ON THE NARASIMHAN-SESHADRI CORRESPONDENCE FOR
REAL AND QUATERNIONIC VECTOR BUNDLES

FLORENT SCHAFFHAUSER

ABsTRACT. Let (M, o) be a compact Klein surface of genus g > 2 and let
E be a smooth Hermitian vector bundle on M. Let 7 be a Real or Quater-
nionic structure on E and denote respectively by GZ and G7 the groups of
complex linear and unitary automorphisms of E that commute to 7. In this
paper, we study the action of GZ on the space Af of T-compatible unitary
connections on E and show that the closure of a semi-stable G{-orbit con-
tains a unique Gj-orbit of projectively flat connections. We then use this
invariant-theoretic perspective to prove a version of the Narasimhan-Seshadri
correspondence in this context: S-equivalence classes of semi-stable Real and
Quaternionic vector bundes are in bijective correspondence with equivalence
classes of certain appropriate representations of orbifold fundamental groups
of Real Seifert manifolds over the Klein surface (M, o).
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1. INTRODUCTION

1.1. Background on Klein surfaces. In this paper, a Klein surface (or Real
Riemann surface) is a pair (M, o) where M is a Riemann surface and o : M —
M is an anti-holomorphic involution (or Real structure). A homomorphism f :
(My,01) — (Ma, 02) between two Klein surfaces is a holomorphic map f: M; —
My such that f oo; = g9 0 f. We shall always assume that M is connected. It is
convenient to think of o as the non-trivial element of the group ¥ := Gal(C/R) ~
Z/2Z., whose trivial element will be denoted by 1s; or sometimes simply by 1. In
particular, the group X acts on M and we will denote indifferently by M /o or M /%
the orbit space of that action, endowed with the quotient topology. Likewise, the
fixed-point set of the X-action on M will be denoted by M or M*. The topological
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classification of compact Klein surfaces (up to X-equivariant homeomorphism) is
well-known and depends upon three numbers:

e the genus g of M,

e the number n € {0;...;¢9 + 1} of connected components of M7,

e the number a € {0;1} which is non-zero if and only if the surface M /o is
non-orientable.

The inequality n < g + 1 is called Harnack’s inequality and the invariants (g,n, a)
are subject to the following conditions:

en=0=a=1,

en=(g+1)=a=0,

e a=0=n=(g9g+ 1)mod2.
The triple (g,n,a) will be called the topological type of the Klein surface (M, o).

1.2. Real and Quaternionic vector bundles. Atiyah initiated the study of
Real vector bundles over general Real spaces in [Ati66]. Dupont then introduced
Symplectic vector bundles in [Dup69], which nowadays are more commonly called
Quaternionic vector bundles ([Har78|). Over a Klein surface, the definition goes as
follows.

Definition 1.1. Let (M, o) be a Klein surface. A Real vector bundle over (M, o)
is a pair (£,7) where £ — M is a holomorphic vector bundle and 7 : £ — £ is
an anti-holomorphic map such that:

(1) The following diagram commutes:

E T &

Lo

M —Z— M.
(2) Yo € €, VA € C, 7(\) = Ar(v).
(3) 72 =Idg.

A homomorphism between two Real vector bundles (€1, 71) and (€2, 72) is a ho-
momorphism of holomorphic vector bundles ¢ : & — &5 satisfying the additional
condition @ o] = 19 0 .

A Quaternionic vector bundle over (M, o) is a pair (£, 7) as above but satisfying
72 = —Idg¢ instead of 72 = Idg. Homomorphisms of Quaternionic vector bundles
are defined as in the Real case.

The stability condition for Real vector bundles was introduced in [Wan96| then
extended to the Quaternionic case in [Sch12]. Moduli spaces of semi-stable Real and
Quaternionic vector bundles were constructed using gauge theory in [BHH10| and
[Sch12], where they were related to the Real points of moduli spaces of semi-stable
holomorphic vector bundles, but the first instance of such a construction actually
goes back to Wang ([Wan93]). In the course of the paper, we will use the following
notation: Mc(r,d) is the space of S-equivalence classes of semi-stable holomorphic
vector bundles of rank r and degree d ([Ses67]) and we denote by Mg (r,d) (resp.
My (r,d)) the space of S-equivalence classes of semi-stable Real (resp. Quater-
nionic) vector bundles of rank r and degree d (see Definition [3.7). Likewise, we
denote by N¢(r,d) the space of isomorphism classes of stable holomorphic vector
bundles of rank r and degree d ([Mum63|) and by Ngr(r,d) (resp. Ng(r,d)) the
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space of isomorphism classes of geometrically stable Real (resp. Quaternionic) vec-
tor bundles of rank r and degree d (see Definition for the notion of geometric
stability). There is an action £ — (071)*€ of £ = Gal(C/R) on Mc¢(r,d), pre-
serving the subset N¢(r,d) and such that the fixed point-set of the induced action
is

(1.1) Ne(r,d)® ~ Ng(r,d) U Nu(r,d)

(see Propositions and . We point out that, depending on the topological
type (g, n,a) of the Klein surface (M, o), as well as of the particular values of r and
d, either Ng(r,d) or Ng(r,d), or even both of them, might be empty: the proof
of this is given in [Sch12| and uses the following topological classification result of
Biswas, Huisman and Hurtubise in [BHHI10] (see also [KWO03| for Part (1)). We
formulate it for real and Quaternionic Hermitian vector bundles (F,7), where 7
is now an isometry of the smooth Hermitian vector bundle E, otherwise satisfying
the same three conditions as in Definition Note that, if M7 # () and (E,7)
is Real, then E™ — M? is a real vector bundle in the ordinary sense (with fiber
R"™) over a disjoint union of n circles, so E7 is determined up to isomorphism by
its first Stiefel-Whitney class @ = wq(E7) € HY(M°;Z/2Z) ~ (Z/2Z)". If n > 0,
we set W = (81,...,8,) € (Z/2Z)" and |@W] = s1 + ...+ s, and, if n = 0, we set
w = || = 0. Also, we denote by r the rank of a complex vector bundle E over M
and by d its degree.

Theorem 1.2 (|[BHHIQ]). Let (M, o) be a compact Klein surface of topological type
(g,n,a).

(1) Two Real Hermitian vector bundles (E,T) and (E',7") are isomorphic if
and only if (r,d, @) = (r',d’',w'"). The triple (r,d, W) is called the topological
type of (E,7). A necessary and sufficient condition for a Real Hermitian
vector bundle of topological type (r,d,w) to exist is that |W| = dmod 2.
In particular, if M° = (), the degree of a Real vector bundle must be even
and we simply write (r,d) for (r,d,0). If M° # (), there are 2"~ possible
topological types of Real vector bundles of rank r and degree d.

(2) Two Quaternionic Hermitian vector bundles (E,7) and (E',7') are iso-
morphic if and only if (r,d) = (r',d’). The pair (r,d) is called the topo-
logical type of (E,T). A necessary and sufficient condition for a Quater-
nionic Hermitian vector bundle of topological type (r,d) to exist is that
d+r(g—1) =0 (mod 2). If M # 0, the rank of a Quaternionic vector
bundle must be even so the previous condition implies that its degree, too,
must be even.

In what follows, it will be convenient to write (r, d, @) for the topological type of a
Real or Quaternionic vector bundle (E,7) and to interpret @ as 0 and (r,d,w) as
(r,d) when M? = or 72 = —Idp.

A first consequence of Theorem [I.2) is that, in the Real case, it is relevant to
introduce moduli spaces Mg(r, d, &) (resp. Nr(r,d,w)), consisting of S-equivalence
(resp. isomorphism) classes of semi-stable (resp. geometrically stable) Real vector
bundles of topological type (r,d, ). In particular, one has the following refinement

of (L.1)):
Netrnd® = (| M@ ) L] MNana),

0 | |[W]|=dmod 2
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the point being that now each of the moduli spaces Ng(r, d, @) and Ny(r, d) is con-
nected (see [Schi2] for a proof and a precise count of the connected components of
Nec(r,d)® according to the possible values of (g,n,a) and (r,d)). For each topolog-
ical type of Real or Quaternionic vector bundle, one can fix a Real or Quaternionic
Hermitian vector bundle (F, 7) of that type and consider, instead of Mg (r,d, @) or
My(r,d), the space M?**(E, 1) of S-equivalence classes of 7-compatible semi-stable
holomorphic structures on it. This point of view is recalled in detail in Section
(see in particular the gauge-theoretic construction of M**(E,7) in (3.9)) and
exploited throughout the paper to prove the Narasimhan-Seshadri correspondence
(Theorem [1.3). The space M**(E, 7) is connected ([BHHLO]).

1.3. The Narasimhan-Seshadri correspondence.

1.3.1. Position of the problem. The classical approach to understanding holomor-
phic vector bundles on a compact Riemann surface M can be summarized as follows.
Any holomorphic vector bundle over M admits a (unique) Harder-Narasimhan fil-
tration (JHN7H]) so is, in a canonical way, a successive extension of finitely many
semi-stable vector bundles (with strictly increasing slopes). Subsequently, any semi-
stable vector bundle £ is a successive extension of finitely many stable vector bun-
dles of equal slope. Although the resulting filtration of £ is not unique, the as-
sociated graded object does not depend on the choice of that filtration and is, by
definition, a poly-stable vector bundle. Finally, by the Narasimhan-Seshadri corre-
spondence ([NS65]), a stable vector bundle of rank r and degree d comes, in a sense,
from an irreducible U(r)-representation of a certain discrete group I'y which is a
central extension of 71 (M; z) by Z (see [FS92] or Section[2.2]for a geometric descrip-
tion of 'y as the fundamental group of the Seifert manifold S(L) over M, where
L is a smooth line bundle of degree d). More precisely, there is a diffeomorphism
Ne(r,d) ~ R*(r,d), where R (r, d) is the subset of the usual representation space
R(r,d) := Hom”(T'4; U(r)) /U(r) consisting of conjugacy classes of irreducible rep-
resentations, as well as a homeomorphism Mc(r,d) ~ R(r,d) (see Remark for
the definition of R(r,d)). One way to construct that homeomorphism is given as
follows. If p: 'y — U(r) is a group homomorphism, then there is a diagonal ac-
tion of 'y on M x C", where M is the universal cover of M, T'y acts on M through
the projection T'y — 71 (M) defining the central extension I'y and on C” via the
unitary representation g. The quotient &, := (]Téf x C") /T4 of that action is a poly-
stable vector bundle of rank r and degree d. The map o —— &, thus defined will
be called the Narasimhan-Seshadri map. The Narasimhan-Seshadri theorem may
then be formulated as follows (|[Don83]): a holomorphic vector bundle £ of rank r
and degree d is poly-stable if and only if the corresponding complex orbit of unitary
connections that it defines on an arbitrary smooth Hermitian vector bundle of rank
r and degree d contains a projectively flat unitary connection. Such a connection
is moreover unique up to unitary gauge and taking its holonomy representation in-
duces a group homomorphism g : 'y — U(r) of the appropriate type (i.e. lying in
R(r,d)), thus providing an inverse to the Narasimhan-Seshadri map above. Now,
we know from [Sch12| and [LS13| that Real (resp. Quaternionic) vector bundles
are, in a unique way, successive extensions of semi-stable Real (resp. Quaternionic)
vector bundles of increasing slopes and that semi-stable Real (resp. Quaternionic)
vector bundles are extensions of finitely many stable Real (resp. Quaternionic) vec-
tor bundles of equal slope. So it is natural question to look for an interpretation



NS CORRESPONDENCE FOR REAL AND QUATERNIONIC VECTOR BUNDLES 5

of stable Real (resp. Quaternionic) vector bundles in terms of representations of
a certain discrete group I'y(X). When the problem is formulated like this, finding
the appropriate representation space is not an easy task, essentially because stable
Real or Quaternionic vector bundles may not be geometrically stable (Proposition
and in general we cannot find filtrations of semi-stable Real and Quaternionic
vector bundles whose successive quotients are geometrically stable. It is therefore
better to focus either on geometrically stable Real and Quaternionic vector bun-
dles or on poly-stable ones, as being poly-stable and Real (resp. Quaternionic) is
equivalent to being poly-stable as a Real (resp. Quaternionic) bundle (Proposition
. We note that it is of importance for the general picture that stable Real and
Quaternionic bundles be at least poly-stable when viewed as holomorphic vector
bundles, which is indeed the case. At any rate, since N¢(r,d) ~ R"™(r,d) and
Ne(r,d)® ~ Ngr(r,d) U Nu(r,d), one can, as a first step, look for a natural ac-
tion of ¥ on R (r,d) and study the fixed points of that action. The problem
is that it is not immediately clear what special property these particular repre-
sentations ¢ : Ty — U(r) have. When M? # (), we can choose a base point
x € M?, have the group ¥ act on 71 (M;x) and its central extension I'y, and look
at Y-equivariant representations g : 'y — U(r) with respect to an appropriate
Y-action on U(r) that will depend on whether one wants to obtain Real or Quater-
nionic vector bundles. We will see in Theorem that this indeed gives a version
of the Narasimhan-Seshadri correspondence for Real and Quaternionic vector bun-
dles over Klein surfaces with Real points. When d = 0, we can replace 'y by
m1(M;x) and, in that case, it is a consequence of the results of Biswas, Huisman
and Hurtubise in [BHHI10] and Proposition of the present paper that an irre-
ducible representation g : w1 (M;xz) — U(r) whose U(r)-conjugacy class is fixed
under the natural X-action on R (r,0) ~ Hom™ (ry(M;z); U(r))/U(r) defines a
geometrically stable Real vector bundle if and only if it extends to a homomorphism
of ¥-augmentations (Definition X : m(Myg) — U(r) x X, where m (Myx) is
the (orbifold) fundamental group of (M, o) (Definition and ¥ ~ Z/27 acts
on U(r) via the involutive group automorphism u — @. So the group I'o(X) is
essentially m (Msyx) (see Remark for a precise statement) and the appropriate
representation space is completely identified for Real vector bundles of degree 0.
Moreover, this naturally includes the case where M? = (). For Quaternionic vec-
tor bundles of degree 0, Biswas, Huisman and Hurtubise introduced twisted maps
m1(Ms) — U(r) x ¥ (in particular, these are not group homomorphisms any-
more) in order to deal with the condition 72 = —Idg and still find a (twisted)
representation space in this case. The goal of the present paper is to identify the
discrete group I'q(X) for all d € Z as well as to find the appropriate representation
spaces in both the Real and Quaternionic case. We will see in Section that, by
contrast with the group I'y in the usual Narasimhan-Seshadri correspondence, the
group I'4(X) is an extension of m(Msy) by Z which is never central. For Quater-
nionic vector bundles, it will be appropriate to consider not the semi-direct product
U(r) x X but a different extension U(r) x(_1) 3: the representation space that we
introduce for such bundles will then consist of homomorphisms of Y-augmentations
Ia(¥) — U(r) x (1) X. In particular, these will indeed be group homomorphisms.

