THE YANG-MILLS EQUATIONS OVER KLEIN SURFACES
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ABsTRACT. Moduli spaces of semi-stable real and quaternionic vector bundles
of a fixed topological type admit a presentation as Lagrangian quotients and
can be embedded into the symplectic quotient corresponding to the moduli
variety of semi-stable holomorphic vector bundles of fixed rank and degree
on a smooth complex projective curve. From the algebraic point of view,
these Lagrangian quotients are connected sets of real points inside a complex
moduli variety endowed with a real structure; when the rank and the degree
are coprime, they are in fact the connected components of the fixed-point set
of the real structure. This presentation as a quotient enables us to generalize
the methods of Atiyah and Bott to a setting with involutions and compute
the mod 2 Poincaré polynomials of these moduli spaces in the coprime case.
We also compute the mod 2 Poincaré series of moduli stacks of all real and
quaternionic vector bundles of a fixed topological type. As an application of
our computations, we give new examples of maximal real algebraic varieties.
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1. INTRODUCTION

1.1. Klein surfaces. A Klein surface M /o is the quotient of a (connected) Rie-
mann surface M by an anti-holomorphic involution ¢ ([AGTI]). It is sometimes
better to think of it as the pair (M, o), to which there is associated a real alge-
braic curve X/R, whose set of closed points is |X| = M/o (a real surface which
either is non-orientable or has non-empty boundary, possibly both, but orientable
surfaces without boundary are excluded). The topological classification of compact
Klein surfaces was first obtained by Felix Klein ([KIe93|) : (M, o) is topologically
classified by the triple (g,n,a), where

(1) g is the genus of M,

(2) n is the number of connected components of M (the fixed-point set of o
in M),

(3) a is the index of orientability of M /o : a = 0 if M /o is orientable and a =1
if M/o is non-orientable (equivalently, a = 2 — the number of connected
components of the complement of M7 in M).

This means that there exists a homeomorphism ¢ : (M,0) — (M’,0’) such that
o' = gop~! if and only if (g,n,a) = (¢’,n’,a’). We shall call (g,n,a) the topo-
logical type of (M,o). Sometimes, we also write X (R) for M¢ and X (C) for M.
The topological type (g,n,a) of a Klein surface (M, o) satisfies

(1) 0 <n <g+1 (Harnack’s theorem),

(2) if n =0, then a =1,

(3) if n=yg+1, then a =0,

(4) if a =0, then n = (g + 1) mod 2,

and for each triple (g, n,a) satisfying these conditions, there exists a Klein surface
of topological type (g,n,a).

1.2. Topology of moduli spaces of holomorphic vector bundles. Given a
compact connected Klein surface X < (M, o) of genus g > 2, we denote M;fa
the moduli scheme parametrizing S-equivalence classes of semi-stable holomorphic
vector bundles of rank r and degree d on M = X(C), and denote N, A}‘i the open
dense sub-scheme of /\/l;}[flg parametrizing the isomorphism classes of stable holo-
morphic vector bundles of rank 7 and degree d on M. Then ./\/l;/’[fla (C) is a complex
projective variety and N ]\Zi (C) is a non-singular complex variety.

If F is a fixed, smooth complex vector bundle of rank r and degree d on M, we
denote C the set of holomorphic structures (Dolbeault operators) on E, Css (resp.

Cs) the set of semi-stable (resp. stable) holomorphic structures on F and G¢ the
group of all complex linear automorphisms of E (the complex gauge group). Then
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Gc acts on C and the generic stabilizer is Z(Gc) ~ C*. The quotient stack [C/Gc¢]
of this action can be identified with the moduli stack ‘Bung’ddo of all holomorphic
structures on E:

Buny = [C/Gc].
Let Gc = G /C*. Then Gc acts freely on C, and there is a homeomorphism
N5 (C) ~ €. /Gc.
When r and d are coprime, one has
(1) Css = Csv
2) M r,d _ NT,d
( ) M,o M,o°
(3) M;}I‘fg (C) is a smooth projective variety of complex dimension r%(g—1)+1.
Moreover, Atiyah and Bott have shown that, when r A d = 1, the map

H*(BGc; Q) — H*(BCQ),

induced by the inclusion of the centre of G, is surjective (JAB83l p.577], see also
p.545 for the analogous result with integral coefficients): a subsequent application
of the Leray-Hirsch theorem to the top row fibration of the following commutative
diagram

BC* —— EGc xg. X —— EGc Xgo X

H | |

BC* —— BGc¢ —_— BGc
where X is any Ge-space, then shows that

HE,(X;Q) ~ H*(BC* Q) © Hi(X;Q)

in this case. In particular, when r» A d = 1, one has

PE(Cusi @) = PiBC; Q)P (Casi Q) = 123 PUMGE (0 Q).

Let
P,(r,d) :== PP (C,s; Q)

be the rational Ge-equivariant Poincaré series of Csq, the set of semi-stable holo-
morphic structures on a fixed smooth complex vector bundle of rank r and degree
d on a Riemann surface of genus g > 2 (this series does indeed only depend on g,
r and d, and not on the complex structure of M, which can be seen as a conse-
quence of the Narasimhan-Seshadri theorem, [NS65]). In [AB83], Atiyah and Bott
computed Py(r,d) for any g > 2, » > 1 and d € Z. In particular, when r Ad = 1,
they compute the rational Poincaré polynomial of the smooth projective variety
M;}’Iflg (C) =W, ]\T/Ida((C) The following are the main ingredients of their approach:

1. Poincaré series of the classifying space of the gauge group. C is contractible, so
P{(C;Q) = P(BGc; Q).

Denote Q4(r) the above series, which can also be interpreted as the rational Poincaré

series of the moduli stack %uu}}f » (see [HSI10]):

Qy(r) = PS(C;Q) = P,([C/Gc]; Q) = Py(Bunfy 5 Q).
Then
| e
(1.1) QQ(T) - H;;}(l _ t2j) H;:1(1 _ t2j)

In particular, it only depends on g and r.
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2. Equivariantly perfect stratification. Let C, C C denote the set of holomorphic
structures of Harder-Narasimhan type

dq dy d; d;
(1.2) M:<7... s @ f)

s,

b ) b b
1 T1 Tl T

r1 times r; times

on FE, where
d d d
Sy 2
T1 T2 T
In particular, Css = C,,,, where

The set of all Harder-Narasimhan types of holomorphic structures on F is denoted
I,.4. The complex codimension of C, in C is finite and equal to

(1.3) dy= > riri(pi— i+ (g—1)).
1<i<j<l
In particular, Css is open in C. The set
{C# e Ir,d}

is a Gc-equivariantly perfect stratification of C over the field Q. In particular,

Pth(C3Q) = Z t2d“Pth(C#5Q)’
peEl g
and the Kirwan map

H*(BGc; Q) — H.(Css:Q)

is surjective.

3. Equivariant Poincaré series of positive-codimensional strata. Let p € I, g\ {1tss}

be as in (1.2). Then

l

Pth(Cm@) = HPg(Ti»di)-

i=1

The above three ingredients give the following formula, which computes P,(r,d)
recursively in terms of Qq(r):

Theorem 1.1 (Atiyah-Bott recursive formula, [AB83]).

!
Py(r,d) = Q4(r) -— Z t2d“HPg(Ti,di),

€L a\{pss} 1=1
where Qq(r) is given by (L.1) and d, is given by (1.3).
Zagier derived a closed formula which solves the Atiyah-Bott recursive formula.

Theorem 1.2 (Zagier’s closed formula, [Zag96]).

(Cliatric)((r+4r) D +(g-1) 3, mirs)

r _1t2
Pg(’l“,d) = Z Z (_1>l Hl_l(l—tQ(”JrrH'l))

1=171,....,r1EZL>0 i=1

S ri=r

[ bateer
’I"ifl y T3 1
[Go (=25, (1= 27)

i=1
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where (x) = [z] + 1 — = denotes, for a real number x, the unique t € (0,1] with
r+te.

1.3. Topology of moduli spaces of real and quaternionic vector bundles.
A real vector bundle, in the sense of Atiyah ([Ati66]), on the Klein surface / real
algebraic curve (M, o) is a pair (€, 7) where £ — M is a holomorphic vector bundle
and 7 : £ — £ is an anti-holomorphic map such that

(1) the diagram
E —— €

Lo

M —2— M
is commutative,
(2) the map 7 is C-anti-linear fibrewise,
(3) 7'2 == Idg.
A quaternionic vector bundle on (M, o) is a pair (€, 7) satisfying conditions (1)
and (2) and the modified condition (3’) 72 = —Ide. We observe that this definition
makes sense in various categories, for instance the category of smooth Hermitian
vector bundles with complex linear isometries as homomorphisms between them, in
which case it is also required that 7 be an isometry. A real or quaternionic vector
bundle (&£, 7) is called semi-stable if £ satisfies the slope semi-stability condition
w(F) = BT < B _ )
rk F k&

for any non-trivial, 7-invariant sub-bundle F C £. This turns out to be equivalent
to slope semi-stability for the holomorphic vector bundle £ (see Proposition .
We say that a real or quaternionic vector bundle (€, 7) is geometrically stable if
£ is a stable holomorphic vector bundle; it is strictly stronger than being stable as
a real (resp. quaternionic) bundle (see Definition 2.2] and Proposition [2.4).

Exactly as in the Atiyah-Bott approach, we fix a real (resp. quaternionic) C*°
vector bundle (E,7) of rank r and degree d (complete numerical invariants for
such bundles were found by Biswas, Huisman and Hurtubise in [BHH10], and are
recalled in Theorem [2.1). We consider the set CJ; (resp. CJ) of all 7-compatible
semi-stable (resp. stable) holomorphic structures on (E, 7). This means that 7 is
an anti-holomorphic map with respect to this holomorphic structure, turning the
associated holomorphic bundle £ into a real (resp. quaternionic) bundle smoothly
isomorphic to (E, 7). We also denote G the group of all complex linear automor-
phisms of E that commute to 7. Then G{ acts on C7, the set of all 7-compatible
holomorphic structures on (E,7), and the generic stabilizer for this action is the
subgroup Z(G&) = Z(Gc)NGE ~ (C*)7 of scalar automorphisms of E that commute
to the C-anti-linear map 7, so (C*)™ ~ R*. The quotient stack [C™/G{] can be iden-
tified with the moduli stack %un%;; of all T-compatible holomorphic structures on
(E,T):

%ung’/[dg = [C" /GE].
Let GZ = GZ/R*. Then GZ. acts freely on C]. Let MR;; be the space of real (resp.
quaternionic) S-equivalence classes of semi-stable real (resp. quaternionic) vector
bundles that are smoothly isomorphic to (E,7) and let N/ ;;’ﬁ; be the space of
isomorphism classes of geometrically stable real (resp. quaternidnic) vector bundles
that are smoothly isomorphic to (E,7) (the precise definitions will be given in

Section [2| Definitions and . Then
Nl = €] /GE.
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When r A d = 1, we shall see that:
(1) ¢ =¢/,
@) M7 = M
(3) M?Wd; is a connected component of the smooth manifold M;,’[‘fa (R), which
is compact and of real dimension 7?(g — 1) + 1,

and we shall compute the mod 2 equivariant Poincaré series

; G pr
P(g’ma)(r, d) = P/°(CL;7Z/27)

EER

for all » and d, not necessarily coprime. As will be clear from the final expression,
this series does only depend on g, 7, d and the topological invariants of ¢ and 7, and
not on the complex structure of M, a fact that is also explained by the comparison
theorem between the equivariant cohomology of CJ, and that of a certain represen-
tation variety attached to it (Theorem . In order to relate our computation of

the equivariant Poincaré series of C/, to the actual Poincaré series of the moduli
r,d,T

space MM,a , we shall prove that, when r A d = 1, the map
H*(BG¢;Z/27) — H*(BR*;Z/2Z) ,

induced by the inclusion of the centre of G{, is surjective: a subsequent application
of the Leray-Hirsch theorem to the top row fibration of the commutative diagram

BR* —— EG{ Xgz X — EQTE X@X
BR* ——  BGL —  BGL
where X is any QTE—Sp&CG, will show (Theorem that
HEE(X;Z/QZ) ~ H*(BR*;Z/2Z) ® H%(X;Z/2Z)

in this case. In particular, when r A d = 1, ./\/lzwdl: = N;\'/ff is a smooth compact
connected manifold and we have the following equalities (Corollary [6.5]):

Pt% (C1;7/27) = Pt(BR*;Z/QZ)Pﬁ(C;;ZﬂZ) =

887

— tPt(Mg;f;j;Z/QZ).

Our strategy to compute P(;n’a)(r, d) is to follow the three main steps of Atiyah
and Bott’s computation of Py(r,d). We denote I, the set of real (resp. quater-
nionic) Harder-Narasimhan types of 7-compatible holomorphic structures on E (see
Definition . In particular, if p € 17, there is, associated to it, a uniquely defined
holomorphic Harder-Narasimhan type, which we also denote u, and which satisfies
C,=C"NC, # (). The equivariant normal bundle to C, in C7 is a real vector
bundle in the usual sense which is not orientable in general (see Subsection , SO
we are forced to consider cohomology with mod 2 coefficients. As a comment on
our choice of notation, let us mention here that we shall define, for each choice of a
real (resp. quaternionic) bundle (E, 7) of rank r and degree d, an (affine) involution
of C preserving C,, and all of the other C,,, as well as an involution of G¢, both
induced by 7, in such a way that CJ;, C; and G¢ are precisely the fixed-point sets
of these involutions. We note that, if we consider vector bundles of degree 0 on a
closed non-orientable surface M /o, the involution considered in the present paper
is different from the involution in [HLOS8, [HLR09]. We may then summarize our
results as follows.
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1. Poincaré series of the classifying space of the gauge group. C” is contractible, so
PP (C™;2,/27) = P,(BGE:; Z,/27).

It turns out that, if (F,7) is a real (resp. quaternionic) smooth vector bundle of
rank r and degree d on a Klein surface of topological type (g,n,a), Pi(BG{; Z/27)
depends on (g,n,a) and r, but not on d. We denote Q(;)n’a) (r) this Poincaré series,
which can also be interpreted as the mod 2 Poincaré series of the moduli stack

r,d,T,

Buny,
Qe () = P (CT2/2Z) = Pi([C7 /GE; Z/22) = Pu(BuniyT s 2/22).

Theorem 1.3. Let (M, o) be a Klein surface of topological type (g,n,a).
(1) Let (E,mr) be a real smooth vector bundle of rank r and degree d over
(M,0). Then
T (L4t [ (1 4 + 17
) Qgm = D=l bl L0 e
[0 (1= 2) T, (1 — %)

(2) Let (E, ) be a quaternionic smooth vector bundle of rank r and degree d
over (M,o). Then

(1) Zf (gvn7a) = (97071)7

r 1 t2j71 g+1
(1.5) Qo) = Hr—ll_%l__l(tz;;nf’ )(1_t2j)'
Jj=1 Jj=1
This coincides with Q™(g,0,1).
(i) if (g,n,a) satisfies n > 0, in which case the rank of a quaternionic
vector bundle is necessarily even,

[l (1 + #7709

127 — e4) TT05 (1 — #49)

We compute Q(Tg n,a) (r) using mod 2 cohomological Leray-Hirsch spectral se-

(16) Q(;]fﬂn,a) (T’) =

quences associated to various fibrations; these spectral sequences do not collapse
at the Fs-page in general. See [Bail2| for an alternative approach to part (1) of
Theorem [L3

2. Equivariantly perfect stratification.

Theorem 1.4. One has:

(1) The real codimension of C, in C™ is finite and equal to d,, the complex
codimension of C,, in C. In particular, CJ, is open in CT.
(2) The set

{C; cpe L b
is a GZ -equivariantly perfect stratification of C™ over the field Z/2Z. In
particular,

Pz = Y thP(C2/22).
ReLT, nd

and the real Kirwan map

\Z,/27)

EER

H*(BG;2./27) — Héf(

18 surjective.
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3. Equivariant Poincaré series of positive-codimensional strata. Let P(ng a)(r, d)
be the Gf-equivariant Poincaré series of the set CJ, of 7-compatible, semi-stable
holomorphic structures on (E, 7).

Theorem 1.5. Let

§= (ﬁ ﬁ’...7@7...7@) € 174\ {tss}-

ry’ T ] ]

r1 times r; times

Then

P (Cr;7/22) = Hp(gm) riyd;)

Combining the above three steps, we obtain the following recursive formula, which
computes P s (r,d) in terms of Q7 . (r):

Theorem 1.6 (Recursive formula).

!
(L.7) Pgnay(rd) = Qgnalr) — Z i H Pl na) (i di).

HGI:d\{ﬂss} i=1

where Q(; nﬂ)( ) s given by Theorem and d,, is given by .

Finally, we derive the following closed formulae.
Theorem 1.7 (Closed formulae).

