric invariant theory (GIT) by King [I5]. For
an arbitrary field k, one can use Seshadri’s extension of Mumford’s GIT to con-
struct these moduli spaces. More precisely, these moduli spaces are constructed
as a GIT quotient of a reductive group Gg,q acting on an affine space Repg 4
with respect to a character g determined by a stability parameter §# € ZY. The
stability parameter also determines a slope-type notion of 6-(semi)stability for k-
representations of ), which involves testing an inequality for all proper non-zero
subrepresentations. When working over a non-algebraically closed field, the notion
of #-stability is no longer preserved by base field extension, so one must instead
consider #-geometrically stable representations (that is, representations which are
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O-stable after any base field extension), which correspond to the GIT stable points
in Repg 4 with respect to xg.

We let /\/19 7% (resp. /\/la ") denote the moduli space of f-semistable (resp.
0- geometrlcally stable) k- representations of @ of dimension d; these are both quasi-
projective varieties over k and are moduli spaces in the sense that they co-represent
the corresponding moduli functors (cf. ‘ For a non-algebraically closed field
k, the rational points of MG 9° are not necessarily in bijection with the set of
isomorphism classes of 6- geometrlcally stable d-dimensional k-representations of Q).
In this paper, we give a description of the rational points of this moduli space for
perfect fields k. More precisely, for a perfect field k, we study the action of the
absolute Galois group Gal, = Gal(k/k) on Me SS( ), whose fixed locus is the set

/\/l‘9 4" (k) of k-rational points. We restrict the action of Galy, to /\/lg e M% a0
SO we can use the fact that the stabiliser of every GIT stable pomt in Repg 4 is
a diagonal copy of G,,, denoted A, in Gg 4 (¢f. Corollary to decompose the
fixed locus of Galy acting on ./\/lg gs( ) in terms of the group cohomology of Galy
with values in A or the (non—Abehan) group Gg 4.

Before we outline the main steps involved in our decomposition, we note that,
via a similar procedure, we can describe fixed loci of finite groups of quiver auto-
morphisms acting on quiver moduli spaces in [I2]; however, the decomposition for
the Galg-fixed locus in this paper is simpler than the decomposition given in [12],
as we can use Hilbert’s 90th Theorem to simplify many steps (see Remark for
further comments on this). When & = R and moduli spaces of quiver representa-
tions are replaced by moduli spaces of vector bundles over a real algebraic curve,
a description of the real points of these moduli spaces has been obtained in [29]
using similar techniques: while the arithmetic aspects are much less involved in
that setting, they still arise, in the guise of quaternionic vector bundles.

1.1. Decomposition of the rational locus. For the first step, we note that the
Galg-action on Me SS(k) can be induced by compatible Galg-actions on Repg, 4
and G q; then, we construct maps of sets

s faal —gs T\ Ga
Repgy 4 (F) 1 [ Gg.a(R) 3! =M §* (k) S
Repg, §° (k) /G a(k) MG 3 (k).
By Propositioni the non-empty fibres of fga, are in bijection with the kernel
of H'(Galy, A(k)) — H'(Galy, G 4(k)), and so by Hilbert’s 90th Theorem, we
deduce that fgal, is injective (cf. Corollary [3.4).

The second step is to understand rational points not arising from rational rep-
resentations by constructing

T 2 Mg 3 (k) = MG 3°(k)9* — H?(Galy,, A(K)) = Br(k)

which we call the type map (¢f. Proposition [3.7] E We show that the image of fqai,
is T-H([1]) (cf. Theorem“ however, in general fga), is not surjective.

In the third step, to understand the other fibres of the type map, we introduce
the notion of a modifying family w (¢f. Definitions which determines modi-
fied Galg-actions on Repg 4(k) and Gg,q(k) such that the induced Galy-action on

faaly
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./\/l‘9 ss( ) is the original Galg-action. Then we define a map of sets
feat tu Reply 2 (R) 9% /,G.a(B)S™ —s MO-9° ()5 = M9 (k),

where uRepo gs(k)Gal’“ and ,Gg,q(k)“* denote the fixed loci for the modified
Galg-action gwen by u. Moreover, we show that the image of fgai, « is equal to the
preimage under the type map of the cohomology class of a A(k)-valued 2-cocycle
¢, associated to u (¢f. Theorem [3.14]).

The fourth step is to describe the modifying families using the group cohomology
of Galy in order to obtain a decomposition of the fixed locus for the Galg-action
on ./\/le J9%(k). We obtain the following decomposition indexed by the Brauer group

Br(k) of k.

Theorem 1.1. For a perfect field k, let T : ./\/le i (k) — H2(Galy; k) = Br(k)
be the type map introduced in Proposztzonlﬂ Then there is a decomposition

Moy =[] wRep"(B)“* /uGaq.alk) ™"

[eu]EIMm T

where , Repyy ; ° (k k)Galk /.G (k)G is the set of isomorphism classes of 6-geome-
trically stable d-dimensional representations of Q that are k-rational with respect to
the twisted Galy-action ®* on Repg 4(k) defined in Proposition .

1.2. Modular interpretation arising from the decomposition. We give a
modular interpretation of the decomposition above, by recalling that Br(k) can be
identified with the set of central division algebras over k. We first prove that for a
division algebra D € Br(k) to lie in the image of the type map, it is necessary that
the index ind (D) := 1/dimg(D) divides the dimension vector d (cf. Proposition
- As a corollary, we deduce that if d is not divisible by any of the indices of
non-trivial central division algebras over k, then /\/le gs(k) is the set of isomor-
phism classes of d-dimensional k-representations of Q ‘We can interpret the above
decomposition by using representations of @) over division algebras over k.

Theorem 1.2. Let k be a perfect field. For a division algebra D € ImT C Br(k), we
have d = ind (D)d, for some dimension vector d, € NV and there is a modifying
family up and smooth affine k-varieties Redeb’D (resp. GQ)d/D)D) constructed by
Galois descent such that

Repg.q p(k) = @ Hom y04(D) (Dt Do) =, Repg 4(k) %"

a€A

and , 7
Go.a,.p(k) = [ Autatoacp)(DPv) = up Gea(k)S™.
veV
Furthermore, we have a decomposition
0 s s
d |_| RGPQ i .p(k)/Gq.a,.p(k),
DeIm T

where the subset indexed by D is the set of isomorphism classes of d-dimensional
0-geometrically stable D-representations of Q.
For example, if k = R < k = C, then as Br(R) = {R,H}, there are two types of

rational points in ./\/le J7(R), namely R-representations and H-representations of @
and the latter can only exists if d is divisible by 2 = ind (H) (c¢f. Example [3.26]).
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1.3. Gerbes and twisted quiver representations. We can also interpret Br(k)
as the set of isomorphism classes of G,,-gerbes over Speck, and show that the
type map 7 can be defined for any field k£ using the fact that the moduli stack
of #-geometrically stable d-dimensional k-representations of @ is a G,,-gerbe over
./\/lanjs (¢f. Corollary .

For any field k, we introduce a notion of twisted k-representations of a quiver () in
Definition [4.7] analogous to the notion of twisted sheaves due to Caldararu, de Jong
and Lieblich [4, 5 19], and we describe the moduli of twisted quiver representations.
In particular, we show that twisted representations of ) are representations of @
over division algebras, by using Caldararu’s description of twisted sheaves as mod-
ules over Azumaya algebras; therefore, the decomposition in Theorem [I.2] can also
be expressed in terms of twisted quiver representations (c¢f. Theorem . More-
over, we construct moduli spaces of twisted #-geometrically stable k-representations
of @ and show, for Brauer classes in the image of the type map 7T, these moduli
spaces give different forms of the moduli space ./\/laQth.

Theorem 1.3. For a field k with separable closure k*, let « : X — Speck be a
G, -gerbe over k and let D be the corresponding central division algebra over k.
Then the stack of a-twisted 0-geometrically stable d'-dimensional k-representations

0—gs ~ 0—
amQ,g/s,k = [RGPQ,;/S,D /Gq.a,p]

is a Gy,-gerbe over its coarse moduli space MZ,_,C‘;],S’D = Rep%fij /Gq.a.p (in the
sense of stacks). The moduli space MeQiig,sD co-represents:

(1) the moduli functor of 0-geometrically stable d’'-dimensional D-representa-
tions of Q), and

(2) the moduli functor of a-twisted 0-geometrically stable d’'-dimensional k-
representations of Q.

If, moreover, D lies in the image of the type map T, then d = ind (D)d’ for some

. . / 0—gs . ; 0—gs
dimension vector d' and MQ,d',D s a k-form of the moduli space MQ7d7ks.

Finally, we define a Brauer class which is the obstruction to the existence of
a universal family on M%_’dgs and show that this moduli space admits a twisted

universal family of quiver representations (cf. Proposition [4.18)).

1.4. Fields of moduli and fields of definition. The problem that we study in
the present paper is a special case of the rather general phenomenon that fields of
moduli are usually smaller than fields of definition, which, to our knowledge, has
not been worked out explicitly in the quiver setting. Recall that a k-representation
W of Q is called definable over an intermediate field k C L C k if there exists an L-
representation W’ such that L@, W' ~ W as k-representations. The field of moduli
of W (with respect to the extension k/k) is by definition the intersection of all such
fields L. We shall denote it ky . If there is a is a minimal field of definition, the
latter is necessarily the field of moduli but, in general, a representation may not be
definable over its field of moduli. This phenomenon was first studied in the context
of algebraic curve and Abelian varieties ([40, 20} B7]). Weil’s descent theorem, in
particular, shows that if an algebraic curve has no automorphisms, then it can be
defined over its field of moduli. The situation is more complicated for Abelian
varieties but similar rationality results nonetheless hold in certain cases (|36, [35]
16]). For quivers representations, there are always non-trivial automorphisms and,
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given a k-representation, it is natural to look for cohomological obstructions to W
being definable over its field of moduli: this is for instance the way the analogous
problem for algebraic covers is studied in [6] (see also [3, [, [7]), whose results
are then applied to curves with non-trivial automorphisms in [8], by reducing the
problem for a curve X to the study of the algebraic cover X — X/ Aut(X). The
study of the cohomological obstructions that appear in the quiver setting (which
we treat in detail in Sections [3| and 4| of the paper) leads to the following result.

Theorem 1.4. Let k be a perfect field. Let W be a 0-stable d-dimensional k-
representation of Q and let Oy € MQQTC?S (k) be the associated point in the coarse
moduli space of such representations. Then the field of moduli ky is isomorphic
to the residue field k(Ow) and there is a central division algebra Dy over ky and
a 0-geometrically stable Dyy-representation W' of Q, unique up to isomorphism,

such that k @y, W' ~ W as k-representations.

See Remark for why we can see k®y,,, W' ~ W as a k-representation. The first
part of Theorem (that the moduli field of an object is isomorphic to the residue
field of the corresponding point in the coarse moduli space) is a phenomenon that
often occurs: it is for instance true for algebraic curves over a perfect field ([T}, [30]),
for Abelian varieties (see also [I] for characteristic zero, where the result for curves is
actually deduced from the result for Abelian varieties, through the Torelli theorem)
and for algebraic covers (see for instance [28]). The second part of Theorem
(the actual "domain of definition" of an object, knowing its field of moduli) is
more delicate and depends on the explicit nature of the problem, in particular the
structure of the automorphism groups: an algebraic curve, for instance, is definable
over a finite extension of its field of moduli ([I6} [13]), while for Abelian varieties,
there holds an analogue of the second part of Theorem[I.4] involving central division
algebras over the field of moduli (see [34] 2]).

1.5. Structure of the paper. The structure of this paper is as follows. In §2
we explain how to construct moduli spaces of representations of a quiver over an
arbitrary field & following King [15], and we examine how (semi)stability behaves
under base field extension. In we study actions of Galy for a perfect field & and
give a decomposition of the rational points of ./\/lg_js indexed by the Brauer group,
using only elementary considerations from group cohomology. In §4 we show the
benefit of rephrasing the considerations of §3]in the more sophisticated language
of stacks and gerbes, which gives a much quicker and more conceptual way to
understand the arithmetic aspects of quiver representations over a field (Theorem
4.12). In particular, we interpret our decomposition result using twisted quiver
representations and show that moduli spaces of twisted quiver representations give
different forms of the moduli space Mfig ®. Finally, in we prove Theorem
Notation. For a scheme S over a field k and a field extension L/k, we denote
by Sp. the base change of S to L. For a point s € S, we let x(s) denote the residue
field of s. A quiver Q = (V, A, h,t) is an oriented graph, consisting of a finite vertex
set V, a finite arrow set A, a tail map¢t: A — V and a head map h: A — V.
Acknowledgements. We thank the referees of a previous version of this paper,
for suggesting that we relate our results to twisted quiver representations and for
calling our attention to other arithmetic contexts in which the distinction between
fields of moduli and fields of definition is also studied in detail. V.H. would like
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to thank Simon Pepin Lehalleur for several very fruitful discussions, which helped
turned the former suggestion into what is now

2. QUIVER REPRESENTATIONS OVER A FIELD
Let Q = (V, A, h,t) be a quiver and let k be a field.

Definition 2.1 (k-representation of @)). A representation of @ in the category
of k-vector spaces (or k-representation of Q) is a tuple W := (Wy)vev, (Pa)aca)
where:

e W, is a finite-dimensional k-vector space for all v € V;
® 0o : Wia) — Wiq) is a k-linear map for all a € A.

There are natural notions of morphisms of quiver representations and subrep-
resentations. The dimension vector of a k-representation W is the tuple d =
(dimy, W) pev; we then say W is d-dimensional.

2.1. Slope semistability. Following King’s construction of moduli spaces of quiver
representations over an algebraically closed field [15], we introduce a stability pa-
rameter 6 := (6,)yev € Z" and the associated slope function g, defined for all
non-zero k-representations W of @, by

ZvEV Gv dlmk WU
> vey dimg W,
Definition 2.2 (Semistability and stability). A k-representation W of @ is:
(1) f-semistable if pg(W') < pug(W) for all k-subrepresentation 0 #= W’ C W.
(2) 6-stable if pg(W') < ug(W) for all k-subrepresentation 0 £ W/ C W.
(3) 6-polystable if it is isomorphic to a direct sum of f-stable representations
of equal slope.

1o (W) i= (W) = Q.

The category of #-semistable k-representations of @ with fixed slope p € Q is an
Abelian, Noetherian and Artinian category, so it admits Jordan-Hélder filtrations.
The simple (resp. semisimple) objects in this category are precisely the stable (resp.
polystable) representations of slope p (proofs of these facts are readily obtained by
adapting the arguments of [32] to the quiver setting). The graded object associ-
ated to any Jordan-Holder filtration of a semistable representation is by definition
polystable and its isomorphism class as a graded object is independent of the choice
of the filtration. Two 0-semistable k-representations of ) are called S-equivalent if
their associated graded objects are isomorphic.