1.3.2. Statement of the correspondence. We can now formulate the Narasimhan-
Seshadri correspondence for Real and Quaternionic vector bundles to be proved
in this paper. Let (M,o) be a Klein surface of topological type (g,n,a) where
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g > 2. Take ¢ = +1 for Real vector bundles and ¢ = —1 for Quaternionic vector
bundles and let us denote by M. (r,d,w) the moduli space of semi-stable Real
or Quaternionic vector bundles of topological type (r,d, ). We refer to for
a more detailed definition of M (r,d,w). Let (L,7) be any smooth Real line
bundle of degree d over (M,o) and let (S(L),7) be the associated Real Seifert
manifold, defined as in Section Denote by T'4(X) := m1(S(L)s) the orbifold
fundamental group of (S(L), 7). The group I'4(X) is both a non-central extension
0 — Z — Ty(¥) — m(Mg) — 1 and a Y-augmentation 1 — Ty —
[4(¥) — ¥ — 1 (see Diagram (2.7)). A relevant fact for the present paper
is that the isomorphism class of T'3(X) as a Y-augmentation depends only on d
(Remark [2.8)). Consider now the action v — % of ¥ on U(r) and interpret ¢ = %1
as an element of H?(3; Z(U(r))) ~ {&1}, where ¥ acts on the center of U(r) by
complex conjugation. Then there is an extension U(r) x. X of ¥ by U(r), whose
isomorphism class depends only on ¢ (see for the definition of that extension).
It will be convenient to call U(r) x.X the extended unitary group. Finally, consider
homomorphisms of ¥-augmentations x : I';(X) — U(r) x. X such that, for all
n € Z C I'q(%), x(n) = exp(i2Zn)I, and let U(r) act on such representations x
by conjugation. Let R.(r,d) be the associated quotient (see Definition and
let R(r,d,w) be the subset of R.(r,d) introduced in Definition R (r, d, W)
consists of those representations y such that the bundle associated to x by means
of Theorem is of topological type (r,d,w). Alternately, R.(r,d, @) can be
defined directly in terms of the representations x, without recurring to the notion
of an associated Real or Quaternionic vector bundle, as we do in Definition .7} A
representation x : I'y(X) — U(r) x. X whose conjugacy class lies in R.(r, d, )
will be called of type w. The main result of the paper can then be stated as follows.

Theorem 1.3 (The Narasimhan-Seshadri correspondence). Let (M, o) be a com-
pact Klein surface of genus g > 2. Let (L,71) be a Real line bundle of degree d
and let (S(L), L) be the associated Real Seifert manifold over (M, o). Set ¢ = £1.
Then there is a homeomorphism

MC(”‘? d7 w) = Rc(r’ d7 w)

between the moduli space of semi-stable Real or Quaternionic vector bundles of
topological type (r,d, W) and the space of U(r)-conjugacy classes of representations
of type W of the orbifold fundamental group Ty(X) := w1 (S(L)) into the extended
unitary group U(r) x. X.

As a consequence, there are homeomorphisms
Mg(r,d) ~ R41(r,d) and My(r,d) ~ R_1(r,d)
where
Re(r,d) = Homg(Fa(2); U(r) x. £)/U(r)

for ¢ = &1. If we denote by RI*(r, d) the set of homomorphisms of ¥-augmentations
X : La(¥) — U(r) x. ¥ whose restriction to I'y is irreducible, we obtain home-
omorphisms N, (r,d, @) ~ RY*(r,d, @) so, in particular, Ng(r,d) ~ R (r,d) and
Nu(r,d) ~ R (r,d). Moreover, Theorem has the following consequence on the
topology of the moduli space M. (r,d, ).
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Corollary 1.4. For fized ¢ and (r,d,w), the homeomorphism type of the moduli
space M(r,d, W) depends only on the topological type (g,n,a) of the Klein sur-
face (M, o), i.e. the homeomorphism type of the surface M /o, not on the complex
analytic structure of M.

Let us end the present section by outlining the strategy of proof for Theorem
In Section [2] we review the basics of orbifold fundamental groups and, in The-
orem [2.6] we set up a map R.(r,d) — M.(r,d). Then in Section [3| we recall
the gauge-theoretic construction of the moduli spaces M. (r,d, W), completing the
invariant-theoretic picture of [Sch12] to include results on the closure of semi-stable
orbits (Theorem [3.13). This later enables us to construct, in Section |4} represen-
tations of orbifold fundamental groups by taking the holonomy representation of
a Galois-invariant, projectively flat, unitary connection on a fixed Real or Quater-
nionic Hermitian vector bundle (Theorem [4.5). This sets up a collection of maps
M, (r,d, W) — Re(r,d,w) which are all homeomorphisms (Theorem [4.8), thus
completing the proof of Theorem [1.3] We note that, when M? # ), we can use
Proposition 2.9] to provide a ¥-equivariant version of the Narasimhan-Seshadri cor-
respondence for Real and Quaternionic vector bundles, which can be formulated as
follows.

Theorem 1.5 (Equivariant version of over Klein surfaces with Real points).
Assume that M° # (). Choose x € M and T € Fix(rr) in the fiber of S(L) above
x. Consider the action of ¥ on w1 (M;x) given by v — covy, as well as the induced
action on the central extension Ty = m(S(L);T) of mi(M;x). Let X act on U(r)
either by o : w— W or, when r = 2r', by oy : u— JuJ !, where J is the usual
matriz of square —I,.. Then there are homeomorphisms

Mg(r,d) ~ HomZ(Pd; U(r))z/ O(r)

and

My (r,d) ~ HomZ(Fd;U(r))Z/Sp(g)

where Hom?” (T g; U(r))* is the set of S-equivariant representations o : Tq — U(r)
satisfying, for alln € Z C Ty, o(n) = exp(i%’rn)h, acted upon by conjugation
by the group U(r)*, which is equal to O(r) in the Real case and to Sp(%) in the
Quaternionic one.

If we denote by Hom”(T'z; U(r))% the subset W~ () of Hom?(T'g; U(r))>, where
W is the Real obstruction map of (4.10)), then we also have a homeomorphism

Mg(r,d, W) ~ HomZ(Fd; U(r))g / O(r).

In particular, the representation spaces Hom”(T'; U(r))% / O(r) are connected and
so is Hom?(T'g; U(r))®/ Sp(5). In keeping with this equivariant perspective, we
note that the Narasimhan-Seshadri map o — &, satisfies cpo™! — (071)*&,, so
the Narasimhan-Seshadri map can be made Y-equivariant when M7 # ().

Acknowledgments. It is a pleasure to thank Ahmed Abbes, Olivier Guichard,
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versations on the topics dealt with in this paper.
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2. REPRESENTATIONS OF ORBIFOLD FUNDAMENTAL GROUPS

2.1. The fundamental group of a Klein surface. Recall that a Klein surface
(M, o) is in particular a topological space endowed with an action of the finite group
Y = Gal(C/R) ~ Z/2Z. Let ¥ act on the sphere EX := S° by multiplication by
+1. This action is free with quotient B> = RP* and, since S°° is contractible,
we have fixed a classifying bundle E¥ — BY for the group ¥. In particular,
71 (BY) is canonically identified with 7(X) = X via the connecting homomorphism
of the homotopy long exact sequence of that fibration. The homotopy quotient of
the action of ¥ on M is, by definition, the space My, := M Xxyx E¥, which is the
topological quotient of M x EY. by the diagonal action of 3. When the action of
Y on M is free, Ms; is homotopically equivalent to the ordinary quotient M /3.

Definition 2.1. The fundamental group of the Klein surface (M, o) is the group
m (M x5 EX; [z, 1x]), which we will simply denote by m (Ms;z) from now on.

This group is known as the orbifold fundamental group of the orbifold [M/3]. Tt
can be defined for general orbifolds, not only the good ones, but we shall not need
this more general notion ([Sco83| [Hae90]). Given a point z € M, the homotopy
long exact sequence of the fibration M — My, — BY gives rise (using the fact
that M is connected and ¥ is discrete) to a short exact sequence

(2.1) 1—m(M;z) — m(Ms;z) — 2 — 1,

which we will call the homotopy exact sequence. In particular, there exists a group
homomorphism ¥ — Out(m;(M;2)) from ¥ to the outer automorphism group
Out(my (M;x)) := Aut(m (M; z))/Int(m (M; z)), usually called the outer action.

To develop the theory of representations of fundamental groups of Klein surfaces,
it will be useful to formulate it in terms of group augmentations.

Definition 2.2. An augmentation of the group ¥ (or Y-augmentation) is a sur-
jective group homomorphism « : G(X¥) — X. A homomorphism between two
Y-augmentations ay : G1(X) — ¥ and ay : G2(X) — X is a group homomor-
phism ¢ : G1(2) — G2(X) such that the following diagram commutes:

Gl(Z) L} by

|¢ ||
Go(Z) =2 %

Note that, if ¢ is a homomorphism of ¥-augmentations, then p(keray) C ker as.
We will sometimes use the notation G := kera when a : G(X£) — X is a X-
augmentation. The notion of representation of the fundamental group of a Klein
surface then goes as follows.

Definition 2.3. Let a : G(X) — X be a Y-augmentation and denote by G the
kernel of . A representation of m1(Myx;z) in G(X) is a homomorphism of 3-
augmentations, i.e. a group homomorphism x : m (Myx;2) — G(X) making the
following diagram commutative:

1 —— m(M;2) —— m(Mys;2) b 1

l b H

1——s G —— G ) 1.
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The set of such representations will be denoted by Homy (71 (Myx; x); G(X)). When
G is a Lie group, G(X) has an induced Lie group topology, which in turn causes
Homgy (71 (Ms; x); G(X)) to inherit a topology.

Two representations x; and yo are called equivalent if there exists an element
g € G such that x» = Inty o x1, where by Int, we denote conjugation by g € G
inside G(X). The associated representation space is the space

(2.2) Homy (m (Ms; 2); G(X))/G,

endowed, when G is a Lie group, with the quotient topology. In particular, when
G is compact, this representation space is Hausdorff.

It is worth noting that the representation space in is independent of the
choice of the base point x € M since, if we choose a different base point =’ € M,
we obtain an isomorphic Y-augmentation by picking a path from x to x’ and the
difference of two such paths is an element of 71 (M; ), so is eventually absorbed into
the G-action. Also, if we choose a different model for EY., the short exact sequence
(2.1) will be replaced by a non-canonically isomorphic one but the representation
space will remain the same. In , an alternate definition of 7 (Myx; ) is
given which is independent of the choice of a particular model for EX.

We will often use the notation ¢ := x|, (a;e) for the restriction of x to m (M;x)
and x = p for the extension of a group homomorphism g : 71 (M;z) — G to a
homomorphism of ¥-augmentations x : m (Myg;z) — G(X). The fact that, in
the notion of equivalence between representations of m (Mx;x), the element g is
required to lie in G and not in G(X) implies the existence of a map

Homs: (11 (Ms; 2); G(2)) /G —> (Hom(m(M;x);G)/G>E

(2.3)
[x] — (X|my (M)

which is, however, neither injective nor surjective in general (for example in the
present paper). Note that the target space of (2.3)) is the fixed-point set of the
natural ¥-action on the G-representation space of 71 (M; x), obtained by composing
the outer action

¥ — Out(G) x Out(m (M;z))
with the usual Out(G) x Out(m (M;z))-action on the G-representation space of
71 (M; z) (the latter being defined by [g, 8] - [o] = [Int, 0 oo B71]).

