GROUP ACTIONS ON QUIVER VARIETIES
AND APPLICATIONS

VICTORIA HOSKINS AND FLORENT SCHAFFHAUSER

ABsTrRACT. We study algebraic actions of finite groups of quiver automor-
phisms on moduli spaces of quiver representations. We decompose the fixed
loci using group cohomology and we give a modular interpretation of each com-
ponent. As an application, we construct branes in hyperkéhler quiver varieties,
as fixed loci of such actions.
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1. INTRODUCTION

For a quiver @ and an algebraically closed field k, King [19] constructs moduli
spaces of semistable k-representations of @ of fixed dimension vector d € NV as
a geometric invariant theory (GIT) quotient of a reductive group Gg 4 acting on
an affine space Repg 4 with respect to a character xp determined by a stability
parameter § € Z". The stability parameter also determines a slope-type notion of
- (semi)stability for k-representations of ), which involves testing an inequality for
all proper non-zero subrepresentations. This GIT construction gives moduli spaces
M%j{j(s)s of #-(semi)stable k-representations of @ of dimension d, which are both
coarse moduli spaces (if we consider semistable representations up to S-equivalence).

The study of quiver representations is extremely fruitful in numerous areas of
mathematics, from representation theory and algebraic geometry to mathemati-
cal physics, and many interesting varieties and moduli spaces arise as quiver vari-
eties: for example, minimal resolutions of Kleinian singularities, such as the Hilbert
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scheme of points in the plane, are Najakima quiver varieties via the McKay cor-
respondence, instanton moduli spaces admit quiver descriptions via ADHM data,
and certain parabolic (Higgs) bundle moduli spaces arise as quiver varieties via
(hyper)polygon spaces (for example, see [10] and the references therein).

In this paper, we define a finite group Aut(Q) of covariant and contravariant
automorphisms of @ in §3[and consider algebraic actions of subgroups ¥ C Aut(Q)
on M%Tdss, when the stability parameter § and dimension vector d are compatible

with the ¥-action in the sense of E We restrict the Y-action to Mg_ds C M%jjs,
in order to use the fact that the stabiliser of every GIT stable point in Repg, 4 is
a diagonal copy of G,,, denoted A, in Gg 4 (cf Remark to decompose the
Y- fixed locus of /\/1%_7; in terms of the group cohomology of ¥ with values in A
or the (non-Abelian) group Gg 4. In [I4], we use similar methods to decompose
the rational points of moduli spaces of quiver representations over a perfect field
by using actions of the absolute Galois group and many arguments simplify due to
Hilbert’s 90th Theorem, thus the decomposition in the Galois case is much cleaner.

As an application, we construct submanifolds of hyperkahler quiver varieties with
rich holomorphic and symplectic geometry (known as branes cf. [16]) as fixed loci
of finite groups of quiver automorphisms. Furthermore, the geometry of these fixed
loci can be studied using our decomposition result (Theorem below) and given
a modular interpretation by Corollary [3.34]

1.1. The decomposition of the fixed locus. Let us outline the key steps ap-
pearing in the decomposition of the Y:-fixed locus in M%T; . First, as the X-action on

M%j; % can be induced by compatible X-actions on Repg 4 and Gq,4, we construct
a morphism
b b 0—55\%
fs 1 Repg 4 //xeGGa — Mg J°)
of k-varieties in Propositions [3.8 and where for a k-variety X with a X-action,
X* denotes the fixed locus. In general, the morphism fs; is neither surjective nor

injective, even if we restrict our attention to stable representations (¢f. Examples
and respectively). However, its failure to be bijective can be described

in terms of group cohomology: the non-empty closed fibres of the restriction fs,’
of fx; to the preimage of MGQf; are in bijection with the kernel of the pointed map
HY (X, A(k)) — H'(%,Gq.a(k)), by Proposition

The second step is to construct a so-called type map from the closed points of
the -fixed locus to the second group cohomology of ¥ with values in A(k)

T : MG 5 (k) — H*(S,Ak))

(cf. Propositionand also §3.5)) and show that the image of f3° (k) is contained in
the preimage of the trivial element under the type map; however, this containment
can be strict (¢f. Example [3.23)).

The third step is to introduce the notion of a modifying family u (c¢f. Definition
in order to modify the action of ¥ on Repg ; and G, such that the in-

duced XY-action on Mg;j % coincides with the original action. We let ,, Repgwd and

uGg’ 4 denote the fixed loci of these modified ¥-actions determined by u. Then
we construct a morphism . fs : 4 Repad /xo uGEB4 — (Mgf,js)z of k-varieties
(¢f.  Theorem for the case of a covariant group of quiver automorphisms)
and show that the image of ,, f&° (that is, the restriction of , fx to the preimage of
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./\/l%j; ) is contained in the preimage under the type map of the cohomology class
of a A(k)-valued 2-cocycle ¢, naturally defined by u (¢f. Theorem .

Finally, we describe the modifying families u using group cohomology to obtain
the following decomposition of the Y-fixed locus in MHQTdS .

Theorem 1.1. Let ¥ C Aut™(Q) be a subgroup of covariant automorphisms of Q
for which 6 and d are compatible. Then there is a decomposition of the X-fized locus

(MG)® = L Im o f5°
[cu]€Im T
bIeH,(2,Gq.a(k))/H (S,A(K))

where u® is the modifying family determined by [b] and u via Lemma and
wr & is the morphism defined as in Theorem [3.17,

Moreover, the non-empty fibres of ,» f3° are in bijection with the pointed set

ker (H'(Z,A(k)) — H. (2, Gga(k))).

This decomposition for fixed loci of groups of quiver automorphisms is more
complicated than the Galois decomposition given in [I4]; for example, the images of
the morphisms ,, fs; may be strictly contained in 7~!([¢,]) and these morphisms may
not be injective (cf. Examples and respectively). If k is not algebraically
closed, then one has a decomposition of the geometric points of the moduli space
M%_’j’ % of #-geometrically stable quiver representations (cf. Remark .

We provide a modular interpretation of this decomposition by observing that
the domains of the morphisms s f5° can also be described as moduli spaces of
so-called (X, u’)-equivariant representations of Q in Corollary [3.34} For the trivial
modifying family u = 1, the domain of f5; can also be described as a moduli space
of representations of a quotient quiver Q/% (¢f. Definition and Corollary .

1.2. Constructing branes in hyperkihler quiver varieties. One can construct
an algebraic symplectic analogue of MHQ*j  as a moduli space /\f@ of representations

of a doubled quiver @), modulo relations defined by a moment map. Over the
complex numbers, if NQ is smooth, it is hyperkéhler; for example, Nakajima quiver
varieties can be described in this way.

In §4] we construct submanifolds of algebraic symplectic (and hyperkéhler, when
k = C) quiver varieties as fixed loci for actions of subgroups of Aut(Q) (and for
complex conjugation, when k = C) with rich symplectic (and holomorphic) geom-
etry. Such submanifolds can be described in the language of branes [I6], which
will be recalled in Section [l The study of branes in Nakajima quiver varieties was
initiated in [6], where involutions such as complex conjugation, multiplication by
—1 and transposition are used to construct branes in Nakajima quiver varieties.
We add to this picture branes arising from actions of quiver automorphisms that

are Q-(anti)-symplectic (this is a combinatorial notion, cf. Definition .
Theorem 1.2. Let k = C and assume that N@ is smooth, and thus hyperkdhler.
Let o be an involution of @ and 7 : C — C denote complex conjugation; then
(1) (./\/'6)” is a BBB-brane (resp. BAA-brane) if o is Q-symplectic (resp. Q-
anti-symplectic);
(2) (Na)m" is an ABA-brane (resp. AAB-brane), if o is Q-symplectic (resp.
Q-anti-symplectic).
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Interestingly, we can construct hyperholomorphic branes (BBB-branes) from
groups of Q-symplectic automorphisms, that need not be of order 2 (cf. Theorem
1.10).

1.3. Connections with previous work. Contravariant involutions of a quiver
were studied by Derksen and Weyman [5] and later by Young [27], where Young’s
motivation comes from physics and as an application he constructs orientifold
Donaldson-Thomas invariants. In [27], the action of a contravariant involution
is also modified using what is called a ‘duality structure’, which corresponds to
our notion of modifying families. Motivated by questions in representation theory,
Henderson and Licata study actions of so-called ‘admissible’ covariant automor-
phisms on Nakajima quiver varieties of type A and prove a decomposition of the
fixed locus [I3]; however, they do not use group cohomology type techniques or see
phenomena such as the morphisms , f; failing to be injective in their setting (for
example, compare [13] Lemma 3.17] with Proposition [3.10).

For moduli spaces of principal G-Higgs bundles (G being a complex reductive
group) over a smooth complex projective curve X, actions induced by involutions
(or automorphisms) of X and involutions of G have been studied in [2 11 [3, [7, 12|
8| 241 25, 26]; the approach in these papers is usually based on the gauge-theoretic,
rather than algebraic, constructions of those moduli spaces. In this paper, we utilise
the algebraic construction of quiver moduli spaces; however, the results we obtain
are of a similar flavour.

1.4. Generalisations to other moduli problems and GIT quotients. Many
of our techniques can be applied to study fixed loci of group actions on more gen-
eral GIT quotients. However, for the results involving group cohomology, one would
need to assume that the stabiliser group of all GIT stable points is a fixed subgroup
(analogous to the fixed subgroup A C Gg.,q), and one would need this fixed sub-
group to be Abelian, in order to define the type map, as the second cohomology is
only defined for an Abelian coefficient group. Over the complex numbers, by the
Kempf-Ness Theorem, one can relate GIT quotients with symplectic reductions. In
the symplectic setting, by using moment maps, one could also perform an analogous
study of such fixed loci.

1.5. The structure of the paper. In we recall King’s construction of moduli
spaces of quiver representations. In we study actions of quiver automorphism
groups and prove our decomposition for the fixed loci. In §4] we apply our results to
construct branes in hyperkahler quiver varieties, and in §5| we study some examples.

Notation. A quiver Q = (V, A, h,t) is an oriented graph, consisting of a finite
vertex set V', a finite arrow set A, and head and tail maps h,t: A — V.

2. MODULI SPACES OF QUIVER REPRESENTATIONS

Let us recall King’s construction [I9] of moduli spaces of representations of a
quiver Q = (V, A, h,t) over an algebraically closed field k.

Definition 2.1. A k-representation of @ is a tuple W = (Wy)vev, (¥a)aca)
where:

e W, is a finite-dimensional k-vector space for all v € V;
® 04 Wia) — Wh(a) is a k-linear map for all a € A.
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The dimension vector of W is the tuple d = (dimy W,,)yecv; we then say W is d-
dimensional. There are also natural notions of morphisms of quiver representations
and subrepresentations.

2.1. The GIT construction. Every k-representation of ) of fixed dimension vec-
tor d = (d,),ev € NV is isomorphic to a closed point of the following affine k-space

Repg.q = | ] Mata, ) xaa-
acA

The reductive k-group Gq.a := [[,c GLa, acts algebraically on Repg 4 by con-
jugation: for g = (gy)vev € Gg,a and M = (M,)aca € Repg 4, we have

(2.1) g-M:= (gh(a)Mag;(i))aGAa

and the orbits for this action are in bijection with the set of isomorphism classes of
d-dimensional k-representations of (). One would like to construct a moduli space
for quiver representations as a quotient of this action; however, by a results of Le
Bruyn and Procesi, k[Rede]GW is generated by traces of oriented cycles in @
and so the affine GIT quotient is a point if () has no oriented cycles [21].

Instead King constructs a GIT quotient of the Gg 4-action on an open subset
of Repg, 4 by linearising the action using a stability parameter 0 = (0,),ev € VAR
Let 0 := (0,)vev where 0, := 0,3 da — > cy Oada for all v € V; then
> wev Oudy = 0 and 6 determines a character xg : Gg,q4 — Gy,

(22) XG((QU)UGV) = H(detgv)iy;o

veV

We let Ly denote the Gg g-linearisation on the trivial line bundle Repg, 4 x Al
where G 4 acts on A! via multiplication by xg. As explained in [19], the invariant
sections of positive powers £y of this linearisation are functions f : Repg 4 — k
satisfying f(g- M) = xo(9)" f(M), for all g € Gq 4 and all M € Repg, ;. We note
that, as the subgroup of Gg 4

(2.3) A= {(tIdU)UEV it € G} =Gy,

acts trivially on Repg, 4, invariant sections of £y only exist if x9(A) = 1; by con-
struction of @', this holds, as ), 0, d, = 0.