Definition 2.3 (Scss subrepresentation). Let W be a k-representation of k; then a
k-subrepresentation U C W is said to be strongly contradicting semistability (scss)
with respect to 6 if its slope is maximal among the slopes of all subrepresentations
of W and, for any W’ C W with this property, we have U C W/ = U = W'.

For a proof of the existence and uniqueness of the scss subrepresentation, we refer
to |25, Lemma 4.4]. The scss subrepresentation satisfies Hom(U; W/U) = 0. Using
the existence and uniqueness of the scss, one can inductively construct a unique
Harder—Narasimhan filtration with respect to 6; for example, see [25, Lemma 4.7].

We now turn to the study of how the notions of semistability and stability
behave under a field extension L/k. A k-representation W = (Wy)vev, (0a)aca)
of @ determines an L-representation L@y W := (L &k Wy)wev, (Idr ® a)aca) (or
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simply L ® W), where L ®; W, is equipped with its canonical structure of L-vector
space and Idy ® ¢, is the extension of the k-linear map ¢, by L-linearity. Note
that the dimension vector of L ®; W as an L-representation is the same as the
dimension vector of W as a k-representation. We prove that semistability of quiver
representations is invariant under base field extension, by following the proof of
the analogous statement for sheaves given in [I7, Proposition 3] and [14], Theorem
1.3.7].

Proposition 2.4. Let L/k be a field extension and let W be a k-representation.
For a stability parameter § € 7V, the following statements hold.

(1) If L ® W is O-semistable (resp. 0-stable) as an L-representation, then W
is 0-semistable (resp. O-stable) as a k-representation.

(2) If W is O-semistable as a k-representation, then L ®; W is 0-semistable as
an L-representation.

Moreover, if (W%)i1<i<; is the Harder-Narasimhan filtration of W, then (L ®
Wi)lgigl is the Harder-Narasimhan filtration of L @i W.

Proof. Let us suppose that L ®; W is #-semistable as an L-representation. Then,
given a k-subrepresentation W’ C W, we have

(W) = g (L@, W) < g (L @ W) = pg(W).

Therefore, W is necessarily f-semistable as a k-representation. The proof shows
that (1) also holds for stability.

First we can reduce (2) to finitely generated extensions L/k as follows. Let W
be an L-subrepresentation of L&, W. For each v € V, choose an L-basis (b})1<;<a,

of W} and write by = Y, a;e¥; (a finite sum with af; € L and e}; € W,,). Let L be

the subfield of L generated by the af;. The (efj) generate an L’-subrepresentation

WL of L/ Rk W that satisfies L ®j, WL =wl' If L ®p W is not semistable, there
exists W' C L @, W such that pf(WE) > pl(L @y W) = pg(W), then L' @5 W is
not semistable, as u (W) > ub' (L' @5, W).

By filtering L/k by various subfields, it suffices to verify the following cases:

(i) L/k is a Galois extension;
(ii) L/k is a separable algebraic extension;

(iii) L/k is a purely inseparable finite extension;

(iv) L/k is a purely transcendental extension, of transcendence degree 1.

For (i), we prove the statement by contrapositive, using the existence and unique-
ness of the scss U C L ®x W with pk(U) > puk(L @, W). For 7 € Aut(L/k),
we construct an L-subrepresentation 7(U) of L ®; W of the same dimension vec-
tor and slope as U as follows. For each v € V, the k-automorphism 7 of L in-
duces an L-semilinear transformation of L ®; W, (i.e., an additive map satisfying
T(zw) = 7(2)7(w) for all z € L and all w € W,), which implies that 7(U,) is
an L-vector subspace of L ®; W, and the map 7y, 77! : T(Ut(a)) — T(Un(a)) is
L-linear. By uniqueness of the scss subrepresentation U, we must have 7(U) = U
for all 7 € Aut(L/k). Moreover, for all v € V, the k-vector space UMEIR) g g
subspace of (L @y W,)AuE/k) = W, as L/k is Galois. Then UAE/E) ¢ W is a
k-subrepresentation with g (UA"(E/R)) = yL(U); thus W is not semistable.

In case (ii), we choose a Galois extension N of k containing L; then we can
conclude the claim using (i) and Part (1).
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For (iii), by Jacobson descent, an L-subrepresentation W C L ®; W descends
to a k-subrepresentation of W if and only if W is invariant under the algebra of
k-derivations of L, which is the case for the scss L-subrepresentation U C L ®; W.
Indeed, let us consider a derivation § € Derg(L) and, for all v € V, the induced
transformation (¢s), := (6 @k Idw, ) : L @ W, — L ®; W,,. Then, for all v € V,
all A € L and all u € Uy, one has (¢s),(Au) = §(AN)u + A\ps(u). As the composition

Wado : Uy < L &% Wy % Loy W, — (L &% W,)/U,
is L-linear, we obtain a morphism of L-representations ¢s : U — (L @ W)/U,
which must be zero as U is the scss subrepresentation of L ®; W. As U is invariant
under 15, it descends to a k-subrepresentation of W; then we argue as in (i).

For (iv), we distinguish two cases. If k is infinite, the fixed subfield of k(X) for
the action of Aut(k(X)/k) =~ PGL(2;k) is k (cf. [27, p. 254]), so we can argue as in
(i). If k is finite, the fixed subfield of k(X)) for the action of Aut(k(X)/k) is strictly
larger than k, as PGL(2; k) is finite. Let then k be an algebraic closure of k. If
W is semistable, so is k ®; W in view of the above, since k/k is algebraic. As k is
infinite, k(X) @ (k @ W) = k(X) ®; W is also semistable. Since k(X) ®x W =
k(X) @px) (k(X) ®k W), we can conclude that k(X) ®; W is a semistable k(X)-
representation by Part (1). O

Remark 2.5. Part (2) of Proposition is not true if we replace semistability by
stability, as is evident if we set k = R and L = C: for a #-stable R-representation
W, its complexification CQ W is a #-semistable C-representation by Proposition [2.4]
and either, for all C-subrepresentations U C C® W, one has u$(U) < u§(C o W),
in which case C ® W is actually 6-stable as a C-representation; or there exists a
C-subrepresentation U C L ® W such that u5(U) = u§(C ® W). In the second
case, let 7(U) be the C-subrepresentation of C ® W obtained by applying the non-
trivial element of Aut(C/R) to U. Note that 7(U) # U, as otherwise it would
contradict the f-stability of W as an R-representation (as in the proof of Part (2)
of Proposition . It is then not difficult, adapting the arguments of [24] 29], to
show that U is a #-stable C-representation and that CQW ~ U®7(U); thus C@ W
is only #-polystable as a C-representation.

This observation motivates the following definition.

Definition 2.6 (Geometric stability). A k-representation W is 6-geometrically
stable if L ®; W is f-stable as an L-representation for all extensions L/k.

Evidently, the notion of geometric stability is invariant under field extension. It
turns out that, if k& = k, then being geometrically stable is the same as being
stable: this can be proved directly, as in [I4, Corollary 1.5.11], or as a consequence
of Proposition below. In particular, this implies that a k-representation W is
f-geometrically stable if and only if k ®;, W is 6-stable (the proof is the same as in
Part (2) - Case (iv) of Proposition [2.4).

2.2. Families of quiver representations. A family of k-representations of @
parametrised by a k-scheme B is a representation of ) in the category of vector
bundles over B/k, denoted £ = ((&,)vev, (Ya)aca) — B. For d = (d,),ev € NV,
we say a family &€ — B is d-dimensional if, for all v € V| the rank of £, is d,,. If f :
B’ — B is a morphism of k-schemes, there is a pullback family f*& := (f*&,)vev
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over B’. For b € B with residue field x(b), we let & denote the k(b)-representation
obtained by pulling back £ along u; : Spec k(b) — B.

Definition 2.7 (Semistability in families). A family &€ — B of k-representations
of @ is called:

(1) f-semistable if, for all b € B, the x(b)-representation &, is f-semistable.
(2) 0-geometrically stable if, for all b € B, the k(b)-representation &, is 6-
geometrically stable.

For a family & — B of k-representations of ), the subset of points b € B for
which &, is f-semistable (resp. -geometrically stable) is open; one can prove this by
adapting the argument in [14] Proposition 2.3.1]. By Propositionand Definition
the pullback of a f-semistable (resp. #-geometrically stable) family is semistable
(resp. geometrically stable). Therefore, we can introduce the following moduli
functors:

(2.1) Fg}:iss : (Schg)°® — Sets  and Fg;lgs : (Schy )P — Sets,

where (Schy)°P denotes the opposite category of the category of k-schemes and,
for B € Schy,, we have that FSTdSS(B) (resp. Fg;lgs(B)) is the set of isomorphism
classes of #-semistable (resp. #-geometrically stable) d-dimensional families over B
of k-representations of Q.

We follow the convention that a coarse moduli space for a moduli functor F :
(Schy)°P — Sets is a scheme M that corepresents F' (that is, there is a natural
transformation F' — Hom(—, M) that is universal).

2.3. The GIT construction of the moduli space. We fix a ground field k£ and
dimension vector d = (d,)yev € NV; then every d-dimensional k-representation of
@ is isomorphic to a point of the following affine space over k

Repg q = H Mata,, o) xdy ) -
acA

The reductive group Ggq 4 := [],cy GLg, over k acts algebraically on Repg 4 by
conjugation: for g = (gy)vev € Gg,a and M = (M,)asca € Repg 4, we have

(2.2) g-M:= (gh(a)Magt_(i))aeA~

There is a tautological family ' — Repg, 4 of d-dimensional k-representations
of Q, where F,, is the trivial rank d, vector bundle on Repg, 4.

Lemma 2.8. The tautological family F — Repg, 4 has the local universal property;
that is, for every family € = ((Ey)vev, (Pa)aca) — B of representations of Q over
a k-scheme B, there is an open covering B = U;c1B; and morphisms f; : B; —
Repg 4 such that &|p, = fiF.

Proof. Take an open cover of B on which all the (finitely many) vector bundles &,
are trivialisable, then the morphisms f; are determined by the morphisms ¢,. 0O

We will construct a quotient of the Gg g-action on Repg 4 via geometric in-
variant theory (GIT) using a linearisation of the action by a stability parameter
0 = (0y)vev € ZV. Let us set 0 := (0)),ev where 6 := 0, Y acy da = ney Vada
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for all v € V; then one can easily check that ¢’-(semi)stability is equivalent to
0-(semi)stability. We define a character xy : Gg,g — Gy, by

(2.3) XG((gv)vev) = H (det gv)_%.
veV

Any such character x : Gg,a — Gy, defines a lifting of the Gg 4-action on Repg, 4

to the trivial line bundle Repg, 4 x Al where G 4 acts on A via multiplication by
X. As the subgroup A C Gg 4, whose set of R-points (for R a k-algebra) is

(2.4) A(R) == {(tI1)oey : t € R} 2 Gp(R),

acts trivially on Repy, 4, invariant sections only exist if X" (A(R)) = {1z« } for all
R; this holds for xg, as ) ¢y 0,d, = 0. Let Ly denote the line bundle Repg, 4 x Al
endowed with the Gg 4-action induced by x¢ and by Ly its n-th tensor power for
n > 1 (endowed with the action of xj). The invariant sections of £} are morphisms
[ i Repg g — A satisfying f(g- M) = x¢(9)" f(M), for all g € Gg 4 and all
M € Repg q4-

Definition 2.9 (GIT (semi)stability). A point M € Rep, 4 is called:

(1) xe¢-semistable if there exists an integer n > 0 and a G g-invariant section
f of L such that f(M) # 0.

(2) xe-stable if there exists an integer n > 0 and a Gg g-invariant section
[ of Lj such that f(M) # 0, the action of Gg,q on (Repg 4) is closed
and dim ) (Stab(M)/Aary) = 0, where Stab(M) C Gq,q,.(ar) is the
stabiliser group scheme of M.

s)

The set of xg-(semi)stable points in Repg, 4 is denoted Repé‘fd_( * or, if we wish to

emphasise the group, Rep(QGf’d’X")f(s)s.
Evidently, Repyy; ** and Rep; * are G g-invariant open subsets. Moreover, these
subsets commute with base change (¢f. [2I], Proposition 1.14] and [33, Lemma 2|).
Mumford’s GIT (or, more precisely, Seshadri’s extension of GIT [33]) provides a
categorical and good quotient of the Gg 4-action on Rep;*
T Rep’é‘i;‘qs — Repg .4 //xo G@.d := Proj @HO(Reprd, EZ)GW,
n>0

which restricts to a geometric quotient W\Repégr : chéfgs — RCp’éﬁd—s /GQ.a-

Given a geometric point M : Spec{) — RépQ7d, let us denote by A(M) the set
of 1-parameter subgroups A : G, 0 — G@,4,0 such that the morphism G,, o —
Repg 4,0, given by the A-action on M, extends to AL, As Repg 4 is separated, if
this morphism extends, its extension is unique. If My denotes the image of 0 € A,
the weight of the induced action of G,,.q on Lg a|nm, is (xe,.0,\) € Z, where (—, —)
denotes the natural pairing of characters and 1-parameter subgroups.

Proposition 2.10 (Hilbert-Mumford criterion [15]). For a geometric point M :
Spec Q2 — Repg 4, we have:
(1) M is xo-semistable if and only if (xo,0,A) > 0 for all A € A(M);
(2) M is xg-stable if and only if (xo,0,A) > 0 for all X € A(M), and (xp,0,\) =
0 implies Im A C Stab(M), where Stab(M) C Gg.a,n is the stabiliser group
scheme of M.
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Proof. If k is algebraically closed and ) = k, this is [I5, Proposition 2.5]; then the
above result follows as GIT (semi)stability commutes with base change. ]

Before we relate slope (semi)stability and GIT (semi)stability for quiver repre-
0— 99 (resp Rep9 gs)
which the tautologlcal family F is 0 semistable (resp. 8-geometrically stable).

sentations, let Repg, be the open subset of points in Repg, 4 over

Proposition 2.11. For 6 € ZV, we have the following equalities of k-schemes:
(1) Repe 7" =Repys ™
(2) Repo 7> =Repy ;"

Proof. Since all of these k-subschemes of Repy, 4 are open, it suffices to verify these
equalities on k-points, for which one uses [I5, Proposition 3.1] (we note that we use
the opposite inequality to King in our definition of slope (semi)stability, but this is
rectified by the minus sign appearing in for the definition of x4). O

Proposition readily implies the result claimed at the end of which we
state here for future reference.

Corollary 2.12. A k-representation W is 0-geometrically stable if and only if
k @k W is 0-stable. In particular, if k = k, then 0-geometric stability is equivalent
to 0-stability.

Finally, we show the existence of coarse moduli spaces of #-semistable (resp. 6-
geometrically stable) k-representations of @ for an arbitrary field k. For an alge-
braically closed field k, this result is proved in [I5, Proposition 5.2].