An important example of representation of 71 (Myx;x) is given as follows. Let
M () denote the set of homotopy classes of continuous paths in M whose starting
point is z. The canonical projection g : M(m) — M (taking a path 7 to its ending
point) turns M (x) into the universal covering space of M. Since the action of ¥
on M x EY is free, the quotient map p : (M x EX) — My is a covering map

and the simply connected space M (x) x EX is the universal covering space of M.
Therefore, by the classical theory of covering spaces, we have an isomorphism of
Y-augmentations

1 —— m(M;z) ey 71 (My; ) z 1

l l H

1 —— Aut(M(z)/M) —— Aut((M(z) x EX)/Ms) —*— ¥ 1
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where the augmentation map « sends the deck transformation f € Aut((]Tj () x
EY))/Ms) to the induced deck transformation oy € Aut((M x EX)/My) ~ ¥ of the
intermediate covering space p : (M x EX) — My between M(x) x EY and Msy.
Moreover, it is straightforward to check that the X-augmentation in the bottom
line of the diagram above is isomorphic to

1 — Aut(M(2)/M) — Auts (M (2)/M) — X — 1
where
(24)  Autg(M(z)/M):={h: M(z) — M(z) | 30, € S,qoh =0, 04},

and the augmentation homomorphism is the map h — 0. In particular, there is
an isomorphism 71 (My; x) ~ Autg(]T/[/ (x)/M) and the orbifold fundamental group
of [M/X] acts on M (), the universal covering space of M, by generalized deck
transformations (covering either Idy; or o : M — M), as pictured in the following

diagram.
M(z) x B T='2% N(2) x EX

lq@ld J{q@ld

M x EY, =72y EX
K K
MZ MZ

Yet another possible characterization of the orbifold fundamental group is the fol-
lowing description in terms of paths in M x EX, which will be useful in Section[4.1]
Since the map p: M x EY — My is a covering map and we have chosen a point
x € M, aloop 7 based at [z, 1x] lifts unically to a path 77(®'=) in M x EY satisfying
7@1=)(0) = (x,1g). One then has 7*'=)(1) = A (z,1x), where A, € ¥ is the
image of nn € 71 (Myx;x) under the augmentation homomorphism. By projecting
the path 7(*1=) to M, we obtain a path Yy in M, going from x to )\;1(96). Let us
now consider the set

(2.5)  Poi={(7A) 7 [0;1] — M,A € 2,9(0) = 2,7(1) = A7 (2)}

endowed with the composition law

(2.6) (71, A1) (72, A2) = (A3 (71)72, A A2),

where the product Ay *(v1)y2 is the ordinary composition of paths in M (from
right to left). Then the set P, := P,/(homotopy in M) is a group and the map
P, — X sending (y,A) to A is an augmentation homomorphism, with kernel
L, := L, /(homotopy in M), where

Lo = {v:[0;1] — M,7(0) =~(1) =z}
Finally, the map n — 7(®1%) — (7, A) constructed above sets up an isomor-
phism of Y-augmentations

1 —— m(M;z2) —— m(Myx;x) = 1

| | ||

l1—— L, — P 5y —51
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In the remainder of the paper, we will often omit the base point z eM and simply
write m (M), m1(Mys) and M in place of m (M;x), m1(Ms;x) and M(x).

2.2. Construction of Real and Quaternionic vector bundles. We assume
from now on that M is compact, of genus g > 1. Let (L,71) be a C* Real line
bundle over (M, o) and consider the smooth complex surface L\ {0y} obtained from
L by removing the zero section. This is preserved by 77, and deformation retracts
onto a X-equivariant circle bundle over M (to construct it, we can for instance pick
up a Y-invariant Hermitian metric on L and consider the unit bundle of L: this
is indeed preserved by 77). Let us denote by S(L) the S'-bundle thus obtained
(by definition, this is a Seifert manifold over M). The action of ¥ on S(L) makes
it possible to consider the orbifold fundamental group of the Real Seifert manifold
(S(L), 7). Allowing ourselves to omit base points from the notation, we have the
following commutative diagram

0 0
Z p— Z
(2.7) 1 —— m(S(L)) —— m(S(L)yx) by 1
I
1 —— 7T1(M) —_— 71'1(M§]) by 1
1 1

where Z ~ 71(S') is the fundamental group of the fiber of S(L) and S(L)yx is, as
in Section the homotopy quotient S(L) xs EX. In the first column, the group
m1(S(L)) is a central extension of w1 (M) by Z while, in the second column, the
extension 1 (S(L)x) of m(Ms) by Z is non-central. Indeed, by a result of Kahn
(JKah87]), smooth Real line bundles over a Klein surface (M, o) are classified by
their equivariant first Chern class ¢y(L,7) € HZ(M;Z) where ¥ acts on M by
the orientation-reversing involution ¢ and on the local Z-coefficients by n — —n.
Since we are assuming that g > 1, the space My is an Eilenberg-MacLane space
K(m;1) so HE(M;Z) ~ H?(m1(Ms); Z), where 71 (Ms) acts on the Abelian group
Z via the augmentation homomorphism m(My) — X and the previous (non-
trivial) action of ¥ on Z, meaning that there is a bijection between the set of
isomorphism classes of smooth Real line bundles over (M, o) and extensions of
7m1(Myx) by Z inducing the action n — —n on Z: that bijection is precisely given
by the map taking a given Real line bundle (L, 7,) to the orbifold fundamental group
m1(S(L)s) of the associated Real Seifert manifold. Since the action of w1 (Ms) on Z
in that construction is non-trivial, the extension 71 (S(L)x) of w1 (Mx) by Z is indeed
non-central. Note that the sub-group 71 (M) of 71 (My), however, acts trivially
on Z, because it maps trivially to ¥ through the augmentation homomorphism,
so the extension 71 (S(L)) of m (M) by Z is central: it is the central extension
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corresponding to the ordinary first Chern class ¢; (L) € H?(M;Z) ~ H*(m(M); Z),
as observed by Furuta and Steer in [FS92].

We now wish to construct Real and Quaternionic vector bundles over the Klein
surface (M, o) starting from certain representations of the orbifold fundamental
group of the Real Seifert manifold (S(L), 7). Let us fix a smooth Real line bundle
(L,71) over (M,o) and denote its degree by d := [, ci(L) € Z. In order to
define the appropriate representation space for 71 (S(L)s), we need to specify a
Y-augmentation 1 — G — G(X) — ¥ — 1, where G very soon will be
the unitary group U(r). Such a ¥-augmentation in particular defines an outer
action ¥ — Out(G) and we will always assume that ¥ actually acts on G, in
other words that there is a given lifting of that outer action to Aut(G). The
typical example for us will be the X-action o : u — @ on U(r). When an outer
action ¥ — Out(G) comes from a fixed action of ¥ on G, isomorphism classes of
extensions of ¥ by G which induce that outer action are in bijective correspondence
with the group H?(X; Z(G)), where Z(G) is the center of G. If we represent a
class [c] € H*(3; Z(G)) by a normalized 2-cocycle ¢ : ¥ x ¥ — Z(G), then the
corresponding extension G(X) may be viewed as the product set G X ¥ equipped
with the group law defined by the relation

(2.8) (c(o1,02),1)(g91,01)(g2, 02) = (9101(92), 0102).

We will denote that extension by G x. 3. Its isomorphism class depends only on
[c] and, if ¢ is a coboundary, then G X ¥ is isomorphic to the semi-direct product
G x % defined by the given action of ¥ on G. Since in this paper we are assuming
that 3 ~ Z/27Z, one may observe that

(2.9) H*(Z; 2(@)) ~ Z2(G)* /{ao(a) : a € Z(G)}

In particular, the normalized 2-cocycle ¢ is then entirely determined by its value
c(o,0) € Z(G)®, where o is the non-trivial element of X. So in practice we can
think of ¢ as an element of Z(G)*. If for instance G = U(r) and o(u) = 7,
then Z(G) = S so, if a € Z(G), o(a) = a~'. Therefore, by Observation (2.9),
one has H?(%; Z(G)) = {£1}. From now on, we fix G = U(r) and we consider
the Y-action o : u — @ on U(r). Moreover, we assume that an extension class
c=41¢€ H*(3;SY) has been fixed.

Next, we need to specify what kind of representations of w1 (S(L)x) we will be
considering. Those will be homomorphisms of Y-augmentations

1 —— m(S(L)) —— m(S(L)s) X 1
(2.10) lxlmsw)) lx |
1 —— Ulr) —— U(r)x.2 z 1

satisfying the additional requirement
(2.11) VneZ,xn)= e, € Z(U(r)).

Condition (2.11)) means that the homomorphism of ¥-augmentations x also makes
the following diagram commute:

0 Z m(S(L)g) —— m(Msg) — 1

J{n»—ﬂexp(i{—?‘n) lX l

1 St Ufr)x. X —— PU@r)xY —— 1
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where ¥ acts on PU(r) by complex conjugation.

Definition 2.4. The set of all homomorphisms of Y-augmentations which satisfy
Condition will be denoted by HomX(m; (S(L)s); U(r) x. %) and endowed
with the U(r)-action u - x = Int, o x, thus providing a notion of equivalence of
representations, as in Definition [2.3] The associated representation space is the
quotient space

(2.12) Re(r,d) := Hom%(m (S(L)g); U(r) x. %) /U(r).

Remark 2.5. Let R(r,d) := Hom?”(x,(S(L)); U(r))/U(r) be the usual repre-
sentation space for m1(S(L)), to be useful in Proposition and consisting of
group homomorphisms g : 71 (S(L)) — U(r) satistying, for all n € Z, p(n) =
exp(i%”n)]r. Similarly to , there is a natural Y-action on R(r,d) and the map
X ¥ Xl=(s(z)) is a map from R(r,d) — R(r, d)*, which is not surjective in
general.

To finish the construction of Real and Quaternionic vector bundles, we pick an
element ¢ € m1(S(L)y) in the fiber above the non-trivial element ¢ € 3. Note
that any two choices of such a lifting o of o € ¥ differ by an element of 71 (S(L)).
The element & acts on M via the group homomorphism 7 (S(L)s) — 1 (Ms) ~
Autg(M/M) (although 62 # Idg; in general). The group ¥ acts on C” via o :
z —> Z (complex conjugation on each coordinate of the vector z) and on U(r)
via o : u — w. In particular, for all u € U(r) and all z € C", o(uz) = o(u)o(z).
Consider then any representation x : 71 (S(L)s) — U(r) XX in the sense of
and denote its restriction to m1(S(L)) by 0 := Xl (s(z)) : m1(S(L)) — U(r). Let
us define uz € U(r) by the equation x(¢) = (uz, o) and equip the product bundle
M x CT over M with the diagonal m1(S(L))-action v - (0, v) := (v- 90, o(7)v), defined
by the homomorphism 71 (S(L)) — m (M) =~ Aut(M/M) and by p. This in
particular defines a rank r holomorphic vector bundle

Ey=M x,C" := (M x C")/m(S(L))
over M, whose determinant is smoothly isomorphic to L so in particular deg&, = d
(if Condition were modified to n — exp(i*2Tn)I, for some fixed k € Z,
then det(&,) would become smoothly isomorphic to L* and have degree kd, [FS92]
Theorem 4.1]). Finally, consider the map
MxCr — M xCr
(6,v) +— (6 -8 uzo(v))

Theorem 2.6. The/vlwp T induces an anti-holomorphic map T on the holomorphic

(2.13) 7

vector bundle £, = M x, C" over M. The map 7 on &, lies above the map o on
M, is fiberwise C-anti-linear and squares to cldg. In other words, (€,,T) is a Real
vector bundle if c = 1 and a Quaternionic vector bundle if c = —1. Moreover:
e FEquivalent representations x and X' give rise to isomorphic Real or Quater-
nionic vector bundles (E,,7) and (Ey, 7).
e A different choice of ' € m1(S(L)x) in the fiber of the augmentation map
above o € ¥ gives rise to a Real or Quaternionic vector bundle (E,,7")
isomorphic to (E,,7T).

Proof. The only things to check are that 7 descends to &£, and that the induced
map 7 squares to cldg.
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If (6,v) € (M x C") and v € m (M), we have
T(y-(0v) = F(v-d.0)v)
= (@(y-9),us0(e()v))
= (oyo ' (- 5),u;a(g(7))u§1 (uzo(v)))
~ (0-0,uzo(v)) = ?(6,1})
since 6yo ! € w1 (M) and, using Equation (2.8)),
(e@ye™),1) =x(@%") = x(@)x

(x(@)~"
= (u5.0)

—1
(e(7), 1) (us, )
= (uwo(e(7)),0)(co(uz"), 0)
= (uzo(e()uz".1)
so 7 indeed induces a map 7 on &, = M X, CT.
Moreover, one has 72(8,v) = (62 - 6, uzo(usz)v) ~ (,c- ) since, using again
Equation (2.8), x(62) = x(@)x(G) = (uz,0)(uz,0) = (¢ tuzo(uz),c?) so the
induced map 7 indeed satisfies 72 = cIdg. O

By the Narasimhan-Seshadri theorem ([NS65|), the vector bundle &, is poly-stable
and of rank r and degree d. What Theorem|[2.6|says is that, if o : m (S(L)) — U(r)
extends to a representation g : m1(S(L)s) — U(r) x. X, then &, admits a natural
Real structure if ¢ = 1 and a natural Quaternionic structure if ¢ = —1. One of
the goals of the present paper is to show that, conversely, any poly-stable Real
or Quaternionic vector bundle of rank r and degree d on (M, o) is isomorphic to
a bundle (&,,7) obtained as above from a rank r representation g of m1(S(L)yx),
where (L, 77) is any smooth Real line bundle of degree d on (M, o).

Remark 2.7. When L = Ly := M x C, the trivial Real line bundle on M, one
has 71(S(Lo)s) = Z x 71 (My), where 71 (My) acts on Z through the augmentation
homomorphism to ¥ and the non-trivial action of ¥ on Z. In particular, 71 (Msy)
is now a sub-group of 71 (S(Lo)s), so there is a well-defined map

Re(r,d) — Homyx(m (Mx); U(r) x.X)/U(r)

X = Xl (0)
which is in fact a homeomorphism whose inverse map is given as follows: to any
homomorphism of ¥-augmentations xo : m1(Mx) — U(r) x. X, we associate the
map
Zxm(Ms) — U(r) x. 2
(nv 77) — (6127"117 12) XO(n)

which is readily checked to be a homomorphism of Y-augmentations such that
x(n,1) = exp(i2Zn)I, for all n in Z and satisfying x|, (ms) = Xo. Thus, the
representation spaces R.(r, d) constructed in (2.12)) are a generalization of the rep-
resentation space of w1 (My) introduced in

To sum up, on a Klein surface (M,o), we can construct, given any smooth
Real line bundle, an orbifold fundamental group 71 (S(L)s;), which is a non-central
extension of m1(Myx) by Z, as well as representation spaces R.(r, d) for 71 (S(L)x).
Theorem [2.6] then says that there are maps

(2.14) Ryi(r,d) — Mg(r,d) and R_;i(r,d) — Mpu(r,d)
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where Mg(r, d) (resp Mp(r,d)) denotes the moduli space of poly-stable Real (resp.
Quaternionic) vector bundles of rank r and degree d (see Definition . Theorem
[[.3 implies that these maps are homeomorphisms.