P(gTO 1y(7r,2d)

L PTGt (1))

— —1) t(gfl) D TiTS
Z Z ( ) Hl_l(l _ t2(n+m+1))

I=1 71,...,r1E€EZ>0 i=1
ﬁ ) e e
r;—1 i .
o sy (=) TLL, (1 —29)
P({;ﬂ 1.01)(72d)

L T () ()

— 1) t(29/*2) Zi<j TiTj
Z Z ( ) Hl_l(l _ t2(ri+ri+1))

I=1171,....,m1E€%Z>0 =1
Sri=r

li[ (14212
i1 H’;’: 1 — ) [Tj, (1 —#%)

P(2H/ 0 1)(7“7 2d+ )

L 2T i) ) (8)

— —1) t(29/*1) Zi<]‘ TiTj
Z Z ( ) Hl_l(l _ t2(7“i+7“i+1))

I=1171,....,mEZL>0 =1

S ri=r

l Hri (1 +t2j—1)2g/+1
En“mfwm@me>
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Suppose that n > 0. Then
P(gT,H;{La) (r,d)
tZﬁ;%(TH-TH—l)((T’1+"'+Ti)(%)>

— —1 -1 t(g_l)Zi PRELF)
Z Z ( ) Hl*1(1 — tri+n‘+1) )

1=171,....,1r1€L>0 =1
T =T

1 T - —n ri—1 i\n TT" i\
9(n=1)(1-1) H Hj:l(l + % 1)9 i Hj:l (L+#7) Hj:l(l +t7)
15 (0= ) I, (- )

i=1 Jj=1

and

P (27, 2d)

(g,m,a)

(9—1) Zi<j 7T

1 t4 S (ritrip) () (2)) o

= Z Z (_1) Hlfl(l 7t4(m+n+1))

=1 71,...,r1EZL>0 i=1
ri=r

11 [T+ 71

S IG5 (0= ) T (- 1)
1.4. Notation. In the remainder of the paper, we often denote Z, the field Z/27Z.
We also work throughout with a fixed Hermitian metric on the smooth complex
vector bundle E and we denote Gg the group of unitary automorphisms of F (the
unitary gauge group). Gc is in a natural way the complexification of Gg. If E
is endowed with a real (resp. quaternionic) Hermitian structure 7, the involution
of Gc induced by 7 preserves Gg and we denote G7, = Gg N GZ the fixed-point
set of the resulting involution of Gg. The deformation retract GL,.(C) ~~ U(r)
induces a deformation retract Gec ~ Gg, which restricts to a deformation retract
G¢ ~» GE. As a consequence, the Ge-equivariant cohomology of Cs, is the same
as its Gp-equivariant cohomology and the Gi-equivariant cohomology of C.; is the
same as its Gg-equivariant cohomology. Also, the classifying spaces BGc and BGg
have the same homotopy type and so do BG{ and BGf. Since we have chosen a
Hermitian metric on £, we may think of a holomorphic structure on E as a unitary
connection

da: Q°M;E) — QYM; E) = QY (M; E) © QY (M; E).

If (B, 7) is a real (resp. quaternionic) Hermitian vector bundle, then Q¥ (M; F) has
a real (resp. quaternionic) structure given by pulling back the differential form then
applying the real (resp. quaternionic) structure

(1.8) N+—T:=Tonoo.

In this case, the holomorphic structure d4 is called real (resp. quaternionic) if it
commutes with the real (resp. quaternionic) structures of QY(M; E) and Q! (M; E).
This is the exact necessary and sufficient condition for 7 to induce a real (resp.
quaternionic) structure on the space ker(dg’l) of holomorphic sections of £ :=
(E,dy), turning the holomorphic vector bundle (£,7) into a real (resp. quater-
nionic) holomorphic bundle. To avoid having to continuously distinguish between
real and quaternionic connections on a real or quaternionic Hermitian bundle (E, 7),
we simply call them 7-compatible.

Given a topological space Y with a continuous action by a topological group G,
let Yy = EG X¢ Y denote the homotopy orbit space and let [Y/G] denote the
quotient stack. Then H*([Y/G]; R) :== H{:(Y; R) = H*(Yae; R) for any coeflicient
ring R.
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2. REAL AND QUATERNIONIC STRUCTURES AND THEIR MODULI

In this section, we summarize the results of [Sch12]. We give precise definitions
of the moduli spaces ./\/lgwd; and N](}[‘)ij which appeared in Section |1.3|and identify
M?\/[d; with a Lagrangian quotient £, (Theorem .

Recall that a moduli problem for geometric objects (=topological spaces with
an additional geometric structure) typically has the following two aspects :

(1) a topological classification,

(2) the construction of a moduli space for objects of each topological type, by
which we mean, here, a manifold whose points are in bijection with certain
equivalence classes (ideally, but not always, isomorphism classes) of the
objects for which one seeks moduli.

A more refined notion of moduli space is obtained by searching for universal families,
but we shall not touch upon that aspect here.

The topological classification of real and quaternionic vector bundles on a Klein
surface (M, o) of topological type (g,n,a) was obtained by Biswas, Huisman and
Hurtubise in [BHH10] and we recall their result in Subsection As for the sec-
ond aspect of the moduli problem, it has been known since the work of Mumford
on Geometric Invariant Theory, that topologically and geometrically well-behaved
moduli spaces may only be obtained if one imposes a certain stability condition on
the objects that one wishes to classify. In the context of vector bundles on curves,
slope stability probably is the obvious choice. Nonetheless, some care should be
taken when it comes to the kind of sub-bundle on which to test the slope stability
condition. We recall the definition of stability in the real and quaternionic sense
and the differences with stability in the holomorphic sense, in Subsection We
subsequently propose a geometric-invariant-theoretic and a gauge-theoretic con-
struction of moduli spaces for real and quaternionic bundles (Subsections and
and explain how this construction fits into two-dimensional Yang-Mills theory

(Subsection [2.5)).

2.1. Topological types of real and quaternionic bundles. We collect the
topological classification results of Biswas, Huisman and Hurtubise in the following
theorem.

Theorem 2.1 (Topological types of real and quaternionic bundles, [BHH10]). One

has :

(1) For real bundles :
(i) of M? = 0, then real Hermitian bundles on (M,o) are topologically
classified by their rank and degree. It is necessary and sufficient for a
real Hermitian bundle of rank r and degree d to exist that

d =0 (mod 2).

(i) of M° # 0 and (E,T) is real, then (E™ — M?) is a real vector bundle
in the ordinary sense, on the disjoint union

MUZ’Ylu"'I—l’}/n
of at most (g + 1) circles and we denote

w? = wi (B ) € H'(S;2/22) ~ Z/2Z

J
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the first Stiefel-Whitney class of ET — M?¢ restricted to ;.

Then real Hermitian bundles on (M, o) are topologically classified by
their rank, their degree and the sequence W := (w(l), ‘e 7w(”)). It is
necessary and sufficient for a real Hermitian bundle with given invari-
ants r, d and W to exist that

w® N w™ =d (mod 2).

(2) For quaternionic bundles :
Quaternionic Hermitian bundles on (M, o) are topologically classified by
their rank and degree. It is necessary and sufficient for a topological quater-
nionic bundle of rank r and degree d to exist that

d+r(g—1)=0 (mod 2).

Note that if M? # () and (E,7) is quaternionic, then rk E is even, because the
fibres of F|pfe — M7 are left modules over the field of quaternions. Also, if
(E,7) is a real bundle over a Klein surface (M, o) of topological type (g,n,a) with
n > 0, the sequence w := (w(l), e 7w(”)) is of course none other than the first
Stiefel-Whitney class of the vector bundle E” —— M9 =~y Ll --- U ~,, which is a
real vector bundle in the ordinary sense (with fibre R") over the disconnected base
Me.

2.2. Stability of real and quaternionic bundles. The slope of a non-zero holo-

morphic vector bundle £ is the ratio

(€)= deg&
el ="xe

of its degree by its rank.

Definition 2.2 (Stability conditions for real and quaternionic bundles). Let (£, 7)
be a real (resp. quaternionic) holomorphic vector bundle on (M,o). We call a sub-
bundle of & non-trivial if it is distinct from {0} and from E.

(1) We say (€, 1) is stable if, for any non-trivial T-invariant sub-bundle F C &,
the slope stability condition

u(F) <€)

18 satisfied.
(2) We say (€,7) is semi-stable if, for any non-trivial T-invariant sub-bundle
F C &, one has

w(F) < ().
(3) We say (€,7) is geometrically stable if the underlying holomorphic bun-
dle & is stable, that is, if, for any non-trivial sub-bundle F C £, one has

(F) < u(€).

(4) We say (€,7) isgeometrically semi-stable, if the underlying holomorphic
bundle £ is semi-stable, that is, if for any non-trivial sub-bundle F C &,
one has

p(F) < (&)
We see that (3) = (1) and (4) = (2). We recall below that (2) = (4), but (1) #
(3)-

Proposition 2.3 ([Schl2|). Let (£,7) be a semi-stable real (resp. quaternionic)
vector bundle on (M, o). Then (€,7) is geometrically semi-stable.
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To see that (1) does not necessarily imply (3), we identify all bundles (£, 7) which
are stable in the real (resp. quaternionic) sense. We note that when F is any
holomorphic vector bundle, there is a commutative diagram

oF T F

! |

M —Z— M
where 7 is an invertible, C-antilinear map covering ¢ and such that

ror ' =IdF, and 7' o7 = Id+=.

Therefore, on F @ o*F, we may define

0 7 _ 0 -7
+_ —
T = (T_l 0) and 77 = (T_1 0 ) .

7+ and 7~ are C-antilinear maps from F @ o*F to itself, covering o, and satisfying

Idr 0
Thort = ( 0 Id*]_-> = ldzgoz,

and

(- 0
rer :( 0 Ida*f):_ld]-'@a*}"

In other words, (F @ o*F,7+) is a real bundle and (F @ o*F,77) is a quaternionic
bundle. We also note that, if (£,7) is any real (resp. quaternionic) bundle, the
bundle End(€) ~ £* ® £ of endomorphisms of £ always has a real structure given
by

v (fom ) @ 7(v).
If we still denote 7 this real structure, the bundle of real (resp. quaternionic) endo-
morphisms of (€, 7) is the bundle (End(é’))T of T-invariant elements of End(&).

Proposition 2.4 ([Schl2]). Let (€,7¢) be a stable real (resp. quaternionic) vector
bundle.
(1) Then either (E€,7¢) is geometrically stable, or there exists a holomorphic
vector bundle F, stable in the holomorphic sense, such that & = F @ o*F.
In the latter case, if (€,7) is real then o*F # F and ¢ =1, and if (€,7)
18 quaternionic, then 7e = 7.
(2) In the geometrically stable case, the set of real (resp. quaternionic) endo-
morphisms of (€,7¢) is

(End(€))™ = {Mdg : A € R} = R,
and, if € = F @ o*F, then
(End(£))™ = {(\dr,\dr): A€ C} ~ C.

Note that the isomorphisms given in part (2) of the Proposition are isomorphisms
of real vector spaces. Also, a real (resp. quaternionic) bundle which is stable in the
real (resp. quaternionic) sense but not geometrically stable, is necessarily of even
rank.

The key feature into the moduli problem for real (resp. quaternionic) bundles on
(M, o) is that there are enough real (resp. quaternionic) bundles which are stable in
the real (resp. quaternionic) sense for a semi-stable real (resp. quaternionic) bundle
(€,7) to admit a real (resp. quaternionic) Jordan-Holder filtration in the following
sense.
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Definition 2.5. Let (£,7) be a real (resp. quaternionic) bundle. A real (resp.
quaternionic) Jordan-Hélder filtration of (£,7) is a filtration

{0} =& cCcé& C--Cé =€

by T-invariant holomorphic sub-bundles, whose successive quotients are stable in
the real (resp. quaternionic) sense.

Theorem 2.6 ([Schi2]). Let Bun, (resp. Bun/i ) denote the category of semi-
stable real (resp. quaternionic) bundles of slope p on (M, o). By Propositz'on it
is a strict sub-category of the category Bunss ,, of semi-stable holomorphic bundles
of slope p. Moreover :

(1) If u: (&1,11) — (E2,72) is a morphism of real (resp. quaternionic) bun-
dles, then the bundles Keru and Imu are semi-stable real (resp. quater-
nionic) bundles of slope p and the isomorphism £ /Keru ~ Imwu is an iso-
morphism of real (resp. quaternionic) bundles. As a consequence, Bunsﬂs’
(resp. Bun,s ) is an Abelian category.

(2) The Abelian category Bun,s, (resp. Bun/ ) is Artinian, Noetherian and
stable by extensions. If (€,7) is stable in the real (resp. quaternionic) sense,
then its endomorphism ring (End )7 is a field which is an algebraic exten-
sion of R, so it is either R or C.

(3) The simple objects of Buns , (resp. Bun,s,) are the real (resp. quater-
nionic) bundles of slope p on (M, o) that are stable in the real (resp. quater-
nionic) sense. In particular, a semi-stable real (resp. quaternionic) bundle
(E,7) admits a real (resp. quaternionic) Jordan-Hélder filtration.

m

Note that a real (resp. quaternionic) Jordan-Holder filtration of a semi-stable real
(resp. quaternionic) bundle(&, 7) is not a Jordan-Hoélder filtration of the underlying
holomorphic bundle & (for instance, if (£,7) = (F @ o*F,7F) with ¢*F % F and
F geometrically stable, then (£, 7) is stable as a real (resp. quaternionic) bundle
so its real (resp. quaternionic) Jordan-Holder filtrations have length one, while
its holomorphic Jordan-Holder filtrations have length two). The graded object
associated to a real (resp. quaternionic) Jordan-Holder filtration of a semi-stable
real (resp. quaternionic) bundle (£,7) is a poly-stable object in the sense of the
following definition.

Definition 2.7 (Poly-stable real and quaternionic bundles). A real (resp. quater-
nionic) vector bundle (€,7) on (M, o) is called poly-stable if there exist real (resp.
quaternionic) bundles (F;,T;)1<j<k of equal slope, stable in the real (resp. quater-
nionic) sense, such that
and

T=T1D DTk

By Proposition a poly-stable real (resp. quaternionic) bundle is poly-stable in
the holomorphic sense (=a direct sum of stable holomorphic bundles of equal slope).
We recall that the holomorphic S-equivalence class of a semi-stable holomorphic
bundle £ is, by definition ([Ses67]), the graded isomorphism class of the poly-stable
bundle gr(€) associated to any Jordan-Hoélder filtration of £.

Corollary 2.8 ([Schi2]). The S-equivalence class, as a holomorphic bundle, of a
semi-stable real (resp. quaternionic) bundle (€,7T) contains a poly-stable real (resp.
quaternionic) bundle in the sense of Definition . Any two such objects are iso-
morphic as real (resp. quaternionic) poly-stable bundles.

In particular, there is a well-defined notion of real (resp. quaternionic) S-equivalence
class for a semi-stable real (resp. quaternionic) bundle (&, 7).
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Definition 2.9 (Real and quaternionic S-equivalence classes). The graded isomor-
phism class, in the real (resp. quaternionic) sense, of the poly-stable real (resp.
quaternionic) bundle gr(E,7) associated to any real (resp. quaternionic) Jordan-
Holder filtration of (€,7), is called the real (resp. quaternionic) S-equivalence
class of (€,7).

We point out that a same poly-stable object may admit, however, both a real and a
quaternionic structure, showing that it belongs both to a real and to a quaternionic
S-equivalence class (for instance, F @ o*F admits the real structure 77 and the
quaternionic structure 7). A final instructive example is given as follows. Let
(L, 7) be a real (resp. quaternionic) line bundle on (M, ). Then £ ® £ admits two
non-conjugate, non-stable, real (resp. quaternionic) structures, namely

T®7T and T+:(O T).
7 0

We note that 71 is indeed quaternionic when 7 is quaternionic. These two non-
conjugate poly-stable real (resp. quaternionic) structures 7®7 and 7 are, however,
S-equivalent in the real (resp. quaternionic) sense. Indeed,

gr( LB L,7dT)=(L,7)D (L, T)
and (£ ® L, 71) admits the real (resp. quaternionic) Jordan-Hélder filtration
{0}CcLaCLODL,
where L is the image of the diagonal embedding

L — Lol
u — (u,u).
In particular, (La,7"|z,) is isomorphic to (£,7) as a real (resp. quaternionic)
bundle. Moreover, the map
(LeL)/Lan — L
(v, w) — (v —w)
is an isomorphism of real (resp. quaternionic) bundles with respect to 7% and 7, so

gr(L L, 7))~ (L,7)® (L,7).

2.3. Moduli of semi-stable real and quaternionic bundles. Motivated by
the results of the previous subsection, we look for a space whose points are in
bijection with real (resp. quaternionic) S-equivalence classes of semi-stable real
(resp. quaternionic) bundles of fixed topological type. Since the moduli variety
/\/l]\'/’['fg (C) is the set of holomorphic S-equivalence classes of semi-stable holomorphic
bundles of topological type (r, d), it is natural to look for moduli spaces of real (resp.
quaternionic) bundles that would be subspaces of ./\/l;\"/}fia((C). More specifically, since
the functor £ — o*&€ preserves the rank, the degree and the slope (semi-) stability
of a holomorphic vector bundle, it takes a holomorphic Jordan-Hélder filtration

{0} =& cCcé& C--CéE =€
to the holomorphic Jordan-Hélder filtration
{0} =0*E Co*&y C - C o0&, =0*E,

so it induces an anti-holomorphic involution

[€]s — [0*E]s
of ./\/l;/’[c’lo((C), whose fixed-point set ./\/l;\}iia (R) contains holomorphic S-equivalence
classes of semi-stable real (resp. quaternionic) bundles of rank r and degree d.
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Unfortunately, a real point of M]TV’[‘?U is not necessarily the real (resp. quaternionic)
S-equivalence class of a real (resp. quaternionic) poly-stable bundle, as one can
see by considering the direct sum (&1,71) @ (€2, 72) of a stable real bundle and a
stable quaternionic bundle. The statement becomes true, however, if we restrict
our attention to geometrically stable real (resp. quaternionic) bundles, as shown by
the next Proposition.

Proposition 2.10 ([BHHI0]). Assume that £ is a bundle on M, which is stable in
the holomorphic sense and such that o*&E ~ E. Then £ is either real or quaternionic
and it cannot be both.

If we denote N, ]\Z'i the open sub-scheme of M;}[‘?U parametrizing isomorphism classes
of stable holomorphic bundles of rank r and degree d on M, then N, I\Z‘i((C) is a non-
singular complex variety and is equal to M};’Idg (C) when r and d are coprime. We

have the following description of N, J\Z‘i (R).

Theorem 2.11 ([Sch12|). The points of./\/}\?i (R) are in bijection with isomorphism
classes of geometrically stable real and quaternionic bundles. Moreover, two geo-
metrically stable real bundles belong to the same connected component of./\/']\?f7 (R) of
and only if they are smoothly isomorphic. Geometrically stable quaternionic bundles
lie in a different, single connected component of N]\Zi (R).

This includes the case where r A d = 1, as in this case a stable real (resp. quater-
nionic) bundle necessarily is geometrically stable, but the statement of the theorem

is no longer correct for M;;,‘fa (R) in general, for, as we have already noted, a poly-

stable object of the form F @& o*F admits both a real and a quaternionic structure.
The Theorem also says that connected components of ]C[Cf, (R) are indexed by
topological types of real and quaternionic bundles, which we can easily count us-
ing Theorem (for instance, it is no greater than 29 + 1, see [Sch12] for an exact
count). Let N, ;4 .7 denote the space of real (resp. quaternionic) isomorphism classes
of geometrically stable real (resp. quaternionic) bundles of a fixed topological type
(determined by r,d,T) over a Klein surface (M,c). Then NX/}‘?&T is a connected
component of A’ ;}I‘fU(R).