Theorem 2.13. The k-variety Me 7°=Repg.a //xoe Gq.a is a coarse moduli space
for the functor Fe 7% and the natuml map F9 (k) — /\/le Sg( ) is surjective.
Moreover, ./\/le gb = Rep 1 /Gqg.a is an open k- subvamety of ./\/10 2" which is
a coarse modulz space for the functor Fg v
M9 gs( ) is bijective.

and the natural map ngdgs@) —

Proof. First, we verify that Me 5" is a k-variety: it is of finite type over k, as the
ring of sections of powers of ,Cg that are invariant for the reductive group Gg q is
finitely generated. Moreover, /\/l9 7% is separated, as it is projective over the affine
k-scheme Spec (’)(Rede)GQ d Flnally ./\/le %% is integral, as Repxs *% is and this
property is inherited by the categorical quotlent
Since the tautological family F0—55 — RepQ 2° has the local universal property
by Lemma and also the Gq g4-action on Repg, 4 is such that M, M' e Repg 4
lie in the same Gg 4-orbit if and only if Fps = Fp, it follows that any G g-
invariant morphism p : Repe 7% — Y is equivalent to a natural transformation
Np ngdss — Hom( Y) (cf [22, Proposition 2.13]). As Rep9 ;* = Repy;” by
Proposition and as 7 : Repy; ™ — RepQ a//xeGQa = /\/l 4" 1s a universal
G, g-invariant morphlsm it follows that ./\/l 4" co-represents F(g 4, and similarly
./\/l9 d ® co-represents F
The points of MG SS( ) are in bijection with equivalence classes of Gg 4(k)-
orbits of xg- semlstable k-points, where k-points M; and M, are equivalent if their
orbit closures intersect in Repgyy ** (k) (¢f. [33, Theorem 4]). By [I5, Proposition
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3.2.(ii)], this is the same as the S-equivalence of Fy;, and Fj, as f-semistable
k-representation of ; hence the surjectivity of the natural map Fg;lss(k) —

./\/le SS( ). Likewise, /\/le 53( ) is in bijection with the set of Gg q(k)-orbits of
Xo- stable k-points of RepQ,d, which, by [I5 Proposition 3.1], is in bijection with
the set of f-stable d-dimensional k-representations of Q. O

We end this section with a result that is used repeatedly in Sections [3]

Corollary 2.14. For M € Rep%jdgs, we have Stab(M) = A, vy C G d,e(M)-

Proof. Stab(M) C G@,q,x(ar) is isomorphic to Aut(Fas), where F — Repg, , is the
tautological family, and Fj; is 6-geometrically stable. The endomorphism group
of a stable k-representation of () is a finite dimensional division algebra over k
(cf. [14, Proposition 1.2.8]). Let (M) be an algebraic closure of x(M); then, as

(M) ® Fpy is O-stable and #(M) is algebraically closed, End(x(M)® Far) = w(M).
Since £(M) @ End(Fyr) C End(k(M)® Far), it follows that End(Fys) = (M) and
thus Aut(]:]w> =~ AI{(M) (Il

3. RATIONAL POINTS OF THE MODULI SPACE

Throughout this section, we assume that k is a perfect field and we fix an al-
gebraic closure k of k. For any k-scheme X, there is a left action of the Galois
group Galy := Gal(k/k) on the set of k-points X(E) as follows: for 7 € Galy and
x : Speck — X, we let 7 -z := x o 7*, where 7* : Speck — Speck is the mor-
phism of k- scheme induced by the k-algebra homomorphism 7 : & — k. Since k
is perfect, the fixed-point set the Galg-action on X (k) is the set of k-points of X:
X (k) = X (k)®2%. If X7 = Speck Xgpeck X, then Xz(k) = X (k) and Galy acts on
X% by k-scheme automorphisms and, as k is perfect, we can recover X as X7/ Galy.

3.1. Rational points arising from rational representations. The moduli
space Me 2% constructed in Section [2|is a k-variety, so the Galois group Galy :=
Gal(k/k) acts on ./\/le °(k) as described above and the fixed points of this ac-
tion are the k- ratlonal pomts Alternatively, we can describe this action using the
presentation of Me ;7 as the GIT quotient Repg 4 /v, Gq,a- The Galg-action on

Repg,, Jk) = HaeA Matdh(a>xdt<a)(k) and Gqq(k) = [[,cy GLq, (k) is given by
applying a k-automorphism 7 € Gal, = Aut(k/k) to the entries of the matrices
(My)aeca and (gy)vev- Both actions are by homeomorphisms in the Zariski topol-
ogy and the second action is by group automorphisms and preserves the subgroup
A(k) defined in (2.4). We denote these actions as follows

®: Galp xRepg 4(k) — Rep(k)

(3‘1) (Ta (Ma)aeA) — (T(Ma))aeA
and
(3.2) U: Galp xGga(k) — Gqua(k)

(1, (g0)vev) (T(gv))ve\/'

They satisfy the following compatibility relation with the action of Gg (k) on
Repg 4(k): for all g € Gg q4(k), all M € Rep(k) and all T € Galy, one has

(33) (I)T(g'M):\IIT(g)'(I)T(M)
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(i.e., the Gq,a(k)-action on Repg 4(k) extends to an action of Gg,q(k) x Gal,). For
convenience, we will often simply denote ®.(M) by 7(M) and ¥.(g) by 7(g).

To show that the action ® preserves the semistable set Repgy’; **(k) with respect
to the character xy defined at | .7 we will show that the action of Galy preserves
the xp-semi-invariant functions. By definition, f : Repg 4(k) — k is a xp-semi-
invariant function if there exists n > 0 such that f is a Gg 4(k)-equivariant function
for the Gg. q(k)-action on k given by x4; ie., f(g- M) = x2(g)f(M) for all g €
Gg.a(k) and M € Repg 4. Since xp is Galg-equivariant, we claim that, for any
7 € Gal, and any xg-semi-invariant function f, the function

7-f: Repgqk) — k
M — (tofo®.-1)(M)
is xg-semi-invariant. Indeed, by the compatibility relation , we have, for all
T € Galy, all g € Gg q(k) and all M € Rep(k),

(r-Ng-M)=(fr=)g-M) = (rof)(r  (g) -7 (M))
= 7(xg(t7 (g

= X3 (9)((r- H(M)).

Proposition 3.1. The Galg-action on Repg 4(k) preserves Repy s **(k). More-

over, if My, Ms are two GIT-semistable points whose GQ7d(k’) -orbits closures meet
n Rep o ss(k) then, for all 7 € Galg, the same is true for 7(My) and T(Ms).

Proof. Let M € Repyyy **(k); then there is a Yg-semi-invariant function f such
that f(M) # 0. Then (- )(r(M)) = 7(f(M)) # 0 for all 7 € Galg, so 7(M)
is GIT-semistable, as 7 - f is a yg-semi-invariant function. The second statement
follows from the compatibility relation and the continuity of 7 in the Zariski
topology of Rep; (k). O

The compatibility relation (3.3)) also implies that, for M € RepQ,d(E) and 7 € Galg,
the stabiliser of 7(M) in Gg q4(k) isiStabGde(E) (r(M)) = T(StabGQ,d(E)(MD' In
particular, if Stabg (5 (M) = A(k), the same holds for 7(M), which implies the
following. Y

Proposition 3.2. If M € Repg, 4(k) is GIT-stable with respect to xg, then so is
T(M).

Proof. This follows from the above remarks and the definition of GIT stability, as
the stabiliser of a GIT stable k-point is equal to A(k) by Corollary O

Propositions uandn, 3.2) combined with the compatibility relation , readily im-
ply that Galy acts on the set of k-points of the k-varieties /\/lo 1> =Repg.a//xeGQ.d
and ./\/la 9% = Repa 7° /G@,q- Indeed, (Repg 4 //x, G, d)(E) is the set of G a(k)-
orbits in Rep (7) modulo the equivalence relation Oy, ~ Opy, if Opr, NOpyp, # 0
in Repyy'y SS(k:) and (Repo 7% /Gg.a)(k) is the orbit space (Repo 4 (k)/Gq.a(K)),
on Wthh the Galg-action is given by

(3.4) (Gg.a(k) - M) — (Gga(k) - 7(M))
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Since k is assumed to be a perfect field, this Galj-action on the k-varieties Me ss(kz)
and M0 gs( ) suffices to recover the k-schemes Me 7% and Me 7°. In partleular,

the Galk actions just described on /\/le (k) and /\/le gs( ) com(:lde with the ones
described algebraically at the beglnnlng of the present section.

To conclude this section, we give yet another description of the Galois action on
RepQ’d(E) by intrinsically defining a Galj-action on arbitrary k-representations of
Q. W = (Wy)wev, (¢a)aca) is a k-representation of Q, then, for 7 € Galy, we
define W7 to be the representation (W, ,v € V;¢7;a € A) where:

e W is the k-vector space whose underlying Abelian group coincides with
that of W, and whose external multiplication is given by A -, w := 77} (\)w
for A € k and w € W,,.
e The map ¢” coincides with ¢,, which is k-linear for the new k-vector space
structures, as ¢L(\ » w) = ¢ (171 AN)w) = 77 N)pa(w) = X -7 @7 (w).
If p: W' — W is a morphism of k-representations and 7 € Galy, we denote by
7. (W)™ — W7 the induced homomorphism (which set-theoretically coincides
with p). With these conventions, we have a right action, as W™ = (W),
Moreover, if we fix a k-basis of each W,, the matrix of ¢7 is 7(M,), where M, is
the matrix of ¢,, so we recover the Galg-action . We note that the construction
W +—— W7 is compatible with semistability and S-equivalence, thus showing in an
intrinsic manner that Galg acts on the set of S-equivalence classes of semistable
d-dimensional representations of Q).

By definition of the coarse moduli spaces Mz;; nd MQ J®, we have natural

maps

(3.5) Fo (k) — MG 3 (k) and  Fh 25 (k) — ME 2 (k),

where Fg_dss and FQ 7% are the moduli functors defined at (2.1). As k is perfect,

Me 4 (k) = M0 (k) Gal and/\/l0 A4 (k)= Me i (k )Galk.Thegoalofthepresent
sectlon is to use this basic fact in order to understand the natural maps
As a matter of fact, our techniques will only apply to Fefgs( k) — Me gs( )

because MG 4" (k) is the orbit space Repg G )/GQ 4(k) and all GIT- stable points

in Repg, 4(k) have the Abelian group A(k) ~ £ as their stabiliser for the Go.a(k)-
action.
Note first that, by definition of the functor FgngS, we have

FY (k) = Reply 3°(k)/Gq.a(k),

so the natural map Fefgs( k) — Me i (k) may be viewed as the map
s s Gal
fean, © Repg 3°(k)/Gqa(k) — (Repg 3°(k)/Gqa(k)) ™"
GQ,d<k) - M — GQ d( ) (k‘ ®r M)

We will start by showing that fgai, is injective. The proof is based on the following
cohomological characterisation of the fibres of fga, -

Proposition 3.3. The non-empty fibres of faal, are in bijection with the pointed
set ker (H'(Galy; A(k)) — H'(Galy; Gg,a(k))) where this map is induced by the
inclusion A(k) C Gg.a(k).

Before we prove this proposition, let us state and prove a corollary.
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Corollary 3.4. The natural map Fg;lgs(k) — ./\/lg_’dgs(k) is injective.

Proof. Tdentify this map with fgay,. Since A(k) is Galg-equivariantly isomorphic
to G, (k) = k™, Hilbert’s 90 shows that H'(Galy; A(k)) = {1} (see for instance
[31, Proposition X.1.2 p.150], although technically in that reference the statement
is proved for Galois groups of finite Galois extensions only, but the general case is
obtained by the argument that Hl(l'&l Gal(L/k); ) ~ lngl(Gal(L/k) -), where
the projective limit is taken over finite Galois sub-extensions L/k). Then Proposi-
tion [.3] implies that fgay, is injective. O

The proof of Proposition [3:3] consists of setting up a map between a non-empty fibre
of fGal, and the kernel of the pointed map H'(Galy; A(k)) — H*(Galy; G a(k))
and proving that it is a bijection. To define such a map, let us consider My, Ms
in Repe gs(k)Galk such that Gga(k) - M1 = Gga(k) - Ms. Then there exists
g€ GQ,d(k‘) such that g - My = M. Therefore, for all 7 € Galy, we have

LMy =My =1(My)=71(97" - My) =71(g7") - 7(My),

so g7(g~ ) € Stabg (E)(Ml) = A(k).

Lemma 3.5. Given My, M, in Rep‘9 gs(k)Galk and g € Gq q(k) such that g- My =
My, the map
B: Gal, —  A(k)
T o gr(g7h)

is a normalised A(k)-valued 1-cocycle whose cohomology class only depends on the
G.q(k)%2 —orbits of My and Ms. The cohomology class [8] thus defined lies in
the kernel of the pointed map H'(Galy; A(k)) — HY(Galy; Gg.a(k)) induced by
the inclusion A(k) C Gg.a(k).

Proof. One has B(lcay,) = 155 and Brir, = Br,71(Br,), so B is a normalised 1-

cocycle. If ¢’ € Gga(k) also satlsﬁes g - My = My, then it follows that a :=
g9~ € A(k) and, for all T € Galy, we have ¢'7(¢')~! = agr(g~')7(a™1); thus the
cocyle ' defined using ¢’ instead of g is cohomologous to 8. Similarly, if we replace
for instance My by M| = u - My where u € Gg 4(k)“?*, then gr(g~!) is replaced
by ugt((ug)™t) = ugr(¢g~1)7(u~"), which yields the same cohomology class as 3.
And if we replace My by M} = u - My where u € Gg (k)% then gr(g~?) is
replaced by gu™'7((gu=1)"!) = g7(g~!), which actually yields the same cocycle 3
as before. Finally, since by definition 8(7) = g7(g~1) with g € Gg.4(k), one has
that the A(k)-valued 1-cocycle 3 splits over G 4(k), i.e. B belongs to the kernel
of the pointed map H'(Galy; A(k)) — H'(Galg, Gg.a(k)). O

Proof of Proposition[3.3 Let [Mi] := Gg.a(k) - M Repa i (k)/Gq.a(k). By
Lemma [3.5] there is a map

féa, (faan, ([M1])) — ker (H'(Galy; A(k)) — H'(Galy, Gg.a(k))).

This map is surjective, as if we have a 1-cocycle v(7) = g7(g~!) € A(k) that splits
over Gg q(k), then (g1 - My) = g—! - My, since A(k) acts trivially on My, so the
cocycle 3 defined using M; and M, := g~ '-M; as above is equal to . To prove that
the above map is injective, suppose that the A(k)-valued 1-cocycle 3 associated to
M and My := g1 - M splits over A(k) (i.e. that there exists a € A(k) such that
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g7(97 1) = ar(a™t) for all 7 € Galy). Then, on the one hand, a~tg € Gg q(k)%,
as 7(a"tg) = a~lg for all 7 € Galy, and, on the other hand,

(@lg)™t Mi=g ' (a7' M) =g7" My = My,
as A(k) acts trivially on Repg, 4(k). Therefore, Gg a(k) - My = Gg.a(k) - My. O

Remark 3.6. One may wonder why we deduce Corollary from the rather
complicated statement of Proposition [3.3] The reason is that we want to emphasise
the analogy with Proposition 3.10 of [I2]. The point is that the proof is strictly the
same from the point of view of group cohomology, thanks to which we can describe
quite explicitly the fibres of a map of the type fga), (regardless of the fact that
the group acting on the geometric points of our moduli space is a Galois group).
In [1I2], there is a similar map f5 where ¥ is a group of automorphisms of @: that
map is not injective in general (see Example 3.24 of [I2]) but we can nonetheless
describe its fibres explicitly thanks to the analogue of Proposition [3.3] in this new
setting.