Remark 2.8. Note that isomorphic smooth Real line bundles give rise to isomor-
phic extensions 71 (S(L)s) of m1(Myx) by Z and non-isomorphic smooth Real line
bundles give rise to non-isomorphic extensions but that, as an augmentation of X,
71(S(L)x) only depends on the degree d of L, not on the whole ¢} (L, 71,), because
the extension class of the central row in Diagram is determined by a class in
H2(X; Z(m1(S(L)))) ~ H?(X;Z), which is trivial when ¥ acts on Z by n — —n
(see ) As a consequence, the topology of R.(r,d) only depends on the topo-
logical invariants (g,n,a) of the Klein surface (M, o), the topological invariants
(r,d) of complex vector bundles over M and the extension class ¢ = +1 that we
consider. We shall see in Section [£:3 how to use additional topological invariants
to distinguish the connected components of R.(r,d).

2.3. The case of a Klein surface with Real points. When the Klein surface
(M, o) satisfies M # (), the construction of Real and Quaternionic vector bundles
given in Theorem [2.6] can be simplified by choosing the base point # € M to lie
in M?. By functoriality of the orbifold fundamental group, the choice of x € M?°
makes 71 (My; x) isomorphic, as an extension of ¥ by m (M;x), to the semi-direct
product 71 (M; x) x X for the X-action on 71 (M; z) defined by v — ooy, which we
simply denote by o (). Since the Real Seifert manifolds constructed in Section
always have Real points when M does, the orbifold fundamental group m (S(L)x)
is also isomorphic to a semi-direct product 71 (S(L)) x 3, via the choice of a point
T € Fix(7z) in the fiber of S(L) above z. So the representation spaces
now involve those semi-direct products m1(S(L)) x 3, as well as the extensions
U(r) x, X for ¢ = £1. When ¢ = 1, U(r) x. ¥ is isomorphic to the semi-direct
product U(r) Xy, 3, where og : u — @ on U(r). When ¢ = —1, U(r) x. X is not
a semi-direct product for the X-action u — @ on U(r) but it can be sometimes
be made into a semi-direct product for a different lifting of the same outer action
¥ — Out(U(r)), namely for the X-action oy : u — JuJ~! when r = 27/

0 —I
and J = [Ir/ 0
automorphism Int;. Note that the purpose of doing that is to handle Quaternionic
vector bundles over (M,o) and that the latter always have even rank r = 2r/
when M7 # (), so the parity condition on r is not a restriction. Moreover, when
c = —I. € Z(U(r))*, one has ¢ = J? = Jo(J), so the cocycle ¢ = —1 can be
written under the form ac(a) for some a € G (this means that c is a Z(G)-valued
2-cocycle which, in a sense, splits over G but not over Z(G), compare ) This
readily implies that the map

, which indeed differs from og : ©w — @ only by the inner

U2r) xpnE — U@2r) xg, &
(u,e) — ((JuJ ac, €)

where a1, = Iss and a, = J (a is a G-valued normalized 1-cochain) is an iso-
morphism of Y-augmentations. Observe that the two extensions of ¥ by U(2r')
above indeed induce the same outer action ¥ — Out(U(2r')), namely the outer
action defined by the inner equivalence class of og, as well as the same Y-action on
Z(U(2r")) = 81, namely z — 7.
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Summing up, when M7 # (), the representation spaces R.(r, d) of (2.12)) become
Hom% (71 (S(L)) x 3 U(r) %, X)/U(r)

for the X-action on U(r) defined by either o = og (if c = 4+1) or 0 = o (if ¢ = —1).
It turns out that the involutions or and oy share the following property:

(2.15) o(u) =u~' if and only if 3 v € U(r),u = vo(v™")

(when o = op, this simply means that a symmetric unitary matrix v is of the form
v, which is a classical result; the case of oy is similar) and that Property is
a sufficient condition to remove the semi-direct products in the above representation
spaces, in the following sense.

Proposition 2.9. Assume that M° # 0 and that ¥ acts on U(r) by og : w — U or,
whenr = 2r', either by og or by oy : u — JuJ L. Then there is a homeomorphism

Re(r,d) ~ Hom®(my(S(L)); U(r))*/U(r)*,
where on the right-hand side we consider all X-equivariant representations
0:m(S(L)) — U(r)
such that, for alln € Z C m1(S(L)), o(n) = exp(i2=n)1,, up to U(r)*-conjugation.

Note that U(r)* = O(r) if ¢ = og and U(r)* = Sp(}) if ¢ = oy and that the
representation space on the right-hand side does not depend on the choice of the
base point € M? since, by the observation after Definition [2.3] the representation
space R.(r,d) is independent of such a choice.

The proof of Proposition [2.9] is based on an argument in group cohomology.
Recall that we are assuming that there is a fixed action of X, which could in fact be
any finite group, on the given Lie group G = U(r), which could also be arbitrary,
by group automorphisms. The pointed set H!(3;G) is by definition the set of all
crossed homomorphisms, i.e. (normalized) maps a : ¥ — G such that, for all
(0,0") € ¥ XX, a5 = ay0(a, ), modulo the following equivalence relation: a ~ a’
if there exists g € G such that, for all ¢ € X, a/, = ga,o(g~"). If the action of ¥ on
G is trivial, then H!(2; G) = Hom(X; G)/G. Also, when ¥ ~ Z /27, a normalized
1-cocycle a is determined by its value on the non-trivial element o € ¥ (so we
can identify a, and a) and we have HY(Z/2Z;G) ~ {a € G | o(a) = a *}/G,
where the G-action on the set of elements a € G satisfying o(a) = a! is given by
g-a = gao(g~"'), which again is ordinary conjugacy if the Y-action on G is trivial
so, in that case, H(Z/2Z;G) is the set of conjugacy classes of order 2 elements of
G. We then see that Property amounts to saying that H'(3;U(r)) = {1}
when ¥ ~ Z/27 acts on U(r) by u — % or by v — JuJ ' and we can now
give a proof of Proposition [2.9) which is valid for an arbitrary Lie group G acted
upon by group automorphisms by an arbitrary finite group ¥ assuming only that

H'(Z;G) = {1}.

Proof of Proposition[2.9 The particular group 7 (S(L)) plays no role in what fol-
lows and can be replaced by an arbitrary group I' on which ¥ acts by group au-
tomorphisms. The same goes for the condition of the image of the sub-group Z,
which can be omitted on both sides. Given a ¥-equivariant group homomorphism
0:T'— G, it is straightforward to check that the map g: (y,0) — (0(7),0) is a
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homomorphism of ¥-augmentations from I' ¥ ¥ to G x X, satisfying in particular
0(1,0) = (1,0), and that this induces a map
Hom(T; G)*/G* — Homx(T' x ;G x %)/G

[e] — (] '
To show that the map (2.16)) is bijective when H!(X;G) = {1}, let us consider
an arbitrary homomorphism of ¥-augmentations y : I' Xx ¥ — G x ¥ and the
group homomorphism ¢ = x|r : I' — G. Let us then define, for all o0 € ¥ the
element a, € G by the condition x(1,0) = (as,0). The fact that y is a group
homomorphism implies that (as)sex is a normalized 1-cocycle with values in G:

(apor,00") = x(1,00") = x(1,0)x(1,0") = (ayo(ay),00").

Let us then compute x(v,0) in two different ways. On the one hand, x(vy,0) =

x(v,1)x(1,0) = (0(7)as, o) and on the other hand, x(v,0) = x(1,0)x(¢ "' (7),1) =
(as(c0o™1)(7),0). So, for all o € 3, one has

(2.17) (Int,, oco)ogoo ! =p.

Since H'(X;G) is assumed to be trivial, there exists h € G such that, for all
o €3, a, = h™'o(h) so Equation (2.17)) becomes o o (Inty, 0 9) o 0~ = Inty, o g,
which precisely means that (Intj, o 9) : T' — G is E-equivariant. Moreover, for all

(7,0) €T x X, (Ints 0 0)(7,0) = ((Intn © 0)(7), 0) = (he(y)h~1,0) and
(Int(n1y 0 x)(v,0) = (h, Dx(y, Dx(1, )(h !
= (h, )(9(7 1)(h~ta(h),0) (A7, 1)
= (ho(m)h™',0)
S0 (Irﬂ? 0) = Int(p, 1) o X, which is G-conjugate to x, and we have indeed proved
that the map is surjective.

To show that it is injective, let us take two ¥-equivariant representations g1, 02 :
I' — G and assume that gp = Int(, 1) 0 01 for some g € G. Then, for all o € X,

(1,0) = 62(1,0) = Int(y1) (01(1,0)) = (9, 1)(1,0)(g7", 1) = (9o(g™ ), 1)
so 0(g) = g and p; and g, are in fact G*-conjugate, which means that the map

(2.16) is injective. O

Note that the general case, where possibly H!(X;G) # {1}, is not much more diffi-
cult to handle within the same framework: all homomorphisms of ¥-augmentations
X :I'xY — G x X still come from Y-equivariant representations o : I' — G,
provided one adds new actions of ¥ on G indexed by elements of H!(2; G) and dif-
fering from the original action of ¥ on G only by an inner automorphism. Indeed,
there is a homeomorphism

|| Hom(;G)®/G¥ = Homg(T x %;G x X)/G
(2.18) [a]€ HY(5:G)

(2.16)

o] — [0 (7,0) — (e(V)as,0)]

generalizing , where the notation ¥, means that 3 acts on G via ¢ - g :=
Int,, o(g). This is an action because a is a 1-cocycle and it induces a new action of
¥ on Hom(T'; G), defined by o - ¢ = (Int,, o0 0) 0 g o o~!, which is compatible with
the previous Y-action on G and the G-conjugacy action on Hom(I'; G) in the sense
that o - (g-0) = (0-¢g) - (0 - 0). In particular, G¥* indeed acts on Hom(T; G)>«
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for all [a] € H(Z; G), from which one can prove exactly in the same way as
Proposition [2.9]

In view of Section Proposition means that, when M° # (), Real and
Quaternionic vector bundles can be constructed from Y-equivariant unitary repre-
sentations of 71 (S(L)). The point is now to show that we can in fact go through
this construction directly, without going back to representations of the groups
m1(S(L)x), thus simplifying the proof of Theorem when M? # (. First,
since an x € M7 has been chosen, the universal covering space M (), which is
the set of paths 0 in M such that §(0) = z, acquires a canonical Real structure
§ — o 06, which we will simply denote by o(d). Second, recall that w1 (S(L); )
acts on M(x) via the map 71 (S(L);T) — m(M;x) ~ Aut(M(x)/M) Then, given
a Y-equivariant representation g : w1 (S(L);T) — U(r), we can endow the product
bundle M () x C" with the Real (resp. Quaternionic) structure

M(z) xC" —» M(z) x C"
(@v) = (0(8),0(v))

and this Real (resp. Quaternionic) structure 7 is immediately seen to induce a Real
I3 )

v if 0 = op,

(219) 7: Jv if 0 = og,

where o(v) = {

(resp. Quaternionic) structure 7 on £, = M(z) x, C". Evidently, U(r)*-conjugate
Y-equivariant representations o give rise to isomorphic Real (resp. Quaternionic)
bundles. By Remark [2.7] if L = Ly = M x C, then Proposition [2.9]says that, when
M? # (), Homs (71 (Mx); U(r) x £)/U(r) ~ Hom(m; (M); U(r))*/U(r)*.

3. MODULI OF REAL AND QUATERNIONIC HOLOMORPHIC VECTOR BUNDLES

3.1. Stability. Let £ be a holomorphic vector bundle over a Klein surface (M, o).
We denote by o(€) the holomorphic vector bundle (c—1)*&, explicitly defined as
follows. Let (U;);cr be a covering of M by open sets which are trivializing for €.
By considering the trivializing open sets U,(;) := o(U;) and enlarging I if neces-
sary, we may assume that ¥ acts on I. If £ is represented by the holomorphic
1-cocycle g;; : U; NU; — GL(r; C) then o(€) is represented by the holomorphic
1-cocycle o(g;j) == gij o o~ Since deg(c(€)) = deg(£), this defines a left action
of ¥ = Gal(C/R) ~ {1;0} on the set of isomorphism classes of holomorphic vector
bundles of rank r and degree d on M. Moreover, if ¢ : & — &3 is a homomorphism
of holomorphic vector bundles, then there is a well-defined homomorphism of holo-
morphic vector bundles o(p) : 0(&1) — 0(&2). By definition of o(£) = (o71)*€&,
there is always an anti-holomorphic map og : € — (&) such that the diagram

E X 0(&)

(3.1) l l

M —"— M
is commutative and og is fiberwise C-anti-linear. If there exists a (C-linear) iso-
morphism of holomorphic vector bundles ¢, : 0(£) — E (over Idys on the base),
in which case we say that £ is self-conjugate (for instance, Real and Quaternionic
bundles are self-conjugate and so is the direct sum of a Real and a Quaternionic
bundle), then the anti-holomorphic map

(3.2) T 1= Ys0¢
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satisfies conditions (1) and (2) of Definition The pair (£,7) thus defined is a

Real (resp. Quaternionic) vector bundle if and only if o(p,) = ¢! (resp. o(p,) =
—p 1), as follows from the commutativity of the diagram

E—2 58) 25t

L

M—2s M

and from the fact that 72 = (p,0¢)(Po0e) = Po0(Ps ).

The slope of a non-zero complex vector bundle £ on a compact connected Rie-
mann surface M is the ratio u(€) = drig((gg)) € Q of its degree by its rank. Let us
recall the various notions of slope stability for Real and Quaternionic vector bundles
over Klein surfaces ([Wan96l, [Sch12]).