The Gg g-invariant sections of positive powers of Ly are used to determine GIT
notions of (semi)stability with respect to xg (see, [19, Definition 2.1|, where we
note that the notion of stability is modified to account for the presence of the
global stabiliser A). This determines open subsets Repg’);(s)s of xp-(semi)stable
points and there is a GIT quotient

T Rep’é"’;ss — Repg .4 //xs G@.d := Proj @HO(Reprd, Eg)Gde,
n>0

S

which is a good quotient of the G 4-action on Rep’é‘z(i_ * and restricts to a geometric

quotient W\Repxgﬂ : Repéegs — Repéed—s /G@.q of the GIT stable set.
Q.d ’ '
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2.2. Slope semistability and moduli spaces. For a stability parameter 6, King
proves that GIT yg-(semi)stability in Repg 4 can be reinterpreted as a slope type
notion of #-(semi)stability for quiver representations in order to construct moduli
spaces of f-semistable representations of Q.

Definition 2.2 ((Semi)stability). The #-slope of a k-representation W of @ is

ZUEV 91, dimk Wv
ZUEV dimk Wv

po(W) = €Q.
We say W is:
(1) G-semistable if ug(W') < pp(W) for all k-subrepresentation 0 # W' C W.
(2) B-stable if pp(W') < pg(W) for all k-subrepresentation 0 # W' C W.
(3) 6-polystable if it is isomorphic to a direct sum of f-stable representations
of equal slope.
There are natural notions of Jordan-Hoélder and Harder—Narasimhan filtrations, and
we say two #-semistable k-representations of ) are S-equivalent if their associated
graded objects for their Jordan—Holder filtrations are isomorphic.

Using the Hilbert—-Mumford criterion, King shows the GIT and slope notions
of semistability on Repg 4 coincide, and they can both be described using 1-
parameter subgroups (1-PS) of G¢ 4. Consequently, he constructs moduli spaces
of 6-(semi)stable quiver representations using the GIT quotient described above.

Theorem 2.3. [19] A closed point of Rep, 4 is GIT xg-(semi)stable if and only if
it is 0-(semi)stable as a k-representation of Q. Moreover,

M‘?Q—jS = Reprd //X@Gde (resp. M%_’ds = Rep)ée,;s /Gde)

is a coarse moduli space for S-equivalence (resp. isomorphism) classes of 6-semi-
stable (resp. O-stable) d-dimensional k-representations of Q.

Over a non-algebraically closed field k, one can use Seshadri’s extension of GIT to
construct moduli spaces of k-representations of @) as explained in [I4] §2]; however,
these are only moduli spaces in the sense that they co-represent the correspond-
ing moduli functor and one has to replace 6-stability with a stronger notion of
f-geometric stability, which is stable under base change.

Let us end with an important observation that will be repeatedly used in §3

Remark 2.4. For a closed point M € Rep%_’j , we have
Stabag, ,(M) = A(k) C Gq,a(k),

as the automorphism group of any stable representation is isomorphic to G,,.

3. AUTOMORPHISMS OF QUIVERS

Definition 3.1. A covariant (resp. contravariant) automorphism of @ = (V, A, h, t)
is a pair of bijections (oy : V — V,04 : A — A) such that

toog=o0oyot and hoog=oyoh if o is covariant,

(3.1) toop=o0oyoh and hooy =oyot if o is contrariant.

Henceforth, to simplify notation, we denote oy and o4 both by o. We let Aut™(Q)
(resp. Aut™ (Q)) denote the set of covariant (resp. contravariant) automorphisms

of @ and write Aut(Q) := Aut™(Q) U Aut™ (Q).
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Note that, for any field k, a covariant (resp. contravariant) automorphism o
of @ determines a graded algebra automorphism (resp. anti-automorphism) of the
path algebra kQ. We refer to the covariant automorphism of @ given by oy =
Idy and 04 = Ida as the trivial automorphism of (). As the composition of
covariant automorphisms is covariant, Aut™ (Q) is a subgroup of Aut(Q). There is
a group homomorphism sign : Aut(Q) — {£1} sending o to —1 if and only if o is
contravariant. Evidently, ker(sign) = Aut™(Q).

For a subgroup ¥ C Aut(Q) of quiver automorphisms, we want to study in-
duced actions of ¥ on the moduli space M‘g 2% of f-semistable d-dimensional k-
representations of @ (provided d and 6 are X- compatible in the sense of Definitions
and . For a subgroup ¥ C Aut(Q), either ¥ C Aut™(Q) or ¥ is an
extension

11— 3" — % — {£1} — 1,
where £t C Aut™(Q) is a subgroup of covariant automorphisms. Therefore, one
should start by studying the actions by subgroups of covariant automorphisms and
actions by contravariant involutions. Since the latter is studied in [27], we restrict
our attention to subgroups ¥ C Aut™(Q) of covariant automorphisms until

3.1. The induced action on the moduli space. Let ¥ C Aut™(Q) be a sub-
group of covariant automorphisms and let k be a field. In this section, we will con-
struct algebraic Y-actions on moduli spaces ./\/19 7% of f-semistable d-dimensional
k-representations of (), when d and 6 are Y- compatlble in the following sense.

Definition 3.2. Let us denote o(d) := (dy(v))vev and o(0) := (05 () )vev -

(1) A dimension vector d = (dy)yey is X-compatible if o(d) = d for all o € X.
(2) A stability parameter § = (6,),ev is X-compatible if o(8) = 0 for all o € X.

Throughout the rest of Section 3] l, we assume that d and 6 are ¥-compatible. To
construct the X-action on M%- Q.4 » We use the GIT construction of this moduli space
(Theorem [2.3). As d is - compatlble we have algebraic actions

®:3¥ xRepg g —> Repgy and ¥ :3XxGga— G
given by, for 0 € ¥ and for M := (M,)aca € Repg 4 and g := (gu)vev € GQ.ds
o (M) := 0 (M) := (My(a))aca and ¥s(g) := 0(9) = (go(v))vev-
These actions are compatible with each other in the sense that
(3-2) Do(g- M) = Vs(g) - Bo(M).

Proposition 3.3. For X-compatible d and 0, the following statements hold.

(1) The X-action on Repg 4 preserves the GIT (semi)stable sets Repx" (5)5,

(2) There is an induced algebraic S-action on the moduli spaces ./\/la (gs)é

Proof. For (1), it suffices to check that, for all o € ¥, the image of each closed
point in RepQ ~(9)% under ®, lies in Repx" ()5 The ¥- compatibility of 6 implies
that xg is X-invariant and so the Y-action preserves the invariant sections of powers
of Ly as in [14] Proposition 3.1], which proves (1). Equivalently, by the Hilbert—
Mumford criterion, it suffices to check that for every 6-(semi)stable k-representation
W = ((WU)U€V7 ((Pa)aGA)a the k-representation U(W) = ((Wa(v))v€V7 (@U(a))aGA)
is also 6-(semi)stable, which we show in Lemma
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For (2), recall that = : Rep’é"d_(s)s — M%_(S)s is a categorical quotient of the

Gg g-action. To define the induced action @' : 3 x Me ()s __, /\/l ds)s w
observe that, for each ¢ € X, the morphism 7 o <I>U is Gde mvarlant by (3.2]), and
so there is a unique morphism ®/ making the following diagram commute

(3.3) Repgd—(s)s 2, Repgd—(s)s

Glss <1>:7 Glss
MYV T My,

given by the universal property of the categorical quotient 7. O

3.2. Morphisms to the fixed-point set of the action. For ¥ C Autt(Q),
we let (M9 é5) denote the fixed locus of the above action, which is a closed k-

subvariety of /\/le 5"+ In order to describe this fixed locus, we construct morphisms
from related moduh spaces to this fixed locus in this section.

Definition 3.4 (Quotient quiver). Given ¥ C Aut™(Q), we define the quotient
quiver Q/% := (V/%, A/%, h,1), where V/% and A/% denote the set of S-orbits in
V and A respectively, and the head and tail maps hi:A /% — V/X are given by
h(X-a) =% h(a) and {(X - a) = X - t(a), which are well-defined by .

A X-compatible dimension vector d and stability parameter 0 for @) determine
a dimension vector d and stability parameter 6 for Q/%, where ds., := d, and
Os., := |2 - v|f,. Let G 0.0 and Rede denote the fixed loci for the actions of ¥
on Gq 4 and Repg 4 given by ¥ and & respectively; then the action of Gad on
Repg, 4 preserves Repg,d by (3.2). By the following lemma, G , is reductive and
so we can consider GIT quotients of the Ga 4-action on Repgyd.

Proposition 3.5. There are isomorphisms
a: GQ/E,d = Gg,d and [ : RepQ/Z’d = Repgyd
such that, if the two groups are identified through «, then (B is equivariant with
respect to the G‘rQ/Z j-action on RepQ/E g and the Gad-actz’on on Repg’d.
Proof. The isomorphisms are defined by

a((gsv)swev/s) = (gsw)vey  and  B(Ms.a)s.aeca/s) = (Ms.a)aca,

which are compatible with the actions by construction. ([
Corollary 3.6. There are isomorphisms
E Y
RepQ,d / xo Gé,d = RepQ/ad~ //XéGQ/E,J

and (RepQ L S/GQ = RepQ/E i/Go/s.a where, on the left hand side of these
isomorphisms, xg denotes the restriction to GQ7d of the character xo of GQ.a-
Consequently, the GIT quotient Repg a//xe Gad (resp. (Repad)’“’_s/Gad) can be

(s)s

Q/5d of G-semistable (resp. O-stable) d-dimen-

interpreted as the moduli space M

stonal representations of Q/X.
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Proof. The isomorphisms are a consequence of Proposition [3.5 the universal prop-
erty of the categorical quotient and the observation that x; = x¢ o o (since, by
definition, fx., = |X - v|6,). The last assertion then follows from Theorem O

In Corollary we will provide another modular interpretation of the GIT quo-
tient Repad //xe Gad.

For ¥ ¢ Aut™(Q), we note that Y-compatibility of  is equivalent to ys being
Y-invariant.

Lemma 3.7. Let ¥ C Aut™(Q) be a finite group acting algebraically on Repg.q
and Gg.q in a compatible manner and fix a stability parameter § such that X
is Y-invariant. Then, for a X-fived closed point M € Repg 4(k), the following
statements are equivalent.

(1) M is GIT semistable for the Gq q-action on Repg 4 with respect to the
character xo : Gg,a — Gp,.
(2) M is GIT semistable for the Gad—action on Repad with respect to the

restricted character xg : Gad — G,y

Proof. Evidently, (1) implies (2). For the converse, we proceed by contrapositive
and argue along the lines of [I7, Theorem 4.2], which is about Galois actions but
carries over naturally to our setting. So let us assume that M € Repg,d(k‘) is
not (Ggq 4, xe)-semistable. Let Ap; denote the set of 1-PSs A of Gg 4 for which
the morphism G,, — Repg 4 given by the A-action on M extends to Al. By
[I'7, Theorem 3.4], there is a canonical parabolic subgroup Py C Gg,q such that
Py = P(A) for any 1-PS A € Aps which minimises a normalised Hilbert—Mumford
functional aps : Apy — R given by apr(A) = (xo, AY||A||, where || — || is a length
function on the 1-PSs of G 4 in the sense of [I7), p. 305]. Since M is fixed by X, the
set of 1-PSs Ay is X-invariant by the compatibility of the actions of ¥ and Gg 4.
By summing over ¥ (or applying Kempf’s construction of length functions to the
reductive group Gg g4 X X), we can assume that || — || is X-invariant. Then, as x4
is Y-invariant, it follows that a,; is X-invariant analogously to Lemma 4.1 in loc.
cit. Therefore, Py; = o(Pyy) for all 0 € X, by the uniqueness of Py analogously to
the proof of Part (b) of Theorem 4.2 in loc. cit. Hence, Py is a X-invariant subset;
that iS, - PM = PM.