We now turn to the study of the image of the natural map
0— 0—
faal, :FQ,ng( ) — Mg gs( )-

To that end, we introduce a map 7 called the type map, from M9 gs( k)Galk to the
Brauer group of &, denoted by Br(k):

(3.6) T : My 2°(k) — H*(Galy; k) 2 Br(k).
This map is defined as follows. Consider an orbit

(GQ,d(E) ) M0 QS( ) (Rep9 QS( )/GQ’d(E))Galk,

of which a representative M has been chosen. As this orbit is preserved by the
Galy-action, we have that, for all 7 € Galy, there is an element u, € Gg (k) such
that u, - 7(M) = M. Note that for 7 = 1ga,, we can simply take u, = 1GQ,d(E)’
which we will. Since (1172)(M) = 71 (m2(M)), it follows from the compatibility
relation that,

upl, M =ri(uy M) =7(u!) n(M) = r(u )u - M.

T1T2 T1

Therefore, for all (1, 72) € Galy x Galy, the element ¢, (71, 72) = wr, 71 (ury Juy -,
(which depends on the choice of the representative M and the family v := (Ur)reGglk
satisfying, for all 7 € Galy, u, - 7(M) = M) lies in the stabiliser of M in Gg 4(k),

which is A(k) since M is assumed to be xg-stable.

Proposition 3.7. The above map

cy,: Galp xGalpy, — A(k)

(7—177—2) — uTlTl(uT2)u !

T1T2

is a normalised A(k)-valued 2-cocycle whose cohomology class only depends on the
G a(k)-orbit of M, thus this defines a map

T« My 35 (k)9 — H?(Galy; A(E)) ~ Br(k)
that we shall call the type map.
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Proof. 1t is straightforward to check the cocycle relation
c(71,m2)e(T172,73) = T1(c(72, T3))c(T1, T2T3)
for all 71,72, 73 in Gal. If we choose a different family v’ := (v, )rcgal, such that
ul-7(M) = M for all 7 € Galy, then (u})™"-M = u,-M, thus a, := uju;" € A(k)
and it is straightforward to check, using that A(k) is a central subgroup of Gg 4(k),
that
-1 _ _
uy, m1(uy,) (W) = (anmi(an)any,) (unmi(un)uzy,)-

Therefore, the associated cocycles ¢, and c¢,s are cohomologous. If we now replace

M with M" = g- M for g € Gg,q(k), then
(M) =7(g) - 7(M) = 7(g)u; g™ M’

T

and, if we set v/ := gu,7(g~!), we have

Cy/ (T177—2) = gCu(7'177'2)9_1 = CU(T17T2)7

where the last equality follows again from the fact that A(k) is central in G 4(k).
In particular, the two representatives M and M’ give rise, for an appropriate choice
of the families v and u’, to the same cocycle, and thus they induce the same
cohomology class [¢,] = [cw]- O

If k is a finite field Fy, then Br(F,) = 0. Other useful examples of target spaces for
the type map are Br(R) ~ Z/2Z and Br(Q,) ~ Q/Z for all prime p. Moreover, the
group Br(Q) fits in a canonical short exact sequence

0— Br(Q — Br(R)® € Br(Q,) — Q/Z — 0.

p prime

Remark 3.8. We note that the type map 7 : M%fdgs(k) — H?*(Galy, A(k))
factors through the connecting homomorphism

§: H'(Galg, Gg.a(k)) — H?*(Galy, A(k))
associated to the short exact sequence of groups
1—A— Gde HGQA = GQ@/A — 1.
By definition of T, for a Gal-invariant orbit Gg 4(k) - M in M%j;s(ﬁ)galk, we

choose elements u, € Gde(E) with u; = 1g,, such that u, - 7(M) = M for all
7 € Galy and then construct a A(k)-valued 2-cocycle ¢, (11, 72) = wr, 71 (ury Juy . If
we let 4, denote the image of u, under the homomorphism Gg 4(k) — Gg.a(k),
then @ : Galy — Gga(k) is a normalised 1-cocycle, as ur, 71 (un,)uzt, € A(k)

T1T2
implies @, r, = Ur, 71 (Ur, ). Furthermore,

[eu] = o([al).
As [e,] is independent of the choice of elements u, and representative M of the
orbit, and 4 is injective, it follows that [u] € H'(Galg, Gg.a(k)) is also independent
of these choices. Hence, the type map factors as 7 = § o T’ where
T MG (k) — H'(Galg, Gga(k)).

This observation will be useful in Section [3:2} Note that, unlike that of 7, the
target space of 7' depends on the quiver Q.
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Remark 3.9 (Intrinsic definition of the type map). The presentation of ./\/le 2%(k)
as the orbit space Repe gs( )/Gg.a(k) is particularly well-suited for deﬁnlng the
type map, as the stablhser in Gg q(k) of a point in Repe gs(k) is isomorphic to the
automorphism group of the associated representation of Q. We can intrinsically
define the type map, without using this orbit space presentation, as follows. A
point in Me g S( ) corresponds to an isomorphism class of a §-geometrically stable
k- representatlon W, and this point is fixed by Galg-action if, for all T € Galy, there
is an isomorphism u, : W — W7. The relation W™ ™ = (W)™ then implies that
Cu(T1,m2) == unl, uT1 Ur, 18 an automorphism of W. Once Aut(W) is identified with

EX, this defines a & " -valued 2-cocycle ¢,, whose cohomology class is independent
of the choice of the isomorphisms (u;)regal, and the identification Aut(W) ~ k.

We now use the type map to analyse which k-points of the moduli scheme MG g3
actually correspond to k-representations of Q).

Theorem 3.10. The natural map ngig (k) — /\/le (k) induces a bijection

F&2 () = TN([1)) € MG ()

from the set of isomorphism classes of 0-geometrically stable d-dimensional k-
representations of @ onto the fibre of the type map T : Me i (k) — Br(k) over
the trivial element of the Brauer group of k.

Proof. Identify this map with fgay, ; then it is injective by Corollary If Gg (k)
M lies in Im fga1,, we can choose a representative M € Rep‘9 gs(k)c’al’“, so the
relation u, - 7(M) = M is trivially satisfied if we set u, = ]-Galk, for all 7 € Galy.
But then ¢, (71, 72) = IA@) so, by definition of the type map, 7(Gg (k) - M) =
[cu] = [1], which proves that Im fga), C 7 1([1]). Conversely, take M € Repe 37 (k)
with Gg.4(k)- M € T~1([1]). By definition of the type map, this means that there
exists a family (u;)regal, of elements of GQ,d(E) such that Ulg,, = 1GQ.d(E)7

ur - T(M) = M for all 7 € Gal, and ¢y (71, 72) = w71 (uTz)uT_lsz € A(k) for all
(11,72) € Galg x Galy, and [¢,] = [1], as T(Gg.a(k) - M) = [c,] by construction of
T. By suitably modifying the family (u;)reqal, if necessary, we can thus assume
that w71 (tr,) = Ur, r,, which means that (u,)regal, is a G qa(k)-valued 1-cocycle

for Galy,. Since Gg 4(k) =[] ey GLa, (k), we have

H'(Galy; Gg.a(k)) ~ [[ H'(Galg; GLq, (%))
veV
so, by a well-known generalisation of Hilbert’s 90 (for instance, see [31, Proposition
X.1.3 p.151]), Hl(Galk,GQ 4(k)) = 1. Therefore, there exists ¢ € Gg,q(k) such
that u, = gr(g~ ') for all 7 € Galy. In particular, the relation u, - 7(M) = M
implies that 7(g~' - M) = g=' - M, ie. (g7' - M) € Repg 4(k)*!, which shows
that 7—71([1]) C Im fGalk' O

Example 3.11. If k is a finite field (so, in particular, k is perfect and Br(k) = 1),
then F979 (k) ~ Me J7(k): the set of isomorphism classes of §-geometrically stable

d- dlmenswnal k- representatlons of @ is the set of k-points of a k-variety ./\/19 gs.
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3.2. Rational points that do not come from rational representations.
When the Brauer group of k is non-trivial, the type map 7 : /\/l_gs (k) — Br(k)
can have non-empty fibres other than 7 1([1]) (see Example [3.26)). In particular,
by Theorem the natural map Fg:fs(k) — M%Tjs(k) is injective but not
surjective in that case. The goal of the present section is to show that the fibres
of the type map above non-trivial elements of the Brauer group of k& still admit a
modular interpretation, using representations over division algebras

If [¢] € Hz(Galk;EX) lies in the image of the type map, then by definition

there exists a representation M € RepeQ_js(E) and a family (u;)reqal, such that

= 1GQ,d(E) and u, - (M) = M for all 7 € Gal,. Moreover, the given

2-cocycle ¢ is cohomologous to the 2-cocycle ¢, : (11,72) — ur, Ur (ur,)usl, .

In order to analyse such families (u;)reqal, in detail, we introduce the following
terminology, reflecting the fact that these families will later be used to modify the

Galg-action on Repg 4(k) and Gg,a(k).

Ulga,

Definition 3.12 (Modifying family). A modifying family (ur)recal, is a tuple,
indexed by Galy, of elements u, € Gg q(k) satisfying:
(1) Ulgar, = 1Gde(E)5
(2) For all (m,72) € Gal x Galg, the element ¢, (71,72) = tr Ury (Ur,)u
lies in the subgroup A(k) C G q(k).

—1
T1T2

In particular, if u = (u;)regal, is @ modifying family, then the induced map

¢y Galg x Gal, — A(k)

is a normalised A(k)-valued 2-cocycle. We now show that a modifying family can

indeed be used to define new Galy-actions on Repg 4(k) and Gg.a(k).

Proposition 3.13. Let u = (u;)recal, be a modifying family in the sense of Defi-
nition[3.14 Then we can define modified Galy-actions

o ; Galkaeprd(E) — RepQ,d(E)
(r, M) — ur - O (M)

and

ye . Galk XGQ,d(E) — GQ@(]C)
(1.9) — ur Vo (g)ust
which are compatible in the sense of (3.3) and such that the induced Galy-actions
—8S(Tn T 7. 0—gs (7. —gs (1. 7
on MG 5*(F) = Repg (k) //x, Go.a(k) and M §*(K) = Repl, §*(K)/Gq.a(k) co-
incide with the previous ones, constructed in (3.4)).

Proof. The proof is a simple verification, using the fact that A(k) acts trivially on
Repg, 4(k) and is central in G 4(k), then proceeding as in Propositions and
to show that the modified Galg-action is compatible with semistability and stability
of k-representations. ([l

Let us denote by uRepQ’d(E)C’alk the fixed-point set of ®“ in Repg, 4(k) and by
wGo.a(k)%3 the fixed subgroup of Gg 4(k) under ¥, Proposition then im-
mediately implies that ,Gg 4(k)%2 acts on uRepQﬁd(E)Galk and that the map
fGal,.u taking the ,Gg (k)92 -orbit of a #-geometrically stable representation
M e, Rep%jfs(E)Galk to its Gg a(k)-orbit in M%_;(E) lands in 7 !([c,]), since
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one has u, - 7(M) = M for such a representation. We then have the following
generalisation of Theorem [3.10]

Theorem 3.14. Let (u;)rcgal, be a modifying family in the sense of Definition
and let ¢, : Galy, x Gal, — A(k) ~ %" be the associated 2-cocycle. Then the

map
foanat uRepl L (RO /,Goa®S  —  T1([c))
uGde(k)Galk - M — GQ@(]{I) - M

is bijective.
Proof. As A(k) is central in Gg 4(k), the action induced by ¥* on A(k) coincides
with the one induced by ¥, so the injectivity of fgai, . can be proved as in Corollary
B4 The proof of surjectivity is then exactly the same as in Theorem [3.10} The
only thing to check is that H}(Galg; Gg,a(k)) = 1, where the subscript u means

that Galy now acts on Gg (k) via the action U*; this follows from the proof of
[31, Proposition X.1.3 p.151] once one observes that, if one sets W% (z) := u,7(z)

for all z € ™, then one still has, for all A € GLg, (k) and all z € ™, U*(Az) =
PL(A)PY(x). After that, the proof is the same as in loc. cit.. O

By Theorem we can view the fibre 7!([c,]) as the set of isomorphism classes
of f-geometrically stable, (Galy, u)-invariant, d-dimensional k-representations of Q.
Note that, in the context of (Galy, u)-invariant k-representations of (), semistability
is defined with respect to (Gal,u)-invariant k-subrepresentations only. However,
analogously to Proposition[2:4] this is in fact equivalent to semistability with respect
to all subrepresentations. The same holds for geometric stability, by definition. We
have thus obtained a decomposition of the set of k-points of Mg{js as a disjoint
union of moduli spaces, completing the proof of Theorem

In order to give a more intrinsic modular description of each fibre of the type
map 7 ~*([c.]) appearing in the decomposition of M%_j *(k) given by Theorem
we recall that the Brauer group of & is also the set of isomorphism classes of central
division algebras over k, or equivalently the set of Brauer equivalence classes of
central simple algebras over k. The dimension of any central simple algebra A over

k is a square and the index of A is then ind (A) := /dim(4).

Proposition 3.15. Assume that a central division algebra D € Br(k) lies in the
image of the type map

T : My #°(k) — H*(Galy; k) 2 Br(k).

Then the index of D divides the dimension vector; that is, d = ind (D)d’ for some
dimension vector d' € NV

Proof. We recall from Remark [3.§ that 7 has the following factorisation
T 2 MYy 85 (k) — > H'(Galy, G a(F)——— H2(Galy,, A(R)),

where for a Galj-invariant orbit Gg 4(k) - M in MHQ*U‘;J *(k)Salx we choose elements

ur € Ggq(k) for all 7 € Galy, such that u; = 1g,, and u, - 7(M) = M, which
determines a G 4(k)-valued 1-cocycle @ : Gal, — Gg,q(k) such that

T'(Gq.a(k) - M) = [a].
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For each vertex v € V, the projection Gg 4 — GLg4, maps A to the central
diagonal torus A, C GLg,, and so there is an induced map Gg,q4 — PGLg4,. In
particular, this gives, for all v € V, a commutative diagram

(37) Hl(Galk,ade(E))HHl(Galk,PGLd“ (E))

H2(Galy, A(k)) ——— H2(Galy, Ay (k).