Definition 3.1 (Stability conditions for Real and Quaternionic vector bundles).
Let (£,7) be a non-zero Real (resp. Quaternionic) vector bundle on (M, o). We
call a sub-bundle of £ non-trivial if it is distinct from 0 and £. Then (€, 7) is said
to be:

(1) stable if, for all non-trivial, 7-invariant sub-bundles F C &, the slope sta-
bility condition p(F) < (&) is satisfied.

(2) semi-stable if, for all non-trivial, 7-invariant sub-bundles F C &, one has
u(F) < pu(€).

(3) geometrically stable if the underlying holomorphic bundle £ is stable, that
is, if, for all non-trivial sub-bundles F C &, one has u(F) < u(€).

(4) geometrically semi-stable, if the underlying holomorphic bundle £ is semi-
stable, that is, if for all non-trivial sub-bundles F C &, one has p(F) <

n(€).

Condition (1) for Real vector bundles was first studied by Wang in [Wan96|. Evi-
dently, (3) implies (1) and (4) implies (2). Given a non geometrically semi-stable
vector bundle &, the existence of a unique sub-bundle of maximal rank among
sub-bundles of maximal slope (this sub-bundle is called the destabilizing bundle
of &) shows that, actually, (2) implies (4). Indeed, the destabilizing bundle F of
a Real (resp. Quaternionic) bundle (£, 7) satisfies ¢, !(c(F)) = F by uniqueness
of the destabilizing bundle, so F is necessarily 7-invariant, contradicting semi-
stability in the Real (resp. Quaternionic) sense. Thus, being semi-stable as a Real
(resp. Quaternionic) bundle is equivalent to being geometrically semi-stable and
Real (resp. Quaternionic). Being stable as a Real (resp. Quaternionic) bundle,
in contrast, is not equivalent to being both geometrically stable and Real (resp.
Quaternionic). We can, nonetheless, completely characterize all stable Real (resp.
Quaternionic) vector bundles.

Proposition 3.2 (|[Schi2]). Let (€,7) be a stable Real (resp. Quaternionic) vector
bundle. Then either £ is geometrically stable or there exists a stable holomorphic
vector bundle F such that

(E,7) = (J—"@a(]—"), = ( 0 ”gl>) ,

oF
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(&,7) = (f@a(f), o= ( 0 _"f1>>,

resp.

gr 0
as a Real (resp. Quaternionic) vector bundle, where ox : F — o(F) is the map
defined in (3.1). Moreover, in the Real case one has o(F) % F.
If (E, T) is geometrically stable then End(€) ~ R and otherwise

End(E):{(/\ A) :AG(C}:(C

So, there are stable Real (resp. Quaternionic) bundles which are not geometrically
stable (they are, however, poly-stable in the complex sense). This is actually a
good thing because it gives enough stable objects for the following result to hold.

Theorem 3.3 ([Sch12]). Let (£,7) be a semi-stable Real (resp. Quaternionic) vec-
tor bundle. Then there exists a filtration 0 = Fy C F1 C ... C Fr = & by
T-invariant holomorphic sub-bundles such that:
(1) forallie{l;...;k}, the Real (resp. Quaternionic) bundle (F;/Fi—1,7:) is
stable with respect to the Real (resp. Quaternionic) structure T; induced by
T}
(2) for alli e {1;...5k}, p(Fi/Fim1) = w(€).
Moreover, the graded isomorphism class of the associated graded Real (resp. Quater-
nionic) object (@le Fi)Fi-1, @?:1 Ti) is independent of the choice of the filtra-
tion. We denote it by gr(&,T).

A filtration of (€, 7) satisfying the conditions of Theorem is called a Real (resp.
Quaternionic) Jordan-Hoélder filtration. It is not, in general, a Jordan-Hoélder filtra-
tion of the holomorphic vector bundle £: for instance, (F & o(F), 74) is stable in
the Real (resp. Quaternionic) sense, but its holomorphic Jordan-Holder filtration
have length 2 (this example also shows that it is not true in general that a semi-
stable Real (resp. Quaternionic) vector bundle admits a filtration by 7-invariant
sub-bundles the successive quotients of which are geometrically stable). The fol-
lowing definitions are inspired from the classical holomorphic case ([Ses67]).

as R-algebras.

Definition 3.4 (S-equivalence, [Sch12]). Two semi-stable Real (resp. Quaternionic)
vector bundles (€1, 71) and (Eq, 72) are called S-equivalent in the Real (resp. Quater-
nionic) sense if gr(&y,7) = gr(&, ), i.e. if the graded bundles associated to
any choice of Real (resp. Quaternionic) Jordan-Holder filtrations are isomorphic
as graded Real (resp. Quaternionic) vector bundles.

Definition 3.5 (Poly-stable Real and Quaternionic vector bundles, [Sch12]). Let
(€,7) be a Real (resp. Quaternionic) vector bundle. Then (€,7) is called poly-
stable if it is isomorphic, as a Real (resp. Quaternionic) vector bundle, to a direct
sum (& @ ... BEL, 71D ... D7) of stable Real (resp. Quaternionic) vector bundles
satisfying 1(€1) = u(&) = ... = pu(&). This implies that £ is semi-stable and that
w(&) = (&) for all i € {1; ...; k}.

For instance, any graded object in the Real (resp. Quaternionic) S-equivalence
class of a semi-stable Real (resp. Quaternionic) bundle is poly-stable in the sense
of Definition [3.5] The next result follows almost directly from Proposition [3.2]



NS CORRESPONDENCE FOR REAL AND QUATERNIONIC VECTOR BUNDLES 21

Proposition 3.6 ([Sch12|). Let (£,7) be a Real (resp. Quaternionic) vector bundle.
Then (E,7) is poly-stable in the Real (resp. Quaternionic) sense if and only if
it is poly-stable in the complex sense. In other words, a poly-stable Real (resp.
Quaternionic) vector bundle is a holomorphic vector bundle which is both poly-
stable and Real (resp. Quaternionic).

Proof. By Proposition a poly-stable Real (resp. Quaternionic) vector bundle is
a direct sum of holomorphic vector bundles of the same slope which are stable in
the complex sense, so it is poly-stable in the complex sense. Conversely, if (€, 7)
is a Real (resp. Quaternionic) vector bundle which is poly-stable in the complex
sense, then £ ~ & @ ... & as holomorphic vector bundles, with each &; stable (in
the complex sense) and of slope u(€). If k = 1, then (€, 7) is geometrically stable.
If k = 2, then £ ~ ¢ (&) implies that either o(&;) >~ &; fori =1,2, or 0(&1) >~ &. In
both cases, (€, 7) is poly-stable (in fact, here, stable) as a Real (resp. Quaternionic)
vector bundle. The general case follows by induction on k. O

In analogy with the construction of Seshadri (|[Ses67]|), Theorem makes it
natural to introduce the following moduli sets.

Definition 3.7. We denote by Mg(r,d) the set of Real S-equivalence classes of
semi-stable Real vector bundles of rank > 1 and degree d € Z and by Mg(r, d, )
the subset of Mg(r,d) consisting of those Real vector bundles (£,7) satisfying
w1 (E7) =w = (81,...,5n) € (Z/2Z)", so

Mg(r,d) = ||  Mg(rdd),

|W|=d mod 2

where || = 81+ ...+ s,. Likewise, we denote by My(r, d) the set of Quaternionic
S-equivalence classes of semi-stable Quaternionic vector bundles of rank r > 1 and
degree d € Z.

We take a moment here to make the following observation: it is not true in
general that Mg (r,d) is the set of real points of the variety Mc(r,d) with respect
to the Galois action induced by £ — (&) (this action indeed takes a semi-stable
bundle to a semi-stable one and sends a Jordan-Holder filtration of £ to a Jordan-
Holder filtration of o(€)). For instance it is not true when r = 2 and d = 0, which
is of course a case of interest. The point is that the fixed points of ¥ in Mc¢(r,d) do
not necessarily come from Real vector bundles: they may come from Quaternionic
vector bundles and this phenomenon is exactly due to the presence of non-trivial
automorphisms for the objects parametrized by the moduli space Mc(r,d). Also,
two Real (resp. Quaternionic) vector bundles whose underlying holomorphic vector
bundles are isomorphic could be non-isomorphic as Real (resp. Quaternionic) vector
bundles (this last phenomenon does in fact not occur in the geometrically stable
case; see Proposition . To further formalize this, let us restrict our attention
to the smooth dense part N¢(r,d) of Mc(r,d) consisting of isomorphism classes of
stable holomorphic vector bundles of rank r and degree d ([Mum63l, [Ses67]). A 3-
invariant class therein is represented by a self-conjugate stable holomorphic vector
bundle £ on M, meaning that there exists a (C-linear) isomorphism of holomorphic
vector bundles ¢, : 0(§) — & (covering the identity map on M). Since & is
stable, it is in particular simple, in the sense that Aut(£) ~ C*. Given A € ¥ =
Gal(C/R) =~ Z /27, we set o, = Idg if A is trivial and ¢y = @, if A is the non-trivial
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element of 3. Then, given (A, ') € ¥ x X, let us define the automorphism u(A, \')
of £ by requiring that the diagram

Aear)

(3-3) (AN)(€)

Pax’ e
— 7 u(W)

g/

ME) 2 s

7

be commutative. Explicitly, u(\, X') := @A A(ox) @

Proposition 3.8. Given a self-conjugate simple bundle £, the map u : L x¥ — C*
defined in (3.3)) is a 2-cocycle in Galois cohomology. Consequently, it defines a class

[u] € H*(Z;C*) ~ Br(R)
in the Brauer group of R and this defines a map, that we may call the type map,
T : Ne(r,d)® — Br(R) = {R;H} ~ Z/2Z

from the Galois-invariant part of Ng(r,d) to the Brauer group of R. If £ €
T Y{R}), then € admits a Real structure 7 and, if £ € T 1({H}), then & ad-
mits a Quaternionic structure. In particular, a geometrically stable self-conjugate
vector bundle is either Real or Quaternionic and cannot be both.

Proof. Recall that u(\,X) = @aX\@r)@rrs, where @y is, for all A € X, an iso-
morphism between A(£) and €. That u is a 2-cocycle follows from a simple com-
putation and the associated cohomology class [u] does not depend on the choice
of the family (oa)rex. If [u] = 1 in H?*(X;C*) ~ Br(R) ~ {£1}, then u is
a coboundary: u(\,N) = a(AN)a(A\)(A - a(\))~!, where a : ¥ — Aut(£) and
X-a(N) = par(a(N))py ! (this does not depend on the choice of the isomorphism
©x : AE) — &). Setting ¥y = a(N)py yields Ya(¢¥x) = ¥xy. In particular, if
A=) =0, then o(v,) = ¢, 1. Likewise, [u] = —1 yields ¥ = —; 1. If we set
T := 1,0¢, where o¢ is defined as in , then 72 = Y,0ev,0¢e = P,0(1h,) =
+1dg. O

The lesson from Proposition [3.8]is that there may be Gal(C/R)-invariant stable
holomorphic vector bundles that do not come from Real vector bundles. This
situation contrasts with the one studied by Harder and Narasimhan in [HN75],
where all Gal(F,/F,)-invariant bundles are necessarily defined over F,, reflecting
the fact that Br(F,), unlike Br(R), is trivial. To conclude the present section, let us
identify the fibers of the type map 7 with moduli spaces of Real and Quaternionic
vector bundles. We define Ng(r,d), resp. Nu(r,d), to be the set of isomorphism
classes of geometrically stable Real, resp. Quaternionic, holomorphic vector bundles
of rank r and degree d. By Proposition [3.8] there are surjective maps

Ne(r,d) — T7'({R}) and  Nig(r,d) — T~ ({H}),

which in particular endows Ng(r, d) and Ny(r, d) with a natural topology that they
inherit from the Hausdorff topology of the complex variety N¢(r, d). In fact, these
maps are also injective, as shown by the next result.

Proposition 3.9. Two geometrically stable Real (resp. Quaternionic) vector bun-
dles (€1, 11) and (€, T2) are isomorphic as Real (resp. Quaternionic) vector bundles
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if and only if they are isomorphic as holomorphic vector bundles. As a consequence,
there are bijections Ng(r,d) ~ T 1({R}) and Nu(r,d) ~ T 1({H}).