We can write Py = Ilyev Par,w, where Py, C GLg, is a parabolic subgroup for
all v € V; then ¥ - Pyy = Py implies that Py, = Par, for any two vertices v, v’
in the same Y-orbit. Then

PM N Gg@ = H PM,U C Gg,d = H GLdv
SweV/8 YveV/x8

is a proper parabolic subgroup, as Py C Gg,q4 is a proper parabolic subgroup by
assumption. In particular, M is not (Gg’d, Xo)-semistable, as any 1-PS X\ € Py,NG™
is in both Ga 4 and Py and thus destabilises M. O

Proposition 3.8. In Repad, there is an equality of k-subvarieties

(Repp 4) G@4X0) =% = Repg) 4 Rep,, , Repgyg ™7™

The closed immersion (Repad)(cad’xe)*“ — Rep(QGf’d’Xe)fSS induces a morphism

I Rep?g,d //xe(GE,d) — Repg 4 //x0GQ.d
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whose image is contained in the 3-fived locus.

Proof. The k-subvarieties (Repg 4 )(GQ.axe)=ss and Repg 4 XRepg 4 ch(G'Q :Xp) =88

are open in Repg’ 4; therefore, to show that they agree, it suffices to check the equal-
ity on closed points, for which we can use Lemma[3.7] Then the closed immersion

(Repad)(Gg,d:Xe)—ss s Rep(Q(?ég,d,Xe)*SS’

induces the morphism f5, via the universal property of the categorical quotient. It is
straightforward to check that the image of fy is contained in the X-fixed locus. [

We can interpret fx as a morphism MO /5‘; q ./\/le 7% by Corollary Let us

now study properties of fx (or strictly speaking a restrlctlon f3° of fx as introduced
below) in terms of the group cohomology of X.

Definition 3.9 (Regularly stable point). Let ¥ be a finite group acting alge-
braically on Repg, 4, compatibly with the action of Gga. A point M € Repg 4
which is both ¥-fixed and (Gg 4, xo)-stable is called a (X, xg)-regularly stable point
of Repg 4-

Let
Gq,a
(RepQ d)Xe = RepQ d ><RepQ d Rep( Quax0)
be the Gad—invarlant open subset of Reprd whose pomts are both Y-fixed and

(Gq.a; xo)-stable. As (Gg.a, xo)-stability implies (Gg 4, xo)-stability, we have

(34) (Repg 0)¥'~" € (Rep ) S00)

However, the converse inclusion is not true in general (as Lemma does not hold
for stable points). By E, we have a geometric quotient

M(Ze : (RepQ )X TS/GQd = fil(MZQTdS)’

which is open in (Rede)XH*S/Gg, o~ /\/ng/Z ; (using Corollary and that we

call the moduli space of (3, 8)-regularly stable representations of (). Let
= fg|M(2 0)—rs M(E 0)— (./\/lz;ds)Z

denote the restriction of fx to the open subscheme /\/l(Z 0)=rs - Mg /; i

Proposition 3.10. Let m = Ggq- M € MGQ_;(.’@) If non-empty, the fibre
(f£5)=1(m) is in bijection with the pointed set

ker (H' (2, A(k)) — H'(Z,Gga(k))).
Proof. As the proof is similar to [14] Proposition 3.3], we just give an outline of the
main steps. By the Hilbert—-Mumford criterion, M is a 6#-stable k-representation
and we recall from Remark [2.4] that the stabiliser of M for the Gg g4-action is A.

We give the fibre f5; (m) the base point given by the element Ga 4 M and we will
construct a map

B fst(m) — ker (H'(Z,A(k)) — H'(Z,Gg,a(k)))

by associating to each m' = G ;- M’ € fs'(m), a normalised A(k)-valued 1-
cocycle B,y on ¥ which splits over Ggq(k). As m' € fz_l(m), we know that
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M and M’ lie in the same Gg g4-orbit; thus there exists g € Gg q(k) such that
g+-M' = M. For o € X, one verifies that 3,/ (c) := go(g~!) stabilises M and thus
lies in A(k). Moreover,

(1) Bm/(lE) =1a, and

(11) ﬁm/((flo'g) = ﬁm/(al)(fl(ﬂm/(dg)) for all 01,09 € X
hence, 3 is a normalised 1-cocycle, which is, by definition, split over Gg q(k). Itis a
straightforward computation to check that 3 is well-defined; that is, the cohomology
class of the 1-cocycle 3,  is independent of the choice of the representatives M and
M’ of the orbits, and of the choice of element g € Gg 4(k) such that g - M’ = M.

Let us show that § is surjective. If 7 is a normalised A(k)-valued 1-cocycle
on ¥ which splits over Gg q(k), then there exists g € Gg q(k) such that (o) =
go(g~') € A(k) for all 0 € 3. Since A(k) acts trivially on M, we have o(g~!- M) =
g1 M for all 0 € ¥, and so m' := Gad g7 - M € f5'(m) and B = 7.

To prove that § is injective, suppose that the A(k)-valued 1-cocycle Sy, splits
over A(k); that is, there exists a € A(k) such that 3, (c) := go(g~ ') = ac(a™t)
for all 0 € ¥. Then

(i) o(a™'g)=a'gforallo € ¥ (ie. a~'g € Gg 4(k)),
(i) (a~'g) - M'= M;
hence, G*(k) - M' = G*(k) - M, which completes the proof. O

Since ¥ acts trivially on A C Gg 4, we have H' (3, A(k)) ~ H' (X, k), where the
latter is computed with respect to the trivial action of ¥ on k£*. The next result
gives a sufficient geometric condition for fi,* to be injective.

Corollary 3.11. Suppose that for each o € X, there is a vertex v, € V' such that
0(vy) = Vs, then the morphism f&° is injective.

Proof. As k is algebraically closed, it suffices to check that fi.° is injective on closed
points and for this we can use the description of the fibres given by Proposition
3.10l Thus, it suffices to show that H'(X, A(k)) — H(X, Gg.a(k)) is injective.
By definition, an element in the kernel of that map is the cohomology class of a
1-cocycle o : ¥ — A(k) of the form a(o) = go(g?!) for some g = (g,)vev €
Gg.a(k). As a is A(k)-valued, for each o € 3, there exists t, € Gy, (k) such
that (a(0)y)vev = (gvg;(lv))uev = (ts14, )vev. In particular, for v = v,, we have
tolg, = gvg;(lv) = gvg, ! = I4,; that is, t, = 1 for all 0. Therefore, every such
element « is trivial by our assumptions on the ¥-action on V. (]

In this situation, we can use a so-called type map (analogously to the type map
for Galois actions in [14] Proposition 3.6]) to determine whether f&° is surjective.

Proposition 3.12. There is a map
T+ (MG )7 (k) — H2(S,A(k)),
which we call the type map, such that (Im f£)(k) € T1([1]).

Proof. We only outline the construction of 7T, as it is analogous to the construction
of the type map for Galois actions in [I4, Proposition 3.6]. Let m = Ggq- M €
(M%j;)z(k); then as this orbit is preserved by 3, we have that, for all ¢ € 3, there
exists uy € Gg,q(k) such that u, - o(M) = M. For 01,09 € X, one observes that

the element ¢y, (01, 02) 1= g, 01 (s, )uy l,, stabilises M and so must lie in A(k) by
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Remark as M is O-stable. To verify that ¢, is a A(k)-valued 2-cocycle of ¥, it
remains to check that for o; € ¥ for ¢ = 1,2, 3, we have

0(01, 02)6(0102703) = 01(0(02, 03))0(01,0203)7

which is a consequence of the fact that A(k) is a X-invariant central subgroup of
Gg.a(k). We define T(m) := [cp,] and leave it to the reader to check that 7 is well-
defined (that is, the cohomology class of this 2-cocycle is independent of the choice
of representative M of the orbit and the elements u, such that u, - o(M) = M).
To verify the final claim, we note that if m = Ggq- M € Im f§°(k), then we
can pick a representative M € Repg,d(k‘) and so if uy := 1g, , for all 0 € ¥, then
Uy - 0(M) =M and so ¢,,, = 1 € H*(3, A(k)). O

Example 3.13. If ¥ is a cyclic group of order n, then
H*(2, A(k)) ~ HX(Z/nZ, k*) ~ k* /(E*)™ ~ {1}.

In Example we will see that one can have (Im f5*)(k) # 7 '([1]). The map
f5® is not surjective in general and, to account for that failure, we will alter the
algebraic X-actions on Repg 4 and Gg g by using a modifying family of elements
in Gg,q4(k) in the following sense. We recall that ® and ¥ denote the original
Y-actions on Repg, 4 and G 4 respectively.

Definition 3.14 (Modifying family). A modifying family of elements in Gg 4(k)
indexed by ¥ is a tuple v := (uy)sex of elements u, € Gg q(k) indexed by ¢ € &
such that

(1) wy = lag.atk)s
(2) For 01,02 € %, the elements ¢, (01,02) = ug, Vo, (Uoy)uyl,, € Gga(k)
define a A(k)-valued 2-cocycle ¢, of 3.

Lemma 3.15. Let u := (uy)sex be a modifying family of elements in Gg q(k)
indezed by . Then we can define modified 3-actions

" : ¥ x Repg 4 — Repg 4; (0,9) — PL(P) == uy - Py(d)
and
U :Ex Gga— Gg.a; (0,9) — ¥(g) :=Ady, Y,(9)
which are compatible in the sense of (3.2) and such that the induced Y-action on
Mer; ® coincides with that of Proposz't.

Proof. 1t is straightforward to check that ®* and W" are compatible ¥-actions.
By using the universal property of the categorical quotient, one proves there is an
induced Y-action on the quotient /\/lfdss = Repg 4 //x6 G@,a; this coincides with
the Y-action defined in Proposition ﬁ as the following diagram commutes

Xo—85 %5 Xo0—58 Xo—58

Uy -
Rede RepQ7d _ RepQ7d

A

RePQ,d //x6eGQ.a — RepQ,d //xeGQ.a

following the commutativity of Diagram (3.3). a
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For a modifying family u, let , Repg 4 and G ,; denote the fixed loci for the
Y-actions ®* and ¥*. Then ,, Repad is a closed subscheme of Repg, ; and uGg,d
is a closed subgroup of Gg 4, and moreover, the “GC%, 4-action preserves , Repad.

Lemma 3.16. For a modifying family u = (us)sex of elements in Gg q(k), the
fixed locus for the u-modified Y -action uGg,d 18 a smooth connected reductive group.

Proof. The fixed locus uGg’ 4 is the subgroup of elements g = (gy)yev such that
Gy = ug’vga(v)u;’}) for all o € X. If we pick representatives vy, ..., v, of the X-orbits
in V, then

Goa™ HcGLd ({tg; : 0 € %, 0(vi) = vi})

=1
is isomorphic to a product of centraliser subgroups in general linear groups.

For any subset S C Mat,,xy,, the centraliser Cyas, ., (S) is a vector subspace
of Mat, xn, and thus is connected. For S C GL,, it follows that Cgr,, (S) is also
connected, as this is the non-vanishing locus of a single polynomial (the determi-
nant) in Cyat,, ., (S). Therefore, uGg,d is connected. By [4, Proposition A.8.11],
the fixed locus of any finite group scheme over k acting on any smooth k-scheme
is smooth; hence, uGg,d is smooth. Furthermore, by [4, Proposition A.8.12|, for
any linearly reductive group scheme H acting on a reductive group scheme G over
k, the connected component of the identity of the fixed locus G¥ with its reduced
scheme structure is reductive; hence, it follows that “Ga 4 is reductive. O

In fact, the above argument shows that, for any finite group X acting on a product
of general linear groups G over a base field k, the fixed locus is smooth, connected
and reductive (even if k is not algebraically closed). However, this statement is not
true for an arbitrary reductive group scheme over k in positive characteristic, as it
is not necessarily true that the fixed locus is connected.

We can now give an analogue of Propositions 3.8} [3.10] and [3.12] for the X-action
given by a modifying family u.

Theorem 3.17. Let u = (us)sex be a modifying family of elements in Gq q(k)
indexed by X. Then
(3.5) (u Repg,d)(uG;Q,d’Xe)—s RepQ o XRepg 4 Rep(GQ d>X6)—58
and there is a morphism
ofs s uRepgyd//Xe uGad (Me 55) .