The problem, when r and d are not coprime, is that real points of M ;/’I‘,ig do not
represent real (resp. quaternionic) S-equivalence classes of semi-stable real (resp.
quaternionic) bundles of rank r and degree d. Fortunately, it is possible, using
gauge theory, to produce topological spaces whose points are in bijection exactly
with the elements of the set /\/17;\;; of real (resp. quaternionic) S-equivalence classes
of semi-stable real (resp. quaternionic) bundles of fixed topological type. When r
and d are coprime, these topological spaces are smooth manifolds which embed onto
the various connected components of M]C’[j'lg (R).

2.4. The gauge-theoretic point of view. We refer to Section 3.2 of [Sch12]
for the explicit computations of this subsection. Let (E,7) be a fixed real (resp.
quaternionic) Hermitian bundle of rank r and degree d on (M, o). The affine space
C of holomorphic structures on F is in bijection with the affine space Ag of unitary
connections

da: Q' (M; E) — QY(M; E) = Q" (M; E) © Q" (M; E)
via the map sending d to its (0, 1)-part, denoted d4. In the rest of the paper,

we constanttly identify C and Ag in this manner (which depends on the choice of
the metric on E). The set of isomorphism classes of holomorphic vector bundles of
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rank r and degree d is in bijection with the set

C/Gc

of orbits of unitary connections on E under the action

9(A) = A= (9a9)g™" + (@ag)g™")"
of the complex gauge group of E. This restricts to the usual gauge action of G C G¢
on C given by
u(A) = A — (dgu)u™!
for w unitary. Atiyah and Bott have showed that the affine space C has a natural

Kahler structure, with complex structure induced by the Hodge star * of M and
compatible symplectic structure given, on T4C ~ Q! (M ; u(E)), by

wala,b) = /M —tr(a A D).

The remarkable property ([AB83]) is that the action of the unitary gauge group Gg
on C is Hamiltonian with respect to this symplectic form, with the curvature map

C — Q*(M;u(B)) ~ (LieGg)*

FzA’—)FA

for a momentum map. A celebrated theorem of Donaldson then gives necessary
and sufficient conditions for a holomorphic bundle £ to be stable in terms of the
corresponding Ge-orbit O(€) of unitary connections (this gives a new proof of a
theorem of Narasimhan-Seshadri: the stable holomorphic vector bundles over a
compact Riemann surface are precisely those arising from irreducible projective
unitary representations of the fundamental group [NS65]).

Theorem 2.12 (Donaldson, [Don83|). A holomorphic vector bundle € of rank r
and degree d on M is stable if, and only if, the corresponding Gc-orbit O(E) of
unitary connections on E contains an irreducible, minimal Yang-Mills connection,
meaning a unitary connection A such that :

(1) Stabg(4) = C*,

(2) Fa = *i2m2l,.

Moreover, such a connection is unique up to a unitary automorphism of E.

As a consequence, graded isomorphism classes of poly-stable holomorphic bundles
of rank r and degree d are in bijection with Gg-orbits of minimal Yang-Mills con-
nections. It will be convenient to have the following notation at our disposal :

Amin = F_l({/’['SS}) )
where pg, = (4,--+, %) has been identified with *i2r2Idg € Q?(M;u(E)), the

I

notation A, being justified by the fact that A, is the set of absolute minima
of the Yang-Mills functional

[ cC — R
A [y IFal?

for unitary connections on E. Donaldson’s Theorem then implies that there is a
homeomorphism

MG (C) = CosfJGe ~ F ({pss}) /G

where C, //Ge designates the set of S-equivalence classes of semi-stable holomorphic
structures on F.
It turns out that there is a similar presentation for the set

My = CL)/GE
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of real (resp. quaternionic) S-equivalence classes of semi-stable T-compatible struc-
tures on (E,7). As a first step towards this, we note that 7 induces an anti-
symplectic, involutive isometry

cC — C

A4 porAp~

1
where ¢ : o*F —=s E is the bundle isomorphism corresponding to 7 (one has
o*p = ¢~ if 7 is real and 0¥p = —p ! is T is quaternionic; notice that, in either
case, the transformation ., is involutive), as well as involutions

G —  Gr
u o pofup”

8, :

1

nd
) CQ(Mu(E) — 92(M;u(E))
Br: R —  po*Re!

We denote both involutions by S, because the second one is induced by the first
one under the identification

Q*(M;u(E)) ~ (Lie(gE))*.

It should be noted that the involution 8, on Gg C G¢ in fact comes from an
involution B, : g — wo g ! defined on the whole of Gc. It is convenient to
simply denote

A=a,(A), w:=p(u), g:=089), R:=p(R).
We have the following compatibility relations ([Sch12]),
uw(A) =u(A) and Fy=Fa,

between the involution of C and the gauge action and between the involution of
C and the momentum map of the gauge action. Similarly, G¢ also acts on C in a
compatible way :

g(A) =7(4)

for all g € Gc. These relations ensure that ., preserves the minimal set

Amin = F_l({NSS})’
and that G (the group of fixed points of 3, on Gg) acts on AT, , the fixed-point

min’

set of the restriction of ., to Ani,. As a consequence of all these compatibilities,
we can form the Lagrangian quotient

(2.1) L= (F'({ms}) /G-
The group Gz is exactly the group of unitary automorphisms of E that commute
to 7 and we call it the real (resp. quaternionic) gauge group of (E, 7). When
we want to emphasize the real or quaternionic nature of 7, we write g or 7y,
respectively. Similarly, we write G and G, respectively for the real and the
quaternionic gauge group. Distinguishing between real and quaternionic structures
will be of importance in Section |4 when we compute the Poincaré series of B(G7')
and B(GA'). Results of Section in contrast, do not depend on the type of 7.
Our second step is to notice that, for fixed 7, a unitary connection A on (E,T)
induces a T-compatible holomorphic structure if and only if A = A. This is so
simply because the covariant derivative

da: Q°(M;E) — QY(M; E)

commutes to the real (resp. quaternionic) structures of Q°(M; E) and Q!(M; E) if
and only if
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which, because of the relation dys = d45 defining 4, is equivalent to
dxy =da.

Since a semi-stable 7-compatible holomorphic structure on (E,7) gives rise to a
semi-stable real (resp. quaternionic) holomorphic bundle (£, 7) which admits a real
(resp. quaternionic) Jordan-Holder filtration, the poly-stable real (resp. quater-
nionic) structure of the associated graded object gr(€,7) is defined by a unitary
connection

Ae (F_l({uss}))T :

In fact, this unitary connection is unique up to the action of the real (resp. quater-
nionic) gauge group, as shown by the next result.

Proposition 2.13 ([Sch12]). Let A, A’ be two connections which satisfy A = A
and A’ = A’, and assume that A and A’ define poly-stable real (resp. quaternionic)
structures. Then A and A’ lie in the same Gg-orbit if, and only if, they lie in the
same G -orbit.

We note that, since a poly-stable real (resp. quaternionic) bundle is poly-stable
in the holomorphic sense and since the involution «, on C induces the involution
[€]ls — [0*E]s on Css//Ge = MX/’[flU(C), one has a natural embedding

CLIGE = MYT — MiF (R)

(the injectivity of this map follows from Corollary [2.8)). Moreover, by Proposition
|T_f3|, the map sending a G f-orbit of minimal Yang-Mills connections to the Gg-orbit
containing it is injective. In sum, we have proved the following result.

Theorem 2.14 (|[Schi2]). There is a homeomorphism
Lr = (F7 ({uss})" 95 — MG = CLIGE € M (R)

between the space of gauge equivalence classes of T-compatible minimal Yang-Mills
connections on (E,7) and the space of real (resp. quaternionic) S-equivalence classes
of semi-stable T-compatible holomorphic structures on (E,T).

In that sense, the set L., which is naturally in bijection with a set of real points
of M;;[‘fa, is a moduli space for semi-stable real (resp. quaternionic) bundles which
have the same topological type as (E,T).

When r A d = 1, any semi-stable bundle is in fact stable, so QTE = G£/R* acts
freely on C], = C; and

L= Csﬂ;/gié
In this case, £, is a compact connected manifold of real dimension r2(g — 1) + 1
and we will show (Corollary that its mod 2 Poincaré polynomial is
Pi(LZ)22) = PE(CL 2)22) = (1 - t) P (CLL 2/22).

887

2.5. The Yang-Mills equations over a Klein surface. To conclude this section,
we explain a way of thinking about our moduli problem in terms of two-dimensional
Yang-Mills theory.

As shown by Atiyah and Bott (JAB83]), the Yang-Mills equations over a compact
Riemann surface M, i.e. the Euler-Lagrange equations for the Yang-Mills functional

Lyy: A—s / | Fall?,
M

are given by
dA(*FA) =0.
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Given a fixed Hermitian vector bundle E of rank r and degree d, the critical points
of the Yang-Mills functional are the unitary connections satisfying

d d
(2.2) Fy = #i2n <1IT1 OB lI”>
T1 T

where

1 l
Z r; =r and Z di=d
i=1 i=1
Here, one may additionally assume that the indices are so labelled that

d d
71 > “ e > l
1 ]
These critical points are called Yang-Mills connections. Among them, the ab-
solute minima of the Yang-Mills functional are the connections satisfying

d
Fp =«2r-1dg .
T

The Morse strata of the Yang-Mills functional coincide with the strata defined by
the Harder-Narasimhan types (JAB83] [Das92]).

If now (M, o) is a Klein surface and (F, 7) is a real (resp. quaternionic) Hermitian
vector bundle of rank r and degree d on (M, o), then the critical sets of the Yang-
Mills functional Ly s (in fact, the whole Morse strata, see Subsection [5.2]) are
invariant under the involution A — A induced by 7 on the space of all unitary
connections on FE, since Iy = F, for any connection and Fy = Fy if A satisfies
. More precisely, one has the relation

for any unitary connection A, which implies that the Yang-Mills flow (i.e. the gradi-
ent flow of the Yang-Mills functional) preserves the closed subspace C™ C C. Since
Daskalopoulos has proved that this flow converges (|[Das92|), we have that the lim-
iting connection of a 7-compatible connection is itself 7-compatible. In particular,
the Yang-Mills flow takes a unitary connection A € C], defining a semi-stable 7-
compatible holomorphic structure on F to a unitary connection A, satisfying

{ FAoo = *iQWgIdE

(2.3) e

More generally, if A defines a 7-compatible holomorphic structure of Harder-Narasi-

mhan type
dx dy d d
M: Tttty Ty Ty —
1 1 T Tl

(see Subsection [5.1)), the Yang-Mills flow will take A to A, satisfying Ao, = As
and equation (2.2)). This motivates the following definition.

Definition 2.15 (The Yang-Mills equations over Klein surfaces). Let (E,T) be a
real or quaternionic Hermitian vector bundle over the Klein surface (M,o) and let
A be a unitary connection on E. We say that the Yang-Mills equations over the
Klein surface (M, o) are given by the system

(2.4) {dA(*FA) = 0

A = A

In other words, the Yang-Mills connections over the Klein surface (M, o) are the
Yang-Mills connections over M which, additionally, are Galois-invariant.
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This gives a good notion of Yang-Mills equations over (M, ) because, by Theorem
2.14} gauge orbits of minimal solutions to are in bijective correspondence with
real (resp. quaternionic) S-equivalence classes of semi-stable 7-compatible holomor-
phic structures on (E, 7), thus characterizing poly-stable objects in algebraic geom-
etry in terms of solutions to a certain partial differential equation (in accordance
with the approach initated by Donaldson in [Don83]).

3. BASED GAUGE GROUPS AND REPRESENTATION VARIETIES

In this section, we recall the definitions of based gauge groups and representation
varieties introduced in [AB83| (complex case) and [BHH10| (real and quaternionic
cases). We also outline our strategy to compute the mod 2 Poincaré series of the
classifying space of the real and quaternionic gauge groups. All the maps, bundles,
sections, etc. are of class C°.

3.1. Cell decomposition of Klein surfaces. Let (M, o) be a Klein surface of
topological type (g,n,a). In this subsection, we recall the cell decomposition of
(M, o) introduced in [BHH10), Section 2|. Let ¢ : M — M/o be the projection to
the quotient. We will first introduce a cell decomposition of M/o:

M/o = UeaU Ueg.

a€esS BeT

For each a € S, the preimage ¢ !(e,) is a single cell in M, and we still call it
eq; for each B € T, the preimage ¢~ '(eg) is a disjoint union of two cells e; and
ez = U(eg) in M. Then we have a cell decomposition of M:

M = UeaU U(eEUeg).

a€eS peT

3.1.1. Type 0: n =0, a = 1. In this case, M /o is a non-orientable surface without
boundary. This case was considered in [Ho04]. There are two subcases:

(i) g = 2§ is even. M /o is homeomorphic to the connected sum of a Riemann
surface of genus § and the real projective plane RP?.

(ii) g = 2¢+1isodd. M/o is homeomorphic to the connected sum of a Riemann
surface of genus ¢ and a Klein bottle.

We have a disjoint union of cells:

g o A . o
(3.1) M/o'_{VUUi—l (Oleﬂz)U’yOUF, g =24,

VUUL, (& UB) U USUFE, g=2§+1.

In the above cell decomposition:

(1) V = {xz} is a O-cell, where z € M/o.

(2) &, Bl-, 50, o are l-cells. Their closures «;, S3;, Y0, do are loops in M/o
passing through x.

(3) F is a 2-cell such that its oriented boundary is given by

oF — d Himilaw B:176, 9=24,
[T e, Bi 7050%5517 g=2¢+1
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For each cell e in the cell decomposition (3.1]), ¢~ (e) the disjoint union of two cells

et and e” = o(et) in M. We have a disjoint union of cells:
Viuv-ulUL, (6F ua UBtUBy) 0
UYd Uy UFT U F~ 9=
32) M=
Vtuv-uUL, (6F ua; UBTUB) e
U3 Udg UdT Udy UFTUF- 9=+ 0

In the above cell decomposition,
(1) Vvt = {xo} and V~ ={o(x0)}, where {aco, (xo)} q ().
(2) Let a; sz ,*yo , 6i be the closures of &; ,ﬂz 7'70 , 535, respectively. Then
Q; ,ﬁf are loops in M passing through z¢, and «; ,; are loops in M
passing through o(z9). When g = 2§ is even, v is a path in M from =z
to (), so v, is a path in M from o(zg) to o. When g = 2§+ 1 is odd,
fygr is a loop in M passing through xg, and 58' is a path in M from z( to
o(xg); s0 v, is a loop in M passing through o(z¢) and J; is a path in M
from o(xg) to xg.
(3) The oriented boundary of F* is given by

OFt — gzl[aj,ﬂjhg%_v g =2g,
il B 00 (65) 7Y, g=29+1.
Therefore,
op— — Jimled 87 s g =20,
[Tl B o 007 (65 )Y g=23+1.

3.1.2. Type I: n > 0, a = 0. In this case, M/o is an orientable surface with
boundary. There is a non-negative integer § such that g = 2g+n — 1, and M/o is
homeomorphic to ¥; ,,, where ¥, ,, is obtained by removing n disjoint open disks
from a Riemann surface of genus §. M7 = 9(M /o) is the disjoint union of n circles:

M =0(M/o) =y U Uyp.

We have a disjoint union of cells:

n g n n
(3.3) M/a:UV;UU(&Z-UBZ»)UU%UUSJ-UF.
i=1 i=1 j=1 j=2

In the above cell decomposition:
(1) Each V; = {x;} is a O-cell, where z; € ;.
(2) az,ﬁz,%,é are 1-cells. v; =4; U {z;} is the closure of ;.
(3) For ¢ = 1,...,§, the closures oy, 8; of ai,ﬂz are loops in M/o passing
through x;.
(4) Fori=2,... n, the closure ¢; of (51 is a path from z; to z;.
(5) F is a 2-cell such that its oriented boundary is given by

g
OF = H o, Bim Hama—
=1

=2
In the cell decomposition :
(1) ¢~ (Vi) a single O-cell in M, and we still call it V;; ¢~ *(%;) is a single 1-cell
in M, and we still call it ;.
(2) If e is a cell in the decomposition , and e is neither V; nor 4;, then
g 1(e) is the disjoint union of two cells et and e~ = o(et) in M.
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We have a disjoint union of cells:
n g

(3.4) M:U%UU(&fU&ZUBO;FUé{)U0’?jUO(SjU5])UF+UF’.

i=1 i=1 i=1 i=2
In the above decomposition,

(1) Let ozii, B+, 6F be the closures of &Zi, ﬁi 5F respectively. Then ali, ,Bii are

() 172’

loops in M passing through x1, and 5z is a path in M from z; to z;.
(2) The oriented boundary of F* is given by

g n
oFt =TJlef. 85 [ (656557
i=1 i=2
Therefore,

g

OF~ = [Jlos . 87 1 [T (65 (8
=2

i=1

3.1.3. Type II: n > 0, a = 1. In this case, M /o is a nonorientable surface with
boundary, and g — n > 0. M? = 9(M /o) is the disjoint union of n circles:

M =0(M/o) =y U Uyp.

There are two subcases:

(i) g —n = 2§ is even: M /o is homeomorphic to the connected sum of X,
and the real projective plane RP?.

(ii) g—n=2¢+1is odd: M/o is homeomophic to the connected sum of ¥,
and a Klein bottle.

We have a disjoint union of cells:
(3.5)
Mjo = U?:oVQUUg:l (diuﬁci) UU?:O'S/iUU?:l‘EiUR g—n=2g,
Uimo ViU, (Ooéi Uﬁi) UUiso % UUiZo 0 UF, g—n=25+1.
In the above cell decomposition:
(1) Each V; = {;} is a O-cell, where x; € ; for i = 1,...,n, and zg is in the
interior of M/o.
(2) &, Bi, Vi, 0; are 1-cells. Let «y, B;,d;,7; be the closures of &;, 5;,7i, 0;, re-
spectively. For i =1,...,n, v, =% U {x;}.
(3) @i, Bi, Y0, 90 are loops in M /o passing through .