Proof. Tt suffices to show that two Real (resp. Quaternionic) structures 7, and 7o
on a stable holomorphic vector bundle £ are conjugate by an automorphism of €.
An elementary proof is available in [Sch12, Proposition 2.8] but it is interesting
to see the group cohomology argument which is hidden there. To that end, let us
replace 71 and 7> by isomorphisms ¢,, %y : 0(€) — € defined as in (3.2). Then
a(o) = s, defines a C*-valued 1-cocycle on ¥ (even when ¢, and 1, both
come from Quaternionic structures on £). Since H!(¥;C*) = 0 by Hilbert’s 90, we
have that 7 and 75 are indeed conjugate by an automorphism of £. (]

3.2. Galois-invariant connections. We now present the gauge-theoretic con-
struction the moduli spaces Mg (r, d, @) and My(r, d), which lies at the heart of our
proof of the Narasimhan-Seshadri correspondence for Real and Quaternionic vector
bundles. The upshot of this construction is that it places Real and Quaternionic
vector bundles on an equal footing: both are fixed points of an appropriate Real
structure on a space of unitary connections. The general idea behind our approach
is the Kempf-Ness theorem ([KNT79]), or rather the use that Donaldson makes of
that theorem in [Don8&3|. In what follows, we fix a compatible Riemannian metric of
volume 27 on the Riemann surface M and we denote by vol,; the associated volume
form. Following Atiyah and Bott in [AB83|, we denote by E a Hermitian vector
bundle of rank r and degree d on M, and Gg the group of unitary automorphisms
of E (henceforth referred to as the unitary gauge group). Let G¢ be the group of all
complex linear automorphisms of F (henceforth referred to as the complex gauge
group; it can be seen as a complexification G5 of Gi). Let Ag be the (affine) space
of unitary connections on F. Then the unitary gauge action, defined for u € Gg,
A€ Agand s € QVM;E) by dy.a(s) = u(da(u's)) = (da—(dau)u™') s, extends
to the complex gauge action defined for g € G¢ by

dg.a(s) = g(0a(g7"s)) + (g%) 7" (0a(g"5)) = [da — ((Dag)g™" — ((Dag)g™") )]s

where g* is the Hermitian adjoint of g and 94 (resp. 94) is the (0,1) (resp. (1,0))
part of da : Q°(M; E) — QY(M; E) = QL9 (M; E) @ Q%Y (M; E) (if g* = g1, the
actions above indeed coincide because (049)* = da(g*)), which puts us in a situ-
ation similar to that of the Kempf-Ness theorem, albeit in an infinite-dimensional
context. This is interesting because, by the Newlander-Nirenberg theorem, the Gc¢-
orbits in Ag are precisely the isomorphism classes of holomorphic structures on
E. Moreover, Atiyah and Bott have proved (JAB83]) that the curvature map F :
A — Q*(M;u(E)) ~ (Lie(gE))* (where u(E) is the bundle of anti-Hermitian
endomorphisms of E) is a momentum map for the unitary gauge action on Ag, and
Donaldson has proved ([Don83]) that poly-stable Ge-orbits (i.e. Ge-orbits of unitary
connections defining a poly-stable holomorphic structure on E) are characterized
by the fact that they contain a, necessarily unique, Gg-orbit of unitary connections
having constant central curvature, i.e. satisfying the momentum map condition

(3.4) Fy= (ifIdE) voly € O (M;u(E)).

Finally, Daskalopoulos and Rade have proved that the closure of a semistable G¢-
orbit (i.e. Ge-orbits of unitary connections defining a semi-stable holomorphic struc-
ture on E') contains a unique poly-stable Ge-orbit ([Das92], [Rad92]). More precisely,
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if we denote by

.AE — R
3.5 L :
( ) Y M A — fM ||FAH2

the Yang-Mills functional of E (the smooth map || -||? : Q*(M;u(E)) — Q*(M;R)
being induced by the canonical scalar product (P, Q) — —tr(PQ) on u(r)), then,
given any A € Ag, there exists a one-parameter family (A;);>o of unitary connec-
tions satisfying

Ay = A
3.6
(3.6) { %At = —grady, Lym
and such that A := lim; 4 A; exists and is a critical point of Ly s ([Das92l

R&d92|). The connection A, is called the limit point of A under the Yang-Mills
flow (i.e. the negative gradient flow of £y /) and a critical point of Ly s is called
a Yang-Mills connection. Additionally, the limiting connection A, is an absolute
minimum of Ly s if and only if it defines a poly-stable holomorphic structure on F,
if and only if the original connection A defines a semi-stable holomorphic structure
on FE. And in this case, G¢- A is the only poly-stable orbit contained in the closure
Gc - A of G - A in the semi-stable locus of Ag ([Das92l [R&d92]). In particular, the
closed semi-stable G¢-orbits are the poly-stable ones. Putting it all together, this
shows that an analog, in the present context, of the Kempf-Ness theorem indeed
holds: two semi-stable homolorphic structures on E are S-equivalent if and only
if the closures of the corresponding Gc-orbits intersect in the semi-stable locus of
Ag, and the space of closed semi-stable orbits is in bijection with unitary orbits of
solutions to the momentum map equation . Denoting by Css C Apg the set of
unitary connections defining semi-stable holomorphic structures on E, we see that
the above implies the existence of bijections (in fact, homeomorphisms)

(3.7) M3 (E) = Cyy | Ge ~ F ({zd volay IdE}> /G,

between

e the set of S-equivalence classes of semi-stable holomorphic structures on F,
e the space of closed semi-stable Ge-orbits in Ag,
e and the space of unitary gauge orbits of minimal Yang-Mills connections

(solutions to Equation (3.4))).

Since any two Hermitian vector bundles of rank r and degree d over a curve are
smoothly isometric, M**(FE) coincides with the moduli space Mc(r,d).

We now explain the invariant-theoretic picture analogous to in the Real and
Quaternionic cases (see (3.9)), expanding the results of [Sch12| to include results on
the closure of semi-stable orbits of Real and Quaternionic structures. As in [AB83],
the first step consists in fixing a Real (resp. Quaternionic) Hermitian vector bundle
(E,7) on (M,o). This means that the map 7: E — E is a fiberwise C-antilinear
isometry covering o : M — M and whose square is equal to Idg (resp. —Idg).

Definition 3.10. A holomorphic structure on a Real or Quaternionic Hermitian
bundle (E, 7) is said to be 7-compatible if it turns 7 into an anti-holomorphic map.
We denote by M*$(E, 7) the set of S-equivalence classes of semi-stable T-compatible
holomorphic structures on (E, 7).
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Let us now fix a Real (resp. Quaternionic) Hermitian vector bundle (E,7) on
(M, %) of rank r and degree d, say, and study the set M?*3(E, 1) of S-equivalence
classes (in the Real (resp. Quaternionic) sense) of semi-stable T-compatible holo-
morphic structures on (E, 7). The set of all holomorphic structures on E is the
space Ap of unitary connections on that bundle. If (us;)(; j)erxr is a unitary co-
cycle representing E, the cocycle (uij © 071)(5(i),0(;)) is also unitary, so the bundle
o(E) is naturally Hermitian. Moreover, a unitary connection A on E induces a
unitary connection o(A) on o(E): if A is locally represented by the anti-Hermitian
matrices (a;)icr, then o(A) is locally represented by the matrices (a; 0 0=1), ().
A similar construction applies to the curvature F4 of the connection A and it is
immediate that F,(4y = o(Fa). In particular, if A is flat, then o(A) is also flat
and, more generally, if A is projectively flat then o(A) is also projectively flat, for

d d A, g, d
a(z;volM) = (o= 1) (zrvolM> = —z;((o Y*volys) = Z;VO]M

since o reverses orientation on M. Now, since 72 = £Idg, there is a C-linear
isomorphism ¢, : o(F) — E satisfying o(¢,) = ;! (namely ¢, = 70",
where o¢ is defined as in (3.1))), so we can define the following map

35 0D ey

where (¢, 1)*c(A) is the connection on E defined, for all smooth sections s €
QO(M; E), by d@;l)*g(A)(S) = Po (da(A)(¢;13)>-

Proposition 3.11 (|[Sch12]). Let (E,7) be a Real (resp. Quaternionic) Hermitian
vector bundle. Then the map (B defined in s involutive and the holomorphic
structure defined by a unitary connection A € Ag is T-compatible if and only if
B(A) = A. We call such a fized point of 8 a Galois-invariant connection.

Proof. Recall that o(¢,) = £, depending on whether 7 is Real or Quaternionic.
So %(A) = (v ") a((p; 1) a(A)) = (o(ps) "t 1) 0% (A) = (£ldp)*A = A, since
+Idg lies in the center of G therefore acts trivially on A. Moreover, S(A) = A
if and only if the corresponding covariant derivative ds : Q°(M; E) — QY (M; E)
commutes to the Real (resp. Quaternionic) structures of Q°(M; E) and Q'(M; E)
induced by o and 7. This guarantees that ker 04 inherits a Real (resp. Quater-
nionic) structure, which in turn endows E with a T-compatible holomorphic struc-
ture ([Sch12]). O

Note that § is involutive even if 7 is Quaternionic. Moreover, the involution 3 is
compatible with the Hamiltonian structure of Ag. Indeed, first note that both the
unitary and complex gauge groups of E inherit an involution, also denoted by 3,

3 Gc — Gc
T g o (er)alg) = weolg)e,t = TgT™
(this indeed preserves the sub-group Gg C G¢ because @, is an isometry) and that
the fixed-point set of £ consists of gauge transformations of F which commute to 7.
Note that 3 induces an involution R — (¢ 1)*o(R) on Q?(M;u(E)) ~ (LieGg)*.
Then, the following result holds.

Theorem 3.12 ([Schl12|). The involution B defined in (3.8)) is anti-symplectic with
respect to the Atiyah-Bott symplectic form wa(a,b) = fM —tr(a Ab) on Ag. It s

1
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an isometry of the Kdihler metric of Ag and it is also compatible with the action of
Gc and the momentum map of the induced Gg-action, in the following sense:

(1) forall g € Gc and all A € Ag, B(g- A) = B(g) - B(A),
(2) fO?” all A in .AE, F/B(A) = ﬁ(FA)

This implies that 8 induces an anti-holomorphic and anti-symplectic involution
B of the (smooth part of the) quotient

F! ({Z;l volas IdE}) /QE ~ MSS(E) ~ ./\/l([j(’l"7 d)

The involution B is independent of 7 (in particular, it does not depend on whether
7 is Real or Quaternionic) and it coincides with the canonical Real structure £ —
o(&) of Mc(r,d). In what follows, we will denote by G (resp. Gf) the group
of fixed points of 5 in Gg (resp. G¢) and call it the 7-unitary (resp. 7-complex)
gauge group. Let us write Af for the set of 7-compatible holomorphic structures
on (E, 7). By Proposition AL = Fix(B), the set of Galois-invariant unitary
connections on (E,7) and it is a closed affine subspace of Ag. Property (1) of
Theorem shows that the group G{ and its sub-group Gz act on Af. Moreover,
as seen in [Sch12|, GZ-orbits in A are precisely isomorphism classes of Real (resp.
Quaternionic) vector bundles that are smoothly isomorphic to (E,7). We then
have the following result, which is an analog of the theorems of Donaldson and
Daskalopoulos-Rade and which will be proved in Section [3.3]

Theorem 3.13. Let (E,T) be a Real (resp. Quaternionic) Hermitian vector bundle
on a compact connected Real Riemann surface (M,X) of genus g > 2. Let AL be
the space of Galois-invariant unitary connections on (E,T) and let A € A define a
semi-stable T-compatible holomorphic structure on (E,T). Denote by As the limit
point of A under the Yang-Mills flow . Then:

(1) Ax € AL and it defines a poly-stable T-compatible holomorphic structure
on (E, 1),

(2) G- Ax is the unique poly-stable GE-orbit contained in the closure G - A of
G¢ - A in the semi-stable locus of Af,. In particular, the closed semi-stable
Gg-orbits in AR, are the poly-stable ones,

(3) the space of closed semi-stable G -orbits in A[ is in bijection with the La-
grangian quotient

d
(F—l ({27“ VOlM IdE}> ﬁAE) /gg
i.e. with the space of G5 -orbits of Galois-invariant minimal Yang-Mills con-
nections on E.

In other words, two semi-stable 7-compatible holomorphic structures on (E, ) are
S-equivalent in the Real (resp. Quaternionic) sense if and only if the closures (in
the semi-stable locus of Af) of the corresponding GZ-orbits intersect. Since Css is
a [B-invariant and Ge-invariant subset of Ag, we have in particular that G{ acts on
CJ, and, analogously to , there are homeomorphisms

(39)  M*(E,7) ~CL//GE =~ (F—l <{z;l volys IdE}> n Ag) /GE

between
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e the set of S-equivalence classes of semi-stable 7-compatible holomorphic
structures on (E, 1),

e the space of closed semi-stable G{-orbits in Af,

e and the space of T-unitary gauge orbits of Galois-invariant minimal Yang-
Mills connections (invariant solutions to Eq. (3.4)).

The proof of Theorem will be given in Section [3.3] For now, we use it to give
M?®*(E, 1) a topology.

Definition 3.14. The set F~! ({i¢ voly; Idg}) NAZ inherits the subspace topol-
ogy from the space Ag of unitary connections on FE, as defined in [AB83]. The
groups G C G¢ inherit the sub-space topology from the groups G C Gc. The
set M*%(E,7) ~ (F~! ({i¢ voly; Idg}) N AL)/GE is endowed with the quotient
topology.

We recall from [AB83][Don83| that the space Ag is the space of unitary connections
on E of Sobolev class L2. This Sobolev norm turns Ag into a Banach affine space.
And Gg is the set of unitary gauge transformations of Sobolev class L2 and is a
Banach Lie group. This is compatible with the study of holomorphic structures
on E because gauge transformations of Sobolev class L3 preserve the topology of
the bundle and because any complex gauge orbit of unitary connections of Sobolev
class L? contains a smooth unitary connection (JAB83, Lemma 14.8]). Moreover,
if two smooth unitary connections are related by a gauge transformation then the
latter is necessarily smooth (J[AB83, Lemma 14.9]). Arguably, the definition of
the topology of M®**(E,7) given above can seem ad hoc for our purposes of es-
tablishing a homeomorphism between gauge equivalence classes of Galois-invariant
connections and conjugacy classes of Galois-equivariant unitary representations but
it is in fact natural. Indeed, it was shown in [Sch12] that the Lagrangian quotients
(F~1 ({zg volyr Idg}) N AE)/GE embed continuously into the set of Real points
of (Mc(r,d), ), where r = rk(F) and d = deg(FE), so the topology introduced in
Definition makes M**(E,T) a topological subspace of Mc(r,d)* C Mc(r,d)
when Mc(r, d) is equipped with its Hausdorff topology of complex variety (in which
it is homeomorphic to the symplectic quotient F~* ({zg volys 1dg}) / Ge, by the
Narasimhan-Seshadri theorem). We note that, when rAd = 1, M**(E, 7) is actually
a connected component of Mc(r,d)* in said topology (|[Schi2]).