Furthermore, there is a moduli space of (X, u, 0)-reqularly stable representations of
Q given by

(uRep5.0)¥* " /uGGa = ufs (M 9_5)
where (4 Repad)m_” = RepQ d XRepg 4 Rep(GQ 4:X0)=
restriction of  fs, to this open subscheme by

oS5 (wRepG )T uGG g — (MG )

T‘S

, and if we denote the

then the image of . is a closed subscheme of (./\/l )2. The non-empty closed
fibres of  fs° are in bzyectzon with the pointed set

ker (H'(3, A(k)) — HLY(S, Gq.a(k)))
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where ¥ acts on Gg,q via the action " defined in Lemma @ Moreover, we have
Im, f£3(k) € T Y([cu]), where [c,] is the cohomology class of by the A(k)-valued

2-cocycle ¢, (01,02) = o, Vo, (Uoy )uyl,, on S defined by u.

Proof. The result follows from simple modifications of the arguments given in the

proofs of Propositions and O

3.3. A decomposition of the fixed locus. In this section, our goal is to give a
description of the fixed locus (M‘ij )* for the action of ¥ C Aut*(Q) in terms of
the images of morphisms ,, f&:* defined by modifying families u (c¢f. Theorem .
We will do this in two stages: first by describing a given fibre of the type map 7 as
a disjoint union of images of such morphisms, and then by taking the union over
all fibres of 7 in order to produce a decomposition of the fixed locus (Mlej )=
Finally, we will illustrate this decomposition with some simple examples. Before
giving the decomposition result for a fibre of the type map, we need a few lemmas.

Lemma 3.18. Let v’ be a modifying family of elements of Gg,qa(k) such that ¢,
is cohomologous to a A(k)-valued 2-cocycle ¢, then there is a family (a.)ses of
elements of A(k) such that v} := a,u, is a modifying family of elements in Gg q(k)
with

(1) & =¥ and ¥ = V¥ for all o € %;

(2) cyr = ¢ as A-valued 2-cocycles.

Proof. Since ¢, and ¢ are cohomologous, there exists a family (a)),ex of elements
of A(k) such that

(3.6) c(o1,09)cw (01,00) "t = al, o1(al)(a,, )" foroeXi=12.
Let v/ := alu/, then &' = &% and ¥*" = ¥¥, because a/, € A(k). Since A is
central and fixed by the X-action, it follows from (3.6) that c,» = c. O

For a modifying family u, let Z!(3, Gg.a(k)) denote the set of Gg 4(k)-valued
normalised 1-cocycles on X, calculated with respect to the ¥-action given by W¥".
The following lemma describes which modifying families give the same A(k)-valued
2-cocycle.

Lemma 3.19. Let u = (us)sex be a modifying family of elements in Gg q(k)
indexed by . Then there is a bijection

{modifying families v’ | ¢,y = ¢y} +— ZN (2, Gg.a(k))
u = (u))pes — (b 1 X — Ggual(k), o — uluz?t)
ub = (ub = b(0)ug)ses — (b:2 — Ggu(k), 0 — b(0)).

Proof. For a modifying family v’ with ¢, = ¢,s, we check that b, is a 1-cocycle:

bu (0102) = g, 5,5, o, = (cwr(01,02) " g, 01(ug,)) (01 (ug, ug ) culon, 02))

= (ulo'lugll)(ua'l o1 (ufj'g u;2l)u;11) = bul (0'1)\:[}’;1 (bu, (0—2))7
as ¢, = ¢ is valued in the central subgroup A(k) C Gg q(k).
For b € ZL(3, Gg.a(k)), we check that u® is a modifying family with ¢, = ¢y

cur(o1,09) = ul on(ug,)(uh )7 = b(01)ug, 01(b(09) s, ) (B(0102) g, o, )

b(al ) (uUl 01 (b(UQ))uz:ll) Ug, 01 (uoz )ugllaz b(O']_ g2 ) -t

-1

=T (b(oz)) =cyu(01,02)€EA

= Cu(01702)~
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This completes the proof, as clearly these two maps are inverse to each other. [

Remark 3.20. Note that two 1-cocycles b, and b, are cohomologous (that is,
there exists g € Gg.q(k) such that, for all 0 € X, by (o) = gby (o) ¥%(g™1)) if and
only if there exists g € Gg 4(k) such that, for all 0 € 3, v/l = gulo(g~"'). Suppose
that b, by € ZL (3, Gg.a(k)) are cohomologous; then we have morphisms 0, f&* (cf.
Theorem and the images of these morphisms coincide: Im 4, f5;° = Im 4, f5°,

as the action of g gives an isomorphism ,, Repé’d = ub2 Repgyd.

For a modifying family u, we can now give a decomposition of the fibre of the
type map T : (M%‘;)E(k) — H*(Z,A(k)) over [c,], where the indexing set is
the orbit space H. (X, Gg.a(k))/H'(Z, A(k)): as A(k) is central and S-invariant in
G a(k), the map ((0,u) — (0u)s = (05Us)sex indeed induces an action of the
group H_ (3, A(k)) on the set H. (X, Gg.q(k)); moreover, HL (X, A(k)) is actually
independent of the modifying family u. For [b] € H} (X, Gg a(k)), we shall denote
its H' (3, A(k))-orbit by [b].

Theorem 3.21. Let u be a modifying family of elements in Gg q(k) indezed by ;
then there is a decomposition

T (le) = u (Im o £2) ()

PIeHL(E,Gq.a(k))/H (Z,A(K))

where u® is the modifying family determined by u and a choice of 1-cocycle b € [b].
Furthermore, the non-empty fibres of ,» f&°* are described by Theorem[3.17,

Proof. For each [b] € HL (X, Gg.a(k)), we take a representative b of [b] and consider
the morphism ,»f%* as in Theorem the image of this morphism does not
depend on our choice of representative by Remark [3.20
To show that these images cover T1([c,]), take Gg,q- M € T Y([cu]), so by
definition of the type map, there exists a modifying family v’ = (u}),cx of elements
in Gg,q(k) such that M € Repad and [cy] = [cu]. By Lemma we can
assume that ¢, = ¢, and so, by Lemma there exists b € Z. (2, Gg,a(k)) such
that v’ = u’. Hence, Gg 4+ M € Im ,» fL°.
To prove that this union is disjoint, suppose that Gg g - M € Im .3, f5° for
i = 1,2. Then there exist modifying families u;, for ¢ = 1,2, such that
(1) [bu,] = [bi] € Hy(E, Gqalk)),
(2) M e, Repg,d fori=1,2,
(3) cuy = Cuy = Cu
The only one of these assertions which is not clear is the final one, which follows
from the fact that ¢, = ¢y, for i = 1,2, and the observation that if [b] = [b/], then
¢y = ¢, . From (2), we deduce that a, := ugygui}, € Stabg,, ,(M) = A(k), from
which we conclude that by, , = aoby, » for all o, therefore that [b,,] and [by,] lie
in the same H'(X, A(k))-orbit in H} (3, Gg.qa(k)). This completes the proof. O

By definition of the type map T : (M%fj)z(k:) — H%(X,A(k)), if [¢] € Im T,
there exists a modifying family u with [¢] = [¢,]. We can now prove Theorem

Proof of Theorem[I.1. We have a decomposition
M7k = | TN
[

c]elm T
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and, for each [¢] € Im T, there exists a modifying family u such that [¢] = [c,].
Hence, by Theorem [3.21] we obtain the above decomposition on the level of k-points.
Since Im » f&* and (M _j )* are varieties over the algebraically closed field k, this
set-theoretic decomposition on the level of closed points gives a decomposition as
varieties. The fibres of the morphisms . f&:* are described as in Theorem ([

Remark 3.22. We make the following observations on Theorem [I.1]

(1) M%‘; is smooth by Luna’s étale slice Theorem, as it is a geometric quotient
gf the smooth k-variety Repé"’gs by the free action of the reductive group
Gg.a = Gg,q/A. Hence, (/\/1975)E is smooth by [4, Proposition A.8.11].

(2) Over the complex numbers ./\/lg2 4 is a smooth Kéahler manifold, as it is
homeomorphic, by the Kempf-Ness Theorem [I8], to the Kéhler reduction
of the complex vector space Repg, 4 (by the action of the maximal compact
subgroup of Gg g). The group ¥ acts algebraically on MQ > therefore
preserves the complex structure. In particular, (./\/l 0. d) is a holomorphic,
and thus Kéhler, submanifold of /\/l‘9 7.

(3) If k is not algebraically closed, then we instead consider the moduli space
M0 75 of §-geometrically stable representations (cf. |14, §2]). We obtain
a set theoretic decomposition of (Me 9%)2 () for any algebraically closed
field 2/k via the same techniques. More precisely, one can construct the
morphism f5 using the universal property of the GIT quotient and noting
that it suffices to check the first equality in Proposition on k-points,
which we have already done. Then one can prove an analogous description

to Proposition for all geometric fibres of f° and, for any algebraically
closed field ©/k, one can construct a type map

To : (Mg {7 (Q) — H* (2, A(Q)
as in Proposition [3.12} by using Remark [2:4] over the algebraically closed
field €.
We end this section with two examples that illustrate the decomposition theorem.

Example 3.23. Let @ be the quiver 10302 with covariant involution o which
b

fixes the vertex set V' = {1,2} and sends arrow a to b. As all dimension vectors d

and stability parameters 6 are o-compatible, we choose d = (1,1) and 6 = (1, -1).

Then (s1,52) € Gg,a = G2, acts on M = (Mg, My) € Repg 4 = A? by

(s1,82) - (Mg, M) = (szMasfl,SQMbsfl).

Let us write A? = Spec k[X,, X3]; then both X, and X}, are semi-invariant functions
for the character xy defined at | @ Hence, we have the GIT quotient

m: Repy, ° —{0} — M$ 5% :=Repg 4 //xo Gq.a = Projk[Xa, X;] = P".

In fact, the #-semistable locus and f-stable locus agree, so that this is a geometric
quotient, and, moreover, every GIT semistable orbit has stabiliser group A(k).
The involution ¢ on @ induces an involution ®, on Rep, 4 given by

Do (Ma, My)) = (Mp, Ma)
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and induces a trivial action on Gg 4, as o fixes the vertex set. The induced invo-
lution @/ on M%_);S = P! is given by &/ ([M, : My]) = [M} : M,] and the fixed
locus is (P')7 = {[1 : 1],[1 : =1]}. The GIT quotient of G ; = Gqa acting on
Rep) 4 = {(Ma, My) : My = My} = A' with respect to g is

(RepQ4)"°* 2 A' — {0} — RepQ)_4 //xs Ga.a = Proj k[X,] = Speck,

which we can interpret this quotient as a moduli space for f-semistable represen-
tations of dimension d = (1,1) of the quotient quiver @)/c = ¢ — e by Corollary
[3.6 The morphism

fo  RepD q //xe Gt = Speck — (MG39)7 = {[1: 1], [1: —1]}
is injective but, when char(k) # 2, it is not surjective, as its image equal to the

point [1 : 1]. Let u be the modifying family given by u, = (1, —1) € Gg,q(k); then
we can modify the Z/2Z-action on Repg, ; by

O ((Ma, My)) = ug - @5 ((Ma, My)) = (= My, —M,)

and the modified action on G¢ ¢ remains trivial. Then the GIT quotient of ,G7) ; =
Gq,q acting on , Rep() 4 = {(My, My) : M, = —M,} = A! with respect to g is
O—ss

a point and the image of wfy : wReDP) 4 //xs uGOH g — (Mg °)7 is the point
[1:—1] € (P)°. Hence, the fixed locus decomposes into two pieces

(37) (M3 = {112 1], [1: ~1} = Repd 0 //xsGa| | Repdoa /s wGa
Let us now explain this decomposition in terms of the group cohomology of X.
First, the injectivity of f, follows from Proposition and the fact that Z/27Z
acts trivially on Gg 4, so that H'(3,A(k)) ~{a € k| a®* = 1} = {£1x} and
Hl(Z, GQ@(IC)) ~ {(81,82) S Gm(k) X Gm(k‘) ‘ 8% = S% = 1k} ~ {ilk} X {ilk}

and the map H' (X, A(k)) — H' (X, Gg.q4(k)) is conjugate to the group homomor-
phism a — (a,a), which is injective. There is only one fibre for the type map,
because H?(X, A(k)) = 1 by Example This fibre has two components, as

HY(S,Gqa(k)/H' (S, A(k) = ({£1x} x {£1x})/{+1}
={(1,1),(1,-1)},
which has two distinct elements if char(k) # 2; this gives the decomposition ([3.7).