Since, by the Noether-Skolem Theorem, PGLy, (k) ~ Aut(Matgy, (k)), we can view
H'(Galg, PGLg, (k)) as the set of central simple algebras of index d, over k (up to
isomorphism): the class [u] € H(Galg, Gg q(k)) then determines, for each v € V,
an element [u,] € H!(Galy, PGLgy,(k)), which in turn corresponds to a central
simple algebra A, over k, of index d,,. Moreover, if [a] maps to the division algebra
D in Br(k), then we have, by the commutativity of Diagram , that D is Brauer
equivalent to A, for all vertices v (that is, A, ~ My (D) for some d;, > 1). If

e := ind (D), then dimy, A, = (dimy D)(dimp A,) = €2d,? so ind (4,) = ed., i.c.

v

d, = ed),, for all v € V. Thus, the index of D divides the dimension vector d. O

Consequently, we obtain the following sufficient condition for the decomposition of
Manj *(k) to be indexed only by the trivial class in Br(k), in which case, all rational
points come from rational representations.

Corollary 3.16. Let d € NV be a dimension vector which is not divisible by any
of the indices of mon-trivial central division algebras over k; then M%jfs(k) 15
the set of isomorphism classes of 0-geometrically stable k-representations of Q of
dimension d.

Example 3.17. For k = R, we have Br(R) = {R,H} and ind (H) = 2; hence, for
any dimension vector d indivisible by 2, the set Mg_j *(R) is the set of isomorphism
classes of #-geometrically stable R-representations of ) of dimension d.

For a central division algebra D € Br(k), we will interpret the fibre 7-1(D) as
the set of isomorphism classes of #-geometrically stable D-representations of ) of
dimension d’, where d = ind (D)d’ (cf. Theorem [3.23)). First we give some prelimi-
nary results about D-representations of ¢ (by which we mean a representation of
Q in the category of D-modules). Note that, as D is a skew field, the category
Mod(D) of finitely generated D-modules behaves in the same way as a category
of finite dimensional vector spaces over a field: Mod(D) is a semisimple Abelian
category with one simple object D and we can talk about the dimension of objects
in Mod(D). We let Repp(Q) denote the category of representations of @ in the
category Mod(D), and we let Rep®h(Q) denote the subcategory of d-dimensional
representations. Occasionally, we will encounter representations of @) in the cate-
gory of A-modules, where A is a central simple algebra A over k, but only fleetingly

(see Remark [3.18)).

Let D € Br(k) be a division algebra. Recall that the connecting homomorphisms
(3.8) HY(Galy, PGL.(F)) 2% H2(Galy; &)
associated for all e > 1 to the short exact sequences

1— % — GL.(k) — PGL.(k) — 1
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induce a bijective map

(3.9) limg H' (Galg; PGL(F)) = H*(Galg; k) ~ Br(k)

(see for instance [10, Corollary 2.4.10]), through which D is given by a cohomology
class [ap] € H'(Galy; PGL,(k)) where e := ind (D) is the index of D. We can then
choose a GL,(k)-valued modifying family ap = (ap.,)recal, such that, for each
T € Galy, the element ap , € PGL. (k) is the image of ap,r € GL. (k) under the
canonical projection. If we denote by c,, the G,,(k)-valued 2-cocycle associated
to the modifying family ap (see Definition [3.12), we have [c,,,] = 6([@p]) = D in
Br(k). In particular, the class [c,,] is independent of the modifying family [ap]

chosen as above.

Remark 3.18. Let D € Br(k) be a central division algebra of index e. Since
Br(k) = {1}, the central simple algebra k ®; D over k is Brauer equivalent to k;
that is, k®j D = Mat, (k). So, if W is a d’-dimensional D-representation of @, then
we can think of k ®; W as a d’-dimensional Mat, (k)-representation of Q. For an
algebra R, under the Morita equivalence of categories Mod(Mat.(R)) ~ Mod(R),
the Mat,(R)-module Mat.(R) corresponds to the R-module R¢. So, for d = ed’,
there is an equivalence of categories

Repy,, p(Q) = Rep(Q).

In particular, we can view k ®; W as a d-dimensional k-representation of Q. This
point of view will be useful in the proof of Proposition More generally, if L/k
is an arbitrary field extension, the central simple L-algebra L ®y D is isomorphic to
a matrix algebra Mat.(Dy,), where Dy, is a central division algebra over L uniquely
determined up to isomorphism. By the Morita equivalence Mod(Mat. (D)) ~
Mod(Dy,), we can view the d’-dimensional Mat,(Dp,)-representation L ®; W as a
d-dimensional representation of @ over the central division algebra Dj € Br(L),
which is the point of view we shall adopt in Definition

For a division algebra D € Br(k), consider the functor Repq, 4 p : c-Alg;, — Sets
(resp. Autg ¢ p : c-Alg,, — Sets) assigning to a commutative k-algebra R the set

(3.10) Repg o, p(R) = €D Hom you(re, ) (R Ok D%, Ry Do)
acA

(resp. Autq 4, p(R) = [[,cv Aut pmod(re, D) (RO D)), where d’ is any dimension
vector. Note that if D = k, these are the functor of points of the k-schemes Repg, 4
and Gg ¢ introduced in Section We will now show that, for all D € Br(k),
these functors are representable by k-varieties, using Galois descent over the perfect
field k. Let e := ind (D) and choose a 1-cocycle [ap] € H'(Gal,, PGL.(k)) whose
image under ¢, the bijective map from , is D. For each 7 € Galy, pick a lift
ap, € GL.(k) of ap ,. Let d := ed’ and consider the modified Galg-action on the
k-schemes Rede’E := Speck Xy, Repg 4 (resp. GQ%E = Speck Xy, G.q4) given by
the modifying family up = (up r)reGal, defined by

ap,r 0
(3.11) GLy, (k) D up 0 = (d) times)

0 ap,r
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(¢f. Proposition |3.13). This descent datum is effective, as Repg, ;7 is affine so we
obtain a smooth affine k-variety Repg, 4 p (resp. Gq 4, p) such that

Speck xj, Repg ar,p ~ Repg 4%

resp. Speck xi Go a.p ~ G, ,7); for example, see [T, Section 14.20].
Q.d, Q.d.k
For a commutative k-algebra R, we let R := k ®; R and we note that there is a

natural Gal-action on Repg 4 p(R). Moreover, the natural map
(3.12) Repg 4 p(R) = RepQ7d,,D(§)Gal’“

is an isomorphism, by Galois descent for module homomorphisms, and similarly,
this map is an isomorphism for Autg 4 p.

Proposition 3.19. Let D € Br(k) be a division algebra of index e := ind (D). For
a dimension vector d', we let d := ed'. Then the functors Repg 4 p and Autq o p
introduced in are representable, respectively, by the k-varieties Repy 4 p and
Go.,a',p defined as above using descent theory and the modifying family . In
particular, we have

RepQ,d’,D(k) = @ HomMod(D)(Dd;(a) ’ Dd;L(a)) = up RepQ,d(E)Galk
acA
and
Gga.p(k) = [[ GLa4, (D) = u, Gg.a(k)9™,
veV

so that Repg 4 p(k)/Gq,ar,p(k) is in bijection with the set of isomorphism classes
of d'-dimensional representations of QQ over the division algebra D. Moreover, there
is an algebraic action of Gq.a,p on Repg 4 p over k.

Proof. We will prove that Repg, 4 p is representable by the k-variety Repg, 4 p ob-
tained by descent theory from Repg, ;3 using the modified Galois action associated
to the modifying family . The analogous statement for Autg 4 p is proved
similarly and the rest of the proposition is then clear. To prove the statement for
Repg 4. p, we need to check for all R € c-Alg,, that Repy 4 p(R) =~ Repg 4(R)
(and these isomorphisms are functorial in R). By Galois descent and 7 it
suffices to show for R := k @ R, that Repg 4 p(R) ~ RepQ7d7E(R) and that the
natural Galois action on Repg, 4 p(k) coincides with the up-modified Galois ac-

tion on Reprd(E) defined as in Proposition using the modifying family up
introduced in (3.11). By definition of Repg 4 p, one has

RepQ,d/,D(E) = @ HomMod(EmD)(ﬁ Rk D% , Ry, Dd%m))_
acA

As the division algebra D is in particular a central simple algebra over k, the k-
algebra k @ D is also central and simple (over k). Since k is algebraically closed,
this implies that k ®j D ~ Mat,(k), where e = ind(D). Likewise

(Rop D™) ~ (kg R) @ D% ~ R@y, (k @y, D)% ~ R®; Mat (k)% ~ Mat,(R)%.

Through these isomorphisms, the canonical Galois action z ® x — 7(z) ® = on
R ®p D translates to M —— ap7(M)ap -1 (see for instance [31, Chapter 10,

§5]), where M € Mat.(R) and the element ap, € GL.(k) belongs to a family
that maps to D € Br(k) under the isomorphism (3.9) and is the same as the one
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used to define the modifying family up in (3.11). Under the Morita equivalence
of categories Mod(Mat.(R)) ~ Mod(R) recalled in Remark the Mat,(R)-

Svd’ -
module Mat.(R)% corresponds to R ", so we have

55) —dt(a) Hh(a 55)
Repg 4. p(R) ~ @HomMod(ﬁ)(R @ RMYY = Repg 47 (1)
acA

The R-module R ~ (Ee)d; does not inherit a Galois action but instead a so-called
D-structure (see Example for the concrete, non-trivial example where £k = R
and D = H) given, for all 7 € Gal, by

dp.,: (R)% — (R)%
(z1, .. za) > (apr7(21), ... ,ap,7(zar))

where, for all i € {1, ... ,d,}, we have z; € R* and ap , € GL.(k), while 7 € Galy,
acts component by component. This in turn induces a genuine Galois action on
HomMod(E)(Edt(“,Edh(“)), given by M, — uD,T,h(a)T(Ma)UB:}T7t(a)a where up is
the Gg q4(k)-valued modifying family defined in . In particular, this Gal-
action on RepQ’d(E) coincides with the Galg-action ®“? of Proposition which
concludes the proof. O

We also note that if D lies in the image of 7, then there is a Gg q4(k)-valued
1-cocycle 4 mapping to D under the connecting homomorphism by Remark In
this case, a lift u = (u, € Gg.a(k))reccal, of U is a modifying family, which we can
use in place of the family up given by (3.11)), as [a] = [up] € H(Galy, Gg,a(k)).

Remark 3.20. For an arbitrary field k£ and a division algebra D € Br(k), one
can also construct a k-variety Repg 4 p (resp. Gg.a,p) representing the functor
Repg 4.p (resp. Autq o p) by Galois descent for Gal(k®/k), where k* denotes a
separable closure of k. More precisely, for d := ind (D)d’, we use Galois descent for
the modified Gal(k®/k)-action on Repg 41 := Speck® x; Repg 4 (resp. G axs :=
Speck® x Gg,q) given by the family up defined in . Then the above proof
can be adapted, once we note that we can still apply Remark as Br(k®) = 0.

We now turn to notions of semistability for D-representations of (). The slope-
type notions of 6-(semi)stability for k-representations naturally generalise to D-
representations (or, in fact, representations of @ in a category of modules), so we
do not repeat them here. As the definition of geometric stability is not quite so
obvious, we write it out explicitly.

Definition 3.21 (Geometric stability over division algebras). For a central division
algebra D of index e over k, a D-representation W of @ is called #-geometrically
stable if, for all field extensions L/k, the representation L ®j W is f-stable as a
Dy -representation, where Dy, € Br(L) is the unique central division algebra over L
such that L ®; D ~ Mat.(Dp).

We recall that a k-representation W is 6-geometrically stable if and only if the k-
representation k® W is f-stable. An analogous statement holds for representations
over a division algebra D € Br(k), as we now prove.

Lemma 3.22. Let D be a division algebra over a perfect field k. Let d' be a dimen-
sion vector and set d := ind (D)d'. Let W be a d’'-dimensional D-representation of
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Q. By Remark the representation k@i W can be viewed as a d-dimensional
representation of Q over k. Then the following statements are equivalent:

(1) W is 0-geometrically stable as a d’-dimensional D-representation of Q.

(2) k@i W is 0-stable as a d-dimensional k-representation of Q.

Proof. By definition of geometric stability, it suffices to show that if k @, W is
stable as a k-representation, then W is geometrically stable. So let L/k be a field
extension. As in Proposition it suffices to treat separately the case where L/k
is algebraic and the case it is purely transcendental of transcendence degree one. If
L/k is algebraic, we can assume that L C k and we have that k @1 (L ®; W) =~
(k @, W), which is stable, so L ®; W is stable, as in Part (1) of Proposition
If L ~ k(X), let us show that L ®, W is stable as a Dp-representation.
Since k(X) ®k(x) (k(X) ®x W) ~ k(X) ®, W, by the same argument as earlier it
suffices to show that k(X) ®; W is stable as a Dy x-representation. We have that
k(X)@p W ~ k(X) @z (k®r W). But since k ®;, W is stable as a k-representation
by assumption and k is algebraically closed, k ®; W is geometrically stable by
Corollary &I, so k(X) ®z (k ®x W) is stable and the proof is complete. O

We can now give a modular interpretation of our decomposition in Theorem [T.1}

Theorem 3.23. Let k be a perfect field and D € Br(k) be a division algebra in
the image of the type map T : Me 4 (k) — H2(Galy; k) = Br(k); thus we have
d =1ind (D)d’ and a modifying famzly up such that [c,,] = D € Br(k). Then

T~HD) = o, Reph I (k) /0, Gg.a(R)S = Reply 97 (k) /Gg.ar,p (k)

where the latter is the set of isomorphism classes of 0-geometrically stable D-
representations of Q of dimension d'.

Proof. The first bijection follows from Theorem and the second one follows
from Proposition and Lemma [3.22] O

Remark 3.24. For a non-perfect field k with separable closure k°, one should not
expect Theorem to hold in its current form, because the k°-points of /\/lzz 73
do not necessarlly correspond to isomorphism classes of 6-geometrically stable d-
dimensional k®-representations (whereas they do for k perfect, as the geometric
points of ./\/lg 9% are as expected). This problem is an artefact of /\/le 7% being
constructed as a GIT quotient.

Lemma 3.25. Let k be a separably closed field and W be a 0-stable k-representation
of Q; then

(1) W is a simple k-representation, and thus Aut(W) = Gy,

(2) W is 0-geometrically stable.

In particular, over a separably closed field, geometric stability and stability coincide.

Proof. As W is 6-stable, it follows that every endomorphism of W is either zero
or an isomorphism; thus End(W) is a division algebra over k. As k is separably
closed, Br(k) = 0 and so End(W) = k and Aut(W) = G,,,. However, for a sim-
ple representation, stability and geometric stability coincide (for example, one can
prove this by adapting the argument for sheaves in [I4, Lemma 1.5.10] to quiver
representations). O
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Theorem [I.2] then follows immediately from Theorems [I.1] and [3:23] Finally, let us
explicitly explain this modular decomposition for the example of £k = R.