(4) Fori=1,...,n, d; is a path from x¢ to z;.
(5) Fis a 2-cell such that its oriented boundary is given by
or = [T l0u Al T (0t ) g—n=2j,
[T [, Bi 70007000 Tz, (6736, 1), g —n=2g+1

In the cell decomposition (3.5):
(1) For i = 1,...,n, ¢ 1(V;) is a single O-cell in M, and we still call it V;
q (%) is a single 1-cell in M, and we still call it 4;.
(2) Ifeis a cell in the decomposition (3.5) and is not in {Vq,..., Vi, %1, .-, Yn },
then ¢~'(e) is the disjoint union of two cells e™ and e~ = o(e™) in M.
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We have a disjoint union of cells:

(3.6)
Vot UV WU ViUUL, (65 ua; uBf u b)) o
° o — n ° n IS & _ g — = 49,
U'70+U’Vo UUi:l’YiUUi:I((sjU(Si JUUFtUF
M:
ViUV UL iU, 6 uar B uB)

USE Udg WU, A WU (0 Ud ) UUFH U F-
In the above cell decomposition,
(1) Vi = {xo} and V;~ = {o(x0)}, where {xo, (mo)} = q_l(ac).
(2) Let o ,ﬁz Yo ,(5i be the closures of &; ,ﬁz ,70 05, respectively. Then
o; ,Bj are loops in M passing through z¢, and «; ,3; are loops in M
passing through o (7). §; is a path in M from xg to z;, and J; is a path
in M from o(zg) to z;.

(3) When g —n = 2§ is even, 74 is a path in M from xq to o(zg), so v, is a
path in M from o(z¢) to 9. When g = 2§ + 1 is odd, 73 is a loop in M
passing through zg, and J& is a path in M from xq to o(xg); so 7, is a
loop in M passing through o(x¢) and d; is a path in M from o(x¢) to zo.

(4) The oriented boundary of F'™ is given by

SF+ — le[aﬁﬂ?ho*v&m 1(5+% 571, g—n=2q,
5:1[04;}’5?]’7 o5 o (0g) 1 [TZ 1(5+%( ) 1)7 g—n=25+1
Therefore,
op— — JHimled 870 TEZ (6 %(07) ™), g—n=2g,
e 87170 06 70 (05 ) 7 Ty (6, 7i(67) ™), g —n=2G+1.

3.2. The evaluation map and based gauge groups. Let (E,7) — (M, o) be
a real or quaternionic Hermitian vector bundle of rank r, degree d over a Klein
surface (M, o) of topological type (g,n,a).

Let P — M be the unitary frame bundle of the Hermitian vector bundle E.
Then Py is a principal U(r)-bundle over M. The structure group U(r) acts freely
on Pg on the right, and M = Pg/U(r). Let 7 : Pg — M = Pg/U(r) be the
natural projection. The gauge group Gg can be identified with the space of U(r)-
equivariant maps Pg — U(r), where U(r) acts on itself by conjugation:

Ge ={u:Prg—U@)|ulp-h)=h"tulp)h for any p € Pg,h € U(r)}.
For any p € Pg, there is an evaluation map
evp: G — U(r), uw— u(p).

The evaluation map ev,, is a surjective group homomorphism. Note that the kernel
of ev, depends only on m(p) € M. We define the based gauge group Gg(z) to be
the kernel of ev,, where p is any point in 77! (). Then Gg(z) is a normal subgroup
of Gg, and there is a short exact sequence of groups

(3.7) 1= Gp(z) — Gg 5 U(r) — 1.
Given p = (z,e1,...,e,) € Py, where z € M and (eq,...,e,) is a unitary frame

of B, (1(e1),...,7(er)) is a unitary frame of E,,). We define
7:Pg — P, (x,e1,...,e)— (o(x),7(e1),...,7(er)).

Then 7 : Pp — Pg satisfies the following properties:
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(1) The diagram
M —2— M
is a commutative diagram,
(2) For all p € Pg and h € U(r),

7(p-h) =7(p) - h.
(3) For all p € Pg,

TOT(p) _ D, T = TR,
D (_Ir)7 T = TH,

where I,. € U(r) is the 7 x r identity matrix.

The involution 7 : Gg — Gg can be described in terms of 7 : P — Pg, as
follows. Given

w€Gp ={u:Pg— U(r)|ulp-h) = h  u(p)h for any p € Py, h € U(r)},
define
T(u): P = U(r), 7(u)(p) = u(r(p)).

It is straighforward to check that 7(u) € Gg and 7(7(u)) = w. The involution
7:Gg — Gg is given by u — 7(u). The fixed-point set G is the real or quaternionic

gauge group.
For any p € Pg, there is a commutative diagram

G —— Gp
evpl evr(p)l
U(r) —— U(r)

where 7 : U(r) — U(r) is defined by mr(A) = A. Let
0 1
J=<_1 0)650(2),

T = diag(J, o J) € SO(2m).

m copies

and define

When 7 is even, we define an involution
m:U(r) = U(r), A— —JT/QAJT/Q.

The fixed points set of 7y is U(r)™ = Sp(5).
Given x € M, there are two cases:

(1) If o(x) # x, then for any p € 7~*(z), the map
evp X evep) : Ge — U(r) x U(r), uw— (u(p),u(r(p)))
is surjective, and
(evp X evr)(GE) = {(A,A) | A€ U(r)} C U(r) x U(r).
So we have a surjective map

evp: G = U(r), uw— u(p).
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(2) If o(x) = @, then 7 : Pg — Pg restricts to 7 : 7~ 1(2) — 7~ (x). We may
choose p € 7~ 1(z) such that

D, if 7 =g,
7(p) = e
p-Jrj, ifriseven and 7 = 7.
Then
u(re(p)) = u(p), u(ru(p)) = J;5u®))rj2 = =Jpj2u(p)Jy 2.
So

(evp X evrp)(Gr) = {(A,7(A)) | A€ U}
(evp X evrn)(GF) = {(A,A)[ AU,
So we have a surjective map
evp: Gp = U[r)", uw— u(p).
Let (M, o) be a Klein surface of topological type (g,n,a), and let
f:{($17~-~,$n), ifa=0and n >0,
(0,21, ,xpn), ifa=1,

where z; is chosen as in Section If a = 1, choose py € 7 (xg). Fori=1,...,n,
choose p; € 7~ !(z;) such that

(3.8) 7@0:{“’ Lo

pi - Jyso, ifriseven and T = 7y.

Let
L J(p1seeeipn)s if a=0and n > 0,
"o {(Pmph---,pn), ifa=1.
We define
Glnay(r) :=T(r)" x (U(r)7)",

and define an evaluation map evy: G — G 7 () by

(u(p1),--.,ulpn)), ifa=0and n >0,
evp(u) = .
(u(pO)ﬂu(pl)a"'au(pn)a ifa=1.
where u(po) € U(r) and u(p1),...,u(p,) € U(r)". Then evy: G5 — G a)( r)isa
surjective group homomorphism. The kernel of ev; depends only on & € M**". We
define the based gauge group G (Z) to be the kernel of evy, where p'= (p1,...,pn)
r (po,P1,---,Pn), and p; is chosen to satisfy (3.8) for ¢ > 0. Then GZ (%) is a
normal subgroup of G7, and there is a short exact sequence of groups

evy

(3.9 1= G5(@) — Gy — G o(r) = L.

3.3. The complex holonomy map. A unitary connection A on E can be viewed
as a connection on the principal bundle 7 : P — M. Given any path v : [0,1] —
M, let xog = v(0),x1 = v(1) € M, and let

Py(A) 7 Hxo) = 7 (1)

be the parallel transport defined by A. Then P,(A) is U(r)-equivariant, i.e.,
Py(A)(p-h) = Py(A)(p) - h

_—

for any p € 7 !(z¢) and h € U(r). Given py €
Py po.pi (A) € U(r) be characterized by

Py(A)(po) = 1+ Py o (A) 7"

(o) and p1 € 7 (z1), let
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This gives a map
P%poml C— U(’I“)

for each path « in M and reference points pg € 7~ 1(x), p1 € 7~ !(21). These maps
satisfy the following two properties:

(1) (dependence on reference points) For any A € C, po € 7 '(x¢), p1 €
7T_1(£L'1), ho,hl S U(T),
(310) Py po-hopi-ha (A) = halp’)ﬁpoapl (A)hl

(2) (composition of paths) If v is a path from z( to x1, 72 is a path from z;
to x2, and p; € 7 1(x;) for i = 0,1,2, then

(3.11) Py va,p0.2(A) = Py pop1 (A) Py py 2 (A)
for any A € C.
Suppose that v(0) = (1), so that v is a loop. We define
Pypo = Py popo : € = U(r).
Then the maps P, ,, satisfy the following properties.
(1) (dependence on reference points) If v is a based loop in (M, ), then
(3.12) P, pn(A)=h"1P, (AR
for p e n71(x), h € U(r), and A € C.
(2) (composition of loops) If v1, 72 are loops passing through z, and p € 7= 1(x),
then
(3.13) PM'W,P(A) = P%,p(A)P“/z,;D(A)
for any A € C.
Then
P%zrh(A) = hilP’v,p(A)h
for any A € C, p € 7 1((0)), h € U(r). We call P, ,, (A) the holonomy of
the connection A along the loop < with respect to the reference point

po € 77 1(7(0)).
There is a disjoint union of cells:

9
(3.14) M=VU|J(@GUB)UF.
i=1
In the above cell decomposition:
(1) V ={z} for some z € M.
(2) &, B; are 1-cells. The closures «;, 8; of &;, 5; are loops in M passing through

x.
(3) Fis a 2-cell, and the oriented boundary of F' is given by
g
8F = H[ai’ﬂi]'
i=1

We choose p € 771(z). Then there is a surjective map

Hol:C — U(r)*, A (Payp(A), Ps, p(A), ..., Pa,p(A), Ps, n(A))
which descends to a surjective map
(3.15) Hol : C/Gg(x) — U(r)%.

We call Hol the holonomy map defined by the based loops «;,3; in (M, z)
and the reference point p € 7=1(x). The based gauge group Gg(x) acts freely
on the contractible space C, so the quotient C/Gg/(z) is a classifying space of Gg(x).
The action of Gg on C induces an action of U(r) = Gg/Gg(x) on B(Gg(x)) =
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C/Gg(zx). By (3.12)), the holonomy map ({3.15) is U(r)-equivariant with respect to
this U(r)-action on C/Gg(x) and the following U(r)-action on U(r)29:

(3.16) (a1,b1,...,a4,bg) - u= (u tayu,u by, ... ut

agu, uilbgu),
where u, a;, b; € U(r).

There is a commutative diagram

B(Q3(U(r))) —— B(Gp(@)) — U(r)>
(3.17) B(Q*(U(r))) —— B(Gr) — EU(r) xyq U(r)%
{point} —— BU(r) —— BU(r)

In the above diagram:
(1) All the rows and columns are fibrations.
(2) The maps
B(Q*(U(r))) — B(2*(U(r))), BU(r) — BU(r)

are the identity maps.

(3) The central column of the diagram (3.17) comes from the short exact se-
quence (|3.7]).

(4) EU(r) xy() (U(r)29) is the quotient of EU(r) x (U(r)?9) by the following
free action of U(r):
where y € EU(r), z € U(r)?, and z - h is given by (3.16). Therefore
EU(r) xu@) (U(r)?9) is the homotopy orbit space of the following left
U(r)-action on U(r)29:

h-z:=z-h™', heU(r), zecU(r)?%.
(5) B(Q2(U(r))) can be identified with the classifying space of the based gauge

group of S?, and is homotopy equivalent to QU(r)o, the connected compo-
nent of the identity of the based loop space QU(r) of U(r).

Atiyah and Bott showed that the fibrations in the central column and in the
top row of (3.17) are homologically trivial over Q. So all the rows and columns of
(3.17) are homologically trivial over Q. Therefore,

Pi(B(Gg); Q) = P(QU(r)o; Q) P(U(r)*; Q) P(BU(r); Q)

where P;(U(r)?9;Q) = P,(U(r); Q)%9.

3.4. Real and quaternionic holomomy maps. To compute the mod 2 cohomol-
ogy of the real and quaternionic gauge group, we consider the following commutative
diagram:

(3.18)

- Hol T
B(Q2(U(r))) —— B(GE(F) —— Wigna) (> d)

I

B(Q*(U(r)) ——  B(GE) —— E(G(;)a)(r)) XG1 () Wi oy (1:d)

—
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In the above diagram:

(1) All the rows and columns are fibrations.
(2) The maps

B(Q*(U(r))) = B(Q*(BU(r))), B(G( 0 (1) = B(G( x (1)

are the identity maps.

(3) The central column of the diagram (3.18)) comes from the short exact se-
quence (|3.9)).

(4) We will define the holonomy space W, . (r,d) in Definition

(5) E(G (1) Xar oo W, (r,d) is the quotient of the E(G] (r)) x

(n,a) (g:m,a)

n,a)

W(g‘r,n,a) (T7 d) by the free G(;,a) (T)—aCtion
v,2) 9=W-9,2:9)=W- 99" 2)
where

Yy € E(G(;,a)(r)), z € W(gT’n,a)(T, d)7 g S G(:ha)(?ﬁ),
and z-g = g~ ' -2z will be defined in Definition Therefore,
E(G.a)(1) %Gz ) Wigma(r:d)

(n,a
is the homotopy orbit space of the left Gj ) (r)-action on W (r.d)
defined in Definition B2l
(6) We will define the holonomy map

HOI : B(gg(f)) — W(S;:n’a)('r, d)
in Definition Itis a G}, ) (r)-equivariant map.
In Section {4} we will compute Q7 (g,n,a) = P.(B(Gf);Z2) by studying the co-
homology Leray-Serre spectral sequences associated to the fibrations of the right
column and the central row of (3.18). These spectral sequences do not collapse at
the Es-term in general.
Let (E, 7) be areal or quaternionic Hermitian vector bundle of rank r and degree
d over a Klein surface (M, o) of topological type (g,n,a).
Define
O(r)x1 = {A € O(r) | det(A) = £1}.
Then O(r)4+1 = SO(r) and O(r)_; are the two connected components of O(r).
Definition 3.1 (Holonomy spaces). If n =0 or 7 = 7y, define
Wign.a)(rd) == U(r)9t x (U(r)")™.

Ifn >0 and 7 = g, define w, ... . w™ € Z/2Z as in Theorem (2). Define
W(;n,a)(r, d)=U(r)9* x H O(T)(_l)wm
i=1

Definition 3.2 (Group action on holonomy spaces).
(1) Suppose that a =1, n >0, and g —n = 2§ is even. Given
(a1,b1,...,a5,bg,d1,...,dn,co,C1,...,¢) € W(ginwa)(r, d),
where a;,b;,dj,co € U(r) and ¢1,...,c, € U(r)7, and
(h/o, h/l, ey hn) S G(;,a) (T)
where hg € U(r), hy,...,h, € U(r)7, the group action is given by
(ai,biydj, co, cj) - (ho,ha, ... hy)
= (g 'aiho, by 'biho, hy 'd;hy, hy teoho, by ejhy),
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wherei=1,...,G,j=1,...,n.
(2) Suppose that a =1, n >0, and g—n =2+ 1 is odd. Given

(al, bl, A ,ag,bg, do,dl, ey dn, Co,C1,y- - 7Cn) (S W(g‘r,n,a)(r’ d),

where a;,b;,do,dj,co € U(r) and c1,...,¢, € U(r)7, and
(ho, hl, ey hn) € G(;,a) (T’)
where hg € U(r), hy,...,h, € U(r)7, the group action is given by
(aiv bi7 dOvdjv Co, cj) : (h'()v h’lv sy hn)
= (hgtasho, hg 'biho, hy ' doho, hg ' djh, by eoho, b eshy),

wheret=1,...,¢,7=1,...,n.

(3) Suppose that a =0, n > 0, so that g = 2G +n — 1 for some non-negative

integer §. Given

(al, bl, S, Qg b@, dg, ... ,dn, Clyvny Cn) € W(g‘r,n,a)(r’ d),
where a;,b;,d;, € U(r) and c1,...,¢, € U(r)7, and

(hl, ey hn) S G(’r:,a) (T)
where hy, ..., hy, € U(r)7, the group action is given by
(ai7 biadja C1, Cj) : (hla RS hn)
= (hy'aihy, by tbihy, by tdihg, by erhy B eshy),

where it =1,...,G,j=2,...,n.

The above are right actions. We define left action of G(;’a)(r) on W(gin’a)(r, d) by

g-z=z-g°%, g¢€ G(;a)(r),z € W(gima)(r, d).
Definition 3.3 (Holonomy maps).
(1) Suppose that a =1, n >0, and g — n = 2§ is even. Define
Hol : C™ — W[, o (r.d)
by
A = (Paypo(A), Paypo(A)s - Paypo (A), Pay e (A),
Psy popi (A); -5 P, po.p (A),

P’YovpovT(Po)(A)’ Py, p, (4),..-, Pvn,pn(A))
(2) Suppose that a =1, n >0, and g—n =2+ 1 is odd. Define
Hol:C™ — W(gT,’n,a) ('r, d)
by
A = (Poélapo(A)a PﬁhPO(A)v SRR Pag,Po(A)vpﬁg,Po(A)a
P50,P0,T(po)(A)’ P51 ,P0,P1 (A)7 cee ’P(Snap(hpn (A)v

P’Ympo (A)7 P’Ylapl (A), R P’Yn»pn (A))

(3) Suppose that a = 0, n > 0, so that g = 2§+ n — 1 for some non-negative
integer §.
A = (P(thl (A)’ P,317P1 (A)7 s 7P(X97P1 (A)v Pﬂgﬂ”l (A)’
Fsyp1,ps (A), s Py pipn (A), P“/l,m (A), ARE) P’Ynypn (A))

In all the above three cases, the map Hol : C™ — W(ng a) (r,d) descends to a surjec-
tive map

Hol : C7/GE(T) — W[, o (. d).
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Lemma 3.4 (Equivariance of the holonomy map). The GZ-action on CT induces
an action of G (1) =0G5/GE(Z) on G7/GT (). The holonomy map

Hol : C7/G (%) — Wy, 0 (1, d)
is Gy, a)( r)-equivariant with respect to this action on CT /GL(Z) and the right action
on W, (1, d) defined in Definition ,
Proof. This follows from the construction and (3.10]). 0

g,n,a)

3.5. Representation varieties. Let F be a Hermitian vector bundle of rank r
and degree d over a Riemann surface X (C) of genus g > 2. Define
g
m:U(r)?* - U(r), m(ar,bi,...,ayby) = H[ai7bi].
i=1
The following is a consequence of the results in [AB83], Das92]:
Theorem 3.5. The holonomy map
Hol : C/Gp(x) — U(r)%

induces a U(r)-equivariant homeomorphism

d

Hol : Amin/Gr(x) — Vy(r,d) == m_l(exp(—QiﬂfIT))
r
We call Vi (r,d) the representation variety of central Yang-Mills connections on
a rank r, degree d Hermitian vector bundle over a Riemann surface of genus g.
Corollary 3.6. We have the following isomorphism of topological stacks
[Amin/gE] = [Vg (Ta d)/U(T’)}
and the following homotopy equivalences of homotopy orbit spaces
(Css)hgc =~ (Css>th = (Amin)th'
Therefore,
Py(r,d) = P (Vy(r,d); Q).