Example 3.24. Let @ be the quiver 10302 with covariant involution o which
b

sends vertex 1 to 2, and sends arrow a to b. Then a dimension vector d = (dy, d2)

is o-compatible if and only if d; = d2 and similarly for 6. For )", 6;d; = 0, we need

6 = (0,0), if # and d are both o-compatible. Let d = (1,1) and 6 = (0,0); then

(s1,82) € Gg,a = G2, acts on (Mg, My) € Repg 4 = A? by

(s1,82) - (Ma, My) = (s2Masy ', s1Mps3 ")
and the affine GIT quotient of this action is
m: Repg 4 — Mg_d“ = Repg 4 //Gq.a = Spec k[ X, X, = Al;

this restricts to a geometric quotient on the stable locus, which is the complement
to the union of the coordinate axes. The action of o on G 4 is given by (s1, s2) —
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(s2,51) and so Gg) ; = A, and the o-action on Repg 4 is given by (M, Mp) —
(My, M,,). Hence, the induced action of o on /\/le 59 = Al is trivial.

The action of Gf ; = A on Rep, 4 & ~ Al is also trivial and so the affine GIT
quotient of this action is the identity map on A'. We can interpret this as a moduli
space for the quotient quiver @/o, which is the Jordan quiver with one vertex and
a single loop.

Therefore, the morphism

fo RepQ d//GQd =~ Al ACTES =A"— (Me SS)U = (Al)a =A'

is given by z — 22, which is not injective when char(k) # 2. More concretely,
we can see this on the level of representations. The two representations M* =
(£1,£1) € Rep, 4 correspond to the same stable G q-orbit (for example, if g =
(=1,1) € G4, then g- M = M~). However, the Gf, ;-orbits of these points are
distinct, as the G¢, j-action is trivial.

To see the failure of injectivity on the level of group cohomology, we use Propo-
sition and the fact that Z/2Z acts on Gg 4 = G2, by swapping the two factors,
so that H (3, A(k)) = {+1;} and

{(81,82) € Gm(k) X Gm(k) | (8182,5251) = (1, 1)}
{(5552) = (51,82) € G (k) X G (R)}
which shows that f§° is 2 : 1 when char(k) # 2.
Finally H%(X, A(k)) = 1 by Example [3.13] and H'(S, Gq.q(k)) = {(1,1)} so,
by Theorem one has (MledS)” =T Y([1]) = Im fZ*, as we saw above.

3.4. Representation-theoretic interpretration. Let Rep,(Q) denote the cat-
egory of k-representations of Q.

H'(Z,Gqa(k)) ~ ~ {(1,1)},

Definition 3.25. A covariant (resp. contravariant) automorphism o of @ deter-
mines a covariant (resp. contravariant) functor o : Rep,(Q) — Rep,(Q), which
on a k-representation W = ((W,)yev, (©a)aca) is given by

W) = ((Wa(v))v€V7 (<Pa(a))aeA) if o is covariant,
(W)= ((W;(U))Uev, (@Z(a))ag,q) if o is contravariant.

Note that if W has dimension d = (d,)yecv then o(W) has dimension o(d) =
(da'(v))'UEV- In order for subrepresentations of o(W) to correspond canonically and
bijectively to subrepresentations of W, we restrict ourselves to the covariant case
¥ C Autt(Q) in this subsection.

Lemma 3.26. Let 6 = (0,),cv be a X-compatible stability parameter. Then, for
all o € X, a k-representation W of Q is 0-(semi)stable if and only if o(W) is
0-(semi)stable.

Proof. We note that for all k-representations W, we have, by X-compatibility of 6,
Zvev 0, dim Wo(v) B Zvev 9071(,,) dim W,

o(W)) = - = - = W).
to(a(W)) Sy dim W, ) S, dim i, 1o (W)
As W/ C W is a subrepresentation if and only if o(W’) C o(WW) is a subrepresen-
tation, this equality proves the statement. O

Definition 3.27 (Equivariant representations). For ¥ C Aut™(Q), let Rep,(Q, %)
denote the category whose objects are pairs (W, ) consisting of an object W of
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Repy(Q) and a family of isomorphisms (v, : ¢(W) — W),ex such that, for all
(01,02) € Ex X, we have Yy, 55 = Yo,01(70, ), and whose morphisms are morphisms
of representations that commute to the (7, )sex.

There is a faithful forgetful functor Rep,(Q,YX) — Rep,(Q), and a representation
of @ can only lie in the essential image of this functor, if its dimension vector is
Y-compatible. More generally, given a 2-cocycle ¢ € Z2(%,k*), we define (3, ¢)-
equivariant representations of ) to be pairs (W, ) as above, except that we now ask
for V4,01 (Yoy) = ¢(01,02)Ye,0,- This defines a category Rep,(Q, X, ¢) analogously
to the case of ¢ = 1. The following result is then easily checked.

Lemma 3.28. Ifu = (uy)sex is a modifying family in the sense of Definition
and c, 1s the assoctated 2-cocycle, there is a bijection between isomorphism classes
of d-dimensional objects of Rep(Q, %, cy) and the set Repad(k)/ uGg,d(k)-

The point of the above result is that there is a natural notion of #-semistability in
Rep,(Q, X, ¢,), that will eventually coincide with GIT semistability for the “GC;Q, a
action on 4 Repa 4 (with respect to the character X9|"G§ ) for ¥-compatible 0; see
Theorem [3.33] ’

Definition 3.29 ((3,0)-(semi)stability). Let ¢ € Z*(3,k*). A (3, ¢)-equivariant
representation (W, ) of @ is called (X, 6)-(semi)stable if, for all non-zero proper
subrepresentations (W', ") in Rep(Q, X, ¢), one has pg(W') (<)o (W).

We henceforth fix a ¥-compatible stability parameter 6.

Proposition 3.30. Let (W,~) be a (X, ¢)-equivariant representation of Q. Then
the following are equivalent:

(1) W is 0-semistable as a representation of Q.
(2) (W,7) is (X,0)-semistable as a (3, ¢)-equivariant representation of Q.

Proof. Evidently, (1) implies (2). For the converse, we proceed by contrapositive
using the uniqueness of the strictly contradicting semistability subrepresentation
(scss) U C W (cf. [14, Definition 2.3|). Let us assume that W is not f-semistable.
Since subrepresentations of o(W) correspond bijectively to subrepresentations of W
and 6 is 3-compatible, we have that o(U) is the scss of o(W) for each o € X. As
Yo : 0(W) — W is an isomorphism, ~,(c(U)) is the scss of W, thus ~,(c(U)) =
U. In particular, (U,v|y) is a (2, ¢)-equivariant subrepresentation of (W, ~y), which
can therefore not be (X, #)-semistable. O

For (W,~) € Rep,(Q, X, ¢), one can construct a unique Harder—Narasimhan filtra-
tion of (W, ) with respect to (X, 0)-semistability. Proposition then has the
following corollary.

Corollary 3.31. Let (W) be a (%, ¢)-equivariant representation of Q. Then the
Harder—Narasimhan filtration of (W,~) with respect to (%, 0)-semistability agrees
with the Harder—Narasimhan filtration of W with respect to 6-semistability.

Similarly to what we saw in [I4, Remark 2.5], the statement of Proposition is
no longer true if we replace semistability by stability.

Definition 3.32 ((X,0)-regularly stable). A (X, c¢)-equivariant k-representation
(W,~) is called (X, 0)-regularly stable if W is -stable as a k-representation.
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Theorem 3.33. Let u be a modifying family and let c,, be the associated 2-cocycle.
Let M €, Repad and let (W, ) be the corresponding (X, ¢, )-equivariant represen-
tation of Q. Then:
(1) M is (uGad, Xo)-semistable in the GIT sense if and only if (W, ) is (X, 0)-
semistable as a (3, ¢,,)-equivariant representation.
(2) M is (2,u, xg)-regularly stable in the sense of Definition if and only if
(W,~) is (X, 0)-regularly stable in the sense of Definition|3.3%.

Proof. We will prove (1) using the Hilbert—Mumford criterion; then (2) follows
along the same lines, in view of Definitions [3.9) and

Given splittings W, := k% = W! @ W/ for all v € V and integers r’ > 7", we
can define a 1-parameter subgroup (1-PS) X of Gg 4 by

' Idy 0
0 t" Idwé/ veV

and we assume that lim;_,o A(t) - M exists, which is equivalent to the statement that
the subspaces W) determine a subrepresentation M’ of M by [19] §3]. Moreover, the
inequality pe(M') < pg(M) is equivalent to the inequality (xg, A) > 0, where (—, —)
denotes the natural pairing between characters and co-characters of Gg 4. If we
view Uy, € GLg, (k) as an isomorphism u,, : Weo(v) —> Wy, then we see that the
above 1-PS A factors through uGg,d if and only if “mv(Wé(v)) =W, foralloc e ¥
and v € V; that is, if and only if M’ is a (X, ¢,)-equivariant subrepresentation,
where the equivariant structure is given by the isomorphisms u,. By the Hilbert—
Mumford criterion, M is (uGg,d,Xg)—semistable if and only if for all 1-PSs A of
uGad for which lim;_,o A(¢) - M exists, we have (xg,A) > 0, and by induction on
the length of the filtration it suffices to assume our 1-PSs are of the form in .
By the above equivalences, the (HG%2 40 Xo)-semistability of M is equivalent to M

being (X, #)-semistable as a (3, ¢, )-equivariant representation. (]

We thus obtain a modular interpretation of the GIT quotients forming the domains
of the morphisms , fs and , f&° introduced in Theorem The proof is similar
to the proof of Theorem

Corollary 3.34. The GIT quotient
Y,u,0)—ss
ME),d ) = uRepé,d /[ xe uGé,d

Yu,0)—rs —rs
(resp. M(Qﬂ ) = (u Repé’d)xe / uGé,d)

is a coarse moduli space for (3,0)-semistable (resp. (X, 0)-regularly stable) (X, c,)-
equivariant d-dimensional k-representations of Q.

The closed points of ./\/122Z {,ju,@)—rs are isomorphism classes of (3, #)-regularly stable
(X, ¢y )-equivariant d-dimensional k-representations of ) and, as in the proof of The-
orem we can interpret the closed points of Mg’;lu’e)*ss as S-equivalence classes
of (X, 8)-semistable (X, ¢, )-equivariant d-dimensional representations of ¢ by not-
ing that every (X, #)-semistable (X, c)-equivariant representation has a Jordan-
Holder filtration by (X, c)-equivariant subrepresentations whose successive quo-
tients are (X, #)-stable; this Jordan—-Holder filtration is not necessarily unique but
the associated graded object is and we say that two (X,6)-semistable (3, ¢, )-
equivariant representations are S-equivalent if the associated graded objects for
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their respective Jordan—Holder filtrations are isomorphic as (%, ¢, )-equivariant rep-
resentations; the desired modular interpretation of closed points of the GIT quotient
u Repad /e uGg’ 4 then follows by the same arguments as in Theorem using
again the results of [19] to relate S-equivalence in the representation-theoretic sense
to equivalence of semistable orbits in the GIT setting.

As a consequence, we can revisit Theorem as follows. For the Y-action on
M%T; , there is a decomposition

—s TS >, b79 —-rs
(MG0)™ = L] ux (M(Q,du ) T)
[cu]€Im T
[IEH,,(5,Gq,a(k))/H' (%,A(K))

where u° is a modifying family determined by [b] and u. If H*(3, A(k)) = 1, then
0-5\% ~ (Zu’,0)—
(MQ,d)E o |—| MQ@U 7‘3’

[cu]EImT
BleH (2,Gq,a(k)/H (2,A(k))

as one can deduce that the morphisms .. f&:° are all closed immersions, by using
the fact that H'(X, A(k)) = 1 and Theorem [3.1

3.5. Actions by arbitrary groups of quiver automorphisms. We now con-
sider a subgroup ¥ C Aut(Q) that contains at least one contravariant automor-
phism, as otherwise ¥ C Aut™(Q) and this is studied above. By restricting the
homomorphism sign : Aut(Q) — {£1} to 3, we obtain a short exact sequence

1—YF — % — {£1} — 1,
where St C Autt(Q).

Definition 3.35. For ¥ C Aut(Q), we make the following definitions.