Example 3.26. Let £ = R and let [¢] = —1 € Br(R) ~ {1, -1} ~ {R,H}. Then
a modifying family corresponds to an element u € Gq 4(C) = [],cy GLq,(C)
such that, for all v € V, u,i, = —Iy,, implying that |detu,|?> = (—1)%, which
can only happen if d, = 2d,, is even for all v € V. We then have a quaternionic
structure on each C = H%, given by z — u,T and a modified Galg-action on
Repg 4(C), given by (My)aea — uh(a)mut_(}l). The fixed points of this involution
are those (M,)qca satisfying uh(a)Eut_(i) = M,, i.e. those C-linear maps M, :
Wiay — Wh(a) that commute with the quaternionic structures defined above,
and thus are H-linear. The subgroup of G 4(C) = [,y GLq4, (C) consisting, for
each v € V, of automorphisms of the quaternionic structure of C% is the real Lie
group Gg¢(C)(@ale) =TT . U*(d,), where U*(2n) = GL, (H). Hence, the fibre
T~1(—1) of the type map is in bijection with the set of isomorphism classes of
f-geometrically stable quaternionic representations of ) of dimension d’.

4. GERBES AND TWISTED QUIVER REPRESENTATIONS

4.1. An interpretation of the type map via gerbes. In this section, we give
an alternative description of the type map using G,,-gerbes which works over any
field k. The following result collects the relevant results that we will need on gerbes
and torsors; for further details and the definition of a gerbe, see [23, Chapter 12].

Proposition 4.1. Let X be an Artin stack over k and let G,G’' and G" be affine
algebraic group schemes over k; then the following statements hold.

(1) [23, Corollary 12.1.5] There is a natural bijection
H(%,G) ~ {isomorphisms classes of G-torsors over X}.
(2) [23, 12.2.8] For G commutative, there is a natural bijection
HZ(%,G) ~ {isomorphisms classes of G-gerbes over X}.

(3) |23] Lemma 12.3.9] A short ezact sequence 1 — G’ — G — G" — 1
with G’ commutative and central in G induces an exact sequence

HL(X,G')—=H}\ (X, G)—H} (X, G")—>=H (X, G").

Moreover, the isomorphism class of a G"”-torsor P — X, such that P is
representable by a k-scheme, has image under § given by the class of the

G’-gerbe Go(P) of liftings of P to G (cf. Definition[4.9).

Definition 4.2. For a short exact sequence 1 — G/ — G — G” — 1 of affine
algebraic groups schemes over k with G’ abelian and a principal G”-bundle P over
an Artin stack X over k, the gerbe G5 (P) of liftings of P to G is the G'-gerbe
over X whose groupoid over S — X, for a k-scheme S, has objects given by pairs
(Q, f: Q — Pg) consisting of a principal G-bundle Q over S and an S-morphism
f:Q — Pg:=P xx S which is equivariant with respect to the homomorphism
G — G”. An isomorphism between two objects (Q, f) and (Q’, f) over S is an
isomorphism ¢ : @ — Q' of G-bundles such that f = f’ o .
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Let us now turn our attention to quiver representations and consider the stack of
d-dimensional representations of () over an arbitrary field k, which is the quotient
stack

Mq.a = [Repg.q /Gq.dl-
Since Gg.a = Gg.4/A and the group A = G,,, acts trivially on Repg 4, the natural
morphism
T Mo.a = [RepQ,d /Gl — X = [Rede /G@d]
is a Gy,-gerbe. If we restrict this gerbe to the -geometrically stable locus, then the

base is a scheme rather than a stack, namely the moduli space of #-geometrically
stable representations of @

w795 L MY 4 = [Repy 4 /Gq.al — MG.J° = [Repy, §° /Gq.d]-

The Brauer group Br(k) can also be viewed as the set of isomorphism classes of G,;,-

~

gerbes over Spec k, by using Proposition and the isomorphism H 2(Galk,ﬁx) x~
HZ (Speck, G,,) given by Grothendieck’s Galois theory. By pulling back the G-
gerbe 7 along a point r : Speck — X, we obtain a G,,-gerbe G, := r*Mg s —
Spec k. This defines a morphism

(4.1) G : X(k) — HZ(Speck,G,,) = Br(k),
whose restriction to the #-geometrically stable locus, we denote by
Go=9% : My, #° (k) — HZ (Speck,Gy,) = Br(k).
In Corollary we will show that G%~9% coincides with the type map
T : M 3°(k) — H*(Galg, A(K)) = Br(k)
constructed above. In order to compare the above morphism G?~9° with the type
map 7, we recall from Remark [3.§] that the type map factors as T = §o T”; that is,
T« MYy 8 (k) —~H"(Galy, Go.a(F) ——=H2(Galy, A(R))
for the connecting homomorphism ¢ associated to the short exact sequence
1—>A—)GQ7d—>éQ7d—>l.

We will also refer to 7' as the type map.

Let us describe a similar factorisation of G. The morphism p : Repgy 4 — X =
[Repg 4 /Gq.d] is a principal G 4-bundle and determines a map
P: X(k) — Hj(Speck,Gg.q)

(4.2) N . P,

where P, is the é@ﬁd—bundle P, =r* RepQ’d — Spec k. We denote the restriction
of P to the 6-geometrically stable subset by

poi=9s . MOQ_’js(k:) — H (Speck,Gg.q)-
By a slight abuse of notation, we will use J to denote both the connecting maps
§: Hi (Speck,Gg.q) — HZ (Speck,G,,)

and o
d: Hélt(%7 GQ,d) - Hé2t(x7 Gm)
in étale cohomology given by the exact sequence 1 — A — Gg g — ade — 1.
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Lemma 4.3. The G,-gerbe Ga,, ,(Repg 4) — X of liftings of the principal G-
bundle p : Repg 4 — X to Gq,a is equal to Mg qa —> X. In particular, we have

6([Repg,al) = Mq.al-

Proof. Let us write P := Repg 4, — X and G := Gq,, ,(P); then we will construct
isomorphisms

a:G2Moa:p

of stacks over X. First, we recall that Mg ¢ = [P/Gg,q4] is a quotient stack, and
so, for a k-scheme S, its S-valued points are pairs (Q,h : @ — P) consisting of a
principal Gg 4-bundle Q over S and a G g-equivariant morphism h.

Let S — X be a morphism from a scheme S; then we define the functor ag :
G(S) — Mg,q(S) as follows. For an object (Q,f : Q — Pg) € G(S5), we can
construct a morphism A : @ — P as the composition of f with the projection
Ps — P. As f is equivariant with respect to Gg g — Gg,q and A acts trivially
on P, it follows that h is Gg 4-equivariant. Thus as(Q, f) := (Q,h) € Mg .4(S).
Since the isomorphisms on both sides are given by isomorphisms of G 4-bundles
over S satisfying the appropriate commutativity properties, it is clear how to define
ag on isomorphisms. Conversely, to define g, we take an object (Q,h : Q —
P) € Mg.qa(S) given by a Gg g-bundle Q over S and a Gg g-equivariant map
h. By the universal property of the fibre product Pg = P xx S, a morphism
h: Q@ — P is equivalent to a S-morphism f : Q@ — Pg, where here we use the
fact that P, S and Pg are all k-schemes, so that this S-morphism is unique. Since
A acts trivially P = Repg, 4, the Gg a-equivariance of h is equivalent to h being
equivariant with respect to the homomorphism Gg g — éQ,d, so it follows that
f is also equivariant for this homomorphism. Hence Ss(Q,h) := (Q, f) € G(S).
From their constructions, it is clear that o and 8 are inverses.

The final statement follows from Proposition [£.1} O

Corollary 4.4. The following triangle commutes

g H?Z (Speck, G,,).

[Repg 4 /Gq.al(k)

P 5
HZ (Speck, Gg,q)-

Proof. Since G (resp. Plis defined by pointwise pulling back the G,,-gerbe 7 :
Mq.a — X (resp. the G g-bundle p : Repy , — X), this follows immediately
from Lemma [£3] O

Consequently, it will suffice to compare the maps P?~9% and 7. Let us explicitly
describe the Cech cocycle representing [P,] for r € X(k). We pick a finite separable
extension L/k such that (P,.);, — Spec L is a trivial Gg 4-bundle; that is, it admits
asection o € P.(L) C Repg 4(L), which corresponds to a L-representation W,. of Q.
Over Spec(L ®j, L), the transition functions determine a cocycle ¢ € Gg (L ® L)
such that pjo = ¢ pio in P.(L®y L). Then ¢ is a Cech cocycle whose cohomology
class in HZ (Spec k, Gg.q4) represents the Gg g-torsor P,..

For k perfect, let us recall the relationship between étale cohomology and Galois
cohomology given by Grothendieck’s generalised Galois theory (cf. |38, Tag 03QQ)]).
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For all finite Galois extensions L/k, the isomorphisms

h: Galp, xSpecL — SpecL Xgpeck Spec L
(1,3) — hr(s) = (s,7*(s))

induce isomorphisms v : H*(Galy, G(k)) = H{ (Speck,G) for i = 1 and any affine
group scheme G over k, and for i = 2 and G/k a commutative group scheme.
Proposition 4;5. Let k be a perfect field; then the type map T : nggs(k:) —
HY(Galy, Gg a(k)) agrees with the map Po—9s Merdg:(k) — H} (Speck, Gg,q)
under the isomorphism H}, (Speck, Gg 4) = H'(Galg, Gg,a(k)).

Proof. Let r € Mzg_)dgs(k); then the G g-bundle P, := r* Repg ; — Speck triv-
ialises over some finite separable extension L/k as above, and we can assume that

L/E is a finite Galois extension, by embedding L/k in a Galois extension if necessary.
Then there is a section o € P,.(L) C Repg, 4(L) corresponding to a L-representation

W of @, and the transition maps are encoded by a cocycle ¢ € GQ,d(L ®y, L) such
that pjo = ¢ - p30. Under the isomorphism =, the cocycle ¢ is sent to a 1-cocycle
ur, @ Galp/, — Gq,q(L) such that, for 7, € Galy i, we have

Wy o =urs, € Gga(l),

for the morphism h,, : Spec L — Spec L X, Spec L described above. Furthermore,
by pulling back the equality pjo = ¢ - p;0 along h,,, for each 7, € Galy ., we
obtain an equality

W = UL, 'TL(W)

for all 71, € Gal(L/k). Hence, the orbit Gg 4(L) - W is Galy, -fixed.

By precomposing the 1-cocycle ur : Galy ), — Gg,a(L) with the homomor-
phism Gal, — Galy,/;, and postcomposing with the inclusion Gq.a(L) = Gg.a(k),
we obtain a new 1-cocycle

u: Galk — GQ,d(E).
For 7 € Galg, we let 7, denote the image of 7 under Galy, — Galy, /. Then
Ur * T(W ®LE) = Ur - (TL(W) ®LE) = (uL’TL TL(W)) ®LE = W®LE

Thus Ggq(k) - (W @ k) € MGQ}?S (k)Galk and this Galois fixed orbit corresponds
to the k-rational point r € Mz)—js (k). Moreover, by construction of 77, we have

T'(r) = [u] (cf Remark [3.8). O

Corollary 4.6. Under the isomorphism HZ (Speck,G,,) = H?(Galy, G, (k)), the
type map for a perfect field k

T : Mg, #° (k) — H?(Galy, Gy, ()) 2 Br(k)
coincides with the map
Go=9% . M, §° (k) — H?(Speck, Gy,) = Br(k)
6—gs

determined by the G,,-gerbe w0=9° 93?22_755 — Mo -
Proof. This follows from Proposition [£.5, Remark [3.8] and Corollary [£.4] O
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Both points of view are helpful: the definition of the type map 7 using the GIT

construction of /\/l%_js is useful due to its explicit nature, whereas the definition of

the map G using the G,,-gerbe im%jjs — M%Tjs is more conceptual.

4.2. Twisted quiver representations. In this section, we define a notion of
twisted quiver representations over an arbitrary field k (where the twisting is given
by an element in the Brauer group Br(k)) analogous to the notion of twisted sheaves
due to Caldararu, de Jong and Lieblich [4] 5] [19].

Let a : 3 — Speck be a G,,-gerbe. For an étale cover S = Spec L — Speck
given by a finite separable extension L/k, we let S? := S x; S = Spec(L ®;, L)
and S% := S x;, S x; S and so on. We use the notation pi,ps : S2 — S and
Dij : 53 — 52 to denote the natural projection maps. We will often use such an
étale cover to represent a by a Cech cocycle a € I'(S%,G,,) = (L @) L @ L)*
whose pullbacks to S* satisfy the natural compatibility conditions.

Let us first give a definition of twisted quiver representations, which is based on
Caldararu’s definition of twisted sheaves. The definition based on Lieblich’s notion
of twisted sheaves is discussed in Remark [£.9l

Definition 4.7. Let o : 3 — Speck be a G,,-gerbe and take an étale cover
S = Spec L —» Spec k, such that « is represented by a Cech cocycle o € r(S3%,Gn).
Then an a-twisted k-representation of @ (with respect to this presentation of o as
a Cech cocycle) is a tuple (W), ¢) consisting of an L-representation W of @ and an
isomorphism ¢ : piW — piW of L ®; L-representations satisfying the a-twisted
cocycle condition

P23 © P12 = O - P13
as morphisms of L ®; L ®j L-representations, where ¢;; = pj;. We define the
dimension vector of this twisted representation by

dim(W, ¢) := dinmdL((cIy/I)/)

where by the index of «, we mean the index of a division algebra D representing
the same class in Br(k).

A morphism between two a-twisted k-representations (W, ) and (W', ¢’) is
given by a morphism p : W — W’ of L-representations such that p5pop = pjpoy’.

Example 4.8. If () is a quiver with one vertex and no arrows, then an a-twisted
representation of () over k is an a-twisted sheaf over Spec k in the sense of Caldararu,
which we refer to as an a-twisted k-vector space.

We define Repy (@, @) to be the category of a-twisted k-representations of @; one
can check that this category does not depend on the choice of étale cover on which
« trivialises, or on the choice of a representative of the cohomology class of « in
HZ (Speck,G,,) analogously to the case for twisted sheaves cf. [4, Corollary 1.2.6
and Lemma 1.2.8]. Furthermore, if the class of « is trivial, then there is an equiva-
lence of categories Repy(Q, o) = Rep(Q). We have the expected functoriality for
a field extension K/k: there is a functor

— @ K : Rep(Q,a) — Repk (Q, a @ K)

(cf. [, Corollary 1.2.10] for the analogous statement for twisted sheaves). One can
also define families of a-twisted representations over a k-scheme T', where « is the
pullback of a G,,-gerbe on Spec k to T' or, more generally, a is any G,,,-gerbe on T'.
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Remark 4.9. Alternatively, for a G,,-gerbe a : 3 — Speck one can define a-
twisted k-representations of @ in an analogous manner to Lieblich [19] as a tuple
(Fusa  Fi(a) — Fn(a)) consisting of a-twisted locally free coherent sheaves F,
and homomorphisms ¢, of twisted sheaves, where an a-twisted sheaf F is a sheaf
of Oz-modules over 3 whose scalar multiplication homomorphism from this module
structure coincides with the action map G,, x F — F coming from the fact that
3 is a G,,-gerbe.