Let (E, 7) be a real or quaternionic Hermitian vector bundle over a Klein surface
(M, o) of topological type (g,n,a). We define

m: W(gtn7a)(7’, d) — U(T)

1, T = TR,
£ =
-1, 7=1g.

(1) Suppose that a =1, n >0, and g — n = 2§ is even. Given

as follows. Let

&= (a1,b1,...,a5,b5,d1,...,dn,co,C1,...,¢n) € W(;n’a)(r,d),
where a;,b;,d;,co € U(r) and ¢, ..., ¢, € U(r)7, define

g n

m(§) = I_I[az7 co(e+Co H djc;d; ]

i=1
(2) Suppose that a =1, n >0, and g —n = 2§ + 1 is odd. Given
5 = (a17b17 s 7a§ab§7d05d1a s 7dn,007clv s 7Cn) € W(;:n,a)(r7d)7
where a;,b;,do,dj, co € U(r) and ¢y, ... ¢, € U(r)7, define
g n
m(§) = H[am bilcodocody ' H(djcjdj_l)'

i=1 j=1
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(3) Suppose that a = 0, n > 0, so that g = 2§ + n — 1 for some non-negative
integer g. Given

§=(al,bl,...,ag,bg,dg,...,dn,cl,..., )EW( (T‘,d),

g,n,a)

where a;,b;,d;, € U(r) and ¢1,...,¢, € U(r)7, define

g n
m(g) H a;, b; Cl H d Cg ]
i=1 j=2
It is straighforward to check that

(=)Wt i > 0 and T = TR,
det Om(W(q n, a (T’ d)) = (_1)7"(_1]—1)7 lf n=20 and T = TH,

1, otherwise.

We define the representation variety of central Yang-Mills connections on a real or
quaternionic Hermitian bundle (E,7) of rank r and degree d over a Klein surface
(M, o) of topological type (g,n,a) to be

Vign,a)(r,d) == m_l(exp(—z'ﬂ'glr)) C Wigna(rd).
The following is a consequence of the results contained in [BHHI0] and in Subsection
[2.5 of the present paper:
Theorem 3.7. The holonomy map
Hol: C7/G (%) = W/, (1, d)

induces a G (r)-equivariant homeomorphism

Hol : AL /G (T) — Vigm,a) (7"7 d).
Corollary 3.8. We have the following isomorphism of topological stacks

[Amin/GE] = [Vighn,a) (1 )/ G50 ()]

and the following homotopy equivalences of homotopy orbit spaces

(Cos)ngz = (Cisdngz = (Amin)ng -
Therefore,

P a(rnd) = PEOD T (VT d): Z0).

4. THE CLASSIFYING SPACES OF THE REAL AND QUATERNIONIC GAUGE GROUPS

Let (E, 7) be a real or quaternionic Hermitian vector bundle of rank r and degree
d on a Klein surface (M, o) of topological type (g,n,a). The goal of this section is
to compute

Q(yna)(1) = P(BGE; Zs).

4.1. Topology of classical groups and their classifying spaces. In this sub-
section, we summarize some known results on the topology of classical groups and
their classifying spaces. Given a topological group G, let Gy be the connected
component of the identity of G. For example, (U(r))o = U(r), (O(r))o = SO(r).
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4.1.1. Unitary groups.

H*(BU(r);Z) = Zca, - . ., ¢,
where ¢; € H*(BU(r);Z) is the universal j-th Chern class. By the universal
coefficient theorem, for any field K,

H*(BU(r); K) = Klc1, ..., ¢

Therefore 1

P(BU(r); K) = T-.(0—)

for any field K.
H*(U(r); K) ~ Alzq, 23, ..., Z2r_1], the exterior algebra on generators x;, where
degz; = j (see e.g. Example 5.F on page 150-151 of [McC0I]). Therefore

P(U(r); K) = [ +¥7).

j=1
Let QU(r) be the loop space of U(r). Then
mo(QU(r)) = m(U(r)) = Z.
Let (QU(r))o be the connected component of the identity. Then

—

(QU(r))o = QU(r)

where U(r) = SU(r) x R is the universal cover of U(r). So (2U(r))o is homotopy
equivalent to QSU(r). We now describe the cohomology ring H*(2SU(r);Z) of
the loop space of SU(r), following [Bot58]. The permutation group S, acts on
X™, which induces an S™-action on H*(X™;Z). Let S™H*(X;Z) be the Sy,-
invariant subring of H*(X™;Z). We define S®H*(X;Z) to be the inverse limit of
the following inverse system of rings.
H*(X;Z) +— S*H*(X;Z) +— S*H*(X;Z) ¢+— - -~
By [Bot58, Proposition 8.1], there is a ring isomorphism
H*(QSU(r); Z) ~ S H*(CP" 1, Z).

Introduce countably many variables {z; : i = 1,2,...}. Let e be the k-th elemen-
tary symmetric functions of {x; : i€ 1,2,...}:

e = Zmi, ey = Z%‘%w e3 = Z TiT T,
i i<j i<j<k
Let py, = Y, 2F. Then py, € Zley, €2, ...}, and
H*(QSU(r); Z) ~ Zle, ea, ...} /{PryPra1y-- )
where deg ey, = deg pr = 2k. We have inclusions of subrings:
Zlp1,- - pr1] C Zler,...,ep—1] C H*(QSU(r); Z),
which become isomorphisms over Q:
Qlp1,---spr—1] = Qler, ..., er—1] =~ H*(QSU(r); Q).
Let b; = dimg H*(QSU(r); Q). Then for any i, H (Q(SU(r)); Z) ~ Z% and, or any
field K,

“+oo
; 1
P(QSU(r); K) =Y bt = ——————.
1

[Tj=1 (1~ )

Therefore
P((QU(r))o; K) =
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for any field K.

4.1.2. Orthogonal groups. We use the notation Zo := Z/27Z. We recall that
H*(BO(r); Z2) = Zafwy, . .., wy],
where w; € H7(BO(r); Z2) is the universal j-th Stiefel-Whitney class. Therefore,
1
P,(BO(r);Zs) = H§:1(1 5
H*(SO(r);Z3) (r > 2) has a simple system of generators {x1,xa,..., 2.1},
where degz; = j (see e.g. Example 5.H on page 153-155 of [McCO01]). Therefore

r—1

P,((O(r))o; Zz) = P(SO(r); Zs) = H(l +t9).
j=1
The above formula also holds when » = 1: in this case SO(1) is a point, so

P.(SO(1);Z9) = 1.
4.1.3. Symplectic groups.
H*(BSp(m);Z) = Zlo1,...,0m]
where o; € H¥(BSp(m);Z). By the universal coefficient theorem,
H*(BSp(m); K) = K[o1,...,0m]
for any field K. Therefore
1

P(BSp(m); K) = . )

for any field K.
H*(Sp(m); K) ~ A(xs,27,...,%4m—1), the exterior algebra on generators x;
where degx; = j. Therefore,

Pi(Sp(m); K) = [T+
j=1
for any field K.

4.2. Equivariant cohomology of the holonomy space. In this section, we will
compute

for) = P(EU(r) xug) Ur>;Q) = P77 (UF)*; Q)
fgma)(r) = P(EGq () xar ) Wigna(rd);Z2)
G,y (1) -
Pt (e (W(gm,a) (T’ d)’ Z2)

We introduce the following notation. Given a compact Lie group G, let G°"
denote G’ with the conjugation action by itself, and let EZ" := EG xg G°°" be the
homotopy orbit space. Then there is a fibration

G — EZ" — BG.
The above fibration is homotopic to the fibration
Q(BG) — L(BG) — BG,

where 2(BG) is homotopic to G, and L(BG) is the free loop space of BG (see e.g.
[KSS09, Lemma A.1]). We have

HE(G™ R) = H*(EE™ R)

for any coefficient ring R.
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4.2.1. Computation of fq(r). It is known that the cohomology Leray-Serre spectral
sequence associated of the fibration

U(r) — Eg,) — BU(r)

degenerates at the Ey page over Z or over any field coefficient K (see e.g. Example
15.40 on page 325-326 of [CJ9§]). Therefore,

for) = P(BU(r);Q) P,(U(r)*;Q)

= P(BU(r);Q) P(U(r); Q)%
[T, (1 +1271)%
[T, (1 —¢27)

4.2.2. Some preliminary results. Let E be the homotopy orbit space of the following
left U(r) x U(r)-action on U(r)

(b1,b2) - c = bychy b

There is a fibration

U(r) —» E — BU(r) x BU(r).
The Es-term of the cohomological Leray-Serre spectral sequence associated to the
above fibration is

EY? ~ HP(U(r); Z2) ® HI(BU(r) x BU(r); Zs),
where
H*(U(r);Zs) = Alz1,23, - ,Z2r-1],
H*(BU(r) x BU(7);Z2) = Zalya,Ya, - »Yar, 22, 24, Z27].
Lemma 4.1. The nonzero differentials di, k > 2, are given by
dog : ES) — ESZ”"Z‘”“, a1 > ayae + 220)-
Proof. We make the following observations:
(1) The group homomorphism
U(r) - U(r) x U(r), hw(h,1I,)
induces a continuous map 4 : BU(r) — BU(r) x BU(r).
i* : H*(BU(r) x BU(r); Za) = Za[yai, z2i]) — H*(BU(r); Z2) = Zo[y2]

is given by

*

Yoi — Y2i, z2i— 0, t=1,...,m
The pullback fibration ¢*E — BU(r) is isomorphic to the universal U(r)-
bundle EU(r) — BU(r). Therefore,
i*dae(T20-1) = yor

and i*d, = 0 otherwise.
(2) The diagonal map

U(r) = U(r) x U(r), hw (hh)
induces a continuous map j : BU(r) — BU(r) x BU(r).
Jj* H*(BU(r) x BU(r); Zs2) = Za|y2i, z2i] — H*(BU(r); Zs2) = Za[yai]
is given by
Y2i " Y2is  Z2i Y2, t=1,...,m
The pullback fibration j*E — BU(r) is isomorphic to the fibration By —
BU(r). Therefore, j*d, = 0 for all k > 2.

The lemma follows from the above two observations, and induction on &k > 2. [
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Let K by any field. The group isomorphism U(r) — U(r), h + h induces a
homeomorphism ¢ : BU(r) — BU(r).
©*: H*(BU(r); K) = Klug, ug, . . . ,u9,] — H*(BU(r); K) = K[ug, ug, . . ., ugy)
is given by _
Ug; > (—1)2UQ1', 1=1,...,r.

*

In particular, when K = Zs, ¢* is the identity map.
The inclusion O(r) < U(r) induces a continuous map ¢, : BO(r) — BU(r).

oy, H*(BU(r); Zz) = ZLo[ug, ua, - . . ,up] = H*(BO(r); Zs) = Zn[wi,wa, ..., w,]
is given by
ugi»—>wi27 1=1,...,7
Suppose that r is even The inclusion Sp(%) < U(r) induces a continuous map
¢re : BSP(5) — BU(r).
or.  H(BU(r); Z2) = Zolug, ua, . . . , uz,] — H*(BSp(g);Zg) = Zalya, Ys, - - - s Yor)

is given by
Ugi—2 0, ug = yas, 1=1,...,

N3

4.2.3. Computation of f(;n a)(r) when a=1,n >0, and g —n = 2§ is even. Let
W 1) (15 d) be defined as in Definition Given

(a1,b1,...,ag,b5,d1, ... dp,co, 150 cn) € W (1, d),
where a;,b;,d;,co € U(r) and ¢q,...,¢, € U(r)7, and
(hosh1, ... hy) € G o (1).
where hy € U(r), h1,...,h, € U(r)7, the group action is given by
(ho, h1,... k) - (as, b, dj, o, ¢5)
= (hoashg ', hobihg ', hod;hyt hocohg t, hycihi ),
wherei=1,...,g3,j=1,...,n. If n =0, then G,7,,(r) = U(r),

(0,1)
G J o\ (r P
PO W o Be) = PUU(r): 22)0 4 P (BU(r); Zo)
H§:1(1+t2jfl)g+1'

[[j= (1 =)

From now on, we assume that n > 0. We have

(CPACR Co
P (Wi nn1yi 22)

N n G.® (1) n
— RUERZP ([ PAOG) s Z) PO (U 22)
j=1

G iy (1)
LU RS

= P(UGY ) PuSp(L): 2o P (U )
where G 7 (r) acts on U(r)" by
(ho, By, hn) - (dy,y. .., dy) = (hodihy?, ... hodnhy, b).
Consider the fibration
U(r)" = EGq, (1) Xg -

(n,a

(o) (UE)") =BG, (r).
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The Es-term of the cohomological Leray-Serre spectral sequence associated to the
above fibration is

Ey? = HP(BG}, ,)(1);Z2) @ HY(U(r)"; Z2),

where
H*(BG(;D?(I)(T); ZQ) = ZQ[’LLQ, Ug,y - - - ,UQT] X ® Zg[yj’l, Yj2y--- 7yj,r]7
j=1
H*(BG(;H.,HG,) (7"), ZQ) = ZQ [u23 Ugy .- 7u2'r] & ® Z2 [yj,4, yj,g, e 7yj’27‘]'
j=1
H*(U(r)" Zs) = ® Alzja, @i, @j20-1]
j=1
doy : BB — LS00
is given by
a(ue +y3,), T=Tr,
QTj20—1 > § Quzg, 7 =7y and ¢ is odd,
a(uge +yj20), 7T =7 and ¢ is even.
Therefore,
Hg(;% ") (U(r)™; Zy)
. ZQ[U27u4a ~~7u2r] ®®A[yj,1,yj’27...,yjm]
j=1
and
HE, e (o (U(r)" Zs)

(n,a)(r)
Zoly1,4:Y1,8, - - - Y1,2¢)

1R

n
® ® A[xj,l — 21,1, %55 — XL1,55---,Lj2r—3 — $1,2r—3]
Jj=2

Il (1 + )"

[[j=, (1 —t%)

H;/:21(1 + t4j—3)n—1
1A —t4)

G :;Ru (7) n
P (U(r)" Ze)

G Zﬂa (r) n
PEe O Uz =

£ () = [Ty (14 7)o P S (4 9 T (L + )

(g:m0) [T, (1— %)

i) Y e e D e R i | M (R
r) = -

(o [T 0 - 149)

[T_ (14 t271)9 H;ﬁ(l + 41
IT;2 (1 - t4)
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4.2.4. Computation of f], (r) whena=1,n>0, and g—n = 2§+ 1 is odd.
Let W, ,y(r,d) be defined as in Definition Given
(a1,b1,...,a4,b5,do,d1,...,dn,co,c1,. .., )EW(
where a;, b;, do,dj,co € U(r) and ¢1,...,¢, € U(r)7, and
(ho, b1y hy) € Gy o (7).
where hg € U(r), hy,...,h, € U(r)7, the group action is given by
(ho, h1,. .., hn) - (s, b, do, dj, co, c5)
= (hoaihgl,hobihgl,hodoﬁgl,hodjhfl,hocohgl,hjcjhgl),
wherei=1,...,¢,7=1,...,n. If n =0, thenG(Ol)()—U(r)7

(r, d),

g,n,a)

G A
P olr (W(29+1 01)iZ2) = Pi(U(r); Z2)***P(BU(r); Zs)
T, (14 21+t

[[j= (1= 2)

From now on, we assume that n > 0. We have

n,a ( )
P ( : (W(2g+n+1,n,1);Z2)
g . wy () n
= Pt(U(T);Zz)QQ-‘rQ(HPt(O(r)(_l)wu)’Zz))P ( ) (U(T’) ;Zz)
j=1
pG(" (T W -7
( (2g4+n+1,n,1)’ 2)
= DU Z2)29+2P(5P( ;22 PC 0 (U 2,)
where

G’ (r) HT:1(1+tj)n

Preo Uz, = A
t [T, (1— )

R r/2 45—-3\n—1

G (r) " H (1+ta )

P, (U Zy) = o -

H] 1( -t J)
Therefore,
= H;Zl(l + ¢2—1)g—n+1 H;;%(l + 7" H;:1(1 + td)n
f( na)(r) = = 5
o IT— (1= %)

I A [T Y
f(gna)( r) = H7/2<1_t4j)

4.2.5. Computation offg n a)( r) whena =0, n >0, so that g = 2Gg+n—1 for some
non-negative integer g. Let W(g n a)(r, d) be defined as in Definition Given

(a1,b1,...,a4,b5,da, ..., dn,cC1,...,¢n) €W, r,d),
where a;,b;,d;, € U(r) and ¢1,...,¢, € U(r)7, and

(his- hn) € G o (1)
where hy,...,h, € U(r)7, the group action is given by
(hi,... hp) - (ai, b, dj, 1, cj)
= (maihy', habihy ' hadhy ' hyerhy ' hycihs ),

]]7

gna)(
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wherei=1,...,§,j=2,...,n

(r)
(n a) T
B (W(ZRg-l—n 1,1,0))

); Z2)%9 I]:fy

(W(T2I-i]+n 1,n,0)’

Zs)
= Py

(r)

P(na) Z)

; n G (1) n—
= Pt(U(T);Zz)2gPt(SP(§);Zz) P (U ()" Z)

where G \(r) =

(hy,...
Consider the fibration

7hn)'(d25"'adn):

Xa

U™ = BG( (1) %6,

There is a spectral sequence with

(hidahy?t, ...