(1) A dimension vector d = (d,)yey is X-compatible if o(d) = d for all o € X.
(2) A stability parameter 8 = (0,),cy is X-compatible if o(0) = sign(o)6 for
all o € X.

For a ¥-compatible dimension vector d, we can construct induced actions of ¥
on Repg 4 and Gg g as follows: for o € 3, we define automorphisms

: (Ma(a))aeA if sign(o) = 1,
®, :Repg g — Repga,  (Ma)aca — { (*My(a))aca if sign(o) = —1,

and

(go(v))vev if sign(a) =1
Vo : G — G 5 v)v — - ip s
@d Qs (Golvey { (tgc,(lu))uev if sign(o) = —1.
These Y-actions are compatible with the G 4-action on Repg, 4 in the sense that
(39) q)a(g'M):‘l’o(g)'(I)U(M)'

Let Q/YT = (V/SF,A/SF, h, 1) denote the quotient quiver for the action of
¥* (¢f. Definition . By assumption, there is a contravariant automorphism
o € X. It follows that this contravariant automorphism ¢ induces a contravariant
involution & of Q/X% such that ¥/¥+ < 5 >, where

Xt v): =%t .0() and (Xt -a) =3 0(a).
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Moreover, the induced dimension vector d on Q/¥T is 5-compatible. Hence, we
obtain the following description of the Y-fixed loci:

+ + &
RepQ d — (Repz )2/2 = RepQ/g#—)J
+ + 5
and G 4 = (G5 )*/* =Gy, o, 5
Lemma 3.36. Let d and 6 be X-compatible. Then the following statements hold.

(1) The X-action on Repg 4 preserves the GIT (semi)stable sets Repm (®)s,

(2) There is an induced algebraic S-action on the moduli spaces MG (gg)g

Proof. The proof of first statement follows from Proposition [3.3] for covariant au-
tomorphism groups and [27, Lemma 2.1]. The proof of the second statement then
follows from the universal property of the GIT quotient. ]

Henceforth, we assume that d and € are both Y-compatible, so there is an induced
Y.-action on M‘g 7¢. If we restrict to the ¥ T-action, then there is a morphism

+
Je+: Rede//XGGQ d (Me SQ)E
by Proposition 3.8, and the domaln of this morphism is isomorphic to the moduli

space MZ) /SEZ g by Corollary |3 Moreover, there is an induced action of the

contravariant involution & of Q/ YT on the domain of fsx+, as both d and 0 are
g-compatible. Hence, by Proposition [3.38 below, there is a morphism

. & o O—ss T
f5: RepQ/g+7d~//X§GQ/2+’d (MQ/Z+ d)

and so we can define f5, := fs+ o f5 and obtain the following result.
Proposition 3.37. For ¥ C Aut(Q), there is a morphism
fo :Repg a //xeGB.a — (MG %)
Finally, let us prove the following result for contravariant involutions.

Proposition 3.38. Let o be a contravariant involution of a quiver @ and suppose
d and 0 are o-compatible. Then G¢) ,; is a reductive group and the following are
equivalent for M € Repg, 4-
(1) M is GIT semistable for the Gq a-action on Repg 4 with respect to the
character xp : Gg,a — Gy
(2) M is GIT semistable for the G, j-action on Rep(, 4 with respect to the
restricted character xg : Gad — G,

Furthermore, there is an induced morphism fo : Rep( 4 //xe G4 — (./\/la )

Proof. For the statement that G¢, ; is reductive, see [27), §2.2], where it is proved
that G, ; is isomorphic to a product of orthogonal and general linear groups. The
proof of these equivalences follows by [27, Proposition 2.2] (or by appropriately
adapting the argument in Lemma 7 and the construction of f, follows as in
Proposition ([l

Analogously to Proposition [3.12] one can also prove that for ¥ C Aut(Q), there
is a type map
T : M5 (k) — H*(S,Ak))
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and define modifying families in an analogous way to Definition in order to
produce a decomposition of the ¥-fixed locus.

For a contravariant involution o of @), we can study the morphism f,, or more
precisely, its restriction to the regularly stable locus f7° : ./\/lg”g)fm — (./\/l%_dS ),
by using the group cohomology of Z/2Z =~<o>. One can prove a straightforward
generalisation of Proposition for the fibres of f]*; thus, f, is injective, as
HY(Z/2Z,k*) = 1 (we recall that o now acts on k* by inversion). One can also
define modifying families, which are now given by a single element u, € Gg q4(k)
such that u, ¥, (u,) € A(k), and use these families to modify the actions ® and
¥, without changing the action on MerdS ; as Z/27Z acts on k* by inversion, we
have H?(Z/27Z,k*) = {£1}, so there are only two possible cohomology classes for
the 2-cocycle associated to a modifying family. This appears in [27] in different
language, coming from physics: the duality structures in loc. cit. correspond to
our modifying families. One can also provide a decomposition of (./\/12274S )7 by
varying these modifying families using the cohomology of Z/27Z. One can give
a representation-theoretic description of this decomposition as in by defining
notions of (o, #)-(semi)stability for (o, ¢, )-equivariant representations. Young refers
to such equivariant representations as self-dual representation (cf. [27, Theorem 2.7]
for an analogue of Theorem in the contravariant setting).

One can thus provide a decomposition of (MOQ*dS )* for an arbitrary subgroup
¥ C Aut(Q) using the group cohomology of X; however, we do not go through the
details, as it is analogous to the case where ¥ C Aut™(Q).

4. BRANES

Starting from a quiver @), moduli spaces of representations of the doubled quiver
Q@ (satisfying some relations) have a natural algebraic symplectic structure and
we show that automorphisms of @ provide natural examples of Lagrangian and
symplectic subvarieties. Over the complex numbers, these moduli spaces are hy-
perkdhler when they are smooth and we can describe the fixed locus in the language
of branes [16] as follows.

Definition 4.1. A brane in a hyperkidhler manifold (M, g,1,J, K,wr,ws,wk) is a
submanifold which is either holomorphic or Lagrangian with respect to each of the
three Kéahler structures on M. A brane is called of type A (respectively B) with
respect to a given Kéhler structure if it is Lagrangian (respectively holomorphic)
for this Kéhler structure. The type of the brane is encoded in a triple 177 ; Tk,
where 77 = A or B is the type for the K&hler structure (g, I) and so on.

As K = IJ, there are 4 possible types of branes: BBB, BAA, ABA and AAB.
We will show that we can construct each type of brane as a fixed locus of an
involution. The study of branes in Nakajima quiver varieties has already been
initiated in [6], where the authors use involutions such as complex conjugation,
multiplication by —1 and transposition, to construct different branes. In the present
section, we construct new examples coming from automorphisms of the quiver.

4.1. The algebraic case. We assume throughout that k is a field of characteristic
different from 2.

Definition 4.2 (Doubled quiver). For a quiver @ = (V, A, h,t), the doubled quiver
is Q = (V, A, h,t) where A = AU A* for A* := {a* : h(a) — t(a)}aca.
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The central motivation for considering the doubled quiver is that
Repg 4 = Repg q x Repg ¢ = 17 Repg 4

is an algebraic symplectic variety, with the Liouville symplectic form w. Explicitly,
it M = (Mg, My+)qea and N = (N, Ng+)aca are points in Repg 4, then

(4.1) W(M,N) = Tr(MNg- — Mg+ N).
acA
The action of Gg ; = Gg,a on Repg ,; is symplectic and there is an algebraic
moment map  : Repg ; — 86 4, where gg 4 is the Lie algebra of Gg 4; explicitly,
for M € Repg 4 and B € gg,a we have

(42) (M) B= Te(M(B})a) =D Tr(Ma+(BpiayMa — MoBy(a)))
acA a€A

where Bﬁ = (Bh(a)yMa — My By(a))ac is the infinitesimal action of B on (Mg)aea-
The moment map is a Gg g-equivariant morphism that satisfies the infinitesimal
lifting property dap(n) - B = w(Bﬁ,,n). By using the standard non-degenerate
quadratic form (B, C) — Tr(* BC) on the Lie algebra of each general linear group,
we can naturally identify go 4 = g, 4 and view the moment map as a morphism

1t : Repg 4 — 8Q.a given by p(M) = 37, 4[Mq, Mq-].

Definition 4.3. Let x be a character of Gg 4 and let n € gg 4 be a coadjoint fixed
point; then Gg 4 acts on u~'(n) by the equivariance of the moment map. The
algebraic symplectic reduction at (x,n) is the GIT quotient x~*(n)//xGg.a-

If the GIT semistable and stable locus on p~!(n) with respect to y agree, then
pt(n)//xGaq.a is an algebraic symplectic orbifold, whose form is induced by the
Liouville form on T Rep,4(Q); this is an algebraic version of the Marsden—Weinstein
Theorem [22] (for example, see [10]). If, moreover, G acts freely on the x-semistable
locus, then the algebraic symplectic reduction is smooth. For xy = xg, we have a
closed immersion

n= ) //x0Ga.a = MG "

Moreover, for a tuple of complex numbers (7,),cv, which determines an adjoint
fixed point 7 = (n,1d4, )vev € g, we have that u='(n)//y,Gq.4 is the moduli space
of f-semistable d-dimensional representations of () satisfying the relations

Rn:{ l; Mo Mg — I; Mea+Mq = nyla, VUEV}'
a|t(a)=v al|h(a)=v

We now describe the fixed loci of quiver automorphism groups acting on this
algebraic symplectic reduction in terms of its symplectic geometry.

Definition 4.4. We let Aut.(Q) denote the subgroup of Aut(()) consisting of
automorphisms o satisfying the conditions:

(1) Foralla € A, o(a*) = o(a)*.

(2) Either 0(A) C Aor o(A) C A*.
An automorphism o € Aut,(Q) is said to be Q-symplectic if o(A4) C A, and Q-
anti-symplectic if o(A) C A*.
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Every o € Aut(Q) can be extended to a Q-symplectic automorphism o € Aut, (Q)
by o(a*) := o(a)*. There is a canonical contravariant involution o € Aut.(Q)
which fixes all vertices and is given by o(a) := a* on a € A; it is Q-anti-symplectic.
Note that Condition (1) in Definition does not imply Condition (2): consider
for instance

N

Q:oi>owo

and the contravariant involution o € Aut,(Q) which fixes all vertices and sends
o(a) =a*, o(b) = c and o(b*) = c*.

There is a group morphism s : Aut, (Q) — {%1} sending o € Aut,(Q) to —1 if
and only if ¢ is Q-anti-symplectic.

Proposition 4.5. Let 0 € Aut.(Q) and let d be a o-compatible dimension vector.
Then o*w = s(o)w; that is, if o satisfies Property (1) of Definition then
Property (2) implies that o is either symplectic or anti-symplectic in the usual sense.
Moreover, for M € Repg 4 and B € gq .4, we have p(o(M))-0(B) = s(o)(u(M)-B).

Proof. As d is o-compatible, there is an induced action of o on Repg 4. For M €
Repg , and let Y, Z € T Repg ; = Repg 4, we have dyo(Y) = (Yo(a))eez if 0
is covariant, and dy0(Y) = (*Yy(a)),ez if 0 is contravariant. As the calculations
are similar in the covariant and contravariant case, we only give the details for a
covariant automorphism o, which is by assumption either Q-symplectic or Q-anti-
symplectic. As (0*w)n (Y, Z) = woary(drpo(Y),dyo(Z)), we have

(@) (Y. 2) =Y Tr(Yoa)Zo(ar) — Yota) Zo(a))

acA
= > TWMZe —YeZ)— > Te(YeZe — Yo Ze)
a€A| a€A |
b:=0(a)cA c=o(a)"€A

= s(o)wm (Y, Z)

where in the second equality we use the fact that o(a*) = o(a)*.

The derivative of the automorphism o on Gg 4 induces an automorphism

(Bs(w))vev  if o is covariant,

7:90a > 9a, (Buloev — { (='By(v))vev if o is contravariant.