3.3. Properties of the Yang-Mills flow on Galois-invariant connections.
The first step to prove Theorem [3.13]is to show that the space AF of Galois-invariant
unitary connections on (F,7) is invariant under the Yang-Mills flow. Recall that
in (3.5) we denoted by Ly ps the Yang-Mills functional and that we have defined in
n involutive isometry 8 : Agp — Ag such that, by Theorem one has,
for all A € Ag, Fg(A) = ﬁ(FA>

Lemma 3.15. The map 8 satisfies Ly ;o 8= Ly and, for all A € Ag,
gradB(A)ﬁ;/M =Tap - grad Ly -
In particular, if A € AL = Fix(8), then grad 4Ly m € Fix(Tu ) = Ta(Af).

PTOOf. One has HFB(A)HQ = ||6(FA)H2 = ||FA||2, so Ly nr OB =Lypy. In particular,
for all A € Agr, Tga)Lym ©TaB = TaLlyny. So, by definition of the gradient,
one has, for all v € T4(Ag), (gradga)Lym |v) = Tga) Ly v =Ta(Lyr o B) o
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(TaB)~t-v=(grad Ly | (TaB)~! - v). Since B is an isometry of Ag, this shows
that gradﬁ(A)ﬁij =Tap - grad 4Ly pr and the rest follows. O

We can now prove Part (1) of Theorem

Proof of Part (1) of Theorem . As a consequence of Lemma AL is in-
variant under the Yang-Mills flow (3.6). Since AZ = Fix(f) is closed in Ag, the
limiting connection A, of a Galois-invariant connection A is also Galois-invariant.
Moreover, if A is semi-stable, then A., is of constant central curvature by the
Daskalopoulos-Rade theorem. Since a connection which is both of constant central
curvature and Galois-invariant defines a holomorphic structure on (F,7) which is
both poly-stable (by Donaldson’s theorem) and 7-compatible (by Proposition [3.11]),
Part (1) of Theorem is proved (note that, by Proposition being both poly-
stable and 7-compatible is indeed the same as being a poly-stable 7-compatible
holomorphic structure). (]

In order to prove Parts (2) and (3) of Theorem we show that the Yang-
Mills flow moves a Galois-invariant connection inside its G&-orbit, just as it moves
a general unitary connection inside its Ge-orbit (JAB83]), and with that we will be
able to conclude the proof of Theorem [3.13

Lemma 3.16. Let A € AL = Fix(8) and let (A;)i>0 be the one-parameter family
of unitary connections obtained by flowing A along Yang-Mills gradient lines as in
Equation (3.6). Then, for allt >0, A; € GE - A.

Proof. If A € AJ, then Lemma shows that grad 4Ly € Ta(AZ). Moreover,
by [AB83, (8.12) p.572], gradAEYM S TA(QC~A). So gradAEYM S TA(A,})QTA(Q@
A) = T4(Gf - A), where the equality follows from the fact that if X € Lie Gc and
Y := 7(X) — X lies in the infinitesimal stabilizer of A, then X' := X + ¥ =
X%(X) € Lie G and induces the same infinitesimal action as X. O
Proof of Parts (2) and (3) of Theorem . Since Ao, = lim;_, 4 oo Ay, one has, by
Lemma that Ao € GL - A, 50 Gi-Aw C GE - A. If B is another Galois-invariant
connection with constant central curvature such that Gi - B C G{ - A, then by the
Daskalopoulos-Réde theorem, G¢c - A = G¢ - B. But if two minimal Yang-Mills
connections lie in the same Ge¢-orbit, then by Donaldson’s theorem they lie in the
same Gp-orbit. And if both connections are in addition Galois-invariant, then they
lie in the same GZ-orbit (a detailed proof is available in [Sch12, Prop. 3.6]). Thus,
G - A is the only poly-stable GZ-orbit contained in G - A and G, - A is the only
Gg-orbit of minimal Yang-Mills connections contained in G{ - A, which proves
Parts (2) and (3) of Theorem [3.13] O

As a corollary of Theorem [3.13] we obtain the following analog of a result of
Daskalopoulos and Rade ([Das92, [Rad92]). The proof is immediate because the
retraction r that we consider here is the restriction of the Daskalopoulos-Rade re-
traction and we have proved that the deformation occurs within GZ-orbits in AF,.

Corollary 3.17. Recall that we have denoted by C], C Af, the set of semi-stable
T-compatible unitary connections on E. Then the map

CL — F71({id voly 1dg}) N AZ

A — Ao,

is a Gf-equivariant deformation retraction.
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Since polar decomposition in G induces a deformation retraction from G¢ to G,

the G¢-equivariant cohomology of CJ; coincides with its G -equivariant cohomology

and Corollary implies that Hg, (F~' ({i€ voly Idp}) N AL) ~ Hg-(C) ~

Hz (CL
g¢

T.), which is the approach that was implemented in [LS13] to compute the
equivariant cohomology with mod 2 coefficients of the moduli spaces M?**(E, 1),

whose presentation as a quotient was described in ([3.9)).

4. INVARIANT CONNECTIONS AND PARALLEL TRANSPORT

4.1. Parallel transport and holonomy representations. Let F be a smooth
complex vector bundle over a Klein surface (M, ). Recall that we denote by o(E)
the complex vector bundle (c=1)*E. Let A be a linear connection on E. Given a
path v : [0;1] — M, we denote by Tf : Ey0) — E,(1) the parallel transport
operator along v with respect to the connection A: if v € E, (), then T;‘(v) =

”7'1(;')(1)7 where ”7'1(4”) is the unique A-horizontal lifting of ~ satisfying ﬁﬁf)(O) = o.

We then have the following general result (which holds without assuming that E is
self-conjugate).

Lemma 4.1. Denote by o(v) the path o o : [0;1] — M and let o : E —
o(E) be the map defined in (3.1). Then the parallel transport operator along the
connection o(A) induced by A on o(E) satisfies T;((S) = O’ETﬁdgl.

Proof. This follows directly from the definition of parallel transport in o(F). In-
deed, by unicity of horizontal liftings, one has the following commutative diagram

E s o(E)
~(v) op(v) 7
Ya P s o( )O(Al -
L
s/
0:1] =2~ M o M,
which proves the lemma. O

Let us now fix a class [c] € H?(3; Z(GL(r;C))) =~ {&1}. Since ¥ ~ Z/27Z, we can
just think of the cocycle c itself as being £1 (see (2.9)). We assume from now on
that FE is either Real or Quaternionic, meaning that there is given an isomorphism
¢o 1 0(E) — E satisfying o(p,) = cp, ! and we set 7 = p,0p, as in (3.2)), so that
72 = cIdg. Recall from that in this situation we have an induced action of ¥ on
the space of linear connections on E, defined by the involution 3(A4) = (o, 1)*o(A).

Proposition 4.2. Let (E,T) be a Real or Quaternionic vector bundle and let A be
a X-invariant connection on E. Then the parallel transport operators and T’;‘ and
TA

() satisfy Ta’%) = TT,‘?T_l. Equivalently, we have a commutative diagram

=
Eo(v0)) — Eov(1)

s
Eyoy —— Eya)-
Proof. By Lemma T,‘;‘ = UngU A)o'E = ((,DUO'E)_I(QDJTG(A)wgl)(wgJE), hence

o(7) a()
—1y*
T = 7*1T;f,;’) - TflT(f(w)T, which proves the proposition. O
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Finally, let us choose a point € M and a frame of E, (i.e. a C-linear isomorphism
E, ~ C"). The holonomy group of a connection A at x is the sub-group Hol,(A)
of GL(r; C) generated by all parallel transport operators Tf along loops at . We
will now show that when A is Y-invariant, we can enlarge the holonomy group to
obtain a Y-augmentation Hol>(A) making the following diagram commute:

1 —— Hol,(A) ——  Hol>(A) N 1
(4.1) | | ||
1 —— GL(r;C) —— GL(r;C) x. ¥ ) 1

To do that, we use the description of m(Mx;x) in terms of paths in M x EX
recalled in Section Based on the definition of the set ﬁw in 7 we saw that
the group 71 (Myx;x) could be thought of as the set of homotopy classes of pairs
n = (v,A) where vy : [0;1] — M and X € ¥ satisfy v(0) = z and (1) = A™!(x), the
composition 717y of two such pairs being defined as in . The parallel transport
operator is a C-linear map T,;“ : By — Ej-1(;) and, by composing it by 7y (which
we define to be either Idg or 7, depending on whether A = 1y, or o), we obtain a
map Ty © T,f‘ : E, — E,, which is C-linear or C-anti-linear, depending on A € X.

Definition 4.3. Givenn = (v, ) € ﬁm the matrix of the map 7, OTf B, — E,
in the given frame of E, is the unique element g, € GL(r;C) such that, for all
v € C" ~ By, (1a 0 T2)(v) = gy (v), where ex(v) = v if A = 1y and ex(v) = if
A=oc€ed.

Recall that ¥ acts on GL(r;C) via 0(g) =g. Then themape : ¥ — GL(r; C) x X
introduced in Definition is a group homomorphism and a section of the natural
projection GL(r;C) x ¥ — . In particular, ,9¢;! = o(g) = g. This will be
useful in the proof of the next result.

Theorem 4.4. Let (E,7) be a Real or Quaternionic vector bundle and let A be a
Galois-invariant connection on E. Then there exists an extended holonomy group

HOIE(A) = {(g'yv>‘) in= (7A€ f)fb}

which, endowed with the projection homomorphism (g, A) — X, becomes a sub-X-
augmentation of GL(r;C) x. X in the sense of Diagram , where c = +1 is B
is Real and ¢ = —1 if E is Quaternionic.

If E is Hermitian and we choose c to lie in H*(X; Z(U(n))) ~ {£1}, then the

extended holonomy group Hol% (A) is a sub--augmentation of U(r) x. X.

Proof. Tt suffices to show that, for all n; = (71, A1), 72 = (72, A2) in P,, the equality

(4'2) (g’Yl’Yz’ )‘1)‘2) = (g’n ) /\1)(972 ) /\2)

holds in GL(r; C) x. X. For the proof, it is convenient to think of Idg and 7 as a
family of maps (7))aex such that, for all (A, A2) € X X X, 75, Tx, = ¢(A1, A2)Ta;rs
where ¢ is now seen as an abstract 2-cocycle. By , we have that myn, =
(A5 1 (71)72, A1A2) so, by Definition Gvivs € GL(r;C) is the matrix such that
forallve C" >~ E,,

(7—>\1/\2T)§1(%)72)(U) = Gyiv2€aixe (U)



NS CORRESPONDENCE FOR REAL AND QUATERNIONIC VECTOR BUNDLES 31

By the usual properties of parallel transport combined with Proposition [I.2] we

A _ A A _ A_—1\TA : _ Ty, -1
have T>\51(71)72 = TAz_l(“m)T'V? = (T)\;lT,YlT)\z,l)T,m and, since 7,-1 = c(A2, Ay )Ty,
and ¢(Ag, Ay ') € Z(GL(r;C)), we obtain ngl(mw = (T)\_ZIT,;?T,\,‘,)T,;,‘;, hence
(4.3) T)\IAQT)‘EI(%)% = C()\l, )\2>_1(T)\1T§41)(T/\2T§2)~
Moreover, for all v € C" ~ F,,

(TAlTﬁ)(T/\zTQ)(U) = gy (9725/\2 (’U)) = Gm (E)q g,mg;ll)g/\l €xz (U)

= 9y A1 (972)5>\1)\2 ('U)

where, on the last line, \(g) = g if A = 1y, and A(g) =g if A = 0 € %, as noted just
after Deﬁnition So, in matrix form, Equation (4.3]) becomes

(g'Yl’YZ’ )‘1)‘2) = (c(/\lv /\2)_17 1) (9’71)‘1(972)v )‘1)‘2) = (971 ) )\1) (g'yza )\2)7
where the last equality follows from the definition of the group law in GL(r; C) XX,
which was recalled in (2.8). Thus, we have indeed proved Equality (4.2). (I

4.2. Orbifold representations associated to invariant connections. We now
investigate the consequences of Theorem [4.4] for the Narasimhan-Seshadri corre-
spondence. We have seen in Theorem that a poly-stable Real or Quaternionic
structure on a Hermitian vector bundle (E, ) of rank r and degree d is defined by
a Galois-invariant, projectively flat unitary connection A which is unique up to 7-
unitary gauge. By Theorem [4:4] the extended holonomy group of such a connection
A fits into the commutative diagram

l1—— L, —— P, ) 1
(44) | |% ||
1 —— Hol,(A) —— Hol>(A) N 1

where the first row is a short exact sequence of pointed sets and the extended
holonomy group Holf (A) is a sub-X-augmentation of U(r)x.X (c being equal to £1,
depending on whether 7 is Real or Quaternionic). In the present section, we wish
to answer the following question: when does the pointed map X : ﬁz — U(r)x. X
in Diagram induce a group homomorphism

(4.5) X : (m1(Ms; z) ~ P, /homotopy) — U(r) x. X ?