) (U(M)") = BG(;,

(U(r)™)™ acts on U(r)"~! by

 hadnhih).

a) (T)

G )
( 1 w(])aZQ))P ( ) (U(T) 1;Z2)

EyY = HP(BG(], ,y(r); Z2) @ HY(U(r)" " Zs)
where
H*(BG 5, (r); Z2) = ®Z2[yj,layj,2a s Yirls
j=1
H*(BG(:LH—,Ia) (T)’ ZZ) = ® ZQ [yj,47 Yj8y-n- 7yj,2r]~
j=1
H*(U(’I‘)n_l;22> == ®A[.’lﬁj71,l’j)3, ey Tj2r—1]-
=2
dog : BB —s RSO0
is given by
alyi,+y3), T =T
axjor—1 — 0, 7=y and ¢ is odd,
a(y1.2¢ +Yj2¢), T = and £ is even.
Therefore,
Hé'(;ma)(r) (U(T)n_lv ZQ) ~ Zs [y1,17 Y2, -, Y1, 7‘ ® y_],17 Yj2y«--s yj,r]
’ j=2
n
Hg(;}ﬂa) () (U(’r)n—l, ZQ) ~ ZQ [91,47 Y1.8,---,Y1, 27 ® -r_%l, Tj5ye-- ,Z‘j727._3]
Gy (™) n—1 [+t T+ 8"
by (U(r)" ™ Z2) - — = =7 or
[[= (=) [[= (1 —t%)
r/2 4j-3\n—1
G r 1+t9—
Pt (n,a)( )(U(T)nfl’z ) _ H ( )

T/ (1 - t4)
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r i— —n r—1 iNn TT7 iNn
[[o (L + 7)o T (L + 69) [T (L + #)

fha () = == ; 4
(g:m.0) Hj:l(l — t27)

T j— g r/2 i—1\n TT7/2 i—3\n—
pr gy = MmO )W LG (9 ) [HAA + )
(g,m,a) H;/:21(1 _ t4J)

[T, (1+ 2 D)9 [T (1 + 4

r/2 :
IT;2 (1 — %)

4.2.6. Summary of computation of f(ng ) (r).

Theorem 4.2.
(1) Suppose that n =0 (in which case a =1). Then

r 2j—1yg+1
P70 (1) = 75 () = A=t
(g.0.)Y /7 Hg,0D T TN (1 — t29)

j=1

(2) Suppose that n > 0. Then

. I VO e Eas H;‘;}(l_’_tj)nl_[;:l(l_’_tj)n
Fgma(r) = =)

j=1
fomay() = [l (1871 ]_[;/:21(1 * t4j_1).
o) 10— )
4.3. Cohomology of the classifying space. By , there is a fibration
(4.1) B(Q*(U(r))) — B(Gg) — EU(r) xy() U(r)>.
By the results in [ABR3],
P(B(Gp);Q) = P (B(2(U(r))): Q) P (EU(r) xu(r) U(r)*; Q).

So the rational Poincaré series of B(Gg) is

0y = —do) I 0+87)%
ML) TIZ (- e29) [T (1 t2)

By , there is a fibration
(4.2) B(Q*(U(r))) — B(Gp) — E(G, 5(r) xa -

(n,a)

(r) W(;n,a) (’I"7 d) .

We will compute the mod 2 Poincaré series of B(Gf) using the mod 2 cohomological
Leray-Serre spectral squence associated to the fibration (4.2)). We will see that the
E5 page collapses when 7 = g or n = 0, but does not collapse when 7 = 75 and
n > 0.

4.3.1. Pushforward of the universal bundle. Recall from [AB83, Section 2] that
B(GEg) is a connected component of Map(M; BU(r)) and that there is therefore an
evaluation map
B(Gg) x M — BU(r).

Let V € K°(B(Gg) x M) be the universal bundle (i.e. the pullback, under the
evaluation map, of the vector bundle W associated to the principal U(r)-bundle
EU(r) — BU(r)) and let U = fiV € K°(B(Gg)) be the pushforward to the first
factor (see [AB83l Section 2]). Then U can be viewed as a virtual complex vector
bundle over B(Gg), or a virtual Gg-equivariant complex vector bundle over C. More
explicitly, the fibre of U over £ € C is the virtual complex vector space

(4.3) HY(M,E) — HY(M,E).
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U is a virtual complex vector bundle over B(Gg) of (complex) rank d + r(1 — g).
Let us consider the Chern classes of U: these define an infinite sequence of integral
cohomology classes

o = cx(U) € H**(B(Gp); Z), k> 1.
We introduce some notation as follows.
(1) Let i : QU(r)o = B(Q*(U(r))) — B(Gg) be the inclusion of a fibre of the

fibration (4.1)).
(2) Let i, : QU(r)o = B(Q*(U(r))) — B(GZ) be the inclusion of a fibre of

the fibration .
(3) Let j: B(GE) — B(Gg) be induced by the inclusion map G — Gg.

By the results in [AB83|, Section 2], {0} := " : k = 1,2,...} are multiplicative
generators of H*(QU(r)o;Z). (In the notation of page 543 of [AB83], Atiyah-Bott
showed that {i*e; : k = 1,2,...} are multiplicative generators of H*(QU(r)o;Z),
but the difference ex — 0 is a polynomial in aq,...,a,, which are in the kernel of
i* 1 B(Gg) — QU(r)o, so i*ey, = i*0y.) For each degree p, HP(QU(r)o;Z) is a
finitely generated Z-module.

4.3.2. The real case: T = r. For £ € C7, 7 induces C-anti-linear involutions
on H'(M,&) and H'(M,&). The r-invariant part of (4.3) forms a GZ-equivariant
virtual real vector bundle U7 over C7 of (real) rank d+r(1—g), and j*U = U” @gC.
For any positive integer k, we have
3 02m—1 = Cor1(UT ®r C) =0, 021 = con(U” @r C) = (—1)"p(UT),
where pp(UT) € H*(B(GF);Z) is the k-th Pontryagin class of U™. Let us con-
sider the Stiefel-Whitney classes of U": these define an infinite sequence of mod 2
cohomology classes
v, = wi(UT) € H¥(B(GE): Z2), k>1.
We have
>UT =i"U +mR
as elements in KO(QU(r)g), where m € Z and R is the trivial real line bundle. So
for any positive integer k, i¥var_1 = 0, and ¥ vgy, is the mod 2 reduction of §}, = *Jy.
Therefore, {ifvo, : kK = 1,2,...} are multiplicative generators of H*(QU(r)o; Z2).
For each degree p, HP(QU(r)o; Z2) is a finite-dimensional vector space over Zy. We
may apply the Leray-Hirsch theorem and conclude that the mod 2 cohomological
Leray-Serre spectral sequence of the fibration (4.2) degenerates at the F5 page.
Therefore,
P{(B(GE); L) = P(B(Q*(U(r))); Z2) P(E(G 7,0y (1) %G 7 (1) Wigima) (7, d); Z2).

g,m,a)

So the mod 2 Poincaré series of B(G) is

T — M.
(44) Q(g,n,a) (7") - H:;ll(l o tgi)

Part (1) of Theorem [1.3| then follows from and Theorem 4.2

4.3.3. The path-loop fibration. We have a fibration

(4.5) Q?(BU(r)) — Map(D? BU(r)) — QBU(r)

which can be identified with the following path-loop fibration
QQBU(r)) — P(QBU(r)) — QBU(r).

Up to homotopy equivalence, the above fibration can be identified with

(4.6) QSU(r) — PSU(r) — SU(r).
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The total space PSU(r) is contractible. We now consider the Leray-Serre spectral
sequence associated to the fibration (4.6). We first consider rational cohomology.
Then

EFY(Q) = H"(SU(r); Q) ® H'(QSU(r); Q),
where
H*(SU(r);Q) = Alzs,xs,..., 201
H*<QSU(T)7Q) = Q[pla apr—l]-
Here pr € H**(QSU(r); Q) are defined as in Sectionm
daesr : BRL(Q) — B2 (Q)

is determined by dasy1(pe) = T2¢41. We have d; = 0 when j is even or j > 2r, and
EY9(Q) =0 for k > 2r.

We now consider integral cohomology. Then for all p,q,k € Z, where p,q > 0
and k > 2:

1) EPY(Z) is a finitely generated free abelian group, and
k
EpY(Q) = EP(Z) ®2 Q.
(2) di : EPY(Z) — EPTRa=Ft1(7Z) is the restriction of
dk: . E?Q(@) — Ep+k,q—k+1(@)_

(3) If we consider the mod 2 cohomological Leray-Serre spectral sequence as-
sociated to the fibration (4.6)). Then

di « BP(Zy) — EPTRaRHL(7,)

is the mod 2 reduction of dy, : EP4(Z) — EPtka—k+l(7),
When r is even, let G DTEI, 9 D2,1(T) denote the space of continuous maps f : D? —
SU(r) such that f(8D?) C Sp(%) and f(1) = I,,, where 1 € dD?, and I, € Sp(%)
is the r x r identity matrix. Then there is a fibration

TH r
(4.7) B(Q*(U(r))) — B(G 5 gpe (1) — B(Sp(3))-
Note that (4.7) is the pullback of the fibration (4.5) under the map
r
BOSp(2)) — BQU(r)o)

induced by the inclusion Sp(5) — SU(r). We consider the rational cohomological
spectral sequence associated to the fibration (4.7). Then

E}(Q) = H"(Sp(3): Q) © H(QSU(r); Q)

where

Azs, x7,...,22r—1],

H*(Sp(5): Q)
H* (QSU(r): Q)

Qlp1s- -y pr—1l,
and
day—1 : ED? Q) — Efzr_‘lffl*q"wﬁ(@)
is determined by dag—2(p2r—1) = za¢—1. We have d; = 01if j ¢ (—1+4Z) or j > 2r,
and EP'? =0 for k > 2r. We have
H*(gDT;aD{l(T); Q) ~ Qlp2, p4; -+ Pr—2]
1

Py(Gh2 0p2,1(r); Q) = m
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We also have statements similar to (1), (2), (3), above, and

1
P (GT r)4l) = ————-
G021 (1) = e
4.3.4. The quaternionic case: 7 = 1. We first consider the case n = 0. Then the
exists a quaternionic line bundle L% of degree (¢ — 1). Let (L™, 77) denote the
underlying topological line bundle. Then (E’,7g) := (E ® L¥, 7y ® 1) is a real
vector bundle of rank r and degree (d + r(g — 1)), which is indeed even if 7 = 1.
There is a group isomorphism and homeomorphism

G = GF, u—u®lds.

Therefore,

Qg0 (") = Cgo,n (1)-
This proves Part (2) of Theorem when n = 0. This also implies that the
mod 2 cohomological Leray-Serre spectral sequence associated to the fibration (4.2
collapses at the E5 page in this case.

From now on, we assume that n > 0, so that both r and d are even. We have

itj*U =i*U @ i*U + mC
as elements in K (QU(r)g), where m € Z and C is the trivial complex line bundle.
So for any positive integer k,

5 0ok1 =0, 5 00 = (=1)"i*pr(U)
where p(U) € H*(B(Gg);Z) is the k-th Pontryagin class of U.

We consider the mod 2 cohomological Leray-Serre spectral sequence associated
to the fibration (4.2)). We have

EPt=Hg o+ (o (Wigna)(r,d); Z2) @ H(QU(r)o; Z2)

(n,a) g,n,a)
where (see Section [4.2))
Hé(;,a)(r) (W(gT,n,a) (’I“, d), ZQ)

g
= ®A[$i,l7$i,3, o T2 1) @ Ay, Yz, oo Y2r—1] @ Lolza, 28,y 22r
i=1
and
H*(QU(?")O, ZQ) = Zg[el, €2, .. ]/<p7«7 Pr+1,-- > .

Let R C H*(QU(r)o;Z) be the subring generated by {i*pi(U) : k = 1,2,...}. If
a € R then its mod 2 reduction is in the kernel of all higher differentials of the
spectral sequence.

Let T:Sp(3) — E(Gj, (1)) Xa @ W4 1) (75 d) be the composition of the

inclusion
SP(L) — W oy (rnd) = U7 x Sp(L)", e (L. Ine Iy, 1)
2 g 2 ———— N —
g+a n—1
and the inclusion of a fibre

W(g;-,n,a) (7’7 d) — E(G(;,a) (T)) XaG.r (1) W(T (T7 d)

(n,a) g,n,a)
The pull-back of the fibration (4.2) under Z can be identified with the fibration
{@.7). So dyg—1 : EY)', — Efflfl’qfu+2 satisfies

dae—1(p2¢—1) = yar—1 (mod KerT")

where
I*: Hf -

(n,a

T * T
() Wigna (s d); Z2) — H*(Sp(5); Z2)
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is induced by the inclusion Z.
Based on the above discussion, if n > 0,

g
P(B(GE);Z2) = Pt(®A[$i,l7xi,37-~-7xi,2r71}®ZQ[Z4;ZS>~--7ZQTD
i=1
X Pi(BGps ope 1 (r); Z2)
[, (A +#27h)9

r/2—1 1 r/2 i
Hjil (1 _t4j)Hj/:1<1 _t4j)
This proves Part (2) of Theorem [1.3| when n > 0.

5. STRATIFICATIONS OF SPACES OF REAL AND QUATERNIONIC STRUCTURES

Let (E, 7) be a fixed real or quaternionic Hermitian vector bundle of rank r and
degree d on a Klein surface (M, o), with complex gauge group G, and let C be the
space of holomorphic structures / unitary connections on F. We saw in Section
that there was a Gal(C/R)-action defined on C by

1

3

A Ai=gpo*Ap

where ¢ : o*FE —=4 E is the bundle isomorphism determined by 7, as well as a

compatible involution
1

gr—gi=potge
of Gc. The goal of the present section is to show that this Galois action preserves the
strata of the Shatz (Harder-Narasimhan) stratification of C and that the Galois-
invariant parts of the strata form a stratification of C”. Moreover, this induced
stratification is GZ-equivariantly perfect over the field Z/27Z. We start by recalling
the basics about the Shatz stratification and the strategy of Atiyah and Bott to
show that it is Gc-equivariantly perfect over any of the fields K = Q or Z/pZ
for p prime. We then proceed with our case, emphasizing the analogy with the
Atiyah-Bott picture.

5.1. The Shatz stratification. Harder and Narasimhan showed in [HN75| that a
holomorphic vector bundle £ of rank r and degree d, say, had a unique filtration

{0}=&cCcé& Cc--cqE=¢E
by holomorphic sub-bundles such that &;/&;_1 is semi-stable for all ¢ and
(&1 /&) > u(&/E1) > -+ > p(&/E-1).

This Harder-Narasimhan filtration is uniquely defined and we can sketch a proof
of its existence as follows. Given a holomorphic bundle &£, the slope function is
bounded on the set of sub-bundles of £, so one may consider the set of sub-bundles
of £ the slope of which is maximal. Among those, choose a sub-bundle & whose
rank is maximal. This & is necessarily semi-stable and we have £ = £ if and only
if £ is semi-stable, in which case the Harder-Narasimhan filtration is of length [ = 1
and the Harder-Narasimhan type of £ is (%, cee %) If & # &, one applies the same
construction to £/&;. This gives a sub-bundle & D & of € and u(&1) > (&) by
the choice of &, which implies p(€1) > p(€2/€1). The uniqueness of the filtration
shows in particular that, among sub-bundles of £ the slope of which is maximal,
there is a unique sub-bundle & which has maximal rank (called the destabilizing
bundle of £). We denote

ri =1k(&/Ei1), di =deg(Ei/Eim1), wi= %,

K2
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W= (,U/ly"' N PR T 7/”)7
——— —_——
r r,
and
P, = {(0,0),(7“1,d1)7(h +ro,dy+da), - (ri -+ dy +'-~+dz)}.
One has
r1+ -+ 1 =rk(&)
and
dy + -+ d; = deg(&)
for all 4, and
p1 > >
The r-tuple p is called the Harder-Narasimhan type of £ and P, is its associated
Shatz polygon. We denote I, 4 the set of all possible Harder-Narasimhan types of
holomorphic structures on a Hermitian vector bundle E of rank r and degree d and,

for all 4 € I, 4, we denote C, the set of holomorphic structures of type i on E. In
particular, C;s = C,,,, where

and one has P, . = {(0,0), (r,d)}. Then,

C=Css U {Cu tp€lg \ {#sst}
and this is a stratification of C called the Shatz stratification ([Sha77]). Remarkably,
it coincides with the Morse stratification of the Yang-Mills functional ([Das92]). As
two isomorphic holomorphic bundles have the same Harder-Narasimhan type, any
C, is a union of Gc-orbits. When £ is a holomorphic bundle of type 4, one denotes
End’ £ the holomorphic bundle of endomorphisms of £ that preserve the Harder-
Narasimhan filtration and define End” £ by the exact sequence

0 — End'§ — End€ — End” & — 0.
This was used by Atiyah and Bott to identify the normal bundle to C, in C.

Proposition 5.1 (JAB83]). The complex dimension of the sheaf cohomology group
HY(M;End"” £) only depends on the Harder-Narasimhan type u of €. It is denoted
dy. Additionally, C,, is a locally closed submanifold of C, of codimension d,, and
the fibre of the normal bundle to C,, at a point £ is isomorphic to H'(M;End" £).
Finally, for p = (p1,---, ), one has

d, = Z riry (i = pj + (9 —1)).
1<i<j<l
A partial ordering on I, 4 with the property that the closure of C,, satisfies
c.c | cw
wzp
is defined as follows :
p <y if and only if conv(P,) C conv(P,),

where conv(P,) is the convex polygon in the plane (r,d) determined by the r-axis,
the d-axis, the line r = rk(F) and the points (rk(&;), deg(&;)). The condition p <
is equivalent to

prn e Sy
for all i € {1,--- ,r}. This partial ordering can be refined to a total ordering (see
e.g. |Ramlll Proposition 2.4]). From now on, we fix such a total ordering on I, 4
(when such a total ordering is fixed, the surjectivity of the Kirwan map immediately
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follows from the perfection of the stratification, see [Kir84]; this is the only place
where we actually use the total ordering). Setting

Up= U Curs
/<ll/
Atiyah and Bott used the equivariant Thom isomorphism
j j—2d,,
HéC(UM,UM\CH;K) :Héc (Cu; K),

where 2d,, = codimg C,, in C, to write the equivariant Gysin exact sequences (one
for each p) of the stratification
LI ¢

nel g

in the following way :
s HY (i K) — HY, (U K) ™% H} (U, \ Cuy K) —

By definition, a stratification is called equivariantly perfect over the field K if its
equivariant Gysin exact sequences with coefficients in K break up into short exact
sequences

0 — H *"(Cos K) — H}, (U K) % H}, (U, \Ci K) — 0.
This implies that
PE(CGE)= Y #*"PF(Cu K).
nel g
As C is contractible,
H{ (C;K) ~ H*(BGc; K)

and equivariant perfection also implies that the map
H*(BGe; K) ~ Hy (C; K) ™% Hj (Cos; K),

known as the Kirwan map, is surjective. Atiyah and Bott showed that the Shatz

stratification was perfect over any the fields K = Q or Z/pZ with p prime, by
showing that the composed map

od .