Thus, for covariant o and for M € Repg , and B € gq,q4, we have

wo(M))-0(B) = > Te(Mo(a) Mo (a*) Bo(ay) = Bo(t(a) Mo(a*) Mo (a))
acA
= > Te(M,My By — Bywy M- My)

ac€A|
b=c(a)€A

— > Te(M.M By — BypyMe M,)

acA|
c=o(a)"€A

— s(0)(u(M) - B)

where in the second equality we use the fact that o(a*) = o(a)*. O
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Corollary 4.6. Let o € Aut.(Q) be an involution and suppose that the dimension
vector d and stability parameter 6 are o-compatible and that n € gy, , is coadjoint
fized and satisfies o(n) = s(o)n. Then o preserves u~—t(n) and there is an induced
automorphism o : 117 (1) /), Gt — 1= (0)// s G

We can now describe the geometry of the fixed locus of an involution.

Proposition 4.7. Let 0 € Aut.(Q) be an involution. If o is Q-anti-symplectic,
then Repﬁ%’d = Repg 4 # 0 and this fived locus is a Lagrangian subvariety ofRep@d.
If o is Q-symplectic, then Rep%’d is a symplectic subvariety of Repg 4. When
the symplectic reduction pu=(n)//x,Gq.da is a smooth algebraic variety, the fized

locus of the induced involution is therefore Lagrangian if o is Q-anti-symplectic
and symplectic if o is Q-symplectic.

Proof. If o is a Q-anti-symplectic involution, no arrows are fixed by ¢ and A =
AUA* = AUo(A). Hence Repad = Repg 4 (in particular, this has half the
dimension of Repg. 2)- The remaining statements follow from general properties
of anti-symplectic and symplectic involutions of a non-singular symplectic variety
(X,w) over a field of characteristic # 2: if 0 : X — X is of order 2, the tangent
space at x is T, X = ker(T,o — Id) @ ker(T,0 + Id); these two subspaces are La-

grangian if c*w = —w and each other’s symplectic complement if c*w = w. Note
that one of these relations indeed holds here, in view of Proposition O

4.2. The hyperkihler case. Over the complex numbers, the algebraic symplectic
reduction has a hyperkahler structure, as it can be interpreted as a hyperkahler re-
duction via the Kempf-Ness theorem. In fact, we can generalise the above situation
as follows. Let X = A be a complex affine space with a linear action of a complex
reductive group G. We can assume without loss of generality that the maximal
compact subgroup U of G acts unitarily (by rechoosing coordinates on X if neces-
sary). The standard Hermitian form H : X x X — C given by (z,w) — 2w,
where we consider w and z as row vectors, is then U-invariant. In particular, X is
a Kéhler manifold with complex structure given by multiplication by i € C, metric
g = ReH and symplectic form wy = —ImH. The action of U on X is symplec-
tic for wx with moment map pux : V — u* given by ug(z) - B = tH(Bz,2)
where z € X and B € u*. The cotangent bundle is hyperkéhler, as we can iden-
tify T*X =2 X x X* 2 H” by (2,a) — (2 — «j) and inherit the hyperkéihler
structure from the quaternionic vector space H". Let I,J and K denote the com-
plex structures on 7*X obtained from the complex structures on H" given by left
multiplication by 4, j, k. We consider the associated symplectic forms
wl(_’ _> = g(]—, _)7 WJ(_v _) = g(]—, _) and wK(_7 _) = g(K_7 _)'

We often write wg = w; and we = wy + iwg, which is the Liouville algebraic
symplectic form. This linear G-action on X lifts to a linear action of G (and
U) on T*X; moreover, as U acts unitarily on X, the U-action is symplectic with
respect to wg and the G-action is symplectic with respect to we. The associated
moment maps pg : I*X — u* and pc : T*X — g* are given by ugr(z,a)- B =
(ux(2) — px(a)) - B and uc(z,a) - A = a(A¥), where A € g and (2,a) € T*X and
A7 denotes the infinitesimal action of A on z. We often write ugx = (ug, iic),
which is a hyperkéhler moment map for the U-action on 7*X. Let x €uand n € g
be coadjoint fixed, then U acts on the level set pup 5 (x, 1) := g (x) N pg' () and
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the hyperkéhler reduction is the topological quotient ul}lK (x,n)/U, which inherits
an orbifold hyperkéhler structure if U acts with finite stabilisers on uglK(x, 7). By
the Kempf-Ness theorem [I§], there is a homeomorphism between the hyperkihler
reduction and algebraic symplectic reduction: py b (x,7)/U = us'(n)//xG, where
we consider y as a character of G by complexifying and exponentiating.

For a quiver (), we can apply the above picture to G = Gg 4 acting on X =
Repg 4 Then U = Uq 4 := [,y U(d,) and we take the Hermitian form on Repg, 4
given by H(M,N) = >_ Tr(M, 'N,). The hyperkihler metric g on Repg 4 is
given by

(4.3) g(X,Y) = Re( 3 Tr(X, t?a));

a€A
therefore, wg = wy is given by wr(X,Y) = Im (Zaez Tr(tyaYa)) and we = wy +
iwg is the Liouville algebraic symplectic form w described in (4.1). Moreover,
ue = Repa’ 4 — 90.q Is the algebraic moment map given by (4.2) and ug :
Repa 4~ UG q can be explicitly described as

a€cA

(M) - B = % 3" T(Bi(ayMa Mo — Bya) M. M,).
a€A
If we use the standard identification ug ¢ = ug 4» then we can consider the real
moment map as a map g : Repg ; — g4 given by ug(M) = L3 wea Mot M),
If xg-semistability coincides with yg-stability on z=1(n), then we obtain an orbifold
hyperkiihler structure on the algebraic variety u=(n)//y, Gq.d-

We note that Nakajima quiver varieties can also be constructed in this manner.
The effect of complex conjugation on Nakajima quiver varieties is studied in [6],
where they show the fixed locus in the Nakajima quiver variety is an ABA-brane;
see Corollary 3.10 in loc. cit. We will study the geometry of the fixed locus of an
automorphism o € Aut,(Q) that is either Q-symplectic or Q-anti-symplectic.

Lemma 4.8. Let o € Aut.(Q) and let d be a o-compatible dimension vector. Then
the automorphism o of Repg 4 has the following properties.

(1) o is holomorphic with respect to I and symplectic with respect to wr.

(2) If o is Q-symplectic, then o is holomorphic with respect to J and K and
symplectic with respect to wy and wg .

(3) If o is Q-anti-symplectic, then o is anti-holomorphic with respect to J and
K and anti-symplectic with respect to wy and wg .

Proof. As complex conjugation and transposition commute, o is I-holomorphic.
Since the hyperkiihler metric g is preserved by o (cf. the explicit form of the metric
given in (4.3))), it follows that oc*w; = wy. I M = (Mg, Mo+ )aca € Repa_d, then
J (Mg, My )aea = "My, —*M,)aca. Suppose that o is contravariant; then

O'(J . (]\4(17 Ma*)) = O‘(tﬁa*, —tMa) = S(O’) (Ma(a*), —Ma(a))

(where s(0) = £1 depending on whether o is Q-symplectic or Q-anti-symplectic)
and J - 0(My, Mo-) = J - (*My(a),! My(ar)) = (—My(a+), M 5(a)), Which gives the
compatibility of J and o. Since K = IJ, we can determine the compatibility of
K with o from that of I and J. The final statements about the compatibility of
o with w; and wg follow from Proposition [£.5] A very similar computation shows
the result also holds when o is covariant. (]
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Assumption 4.9. Given a subgroup ¥ C Aut,(Q), we shall assume that the
dimension vector d and the stability parameter ¢ are ¥-compatible. Let n € gg,q
be a coadjoint fixed element such that o(n) = s(o)n for all ¢ € ¥. Then there
is an induced X-action on u1(n)//y, Gg.a by Corollary We assume that the
f-semistable locus in p~'(n) is non-empty and that Gg g acts freely on this 6-
semistable locus, so that the quotient 1 =*(n)//y, Gg.a is smooth and has a natural
hyperkéhler structure.

Theorem 4.10. Under Assumption for a subgroup ¥ C Aut.(Q) consisting
of Q-symplectic transformations, the X-fized locus in n=(n)//, Gq,a is hyperholo-
morphic (or, in the language of branes, this fixed locus is a BBB-brane).

Proof. If o is Q-symplectic, then the automorphism o on Repa) 4 is holomorphic
with respect to all three complex structures by Lemma [£.8] so the same is true for
the induced automorphism on the hyperkahler reduction with respect to its induced
complex structures. Therefore, the fixed locus is a holomorphic submanifold with
respect to all three complex structures. O

Theorem 4.11. Under Assumption @ for a Q-anti-symplectic involution o, the
fized locus of o acting on u='(n)//v, Gq.a is a BAA-brane.

Proof. This is a direct consequence of Lemma [£.8 and the construction of the three
symplectic structures on the hyperkiahler quotient ,u;IlK (x0,1m)/UqQ.a- a

If we apply Theorem to the anti-symplectic contravariant involution o that
fixes all vertices and on arrows a is given by o(a) = a*, then the o-fixed locus
(1™(0)//,Gg.a)7 has as a connected component the subvariety

9_ aQ
RepG 4 //x0 G0 = Repg.a //xoGa.a = Mg

which is known to be Lagrangian in 1 =1(0)//y, Gg.a (cf. [23] Proposition 2.4]).

Let 7 € Galg denote complex conjugation; then we can consider compositions
v = To0, where o € Aut,(Q) is a Q-(anti)-symplectic automorphism and describe
the geometry of the associated fixed loci in the language of branes. We focus on
the case where o is also involutive, as this is our main source of applications.

Corollary 4.12. If Assumption [[.9 holds for an involution o which commutes
with 7, then, when non-empty, the fixed locus of the involution o o T acting on the
hyperkihler manifold p=(n)//x,Gaq,a is

(1) an ABA-brane, if o is Q-symplectic (here we allow o =1d);
(2) an AAB-brane, if o is Q-anti-symplectic.

In particular, we see that all four types of branes (BBB, BAA, ABA and AAB)
can be constructed as the fixed locus of an involution. We also note that since T
and all Q-(anti)-symplectic transformations of () induce isometries of Repg 4 by
Lemma the fixed loci of the various involutions we have considered are also
totally geodesic submanifolds of the hyperkéhler quotient u=*(n)//y, G@,4-

5. FURTHER APPLICATIONS AND EXAMPLES

In this section, we calculate some fixed loci for quiver group actions on the
Hilbert scheme Hilb™(A2) and polygon spaces, which can both be realised as quiver
moduli spaces.
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5.1. Hilbert scheme of points in the plane. The Hilbert scheme Hilb"(A?) of
n points in the affine plane over an algebraically closed field k can be realised as a
Nakajima quiver variety associated to the Jordan quiver. More precisely, let Q be
the double of the framed Jordan quiver @Q, i.e. Q is the following quiver:

x

(i
Oe 00

(Y 37

y
where the vertex at infinity is the framing vertex. For d = (n, 1), we have
Repgd = Mat,,x, X Mat, «, X Mat,,«1 X Mat{x,

and for the action of GL,, C Gg,q (that is, one ignores the group G, corresponding
to the framing vertex), we have a moment map p : Repg 4 — gln given by

where M; is a column vector and M; a row vector (viewed as a linear form). The
Hilbert scheme is a GL,-quotient of the level set of the moment map at zero (other
level sets give rise to Calogero-Moser spaces). By [I0), Section 5.6], the affine GIT
quotient of the GL,-action on ~1(0) with respect to the trivial stability parameter
is isomorphic to the n-th symmetric power of A2 i.e. u=1(0)//GL,, = Sym™(A?),
and the GIT quotient with respect to the character det : GL, — G,, (that
corresponds to the stability parameter 8y = —1) is the Hilbert scheme of n-points
on the affine plane, i.e. 1=(0)//qet GL, = Hilb™(A?), which is a geometric quotient
of p=1(0)det=ss = ;=1(0)9°* =5 and moreover, the natural morphism from the
former to the latter is the Hilbert-Chow morphism, which is an algebraic symplectic
resolution of singularities. More precisely, M := (M, My, M;, M;) € p~1(0) is GIT
stable for the character det if [M,, M,] = 0, and M; = 0, and M; is a cyclic vector
for M, and M,. In this case, the corresponding point in the Hilbert scheme is
given by the ideal Jy = {f(z,y) € klz,y] : f(My, My)M; = 0} C k[z,y], which
has codimension n, as M; is cyclic. We note that the ideal Jy; is constant on the
GL,,-orbit of M.