As for the usual fundamental group ;1 (M; x), this can of course not happen unless
d = 0. Indeed, for A projectively flat, the pointed map o := SZ‘ZI Ly —> U(r) only
induces a group homomorphism g : 71 (M;z) — PU(r) in general. Equivalently, ¢
induces a pointed map g : w1 (M;x) — U(r) which is not a group homomorphism
but satisfies

(4.6) 2(n72) = ¢ (1)),

where « : m (M;x) X 7 (M;x) — Z is a 2-cocycle representing the cohomology
class d = ¢;(E) € H*(M;Z). As we saw in Section d is also the class of the
(central) extension 71 (S(L)) of m (M;z) by Z, where S(L) is the Seifert manifold
associated to an arbitrary smooth line bundle L of degree d. Then, since 1 —
S! — U(r) — PU(r) — 1 is a central extension, a pointed map 7 satisfying
induces a group homomorphism ¢ : m(S(L)) — U(r), satisfying, for all
n € Z = Z(m(S(L))), o(n) = exp(i®Xn)I,. In the Real or Quaternionic case,
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the situation is very similar. The pointed map Y : P, — U(r) x. ¥ induces a
group homomorphism ¥ : m (Myx;2) — PU(r) x X, where ¥ acts on PU(r) by
complex conjugation, or equivalently a pointed map X : m (Ms;z) — U(r) X 3,
compatible with the projections to ¥ and satisfying

(4.7) X(mme) = € 3mmx (n Yy (o),

where & : m (Ms;x) x m(Mxs;x) — Z is any 2-cocycle extending the previous
cocycle a. Since o was representing a smooth line bundle of degree d and & rep-
resents a smooth Real line bundle (L, 7.), saying that & extends « is equivalent
to saying that L has degree d. By Theorem the isomorphism class of such
an (L,7z) is unique when M? = {) but, when M? has, say, n > 0 connected
components, then there are 2"~! possibilities for the isomorphism class of (L, 7r).
This constitutes a difference with the complex case, where the isomorphism class
of the line bundle L depended only on d. But this is not an issue because, by
Remark [2.8] any two such choices will give rise to isomorphic ¥-augmentations
m1(S(L)s). Once chosen a 7z, we obtain, as in Section a Real Seifert manifold
(S(L),71) and an associated (non-central) extension m1(S(L)s) of m (Ms;xz) by
Z. Then, since 1 — S' — U(r) x. X — PU(r) x ¥ — 1 is a central exten-
sion, a pointed map Y : m (Mys;2) — U(r) x. X compatible with the projections
to ¥ and satisfying Condition induces a homomorphism of ¥-augmentations
x 1 m(S(L)s) — U(r) x. %, satisfying, for all n € Z, x(n) = exp(i%Zn)I,, as in
Diagram and Equation . By Remark when d = 0, we can think of
such a y as a homomorphism of ¥-augmentations from m (Ms; z) to U(r) x. X, as
expected in ([4.5). We have therefore proved the following result.

Theorem 4.5. Let (E,7) be a smooth Real or Quaternionic vector bundle of rank
r and degree d. Let ¢ = £1 be defined by the equation 7> = cldg. Let (L, 1) be any
smooth Real line bundle of degree d and let (S(L),7r) be the associated Real Seifert
manifold. Let A be a Galois-invariant, projectively flat unitary connection on E.
Then, taking the extended holonomy of the connection A in the sense of Theorem
induces a homomorphism of S-augmentations x4 : m1(S(L)s) — U(r) x. X,
whose U(r)-conjugacy class only depends on the T-unitary gauge orbit of A.

In view of (3.9), Theorem means that we have constructed a holonomy map

M*3(E, 1) — Re(r,d)

(4.8) Hol : h G,

where ¢ = 41 depending on whether 7 is Real or Quaternionic and R.(r,d) is
the representation space of m1(S(L)x) introduced in (2.12). We will see shortly
that the collection of such holonomy maps for all possible topological types of
Real or Quaternionic structures 7 on E provides an inverse to the maps in .
But before we do that, let us study the special case where M7 # (). As we saw
in Proposition 2.9] if we choose € M?, then orbifold representations may be
replaced by Y-equivariant unitary representations of the usual fundamental group
m1(M), or more generally 71(S(L)). And we verified in that it was indeed
easy, starting from a Y-equivariant representation, to define a Real or Quaternionic
structure on the associated projectively flat bundle. Conversely, we can check here
that the (non-extended) holonomy representation g4 : w1 (S(L)) — U(r) of a
Galois-invariant unitary connection A on E is indeed Y-equivariant (for the action
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of ¥ on U(r) defined by o(u) = u in the Real case and the action of ¥ on U(2r')
defined by o(u) = JuJ ! in the Quaternionic case).

Proposition 4.6. Let x € M. Then, given a projectively flat connection A on E,
one has gg(ay = ooac~t. In particular, if B(A) = A, then o4 is X-equivariant.

Proof. The result is proved as in Proposition To translate it into matrix form,
the frame F, ~ C" must send the Real (resp. Quaternionic) structure 7|, to the
canonical Real (resp. Quaternionic) structure v — o (resp. v — J) of C" (resp.
(Czrl). The existence of such frames can be proved by induction on r (resp. r'). O

In particular, it is not necessary, when M? # (), to use Theorem in order to
define the holonomy map (4.8). It suffices to compose the map A — g4 from
Proposition with the isomorphism in Proposition [2.9

M3 (E, 1) — HomZ(ﬂ'l(S(L));U(r))Z/U(r)Ech(r,d)

Hol : A . on

where d = deg(L) and ¢ = 1 depending on whether 7 is Real or Quaternionic.

4.3. Connected components of the representation variety. The moduli space
M?®3(E, 1) constructed in depends only on the topological type of (E,7) and,
by Theorem the latter is entirely determined by the numerical quantities ¢ = 72,
r =1k(E), d = deg(E) and (when ¢ = +1 and M7 # ) w = w1 (E7). Let us then
set

Mg(r,d) if c=+1and M? =0,
(4.9) M. (r,d, D) := ¢ Mg(r,d, @) if c=+1and M7 #0,

My (r, d) if c= -1,

where the moduli spaces on the right-hand side are the ones introduced in Definition
By the results of [BHHIO0| and [Schi2|, the sets M,(r,d,w) are non-empty
connected topological spaces which can be embedded into Mc(r, d)*, possibly with
some non-trivial intersection unless we restrict to the stable locus of Mc(r,d). In
, we defined a map Hol : M(r,d, W) — R.(r,d) and, in order to complete the
proof of Theorem we now want to specify the image of that map (see Theorem
4.8). To that end, let us introduce new sets R.(r,d,w). When ¢ = —1 or M7 = {),
Rc(r, d, @) will coincide with R.(r,d) by definition. But when ¢ = +1 and M7 # 0,
Re(r,d, @) will be the subset of R.(r,d) defined as follows. Let us denote by
Y1, ...,7n the connected components of M?. We view v as a loop in M by picking
a base point xp € v,. Recall from Proposition that, if we choose a base point
x € M?, the representation variety R.(r,d) can be seen as the set of equivalence
classes of ¥-equivariant representations ¢ : w1 (S(L)) — U(r) satisfying, for all
n € Z C m(S(L)), o(n) = exp(i2Zn)I,. In particular det o(n) = 1 for all n € Z.
Let us now pick a path dy from z to . Then we have a loop 7 := 6k_1fykc5k, based
at z. As in Section the Real Seifert fibration S* — S(L) — M induces a
short exact sequence of Y-equivariant group homomorphisms

0—Z—m(S(L);T) —mM;z) —1,

where T € Fix(7r,) lies in the fiber of S(L) above z and 3 acts on Z by n — (—n).
So we can lift 7y, to an element ay, € 71 (S(L)). Morever, o(ni) = g "k, Where
Cr = 0(6; 1)y is a loop at z, so we can also lift (x to some By € m1(S(L))
and we see that o(ay) and Bk_lakﬁk differ only by some ny € Z. In particular,
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det o(a) = det o(o(ax)) = o(det o(ar)) € U(1)® = O(1) and is independent of
the various choices of liftings that we have made. This implies the existence of a
map

Re(r,d) — o™

(4.10) W 0 > (deto(av), ..., det o(ay,))

that, in analogy with [Gol88|, we may call the Real obstruction map.

Definition 4.7. Assume that ¢ = +1 and M7 # (. Given w = (s1,...,8,) €
O(1)", we set

RC(Ta da ’lﬁ) = W71(517 EEEE} Sn)

where W is the Real obstruction map (4.10). As we will see below, this set is
non-empty if and only if s1...s, = (=1)9™°42 If ¢ = —1 or M = (), we set
Re(r,d, W) :== Re(r,d). In all cases we have:

Re(r,d) = | |Re(r,d, ).

If c = +1 and M7 # (), then the Real vector bundle (£, 7) associated to ¢ by means
of Theorem [2.6[satisfies w1 (£7) = w, by definition of the first Stiefel-Whitney class.
Conversely, if A is a ¥-invariant, projectively flat unitary connection on a Real
Hermitian vector bundle (E,7) of topological type (r,d,w), then it follows from
Theoremthat taking the holonomy of A defines a representation ¢ € R.(r,d, ).
We have thus proved the following result (the Narasimhan-Seshadri correspondence
for Real and Quaternionic vector bundles of fixed topological type).

Theorem 4.8. For any ¢ = +1 and any topological type (r,d, W) of Real or Quater-
nionic vector bundle, the holonomy map sets up a homeomorphism

Hol : M.(r,d, %) — R.(r,d, D)

where M (r,d, &) is the moduli space defined in (4.9) and R.(r,d, W) is the repre-
sentation space introduced in Definition [].]

Using the results of [BHH10| and [Sch12], we then have the following corollary.

Corollary 4.9. Assume that ¢ = +1 and M? has n > 0 connected components,
then the connected components of the representation space R.(r,d) introduced in
Deﬁnition are the 2"~ subset R(r,d, W), where w = (s1,...,8,) € (Z/2Z)" ~
O(1)™ satisfies s1+ ...+ s, = dmod 2.

Corollary fits well in the theory of representation varieties of fundamental
groups, where, following the path set by Goldman in [Gol88|, connected compo-
nents of representation spaces are often distinguished by the topological invariants
of the bundles associated to those representations, notably the characteristic classes
of such bundles. We also note that, although the connected components of R.(r, d)
are known for all ¢, r and d, the same is not true in general for the Y-invariant part
R(r,d)* of the usual representation space R(r,d), whose definition was recalled in
Remark unless 7 and d are coprime or one restricts to the locus consisting of
irreducible representations, for which we can use the vector bundle version of the
statement, proved in [Sch12].



NS CORRESPONDENCE FOR REAL AND QUATERNIONIC VECTOR BUNDLES 35

[AB83]

[Ati66]
[BHH10]

[Das92|
[Don83]

[Dup69)]
[FS92]

[Gol88]

[Hae90]

[Har78|
[HN75]
[Kah87]

[KN79]

[KWO03]
[LS13]

[Mum63]

[NS65]
[R&d92]
[Sch12]

[Sco83]
[Ses67]

[Wan93]

[Wan96]

REFERENCES

M. F. Atiyah and R. Bott. The Yang-Mills equations over Riemann surfaces. Philos.
Trans. Roy. Soc. London Ser. A, 308(1505):523-615, 1983.

M. F. Atiyah. K-theory and reality. Quart. J. Math. Ozford Ser. (2), 17:367-386, 1966.
I. Biswas, J. Huisman, and J. Hurtubise. The moduli space of stable vector bundles over
a real algebraic curve. Math. Ann., 347(1):201-233, 2010.

G. D. Daskalopoulos. The topology of the space of stable bundles on a compact Riemann
surface. J. Differential Geom., 36(3):699-746, 1992.

S. K. Donaldson. A new proof of a theorem of Narasimhan and Seshadri. J. Differential
Geom., 18(2):269-277, 1983.

J. L. Dupont. Symplectic bundles and K R-theory. Math. Scand., 24:27-30, 1969.

M. Furuta and B. Steer. Seifert fibred homology 3-spheres and the Yang-Mills equations
on Riemann surfaces with marked points. Adv. Math., 96(1):38-102, 1992.

W. M. Goldman. Topological components of spaces of representations. Invent. Math.,
93(3):557-607, 1988.

A. Haefliger. Orbi-espaces. In Sur les groupes hyperboliques d’aprés Mikhael Gromov
(Bern, 1988), volume 83 of Progr. Math., pages 203-213. Birkhauser Boston, Boston,
MA, 1990.

R. Hartshorne. Stable vector bundles and instantons. Commun. Math. Phys., 59:1-15,
1978.

G. Harder and M. S. Narasimhan. On the cohomology groups of moduli spaces of vector
bundles on curves. Math. Ann., 212:215-248, 1974/75.

B: Kahn. Construction de classes de Chern équivariantes pour un fibré vectoriel réel.
Comm. Algebra, 15(4):695-711, 1987.

G. Kempf and L. Ness. The length of vectors in representation spaces. In Algebraic
geometry (Proc. Summer Meeting, Univ. Copenhagen, Copenhagen, 1978), volume 732
of Lecture Notes in Math., pages 233—-243. Springer, Berlin, 1979.

M. Karoubi and C. Weibel. Algebraic and Real K-theory of real varieties. Topology,
42(4):715-742, 2003.

C. C. M. Liu and F. Schaffhauser. The Yang-Mills equations over Klein surfaces. J.
Topol., 6(3):569-643, 2013.

D. Mumford. Projective invariants of projective structures and applications. In Proc. In-
ternat. Congr. Mathematicians (Stockholm, 1962), pages 526-530. Inst. Mittag-LefHler,
Djursholm, 1963.

M. S. Narasimhan and C. S. Seshadri. Stable and unitary vector bundles on a compact
Riemann surface. Ann. of Math. (2), 82:540-567, 1965.

J. Rade. On the Yang-Mills heat equation in two and three dimensions. J. Reine Angew.
Math., 431:123-163, 1992.

F. Schaffhauser. Real points of coarse moduli schemes of vector bundles on a real alge-
braic curve. J. Symplectic Geom., 10(4):503-534, 2012.

P. Scott. The geometries of 3-manifolds. Bull. London Math. Soc., 15(5):401-487, 1983.
C. S. Seshadri. Space of unitary vector bundles on a compact Riemann surface. Ann. of
Math. (2), 85:303-336, 1967.

S. Wang. Moduli spaces over manifolds with involutions. Math. Ann., 296(1):119-138,
1993.

S. Wang. A Narasimhan-Seshadri-Donaldson correspondence over non-orientable sur-
faces. Forum Math., 8(4):461-474, 1996.

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE Los ANDEs, BocoTA, CoLOMBIA.
E-mail address: florent@uniandes.edu.co



	1. Introduction
	2. Representations of orbifold fundamental groups
	3. Moduli of Real and Quaternionic holomorphic vector bundles
	4. Invariant connections and parallel transport
	References