Héc "(Cu; K) HH&C(UM;K)

wr
Uege (ND - . lrestr.
Héc (Cu§ K )

was multiplication by the equivariant Euler class of the normal bundle N, of C,

in C and that the latter was not a zero divisor in the equivariant cohomology ring
HE. (Cu; K), forcing the horizontal arrow to be injective. We note that the equi-

variant Euler class of N, is, for any field K, a well-defined element in H ég“ (C K)
because the equivariant normal bundle to C,, being a complex vector bundle (this
follows from Proposition 7 is orientable. Indeed, the equivariant Euler class of
N, is equal to its top equivariant Chern class (with coefficients in K):

ege(Ny) = (¢4, )ge(N,.) € Hl" (Cps K).

The proof that eg, (N,) is not a zero divisor goes as follows (JAB83|, pp.568-569
and 605-606). Denote F,, the set of smooth filtrations of type

(dl dy d dl)
e
1 T1 T T
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on the Hermitian vector bundle E. By uniqueness of the Harder-Narasimhan fil-
tration, there is a continuous map

C.n — Fu
sending a holomorphic structure of type p to the smooth filtration underlying its
Harder-Narasimhan filtration (JAB83|, sections 14 and 15). Fix now a base point
Fy in F,, i.e. a smooth filtration of type 1 on E, and denote B, the fibre of the
map C, — F, above Fy (=the set of holomorphic structures of type p yielding
the given smooth filtration Fj) and G, the subgroup of G¢ preserving Fyy. Choose,
moreover, a splitting of the smooth filtration Fp, so that
E ~ D1 DD Dl

with rk D; = r; and deg D; = d; for all i. Denote B, C B, the set of holomorphic
structures of type p which are compatible with the direct sum decomposition above
and denote gg C G, the subgroup of G, preserving the decomposition of E into
a direct sum. Then, as shown by Atiyah and Bott (JABS83| Section 7]), F, is the
homogeneous space Gc/G,, and

Cu=Gc xg, B,

As a consequence,
EGc xg. Cu = EGe Xg. (Gc Xg, Bu) = EGy Xg, By,
and therefore
Hg (Cu; K) = Hg,, (By; K).

Moreover, the isomorphism

E ~ D1 DD Dl
provides homotopy equivalences

G~ G, and By, ~ By,

SO
Hg, (B,; K) = Hgo (B K).
Finally, as

l
=[] ¢ (D
i=1

(a holomorphic structure of type p on D1 & --- @ D; necessarily is a direct sum of
semi-stable structures on each D;) and since, by definition,

!
0
G = H 9p.,
i=1

we have :

9 (i K) = HPgD (D) HP (ri,d;).

Going back to Hgg (Bg, K) and fixing a base point z € M, we may consider the
group gg(x) of gauge transformations of £ = D1 @ --- & D; which are the identity
on the fibre of E at x (the based gauge group). Then gg(x) is a normal subgroup
of 92 and

gg/gg(a:) ~K, :=U(r) x - x U(ry),
the structure group of D; @ --- ® D;. As gg(az) acts freely on Bg, we obtain

Hg (Cus K) = Hgo (B K) = Hi, (B, /G (x); K).
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To simplify the notation, we denote
G = BL/G0(x)
and ¢ the element of HI*QL (é:;K ) corresponding to the equivariant Euler class

ege(Ny) € HE (Cyu; K) under the ring isomorphism above. The following lemma
is well-known (JABS83| p.605] and [LPVS85, p.121]).

Lemma 5.2 (Reduction to a maximal torus). Let K be any field. Let K be a
compact connected Lie group, T a mazimal torus of K and i : T — K be the
inclusion map. Then there is an isomorphism of K -vector spaces

H(Y;K)~ Hg(V; K) 9 H (K/T; K).
In particular, the inclusion i : T — K induces an injective ring homomorphism
i Hg (Y, K) — HH (V; K) .
Let now T' be a maximal torus of K, = U(r1) x --- x U(r;) and let us denote
d =i*ce Hi(Cp; K)
the image of the equivariant Euler class c. Since ¢* is an injective ring homomor-
phism, to prove that c is not a zero divisor in Hy (Cu; K), it suffices to prove that
¢’ is not a zero divisor in H3 (6:, K).
Lemma 5.3 (JAB83| p.605). Let K be any field. Let T = Ty x Ty be the product

of two sub-tori, in such a way that Ty acts trivially on the T-space Y. Recall that
there is an isomorphism of K-vector spaces

H(Y;K) ~ H*(BTy; K) QK HQ*H(Y;K) ,
and that H*(BTy; K) ~ K[xy, -+ , 2] is a polynomial ring over a field (I = dim Ty,
degz; =2). Any a € H3(Y; K) is of the form
a = ap ® 1 + terms of positive degree in Hp, (Y; K)

and, if ag # 0 in H*(BTy; K), then «g is not a zero divisor in that integral domain
and consequently o is not a zero dwisor in H}.(Y; K).

We note that, if we fix a point yg € Y and consider the well-defined map
BILZW=FET/Ty — Yyr=ET xpY
oo * ] — le- o)
then oy is the pull-back of o under iy, .
Corollary 5.4. If o € H3(Y; K) satisfies the condition that
Py 7 0 in H*(BTy; K)

then « is not a zero divisor in H3(Y; K).

In order to apply this corollary to the element ¢’ € H}(E;,K ) (the image of the
equivariant Euler class under the natural inclusion of Hy (Cp.; K) in Hp(Cy; K)
given by lemma , we choose a holomorphic structure Ay € Bg on

EZDl@"'QBDh
and denote

Eo=D1D-- 0D
the associated holomorphic vector bundle of type p. The fibre of N, (the normal
bundle to C,) at Ag is isomorphic to

H'(M;End" &)= @ H'(M;Hom(D;,D;)).

1<i<j<l
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Take then yg to be the image of 4y in (?; = B /G (z) and
To=U(1)x---xU(1) = Z2(K,) CK,.

! times
This torus acts trivially on E,: and we now compute ([AB83, pp.568-569])
= Hoo c.
One has
H*(BTy; K) = K[z1,-- -, 21,
where z; is the equivariant Euler class of the (U(l))l-bundle over a point associated
to the representation
U@l x---xu@1) — Aut(C)
(t1,--- 1) — multiplication by ¢;.
The group Ty acts on Hom(D;, D;) = Df ® D; by multiplication by t;ltj, so it acts
on the vector space
H'(M;Hom(D;, D;))
via the same character. By functoriality of the equivariant Euler class, one has
e = 11 =2,
1<i<j<l
where
Aij == dim¢ H'(M; Hom(D;, D;)) = rirj (i — pj + (9 — 1)).
In particular, py ¢’ # 0 in H*(BTo; K) = K[zy,--- 2] so, by Corollary the

equivariant Euler class of N, is not a zero divisor in Hy (é;, K)=H (Cu; K).

5.2. The induced stratification. As the functor £ — ¢*& preserves the rank and
degree of a holomorphic vector bundle, it takes the Harder-Narasimhan filtration of
£ to the Harder-Narasimhan filtration of ¢*£. In particular, it preserves the Harder-
Narasimhan type of a holomorphic bundle, which implies that the Shatz/Morse
strata of C are invariant under the involution «, : A — A of Section The
Galois-invariant part

C,=C.NC"
of C,, is the set of 7-compatible holomorphic structures of type p on (E, 7). Before
stating the next result, we recall that if 7 : £ — £ is a real or quaternionic structure
on the holomorphic bundle &, a sub-bundle F of £ is called real (resp. quaternionic)
if 7(F) = F, which means that 7 induces by restriction a real (resp. quaternionic)

structure on F. Equivalently, if ¢ : 0*& —=5 £ is the isomorphism determined by
T, the condition 7(F) = F is equivalent to p(c*F) = F.

Lemma 5.5. Let € be a real (resp. quaternionic) holomorphic bundle and let F be
the unique mazimal rank sub-bundle of £ among sub-bundles of £ whose slope is
mazimal. Then F is itself real (resp. quaternionic).

Proposition 5.6. The Harder-Narasimhan filtration of a real (resp. quaternionic)
holomorphic bundle consists of real (resp. quaternionic) sub-bundles.

Proof of Lemmal[5.5 Let ¢ : 0*€ — € be the isomorphism determined by the real
or quaternionic structure of £ and let F be the unique sub-bundle of £ satisfying
the assumptions of the lemma. Then ¢ induces an isomorphism between o*F and
a sub-bundle of £ having the same slope and the same rank as F. By uniqueness
of such a sub-bundle, we see that ¢(c*F) = F, which proves that F is either real
or quaternionic, according to the type of . O
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Proof of Proposition[5.6f This is immediate in view of Lemma[5.5 and the fact that
if £ and F are both real (resp. quaternionic) then so is £/F. O

We note that, for real bundles (=algebraic bundles defined over R), Proposition
is in fact a special case of a result of Harder and Narasimhan ([HN75]). In the
complex case considered by Atiyah and Bott, specifying the Harder-Narasimhan
type 4 is equivalent to specifying the topological invariants (r;, d;)1<i<; of the suc-
cessive quotients of the filtration. When M° = () or 7 = 73, there are no further
topological invariants, so the definition will be similar, but some care should be
taken when it comes to defining the real Harder-Narasimhan type of a real bundle
on a curve with real points.

Definition 5.7 (Real and quaternionic Harder-Narasimhan types). Let (M, o) be
a real algebraic curve and let (€,7) be a real (resp. quaternionic) bundle on (M, o),
with Harder-Narasimhan filtration

{0}=&c& Cc---CcéE=E.

The real (resp. quaternionic) Harder-Narasimhan type of (€,7) is the l-
tuple formed by the topological invariants of the real (resp. quaternionic) bundles
Ei/Ei—1 (the successive quotients of the filtration), namely:

(1) (ri,di, Wi)1<i<i of T is real (if M7 =0, we interpret each w; as 0, in par-

ticular d; mod 2 =0).

(2) (r4,di)1<i<i if T is quaternionic,
We denote 1, the set of real (resp. quaternionic) Harder-Narasimhan types of
T-compatible holomorphic structures on E. In particular, if p € 17, there is,
associated to it, a uniquely defined holomorphic Harder-Narasimhan type, which we
also denote p, and which satisfies Cj, :=C™ NC,, # 0.

"
The important thing to realize is that different real Harder-Narasimhan types
(ri, di, W;i)1<i<) might occur for a same (r;,d;)1<i<; (the map 174 — L4 is not
injective). This will be useful in practical computations when considering sums over
the set 17, of all real Harder-Narasimhan types : such a sum will be equal to the
sum over the set I, ; of all holomorphic Harder-Narasimhan types, multiplied by
a factor of 2(*~D(U=1) (where [ is the length of the Harder-Narasimhan filtration),
corresponding to the choice of topological invariants (w;)1<;<; of the successive
quotients of the filtration (see Subsection for concrete examples of this).
As a first step towards showing that the stratification

-
welly
is equivariantly perfect for the action of the group GZ, we identify the normal
bundle to C; in C”. Let & € C]] be a real or quaternionic holomorphic bundle of
Harder-Narasimhan type p. As earlier, we denote End £ the holomorphic bundle
of endomorphisms of £. The group Gal(C/R) acts on End& = £* ® £ by
v (o) @7(v)

(note that we do have an (anti-linear) involution of End &, regardless of whether
T is real or quaternionic, i.e. squares to +Idg or —Idg, meaning that End & is
always a real bundle). This way, the Galois-invariant elements of End £ are the
endomorphisms of £ commuting to 7. As a consequence of Proposition 5.6} the sub-
bundle End’ £, consisting of endomorphisms that preserve the Harder-Narasimhan
filtration of &, is pointwise Galois-invariant for the above action, so the Galois action
on End € induces an action on the bundle End” £ defined by the exact sequence

0 — End £ — End& — End”" € — 0,
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which in turn shows that we have a Galois action on the complex vector space
H'(M;End” £). We simply denote 7 the various Gal(C/R)-actions that we have
defined and, combining the above with Proposition [5.I] we obtain the following
result.

Proposition 5.8. C is a G -invariant, locally closed submanifold of CT, of real
codimension d,,, and the fibre of the normal bundle to C}, at a point & is isomorphic

to the real vector space (H'(M; End”é‘))T.

Proof. In view of Proposition [%ZL it only remains to prove that C; is G -invariant.
This follows from the fact that C,, is Gc-invariant and from the compatibility relation

g(A) =g(A) for all A € C and all g € Gc. O

So C; is a G{-invariant submanifold of finite codimension of C™ and
T __ T
c=|]c.
Helly

As End & = £*® € is always a real bundle, so are the conormal and normal bundles
to C, in C. In particular, the normal bundle to C in C7 is a real vector bundle
in the ordinary sense (it is simply the bundle N7, whose fibre at £ is isomorphic
to (HI(M;End”E))T, by Proposition . Such a bundle is not orientable in
general (see Subsection and this forces us to restrict to cohomology with mod 2
coefficients. In particular, N7, has a well-defined GZ-equivariant, mod 2 Euler class,
which is equal to its top G{-equivariant Stiefel-Whitney class:

T T du(pr.
egz (Np) = (wa,)gz (N],) € Hgr (C; Z/2Z).

cclJcen

w>p

— T
= cp.
w<p
For cohomology with mod 2 coefficients, the equivariant Thom map is always an
isomorphism, so we have

j T T T j—du (o,
HS, (U7, U] \ Cl: 2/22) =~ HiZ™ (C]: Z/2E),

The relation

remains true and we denote

-
U,

as d, = codimg C}, in C". So the associated equivariant Gysin exact sequence is

j—d, o j T restr. j - r

~
~
T\ restr.
-UEQE (N“) ~ N l
1, (C])
where mod 2 coefficients are now understood. The proof that egz (N7,) is not a zero

divisor in HéE (C,) then runs parallel to the Atiyah-Bott proof. Denote F C F,
the set of 7-invariant smooth filtrations of type

d1 d1 dl dl
M: Tttty Ty Ty
™ ™ 8 T

on (E, 7). Since the Harder-Narasimhan filtration of a 7-compatible holomorphic
structure on E consists, by Proposition [5.6] of 7-invariant sub-bundles, there is a
continuous map

C,— F,
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sending a 7-compatible holomorphic structure to its underlying smooth filtration
(note that this map is continuous because the Atiyah-Bott map C, — F, is
continuous and sends a 7-compatible holomorphic structure to a smooth filtration
by 7-invariant sub-bundles). Let B], denote the fibre of this map above some fixed
T-invariant smooth filtration of (E, 7). B] is the set of T-compatible holomorphic
structures on (F, 1) that yield the chosen smooth filtration of (E, 7). The group of
automorphisms of F preserving that filtration is

g7 =G, NGE.
Choose now a splitting of the given smooth filtration of E :

E=D1®--- @D

with tk D; = r;, deg D; = d; and each D; 7-invariant. The set of 7-compatible
holomorphic structures of type p that are, in addition, compatible with this direct
sum decomposition is
0\T _ 120

(B,)" =B,NB,,
and the subgroup of G, consisting of automorphisms of E preserving the direct sum
decomposition is

()" = 9,0 G
Then F] is the homogeneous space GZ./G, and

C, =6¢ Xg: B,
As a consequence,
and therefore

Hgf( i Z2)27) = Héﬁ (B; Z/2Z).

W
Moreover, the splitting
E~Dy®---®D
being compatible with 7, there are homotopy equivalences
g, ~ ((];)0, and B), ~ (B;)O7

SO

H, (Bl Z/27) = H(*g;)o((B;)O; 7./27).
Finally, as

l
= H Cs‘rs(‘D2
i=1

(a T-compatible holomorphic structure of type g on Dy @ - - - @ D; necessarily is a
direct sum of 7-compatible semi-stable structures on each D;) and, since

l
= Hggi’
i=1

we have :

SS

P (Criz/22) = HPQD " (Di): Z)2Z) = HPQM riyd;).

Going back to H(QO)T ((Bg) ; Z/2Z) and fixing a base pomt x € M, we may consider
m

the group (G)7(z) of gauge transformations of E = D; @ --- @ D; which are
the identity on the fibre of E at x (and therefore also at o(x)). Take z such
that o(x) # x, and fix p € 7~ (x), where 7 : Pg — M is the unitary frame
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bundle of E — M. By the discussion in Section [3.2] we have a surjective group
homomorphism
evp 1 Gt — U(r)

which restricts to a surjective group homomorphism

(5.1) (G)" — K, =U(ry) x -+ x U(ry).

Then :
(1) (G)7(x) is the kernel of (G-3).
(2) (G7)7(x) is a normal subgroup of (G))™ and (G7)7/(G1)" (x) ~ K,,,
(3) (G))7(x) acts freely on (B))7.

We obtain
HE: (Cli Z/22) = H{gy)- ((BL)T3 Z/2Z) = Hy,, ((BL)"/(G,)" («): Z/2Z).
To simplify the notation, we denote
Cr = (B))7/(G) ()
and w the element of HI*(“ (Eﬁ ) corresponding to the mod 2 equivariant Euler class
egz(N}) € HEE (CsZ/2Z)
under A‘Ehe ring isomorphism above. To prove that w is not a zero divisor in
Hf‘(“ (C7;Z/2Z), it is enough, by lemma to prove that
(5.2) w' = i*w € Hy(C: L/2Z)

is not a zero divisor in H}(E[: ;Z/27), where T is any maximal torus of K,. We

take that torus to be invariant under the complex conjugation 7 of K, = U(ry) x
- x U(r) (explicitly, we take T = (S1)").