Note that the present setting is slightly different from the one in Section[d] insofar
as one does not consider the action of the full Gg 4 = GL,, x G,, on Repay 4 but
only that of the subgroup GL,, C Gg 4 (the automorphism group of the unframed
quiver) and consequently, there is no global stabiliser group A. In particular, GL,
acts freely on p~1(0)4°* ~%. For our results, this simply means that one should
replace A with the trivial group and Gg ¢ with GL,,.

Let us study the automorphism group of ). For reasons of valency, every au-
tomorphism of @ must fix each vertex. We have that Aut(Q) = Z/2Z x Z/27Z,
where the non-trivial automorphisms are ¢ : * — y leaving ¢ and j fixed, then

o' : i j leaving z and y fixed and finally o o ¢/, where ¢ is covariant, and o',

o o ¢’ are contravariant. The dimension vector d = (n,1) is Aut(Q)-compatible
and every stability parameter is compatible with the covariant automorphisms, but
only the trivial notion of stability is compatible with the contravariant involutions
(so there is an induced action of the contravariant involutions on Sym™(A?), but

not on Hilb™(A?%)). So let us focus on the covariant involution o; then Repg , =
{M = (M, M,, M;, M;) : M, = M,}. Suppose that M € p~1(0)4t~* is o-fixed;
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then M = (M,, M, M;,0) where M; is a cyclic vector for M,.. In this case, the cor-
responding ideal Jy; C k[z,y] contains the ideal I = (z — y), and so we have closed
embeddings Spec k[z,y]/Jar < Speck[z,y]/I < Speck[z,y] = A2, where the final
morphism can be viewed as the diagonal embedding D : A’ — A2. Hence, the n
points corresponding to the ideal Jys all lie on the diagonal line D(A') C A2. This
determines a map (p~1(0)9¢* %) — Hilb"(D(A!)) = Sym"(A!) = A". As o acts
trivially on all vertices, we have that GL] = GL,,.

Lemma 5.1. There is an isomorphism (u~'(0)4°t=%)? /GL, = Hilb"(D(A!)).

Proof. Since the map (p~1(0)9* =) — Hilb™(D(A')) described above is GL,,-
invariant, it descends to a morphism (p~1(0)4t~%)°/GL, — Hilb"(D(A')) by
the universal property of the GIT quotient. To show this is an isomorphism, we
need to describe the inverse map. A codimension n ideal J C k[z,y]/I = k[z]
determines a n-dimensional k-vector space V = k[z]|/J, and multiplication by x
induces an endomorphism M, : V — V and the inclusion of the multiplicative
unit induces a map M; : k — V. Furthermore, the image of M; under repeated
applications of M, cyclically generates V. Hence, J = Jy; for the o-fixed stable
point M = (po M, oo™t oo M, oo™t ¢oM;0), where ¢ : V — k™ is a chosen
isomorphism (we note that different choices of ¢ correspond to different points in
the GL,-orbit of M). O

By Proposition and Lemma there is a map f, : Hilb"(D(A!)) —
Hilb" (A%)? which is injective by Proposition as o fixes all vertices of (). Let
us decompose Hilb™(A?)? by using the type map. First, we note that there is only
one fibre of the type map, as H?(Z/2Z,{1}) = 1. By Theorem the trivial
fibre of the type map has a decomposition indexed by H'(Z/2Z,GL,(k))/{1},
where the Z/2Z-action on GL,, (k) is trivial. We note that H'(Z/27Z, GL,,(k)) is in
bijection with the set of conjugacy classes of n x n-matrices of order 2. The minimum
polynomial of such a matrix divides 22 — 1, and so this matrix is diagonalisable with
eigenvalues equal to 1. Therefore, H'(Z/27Z, GL,(k)) = {uo,...,u,}, where u,
is the diagonal n X n-matrix with —1 appearing r times on the diagonal followed by
1 appearing n — r times. The element ug = I,, corresponds to the trivial modifying
family, which does not alter the action. For r > 0, we have

Uy Rep%d = {M = (Mm,My,Mi7Mj) : MI = My, UTMi = Ml and Mjur = Mj},

thus, (M;); = 0 = (M;); for 1 <! <r. In particular, for u,, = —I,,, the intersection
of this fixed locus with p~1(0)9¢* =% is trivial, as for M to lie in this fixed locus,
we must have M; = 0, which cannot be a cyclic vector. Moreover, ,, GL; is the
centraliser of u, in GL,, and so ,, GL? ~ GL, x GL,_,. Hence, we have a
decomposition into varieties
(Hilb"(A%))7 2= | | (u, Rep , N~ (0)* %) /(GLy x GLy ).
r=0

This fixed locus is not a brane (note that o is neither Q-symplectic or Q-anti-
symplectic because A = {z,i} and A* = {y,j} so 0(A) € A and o(A4) € A*).

Remark 5.2. One could also consider the I'-equivariant Hilbert schemes of n-points
in the plane, for a finite group I' C SLs. The McKay correspondence associates
to such a finite group I' (up to conjugacy) an affine Dynkin graph of ADE type
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and the I'-equivariant Hilbert scheme is a Nakajima quiver variety associated to
this affine Dynkin graph. An interesting question, which we do not pursue here, is
whether the fixed loci for subgroups of the automorphism group of these quivers
have a special representation-theoretic interpretation. For affine Dynkin diagrams
of type A, the work of Henderson and Licata [13] shows this to be the case.

5.2. Moduli of points on P! and polygon spaces. For n > 1, fix a tuple of
positive integer weights r = (rq,...,r,) and an algebraically closed field k. Let
M1 % be the moduli space of r-semistable n ordered points on P! (over k) modulo
the automorphisms of the projective line, where n ordered points (p1, . . .,p,) on P!
are r-semistable if, for all py € P, Y, | pizpo Ti < 224 | pistpo Ti- This moduli space
can be constructed via GIT as a quotient of the SLy-action on (P!)” with respect
to an ample linearisation £, associated to the weights. Over the complex numbers,
via the Kempf-Ness Theorem, the moduli space My, **(n) is homeomorphic to
the polygon space M1y (n,7) consisting of n-gons in the Euclidean space E? with
lengths given by r modulo orientation-preserving isometries [0, 111 [15].

The moduli space My, **(n) is isomorphic to a moduli space of representations
for the star-shaped quiver @, with one central vertex vy and n outer vertices
Vg, ..., U, and arrows a; : v; — Vg

Un—1®

.’U5

with dimension vector d = (2,1,---,1) € N**! which we will often suppress from
the notation, and stability parameter 6, := (= ., r;,2r1,2rg, -+ ,2r,). Hence,
Repg, 4 = (A?)" and a closed point M € Repg, 4 is a tuple M = (My,---, M,)
of k-linear maps M; : k — k2; we note that the injectivity of all of these maps
M; is a necessary condition for semistability for any tuple of positive weights r. In
particular, a semistable point M determines n ordered points in P! ~ A2 // det,., G
by taking the lines in k2 given by the images of the injective linear maps M;. Since
Gog, .4 = GLy x G}, it follows that
MG 3= (A%)"//x,, (GLy x G},) = (B')" [/ £, GLa =: My **(n).

Every automorphism of @, must fix vy, so Aut(Q,) = Aut™(Q,) = S,. The
dimension vector d is Aut(Q,)-compatible, but the stability parameter 6, is only
Aut(Qy,)-compatible in the equilateral case, where all weights r; coincide. By re-
stricting our attention to subgroups ¥ C Aut(Q),), there are more weight vectors
which are Y-compatible. For instance, given any subset I C {1,---,n} of size
1 < m = |I| £ n, one can consider two remarkable subgroups of Aut(Q,): a
cyclic group Xy = Z/mZ and a symmetric group X7 = S,,, permuting the ver-
tices indexed by I. For 6, to be Xj-compatible (or, equivalently, ¥} -compatible),
we need the weight vector r to satisfy r; = r; for all 4,7 in I. The quotient
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quivers for both ¥; and ¥} agree: Q,/X;r = Qn/Z; ~ Qn_m+1. If, for nota-

tional simplicity, we suppose I = {1,--- ,m}, then the induced stability parameter
0, = (— Y iy 75, 2mr1, 2rpy1, -+, 2r) o0 Qp_pmi1 is the stability parameter as-
sociated to the weight vector r; = (mry,7pmy1, -+ ,7n). By Proposition there

. 0., —ss () =0 sy
are morphisms fE(I/) Mgl . =Repg! i /v, Ggl, — (M%ﬂ *)¥1", whose re-

striction to the regularly stable locus is injective by Proposition [3.11} as the vertex

vg is fixed by every automorphism of @,,. Over the complex numbers, ;f,) can be

identified with the inclusion Mpoly(n —m+1,71) < Mpeiy(n, 7). The fibres of the
type map can be decomposed using Theorem [3.21}

For example, consider 0 = (12) and fix a weight vector r with r1 = ro. The
type map has only one fibre, as H?(<o >, A(k)) = 1. Moreover, by Theoremm
the components of (Mgn_g)" are indexed by H'(3, Gq, 4(k))/H' (2, A(k)), where
¥ :=<o>. Note first that H'(3, A(k)) ~ {£1}. Let 8 : X — Gg, .a(k) be a
normalised 1-cocycle; then 3 is given by (o) = (ug,u1,--- ,un) € Gg, a(k) such
that u? = I, uyuz = 1 and u? = 1 for i = 3,---n. Two such cocycles 8 and (' are
cohomologous if there exists g € Gg,, 4(k) such that g8(c)V,(g71) = B/(0); that is,
if and only if gouogy ' = uf and gruigy = uj and u; = ) for i = 3,--- ,n. Thus,
to describe the cohomology class, we can assume that ug is in Jordan normal form
and u; = ug = 1. Since uZ = I, we can assume that ug € {+I5, A := diag(—1,1)}.
Hence, there is a bijection between H' (X, Gg,, 4(k))/H' (X, A(k)) and the set

B:={(ug,...,un) s up € {Iz, A}, u1 =ug =1, u; = £1 for i =3,--- ,n},

which gives 27! possible components of the fixed locus, although it turns out that
some may be empty, as we shall now see.

Case 1. Suppose ug = I. If there exists 3 < ¢ < n with u; = —1 , then for
M= (M,...,M,) € Repg,, 4 to lie in the fixed locus for the modified action given
by ®“, we need M; = 0; in particular, the intersection of this fixed locus with the
semistable set is always empty and so such a modifying family u gives an empty
contribution. The only non-empty contribution with ug = I5 is the trivial element
u=1in Gg, 4, whose modified action is the original action ®.

Case 2. Suppose ug = A. Then (My,---,M,) € Repg, , is fixed for the
modified action defined by u, if My = AM; and, for 3 < i < n, the image of M;
is contained in the span of (0,1) € k? (resp. (1,0) € k?) if u; = 1 (resp. u; = —1).
Let M €, Repgmd be 6,-semistable; then each M; corresponds to a point p; € P!,
and, for 3 <i<n,wehavep; =[0:1]ifu; =1and p; =[1:0]if u; = —1. As
My = AM;, we have either p; = ps =[0:1] or p; = [1: a] and p2 = [1 : —a] for
a € k. Moreover, uGg,d =~ GnF? and the image of . fx in MGi** is contained in
the locus where for ¢ > 3, we have p; = [0 : 1] (resp. [1:0]) if u; =1 (resp. —1). In
terms of polygons, if we identify [1 : 0] and [0 : 1] with (0,0,+1) € R?, then these
configurations are such that all but two arrows point in the z-direction (either up
or down depending on the sign of u;).

Remark 5.3. By considering the doubled quiver Q,,, one can construct hyper-
kéhler analogues of the polygon space Mpeiy(n,7), known as hyperpolygon spaces
Hpoly (1, 7) [20]. In this case, we have Aut(Q,,) = S, x Z/27Z, where Aut™ (Q,,) = S,
and we can consider the contravariant involution o which fixed all vertices and sends
a; to af as a generator of Z/2Z. All covariant (resp. contravariant) automorphisms



GROUP ACTIONS ON QUIVER VARIETIES 33

are Q,-symplectic (resp. @Q,-anti-symplectic). In particular, our results on branes
in §4]imply that for any permutation v € S,, of order 2, we have that

(1) Hpoly(n,r)Y is a BBB-brane,

(2) Hpoly(n,r)7°7 is a BAA-brane,
(3) Hpoly(n,r)7°7 is a ABA-brane,
(4) Hpoly(n,r)7°7°7 is a AAB-brane,

where 7 denotes complex conjugation.
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