Caldararu proves that twisted sheaves can be interpreted as modules over Azu-
maya algebras. More precisely, for a scheme X and Brauer class a € Br(X) that
is the class of an Azumaya algebra A over X, the category of a-twisted sheaves
Mod(X, a) over X is equivalent to the category Mod(A) of (right) A-modules by
[4, Theorem 1.3.7]. This equivalence is realised by showing that A is isomorphic
to the endomorphism algebra of an a-twisted sheaf £ (¢f. [4, Theorem 1.3.5]) and
then

- ®&Y: Mod(X,a) — Mod(A)
gives the desired equivalence.

Let us describe this equivalence over X = Speck. Let D be a central division
algebra over k (or more generally a central simple algebra over k). Then D splits
over some finite Galois extension L/k; that is, there is an isomorphism

(4.3) j: D&y L — M,(L),

where n = ind (D). The isomorphism j and the Galy,/-action on L and M, (L)
determine a 1l-cocycle ap : Galp;, — PGL,(L) = Aut(M,(L)) such that D
corresponds to 0, (ap) € Br(k), where §,, is the connecting homomorphism for the
short exact sequence 1 — G,, — GL,, — PGL,, — 1 (for example, see [I0,
Theorem 2.4.3]). More precisely, D is the fixed locus for the twisted Galy, /,-action
on M, (L) defined by the 1-cocycle ap

(4.4) D = (M (L)) S2v,

Let o € HZ (Speck, G,,,) correspond to D € Br(k); then o can be represented by a
Cech cocycle on the étale cover given by L/k. By [4, Theorem 1.3.5|, there is an a-
twisted k-vector space £ := (E, ¢) such that D is isomorphic to the endomorphism
algebra of this twisted vector space. Explicitly, we have F := L™ and ¢ : pj{E —
p5E is an isomorphism which induces the isomorphism

pIEndp(E) — pi(D®k L) 2 D ®y L& L=pi(D QL) — p5Endp(E),
where the first and last maps are pullbacks of the composition of the isomorphism
j:D®k L= M,(L) with the isomorphism M, (L) = End(E); the existence of such
an isomorphism ¢ is given by the Noether-Skolem Theorem and one can check that
€ :=(E, ) is an a-twisted sheaf, whose endomorphism algebra is

End(€) = (up Endp (B) S5/ 2 (4 M (L))S0/% = D,

Then Caldararu’s equivalence is explicitly given by
(4.5) — @€Y : Mod(k, ) — Mod(D).

With our conventions on dimensions of twisted vector spaces, dim€& = 1 and the
image of this twisted vector space under this equivalence is the trivial module D.

For a division algebra D, we let Repp(Q) denote the category of representations
of a quiver @ in the category of D-modules.
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Proposition 4.10. Let D be a central division algebra over a field k and « be
a Gy,-gerbe over k representing the same class in Br(k) as D. Then there is an
equivalence of categories

F: Repr(Q, ) = Repp(Q).

Proof. Unravelling Deﬁnition we see that the category Repi(Q, «) is equivalent
to the category of representations of @ in the category Mod(k, «) of a-twisted k-
vector spaces, which we denote by @ — Mod(k, «). By [4, Theorem 1.3.7], there is
an equivalence

Mod(k, ) = Mod(D)
as described in above. Hence, we deduce equivalences
Repr(Q, o) =2 Q — Mod(k,a) =2 Q — Mod(D)
and by definition Repp(Q) := Q@ — Mod(D). O

There is a natural notion of #-(semi)stability for twisted representations of @),
which involves checking the usual slope condition for twisted subrepresentations,
where the dimension of a twisted quiver representation is given in Definition [4.7]
By using the functoriality of twisted quiver representations for field extensions, we
can also define #-geometric stability.

Lemma 4.11. Under the equivalence F' of Proposition W= (W, ) is an
a-twisted representation of Q over k, then

dimp(F(W)) = dim(W).

Moreover, 0-(semi)stability (resp. 6-geometric stability) of a twisted representation
W is equivalent to 0-(semi)stability (resp. 6-geometric stability) of the corresponding
D-representation F(W) of Q.

Proof. The first claim follows by construction of the equivalence of F' using the
a-twisted k-vector space £ = (L™, ) as in : as we already observed, D is
the image of £ under and dim(€) = 1 = dimp(D). Then the claim about
0-(semi)stability follows from this first claim. For the preservation of geometric
stability, we note that for any field extension K /k we have a commutative diagram

Rep(k, «) s Mod(D)
*®kK *®kK

Rep(K,a @ K) -5~ Mod(D @, K)

and also FJ, preserves -(semi)stability, by a similar argument. [l

We can now reinterpret the rational points of the moduli space ./\/122_’5 ® as twisted
quiver representations.
Theorem 4.12. Let k be a perfect field; then M%tgs(k:) is the disjoint union over
[a] € Im (T : M%Té’s(k) — Br(k)) of the set of isomorphism classes of a-twisted

0-geometrically stable d’-dimensional k-representations of Q, where d = ind (a)d’.

Proof. This follows from Theorem [I.2} Proposition [f.10] and Lemma [£.11] O
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4.3. Moduli of twisted quiver representations. For a G,,-gerbe a over a field
k, we let *Mg 4 1 denote the stack of a-twisted d’-dimensional k-representations
of Q. Following Proposition and Lemma m (or strictly speaking a version
of this equivalence in families), this stack is isomorphic to the stack Mg ¢ p of
d’-dimensional D-representations of @, where D is a central division algebra over
k corresponding the cohomology class of «.

Proposition 4.13. Let k be a field, D be a central division algebra over k and
a3 — Speck be a G,,-gerbe, whose cohomology class is equal to D. Then we
have isomorphisms

Mo,k = Mo.a.p = [Repg o p /Gq.a,D]
where the k-varieties Repg 4 p and Gq,qr,p are constructed in Proposition .

Proof. We have already explained the first isomorphism. For the second, we use
the fact that there is a tautological family of d’-dimensional D-representations of
Q over Repg 4 p which is obtained by Galois descent for the tautological family
over Repg 4 :, where £ denotes a separable closure of k and d := ind (D)d’. O

As described in the type map T : M%Tjs(k) — Br(k) extends to a map
G : [Repg.q/Gqal(k) — Br(k) defined in (@3). If a division algebra D lies
in the image of G, then it also lies in the image of P : [Repg 4/Gq.dl(k) —
H} (Speck,Gg.q). Then we can use the corresponding Gg q(k*)-valued 1-cocycle
on Galg to modify the Galg-action on Repg 4+ in order to obtain the k-varieties
Repg o p and Gq,¢,p with d = ind (D)d’ analogously to Proposition where
here k° denotes a separable closure of k.

We recall that a k-form of a k*-scheme X is a k-scheme Y such that X =2 Y x; k®.
For a central division algebra D over k and dimension vectors d,d’ such that d =
ind (D)d’, the k-variety Repg 4 p (resp. Gg,a/,p) is a k-form of the affine scheme
Rep x k* = Repg 44+ (vesp. the reductive group G xy k* = G a,x+), as already
seen in the proof of Proposition (see also Remark . In particular, Gg a,p
is reductive, as its base change to k° is reductive.

The following result and Theorem can be viewed as quiver versions of anal-
ogous statements for twisted sheaves due to Lieblich (¢f. [19, Proposition 3.1.2.2]).

Proposition 4.14. For a field k with separable closure k®, the moduli stack Mg 4 1=
has different k-forms given by the moduli stacks “Mq 4 1 for all o in the image of
the map o
G : [Repg 4 /Gq.al(k) — Br(k),

where d = ind (a)d’.
Proof. By Proposition we have “*Mq o x ¥1 k* = [Repg o p /G@.a,.0] ¥k k°,
which is isomorphic to

[Repg ar,p Xkk*/GQ.ar.p ¥k k°] = [Repg 4 ks /GQ.ane] = Mq.a,ne
by Proposition [3:19] and Remark [3.20] O

For a central division algebra D over k and dimension vectors d,d’ such that
d = ind (D)d’, we note that the reductive k-group Gg ¢, p acts on the k-variety
Repg, ¢, p- We can consider the GIT quotient for this action with respect to the
character xo : Gg,o/,p — G, obtained by Galois descent from the character
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xo : Ggax — G, 3 Since Repg 4 p Xk = Repg, 4% and base change by field
extensions preserves the GIT (semi)stable sets, we have

—(s)s T —(s)s 0—(s)s

Repy/'n” xik = Repy ° = Repy 1%,

where the last equality uses the Hilbert-Mumford criterion and we recall that over
the algebraically closed field k the notions of #-geometrically stability and 6-stability
coincide. By Lemma and Lemma and the fact that the GIT (semi)stable

sets commute with base change by field extensions, we deduce that
Repy s°p = Rep%_j,f p and Repy,’p = Rep%_’é’,f D-

Then we have a GIT quotient

_ 0—

Repy o'p — Mg .a'p == Repg a.p //xeG.a/,0
that restricts to a geometric quotient
0— 0— 0—
RepQ)c‘?ij — MQ75,S7D = Redeg,S)D /Gde@D.

We can now prove Theorem

Proof of Theorem|[1.5 The first statement is shown analogously to the fact that
the moduli stack M, /* = [Repg_js /G4 of B-geometrically stable d-dimensional
k-representations of D is a G,,-gerbe over the moduli space

6—gs 0—gs /¢~
Mg I° = [Repg i° /Gq,a]-

One proves that ./\/l%_j,‘fD co-represents the moduli functor of f-geometrically
stable d’-dimensional D-representations of ) by modifying the argument in Theo-
rem @ More precisely, we obtain a tautological family on Repg, p 4 from Galois
descent, using the tautological family on Repg, 4 4. Then by Proposition and

Lemma we see that Mlef,s p also co-represents the second moduli functor.
The final statement follows as in Proposition O

In Theorem [I.3] we emphasise that the term coarse moduli space is used in the
sense of stacks. In particular, we note that the k-rational points of M%_j,f p are not
in bijection with the set of isomorphism classes of d’-dimensional §-geometrically
stable D-representations of () in general (as we have already observed for the trivial
division algebra D = k).

There are some natural parallels between the results in this section and the
work of Le Bruyn [18], who describes the A-valued points of the moduli stack
X = [Repg.q/Gq.a) over k = SpecC, for a commutative C-algebra A, in terms
of algebra morphisms from the quiver algebra CQ to an Azumaya algebra A over
A. He also relates these A-valued points to twisted quiver representations. In this
case, for A = C, there are no twisted representations as Br(C) = 1, whereas for
non-algebraically closed field k, we see twisted representations as k-rational points
of X. By combining the ideas of [18] with the techniques for non-algebraically
closed fields k used in the present paper, it should be possible to also describe the
A-valued points of the moduli stack X = [Repg 4/Gq,q4] over an arbitrary field k
for any commutative k-algebra A.
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4.4. Universal twisted families. Let us now use twisted representations to de-
scribe the failure of M9 7% to admit a universal family of quiver representations and
to give a universal tw1sted representation over this moduli space. In this section, &
is an arbitrary field.

Definition 4.15. We define a class Oz(/\/le i) e HE (/\/l?2 37, Gy,) to be the class of

the G,,-gerbe w0=9° fmg 7 ./\/lg 9 We refer to a(MQ,d ) as the obstruction

to the existence of a universal famlly on /\/le 7.
Remark 4.16. Let 6(/\/119 i) € Helt(./\/llejs,GQ,d) be the class of the principal
G.g-bundle p?=9° : Rep’~ gs ./\/le J%. By Lemma , we have

a(My, 9@)— S(BMGE))

for the connecting homomorphism ¢ : H}, (Mg_dgs, Gg.a) — H? (M% 9% Gm)-

Lemma 4.17. The class o := oz(./\/lg &) is a Brauer class.

Proof. We will show that o € HZ (/\/lf2 J?,G,y,) is a Brauer class, by proving that
it is the image of an Azumaya algebra of index N := . d, on /\/10 7. The
representation Gg 4 — GLy, given by including each copy of GLg, dlagonally
into GLy, descends to a homomorphism GQ’d — PGLy. This gives the following

factorisation of &

0—gs 7~ 0—gs 0—gs
d: Hé}t(MQ,(f ,GQ,d) — Hélt(Mng 7PGLN) — cht(MQg ’ )a

which proves this claim by Remark (|

The following result explains the name of the class a(/\/le gs) given above. This
result is a quiver analogue of the corresponding statement for twisted sheaves due
to Caldararu [4, Proposition 3.3.2].

Proposition 4.18. Let o := a(/\/le gs) denote the obstruction class to the ex-
istence of a universal family. Then there is a ‘universal’ a-twisted family W of

0-geometrically stable k-representations of (Q over M%fgs; that is, there is an étale

cover {f; 1 U; — /\/l‘9 gé} such that over U; there are local universal famzlzes W; of
k-representations of Q and there are isomorphisms @;; :
satisfy the a-twisted cocycle condition:

©jl © Pij = Qg1 - Pl
In particular, MG 9% admits a universal family of quiver representations if and only
if the obstructzon class o € Br(./\/la 4) is trivial.

Proof. Let us take an étale cover {f; : U; —> ./\/l9 2%} on which the principal
G q-bundle P := Repe 75— M%}f is tr1v1ahsable. if P, := f}P, then we have
isomorphisms ; : = U; X éQ 4- Let F; — P; denote the pullback of the
tautological family f — P = Repa 95 of 6- geometrically stable d-dimensional
k-representations to P;. The family ]-' (Firv, Piva = Fi ta) — ]:i,h(a)) consists of
rank d, trivial bundles F; , over P; with a Gg 4- hnearlsa‘mon7 such that A £ G,,
acts on the fibres with weight 1. We can modify this family by observing that there
is a line bundle £; — P; given by the A-bundle U; x Gg g — U; x éQ,d =P,
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which has a Gg ¢-linearisation, where again A acts by weight 1. Then the A-weight
on F/ := F; ® L} is zero, and thus the sheaves F; , admit G g-linearisations.

We can now use descent theory for sheaves over the morphism P; — U; to prove
that the family F of representations of @ over P; descends to a family W; over
U;. More precisely, by [14, Theorem 4.2.14], the G 4-linearisation on F/ , gives an
isomorphism prj ]-"’ =~ priF! » for the projections pr; : P; xy, Pi — 731, and this
satisfies the cocycle condltlon hence, }"’ descends to a sheaf W; , over U;. The
homomorphisms ¢; , descend to U; 51m11ar1y Since the families W; over U; descend
from the tautological family locally, they are local universal families (for example,
locally adapt the corresponding argument for moduli of sheaves in [14], Proposition
4.6.2]).

We can refine our étale cover, so that Pic(U;;) = 0. Then, as the local universal

families WW; and W; are equivalent over U;j, there is an isomorphism

Pij
On the triple intersections Uyjk, we let i1, := ¢! 0 pji 0 pi; € Aut(Wilu,,, ). As
W; are families of 6-geometrically stable representations, which in particular are
simple, it follows that ;5 € T'(Uijk, G;). Hence W := (Wi, ¢;;) is a y-twisted
family of 6-geometrically stable k-representations of ) over ./\/la gs.

It remains to check that the classes v and o in H, (MOQ 55, G,) coincide. We
note that o := §(3) for the class 8 := [P] € Hé}t(M% é’s, Gg.q). We can describe the

cocycle representing 3 by using our given étale cover {f; : U; — Me 22} on which
P is trivialisable. More precisely, g is represented by the cocycle glven by transition
functions f;; € I'(Uy;, GQ7d) for P such that s; = B;js;, where s; : Uy — P; are
the sections giving the isomorphism ;. If we take lifts 3;; € T'(Usj, Gg.a) of Bij,
then these determine «;jx € I'(Ujjk, Gy) by the relation ozijkﬁik = Bjkﬁij over
Uijr. By pulling back the isomorphisms <pl-j along the G g-invariant morphisms
Pi; — Uy, = Ljlu,, as Gg,q-bundles over U,
which is given by a section 7;; € I'(Uj;, GQ d) By construction v = 6([7;5]), where
ni; € T(Uij, Gg.qa) is the image of n;;. Since 7;; are also lifts of the cocycle S3;;, it
follows that v = a. ]

We can consider W as a universal a-twisted family over Mg, ° of k-representa-
tions of ). In particular, if the obstruction class a(/\/lgff ) is trivial, then MG 7

is a fine moduli space, as it admits a universal family. We note that if r : Spec k —>
MZ? 9%, then the image of oz(/\/le ") under the map

Hgt(/\/lg 9% Gy) — H?(Speck, Gy,)

is the class G(r) described in §4.1| and the index of the central division algebra
corresponding to G(r) € Br(k) divides the dimension vector d by Proposition

If the dimension vector d is primitive, then the moduli space M%_’js is fine by
[15, Proposition 5.3]. The Brauer group of moduli spaces of quiver representations
was studied by Reineke and Schroer [26]; for several quiver moduli spaces, they
describe the Brauer group and prove the non-existence of a universal family in the
case of non-primitive dimension vectors cf. [26, Theorem 3.4]. Proposition
offers some compensation for this seemingly negative result: instead, one has a
twisted universal family.
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5. FIELDS OF MODULI AND FIELDS OF DEFINITION

The goal of this section is to prove Theorem [T.4] First, let us recall a few facts
about the notions of field of definition and field of moduli, in the context of quiver
representations. Let € be a field and let Q be an algebraic closure of Q. Let W
be an (-representation. One says that W is defined over a subfield L C €, or
that L is a field of definition of W, if there exists an L-representation W’ such that
QR W' ~ W as Q-representations. And one says that W is definable over L if there
exists an L-representation W' such that Q®; W’ ~ Q ®q W as Q-representations.
The field of moduli of an Q-representation W is the intersection of all fields L C Q2
over which W is definable. In particular, the field of moduli of the Q-representation
W is equal to the field of moduli of the Q-representation Q ®q W.

For the purpose of proving Theorem [I.4] it is sufficient to work in a relative and
slightly simplified setting: we fix a base field k, an algebraic closure k, and consider
only the case Q2 = k. Given a k-representation W, we let Defy (W) be the set of all
intermediate fields k¥ C L C k over which W is definable. The field of moduli of W

is then equal to
kw = m L.

LeDef, (W)

By definition, one has k C ky C k. In particular, if k is perfect, so is ky. Let us
now introduce the group

Hy(W) = {7 € Aut(k/k) | W™ ~ W}

where W7 is the representation of @ defined from W and 7 as in Section [3.1] The
following result explains why the field of moduli is sometimes defined, in other

—H, (W
contexts as well, as k ( ).

Theorem 5.1. Let W be a 0-geometrically stable representation of Q. The field

EHk(W)

is a purely inseparable extension of ky . In particular, if k is perfect, then
ke = EHk(W).
To prove Theorem [5.1] it suffices to show that an element 7 € Galy satisfies
W™ ~ W if and only if 7|k, = Idg,, . But first, we give a useful characterisation of
kw .

Lemma §.2. Let W be a 0-stable d—di@ensional k-representation and let Oy C

Rep%_js(k:) be the corresponding Gg q(k)-orbit. Let Ly be the minimal field of
definition of Ow . Then Ly = ky .

Proof. First note that Oy is a closed subvariety of Repg_js(k) because W is GIT-
stable. In particular, Oy has a minimal field of definition (see for instance [39,
Proposition 3.11]), which in this case (since Oy is a Gg, q(k)-orbit and Gg 4(k) is
defined over k) is the intersection of all residue fields of points of Oy . Since any
point M € Oyy is isomorphic to W as k-representation, we have that W is definable

over k(M). Therefore,
kw= () L < ()] k(M)=Lw.
LeDef, (W) MeOw

Conversely, if L € Defy (W), then there exists an L-representation W' such that
W ~ k®p W, so there is a point M € Oy such that k(M) ~ L. Therefore
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Lw C L. Since this is true for all L € Defy (W), we have indeed Ly, C ky . Hence
the equality of the two fields. ([

Lemma 5.3. With the same assumptions as in Lemma let 7 € Galg. Then
W™ ~W if and only if T|p,, =Idp,,, i.e. Hy(W) ~ Aut(k/Lw).

Proof. If W™ ~ W (i.e. 7 € Hp(W) C Aut(k/k)), then Ow = Ow- = 7(Ow) in
Repg_’(fs(ﬁ). By descent theory with respect to the Galois extension E/EHk(W), we
then have that Oy is defined over EH’C(W). So Ly C EH’C(W). In particular, for all
7 € Hy(W), one has 7|1, = Id,, . Conversely, let us assume that 7 € Aut(k/k)
satisfies 7|1, = Idr,, . Since Oy is defined over Ly, this implies that 7(Ow) =
Ow, which in turn implies that W™ ~ W. O

We can now prove Theorems [5.1] and Theorem [T.4]

Proof of Theorem[5.1. By Lemma kw ~ Ly . And by Lemma Hy(W) ~

Aut(k/Lw). So BV A W) g purely inseparable extension of Ly,. O

Proof of Theorem[I.]]. Recall that here k is assumed to be perfect and let us recall
the moduli functor Fg:igs from (2.1). By Theorem we have a bijective map

i oy (k) = Mg §° (k) = Repl, 3° (k) /Gq.a(F).

If W is a O-geometrically stable d-dimensional representation of W, we denote b
Ow the associated k-point of M%Tj’ ®. via the map 7. We have seen in Section

that Gal, acts on M%ngs(k) and that 7 is Galg-equivariant. Therefore, as Oy
represents the isomorphism class of the k-representation W, we have that

H(W) ~ {T c Galk | T(Ow) = Ow} =: StabGalk (Ow),

which implies that k™" ~ x(Ow), the residue field of M %*(F) at the point Oy .
Theorem [5.1| then shows that xK(Ow) ~ kw . The rest of Theorem [1.4] then follows
immediately from base changing to the perfect base field x(Ow ) and applying
Theorem [3:23} the central division algebra Dy is the image of Oy under the type
map 7 and Oy € T (D) is an isomorphism class of #-geometrically stable
Dyy-representation of Q. O

We saw in Example how to exhibit 6-stable k-representations of Q that are
not definable over their field of moduli but only over a central division algebra over
that field.

REFERENCES

[1] W.L. Baily, Jr. On the theory of 6-functions, the moduli of abelian varieties, and the moduli
of curves. Ann. of Math. (2), 75:342-381, 1962.

[2] W.L. Baily, Jr. On the theory of automorphic functions and the problem of moduli. Bull.
Amer. Math. Soc., 69:727-732, 1963.

[3] K. Coombes and D. Harbater. Hurwitz families and arithmetic Galois groups. Duke Math.
J., 52(4):821-839, 1985.

[4] A. H. Calddraru. Derived categories of twisted sheaves on Calabi-Yau manifolds. ProQuest
LLC, Ann Arbor, MI, 2000. Thesis (Ph.D.)—Cornell University.

[5] A.J. de Jong. A result of Gabber. http://www.math.columbia.edu/~dejong/papers/2-
gabber.pdf, 2004.



(6]
(7]

(8]
(9]

[10]
(11]
[12]
13]
(14]
[15]
[16]
(17]
(18]

[19]
(20]

21]

22]

23]
[24]

25]

[26]
27]
28]
[29]
30]
[31]
32]
[33]

[34]

RATIONAL POINTS OF QUIVER MODULI SPACES 39

P. Débes and J.-C. Douai. Algebraic covers: field of moduli versus field of definition. Ann.
Sci. Ecole Norm. Sup. (4), 30(3):303-338, 1997.

P. Débes, J.-C. Douai, and M. Emsalem. Families de Hurwitz et cohomologie non abélienne.
Ann. Inst. Fourier (Grenoble), 50(1):113-149, 2000.

P. Débes and M. Emsalem. On fields of moduli of curves. J. Algebra, 211(1):42-56, 1999.

P. Débes and D. Harbater. Fields of definition of p-adic covers. J. Reine Angew. Math.,
498:223-236, 1998.

P. Gille and T. Szamuely. Central simple algebras and Galois cohomology, volume 101 of
Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 2006.
U. Gortz and T. Wedhorn. Algebraic geometry I. Advanced Lectures in Mathematics. Vieweg
+ Teubner, Wiesbaden, 2010. Schemes with examples and exercises.

V. Hoskins and F. Schaffhauser. Group actions on quiver varieties and applications.
arXiv:1612.06593, 2016.

B. Huggins. Fields of moduli and fields of definition of curves. ProQuest LLC, Ann Arbor,
MI, 2005. Thesis (Ph.D.)-University of California, Berkeley.

D. Huybrechts and M. Lehn. The geometry of moduli spaces of sheaves. Cambridge Mathe-
matical Library. Cambridge University Press, Cambridge, second edition, 2010.

A. D. King. Moduli of representations of finite dimensional algebras. Quart. J. Math., 45:515—
530, 1994.

S. Koizumi. The fields of moduli for polarized abelian varieties and for curves. Nagoya Math.
J., 48:37-55, 1972.

S. G. Langton. Valuative criteria for families of vector bundles on algebraic varieties. Ann.
of Math. (2), 101:88-110, 1975.

L. Le Bruyn. Representation stacks, D-branes and noncommutative geometry. Comm. Alge-
bra, 40(10):3636-3651, 2012.

M. Lieblich. Moduli of twisted sheaves. Duke Math. J., 138(1):23-118, 2007.

T. Matsusaka. Polarized varieties, fields of moduli and generalized Kummer varieties of po-
larized abelian varieties. Amer. J. Math., 80:45-82, 1958.

D. Mumford, J. Fogarty, and F. Kirwan. Geometric Invariant Theory. Springer, third edition,
1993.

P. E. Newstead. Introduction to moduli problems and orbit spaces, volume 51 of Tata In-
stitute of Fundamental Research Lectures on Mathematics and Physics. Tata Institute of
Fundamental Research, Bombay; by the Narosa Publishing House, New Delhi, 1978.

M. Olsson. Algebraic spaces and stacks, volume 62 of American Mathematical Society Collo-
quium Publications. American Mathematical Society, Providence, RI, 2016.

S. Ramanan. Orthogonal and spin bundles over hyperelliptic curves. Proc. Indian Acad. Sci.
Math. Sci., 90(2):151-166, 1981.

M. Reineke. Moduli of representations of quivers. In Trends in representation theory of al-
gebras and related topics, EMS Ser. Congr. Rep., pages 589-637. Eur. Math. Soc., Ziirich,
2008.

M. Reineke and S. Schroer. Brauer groups for quiver moduli.
https://arxiv.org/abs/1410.0466, 2014.

A. Robert. Automorphism groups of transcendental field extensions. J. Algebra, 16:252—-270,
1970.

M. Romagny and S. Wewers. Hurwitz spaces. In Groupes de Galois arithmétiques et différen-
tiels, volume 13 of Sémin. Congr., pages 313-341. Soc. Math. France, Paris, 2006.

F. Schaffhauser. Real points of coarse moduli schemes of vector bundles on a real algebraic
curve. J. Symplectic Geom., 10(4):503-534, 2012.

T. Sekiguchi. Wild ramification of moduli spaces for curves or for abelian varieties. Compositio
Math., 54(3):331-372, 1985.

J. P. Serre. Local fields, volume 67 of Graduate Texts in Mathematics. Springer-Verlag, New
York-Berlin, 1979. Translated from the French by Marvin Jay Greenberg.

C. S. Seshadri. Space of unitary vector bundles on a compact Riemann surface. Ann. of Math.
(2), 85:303-336, 1967.

C. S. Seshadri. Geometric reductivity over arbitrary base. Advances in Math., 26(3):225-274,
1977.

G. Shimura. On analytic families of polarized abelian varieties and automorphic functions.
Ann. of Math. (2), 78:149-192, 1963.



40 VICTORIA HOSKINS AND FLORENT SCHAFFHAUSER

[35] G. Shimura. On the field of rationality for an abelian variety. Nagoya Math. J., 45:167-178,
1972.

[36] G. Shimura and Y. Taniyama. Complex multiplication of Abelian varieties and its applica-
tions to number theory, volume 6 of Publications of the Mathematical Society of Japan. The
Mathematical Society of Japan, Tokyo, 1961.

[37] Goro Shimura. On the theory of automorphic functions. Ann. of Math. (2), 70:101-144, 1959.

[38] The Stacks Project Authors. Stacks project. http://stacks.math.columbia.edu, 2017.

[39] P. Vojta. Chapter O - Preliminary Material. Notes on Number Theory and Algebraic Geometry
from the 1998 Arizona Winter School at the Southwestern Center for Arithmetical Algebraic
Geometry, available at http://swc.math.arizona.edu/notes/files/98VojtaChap0.pdf, 1998.

[40] A. Weil. The field of definition of a variety. Amer. J. Math., 78:509-524, 1956.

FrEIE UNIVERSITAT BERLIN, ARNIMALLEE 3, RauMm 011, 14195 BERLIN, GERMANY.
E-mazil address: hoskins@math.fu-berlin.de

UNIVERSIDAD DE Los ANDES, CARRERA 1 #18A-12, 111 711 BocoTA, COLOMBIA.
E-mail address: florent@uniandes.edu.co


http://stacks.math.columbia.edu
http://swc.math.arizona.edu/notes/files/98VojtaChap0.pdf

	1. Introduction
	2. Quiver representations over a field
	3. Rational points of the moduli space
	4. Gerbes and twisted quiver representations
	5. Fields of moduli and fields of definition
	References