Lemma 5.9 (Reduction to the real part of the maximal torus). Let T ~ (S1)" be
a torus, with complex conjugation 7. Let j : T™ < T be the inclusion map and let
Y be a T-space. Then there is an isomorphism of (Z/2Z)-vector spaces

H. (Y Z)27) ~ Hy(Y; Z/27) ®p9p H* (T/TT: 2/27) .
In particular, the inclusion j : T™ — T induces an injective ring isomorphism
3t (Y3 2)27) — Hp (Y3 7,)27) .
In particular, to prove that w’ is not a zero divisor in H. (E’f, 7./27), it suffices to
prove that
(5.3) w" = j*w' € H}-(C; L/2Z)
is not a zero divisor in Hj.- (Elf, 7.)27.).

Proof of Lemma[5.9 The proof is similar to that of Lemma [5.2] but we give it in
detail. Consider the following commutative diagram

T/T™ —% Yygr = ET %9 Y —2 Yiyp = ET x7 Y

H & [
T/T™ —~— BT™ =ET/TT —— BT =ET/T
Recall that 7'~ S' x - x S (r times). So T ~ {£1} x --- x {£1} (r times) and

H*(BT™;Z/22) ~ (Z/2Z)[ys, - -+, yr]
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(with degy; = 1). Moreover T/T™ ~ (S1)", so
H*(T/T™;Z/27) ~ (Z/27)[w1, - - ,wy]/ < wi =0 >
(with degw; = 1). The map
i*: H*(BT";Z/272) — H*(T/T";7/27Z)
takes y; to w;, so it is surjective. By the commutativity of the diagram above, i3,
is therefore also surjective. Moreover, the mod 2 cohomology of T/T7 ~ (S')" is
finite-dimensional in all degrees, so we may apply the Leray-Hirsch Theorem to the
locally trivial fibration
T/TT — YhTT — YhT s
and obtain an isomorphism of (Z/27Z)-vector spaces

Hio (Y3 2)22) ~ H(Y; Z)22) @97 H*(T/T7;Z,/22).

It is perhaps worth emphasizing that Lemma [5.9| uses that
H*(BT";Z/2Z) ~ (Z/2Z) [y1,- - ,yr],

which only holds for mod 2 coefficients. Then we have the following exact analogue
of Lemma (when T'=U(1)" is a torus, we call T = O(1)" the real part of T,
or, slightly abusively, a real sub-torus).

Lemma 5.10. Let T7 =T x IT be the product of two real sub-tori, in such a way
that 1§ acts trivially on the T7-space Y. Recall that there is an isomorphism of
(Z)2Z)-vector spaces

Hp-(Y;Z/2Z) ~ H*(B15; Z)2Z) ®z,/97 Hrr (Y5 2/2Z)
and that H*(BTJ;Z/2Z) ~ (Z/2Z) [y1,--- ,u] s a polynomial ring over a field
(1 =dimTy, degy; =1). Any o € H3. (Y;Z/2Z) is of the form

o= ap ® 1+ terms of positive degree in Hr- (Y;Z/2Z),

and, if ag # 0 in H*(BT{;Z/2Z), then g is not a zero divisor in this integral
domain and consequently « is not a zero dwisor in Hy.. (Y;Z/2Z).

As in the Atiyah-Bott case, we note that, if we fix a point yg € Y and consider the
map

BTy =FET")T§ — Yur-=ET" xp-Y
e ] — e,
then «g is the pull-back of o under fuy,.

Corollary 5.11. If « € H3.(Y;Z/27) satisfies the condition that
Hyo # 0 in H*(BTy;7Z/27),
then « is not a zero divisor in Hi. (Y;Z/27).

In order to apply this corollary to the element w” € H*,(E;'Z/2Z) (the image

1w
of the mod 2 equivariant Euler class w € HI*<H ((ZT:;Z/ 2Z) under the successive
inclusions and ), we choose a T-compatible holomorphic structure Ay €
(BS)T on

E=Dy®---®D,
and denote

Eo=D1®--aD
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the associated holomorphic vector bundle of type pu. By Proposition the fibre
of N, at A is isomorphic to

(H'(M;End" &))"= @ (H'(M;Hom(D;,Dy)))".
1<i<j<l
Take then yo to be the image of A in 62 = (BY)7/(G0)7 (), and let
Ty ==A{£L } x - x{xI,} CK,,
where I, denote the identity r; x r; matrix. Then 7] ~ (Z/2Z)! acts trivially on
C, and we now compute
w" = py w" € H (BT ;Z/2Z),

where (i, is defined as above, with ¥ = E,f . Moreover,

H*(BTg;2/22) = (Z/2D) [y, - - w1l

where y; is the mod 2 equivariant Euler class of the (Z/ QZ)l—bundle over a point
associated to the representation

Z)27 % - X L]27 — Aut(R)
(ti, -+, t1) — multiplication by ¢;.

The group T acts on (Hom(Di,Dj))T = (D} ® Dj)T by multiplication by ¢; 't;,
so it acts on the vector space
(H'(M;Hom(D;,D;)))"
via the same character. By functoriality of the equivariant Euler class, one has
pow” =TI (i —vi)™,
1<i<j<l

where

Nij = dimg (H'(M;Hom(D;,D;)))"
= dim¢ H'(M;Hom(D;, D;))
= (i =+ (9= 1)).
In particular, puy w"” # 0 in H*(BT§;Z/2Z) = (Z/2Z)[wy, - - ,w;] so, by Corollary
@ the mod 2 equivariant Euler class of N7, is not a zero divisor in
Hy, (C[;Z2/22) = Hg, (C/; Z/2Z).
Therefore, we have the following result.

Theorem 5.12. The stratification
c=|]c
pelly
is G¢ -equivariantly perfect over the field Z./2Z. In particular,
P (CTi2/22) = Y 1P (C]:2/22),
,uGIde
and the real Kirwan map
H*(BG&;Z/27) — Hég (CIZ/27)

1S surjective.

As a consequence, the proof of Theorem is now complete.
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5.3. Orientability of the equivariant normal bundle. We use the notation
of the previous subsection. The Gg-equivariant real vector bundle Nj, — (32)7

descends to a K,-equivariant real vector bundle V,, — éz . Let
wy = (w)k, (C}) € H, (Cj:2/22)

be the K,-equivariant first Stiefel-Whitney class of V,, — (ZT: . Then (N7)ngz is an
orientable real vector bundle over the homotopy orbit space (C;)ngz if and only if
w, = 0. The inclusion 7§ = (Z/2Z)! — K,, induces a group homomorphism

(5.4) Hy (CriZ/2Z) — Hi (CF3 Z/22).

17 acts trivially on Eﬁ so, for any point yg € EE , the inclusion {yo} C Ej is T -
equivariant and induces a group homomorphism
l
(5.5) Hi (13 2/22) — Hi: ({yo}: 2,/22) = )2/ 2Z)ws.
i=1

Let
!

n: Hy (Chi2/22) — P(Z/2Z)w;

i=1
be the composition of (5.4)) and (5.5). Then
n(wy) = Y Nijlwy —w)
1<i<j<l
= Y (diry—ridj +riry(g — 1) (w; — w;)
1<i<j<l

l

= S (rdi + (d+ (= 1)(g — D)rou

i=1
(d+g-1) Zi:l ryw; if r is even,
Zézl(di + dry)w; if r is odd.

Suppose that 7 = 7g. If either (i) » and g + d are even, or (ii) r is odd and r > 1,
then there exists some p such that (N})ngz is a non-orientable real vector bundle
over (C])ngz-

We note that the argument above does not give any non-orientability statement
when n > 0 and 7 = .

6. BETTI NUMBERS OF MODULI SPACES OF REAL AND QUATERNIONIC BUNDLES

6.1. A recursive formula for the equivariant Poincaré series. We quickly
summarize our results, using the same notation as in Section [I} (M, o) is a Klein
surface of topological type (g,m,a) and (E, 7) is a real (resp. quaternionic) Hermit-
ian bundle of rank r and degree d on (M, o). The group of T-compatible endomor-
phisms of F is denoted G{. We consider the set

Mg (rd) = CLJIGE = (F~ ({1ss}1)" /9

of real (resp. quaternionic) S-equivalence classes of T-compatible, semi-stable holo-
morphic structures on . The G-equivariant mod 2 Poincaré series of CJ; is com-
puted recursively via the following formula

l
P(gT,n,a) (’I", d) = Q(_‘Iq-,n,a) (’/‘) - Z td“' H P(;n,a) (ri’ dl) ’

Nelyld\{l‘*ss} i=1
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where the sum ranges over all possible real (resp. quaternionic) Harder-Narasimhan
types g = (i, d;, W;)1<i<i (resp. (ri,d;)1<i<i, see Definition of 7-compatible,
non semi-stable holomorphic structures on E and

d; d;

j
The expression for Q7 . (1) = P(BG{) is given in Theorem In particular,

g
, L+t (1+1)9
Pgnald) = 5= =3
which is consistent with the fact that M(;,n,a) (1,d) is, for all 7, a real torus RY /Z9 C

Pic)} ,(C) ~ C9/2%.

6.2. Solving the recursion. As one might expect by analogy with the Harder-
Narasimhan-Desale-Ramanan/Atiyah-Bott recursive formula (JHN75, [DR75] and
[AB83]), Zagier’s method to solve the recursion ([Zag96]) carries over to the real
and quaternionic cases. We have

l
Q(;,n,a) (T) = Z td“ Hp;n,a(ri7di)7
i=1

/LEI;d
where
dy dy
H = (77"'77)3
1 T
and
l
g—1
di= Y = rdy g =)= Y (g —rad) + 202 =30 ),
1<i<y<i 1<i<j<l i=1
Define
Eu = Z (dirj — ridj),
1<i< <l
=T —r2(g— -
Q(gvnva)(r) =1 o 1)/2Q(g,n,a) (7”‘),
Plpay(rd) = 7@ 02p s (r,d).
Then

l
@(;,n,a) (T) = Z tdu Hﬁ(;,n,a) (riv dz)

pelr, =1
In order to apply Zagier’s theorem, we need sums over I, g (see Definition and
the discussion thereafter for how to relate sums over 17, to sums over I, ;). Taking
into account the topological invariants of the real (resp./ quaternionic) bundles given
by the successive quotients of the Harder-Narasimhan filtration, we obtain
1

@(2&0@)(7’) = Z t2d“HP$,o,1)(Ti72di)»

HELa i=1
1
Qg0 = D 2% TPy 10 2ds),
HEI,,-,d =1
1
Q(g/,og)(r) = Z tzd“HPg{g/,o,l)(m,Qdﬂrn)

pEl 4 i=1
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For n > 0, we have

n—1- ™R _ n—1 d“ n—1)(1—1)
Qg (r) = 21T 3o 2l HP<gna> (ris i)

HEIL a4

= Z tau H(2n71P$,n,a) (7"1‘, dl)) )

pEl q 1=1

Z t4d Hp(gna) 2’)"1,2d1)

pel, q

@(;ﬂ,{n,a) (QT)

Theorem 6.1 (Zagier, [Zag96, Theorem 2|). Let Q, and P4 (r € Z, d € Z/rZ)
be elements of a not necessarily commutative algebra over the field of formal power
series Q((x)) which are related by

d
= E : T “PTl,dl"'PThdl'
1“‘617‘,d

Then for any r and d, we have

(_1)l—1xM(7"1,...,7"l;%)

rd_z Z 1 T @ Qn,
=1 om0 LLis (T —arifrien)
r1+-Fr=r
where
-1
M(ri,...,r50) = Z(T’L +rip)((re 4 Fr)A).
i=1

Here (x) = 1+[z]—x for a real number x denotes the unique t € (0, 1] with x+t € Z.

Theorem 6.2. One has :
(1)

P(;% (7 2d)

. 1t2Zi;}(Ti+7‘7:+1)((T1+'“+Ti)(é)>

Z Z (_1) B " t(g_l) Ei<j TiT;
Hlil(l _ t2(Ti+Ti+1))

1=1ry,..., r1€ZL>0 =1
S ri=r
li[ N
ri—1 3 ;
o TGS (U= [T, (1 —27)
(2)
P({, 10, 1)(r, 2d)

L 2T i) ) (4)

—1)i- $(20'=2) 32,y miry
Z Z ( ) Hl_l(l _ t2(ri+ri+1))

I=171,....,mEZ>0 =1

S ri=r

L (L)
1_[1 H’;’: — ) [ (1 = %)

l

?
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(3)

P TH

(2¢',0,1) (75 2d +7)

+2 S T (ritrip){(rite i) (2))

Sy et D -5,
H (1 _ t2(7“7:+7“7:+1))

=1 r1,..,r€Z>0 i=1
([ Daeemyprs
o IS (=) [TGL, (1 —t%9)
(4) Suppose that n > 0. Then
P(g vy (75d)
i(ritrs Tt (2
Z Z (_l)liltzp (171 o o oD e, mims
=1 Tl,‘..,Tl€Z>0 Hl:l(l - tT'i"FT'H»l)

o(n—1)(I~ 1)1—[ J L1 2= 1)g—n+l Hr7—1(1+tg) H;;l(l+tj)n
Hm—l(l _ t2]) Hj:l(l _ t2_])

J=1

(5) Suppose that n > 0. Then
P(QT}’II'L a) (276’ Qd)
L t4 Ei;}(”+T'i+1)((r1+"'+7‘i)(%))

Sy et D E
H_ (17t4(ri+ri+1))

1=17r1,...,r1EZL>0 i=1
Ti=T

1 HQT‘L (14 25-1)9
U= omna—my
Proof. We apply Theorem [6.1] with
(1) Q= Q 9.0,y () Pra = ?(?071)(7", 2d), v = t2.

(2) Qr = @(E/q 0)(1); Pra= F(E’—LOJ)(T’ 2d), x = t2.
3) @ = Q(;I;/ 0, 1)( 1), Prd —E;“; oy (1,2d+7), =12
(4) Q-=2"""'Q gna)( r), Prqg=2"" 1P(gna)(r,d), xr =t
(5) Qr = Qgn.a)(2r), Pra =Py .(2r,2d), z = t1.

O

In the Appendix, we use Theorem [6.2| to compute P (r,d) explicitly for r < 4.

(g:m,a)
It is interesting to note the following equalities.

Corollary 6.3. One has :

(a) P(;;*,_17071)(r, 2d) = P(;";i 1,0 1)(7*, 2d) = Py(r,d).
(b) P(;;Q,’O’l)(r, 2d) = P(Qg’,O,l)(r 2d +r).

We now give geometric proofs of the first equality of (a) and the equality in (b).

Proof. On a real curve of type (2¢’ — 1,0, 1), there exists a quaternionic line bundle
L™ of degree 0. Let L™ denote the underlying topological line bundle. Then there
is a group isomorphism

go:(](ER i)Q(EH, u»—)u@IdLm.
There is a homeomorphism

i: Cas(r,2d)™ =3 Cys(r,2d)™, € E@ L
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which is equivariant with respect to the G*-action on Cys (7, 2d)™ and the Gi*-action
on Cgy(r, 2d)™:
i(u-A) = p(u)-i(A).
This implies the first equality in (a). There is also a homeomorphism
M(;§7170,1)(T’ 2d) = Anin(r,2d)™ /GF ~ M(;§7170,1)(T’ 2d) = Amin(r,2d)™/GR.

On a real curve of type (2¢’,0,1), there exists a quaternionic line bundle £ of
degree 1. Let L™ denote the underlying topological line bundle. Then there is a
group isomorphism

0:GF = GF, u— u®ldps.

There is a homeomorphism

i: Cos(r,2d)™ = Cog(r,2d + 1), £ E@ L
which is equivariant with respect to the G*-action on Cys (7, 2d)™ and the Gi*-action
on Cys(r,2d + 7)™:

iu- A) = plu) - i(A).
This implies (b). There is also a homeomorphism
M 3g0.0.1)(752d) = Amin(r, 2d) ™ /G
~ Mo o1y (12d+1) = Amin(r,2d + 1) ™ /G
O

6.3. Cohomology of the moduli space in the coprime case. When r and
d are coprime, the topological space M (;nya)(r, d), being a connected component
of the fixed locus of an involutive isometry in a smooth compact manifold of real
dimension 2(r?(g—1)+1), is a smooth compact connected manifold of real dimension
r2(g — 1) + 1. We will show in this subsection that its mod 2 Poincaré polynomial

is related to P, (r,d) in the following way :

(6.1) Po (MG oy (rd); Zo) = (1 =t) P, o) (7, d).

g:n,a)
In particular, when r» A d = 1, the formal series (1 — t)P(ng a) (r,d) will be a poly-
nomial of degree r?(g — 1) + 1 which satisfies (mod 2) Poincaré duality :

(6.2) tr@= P = Py

We note that relation can indeed be tested directly on the right-hand-side of
(6.1) in the coprime case. Note that does not imply, in general, that P; is a
polynomial. To show that holds in the coprime case, we shall in fact prove
the following stronger result.

Theorem 6.4. Let (E,7) be a real (resp. quaternionic) vector bundle of rank r
and degree d over a Klein surface (M, c)of topological type (g,n,a). We denote, as
usual, GG the group of complex linear transformations of E that commute to T and
we let QTE = GL/R* be the quotient of Gi. by its centre. Then, if either

(1) n >0 and r and d are not both even, or

(2) n=0 and r is odd,
then, for any QTE—space X, one has

PP (X;Z) = (1 - )P (X Zo).

We observe that, in case (1), we are necessarily dealing with a real bundle (E, 1),
for if n > 0 and (E,7) is quaternionic, then r is even, which in turn forces d to
be even by Theorem Case (1) of Theorem has also been treated in [Bail2,
Lemma 7.1] using a different method.
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Corollary 6.5. IfrAd = 1, then GT. acts freely on C[,, with quotient Mg om0 (r,d),

887

and the mod 2 Poincaré polynomial of M7 (r,d) is

(6.3) Py(MG oy (ryd)i Za) = PEE(CLi Z) = (1 — ) PIE(CL;

EXR EER

Z).

Proof of Corollary[6-5 When r Ad = 1, every semi-stable real (resp. quaternionic)
bundle is in fact stable so, on the one hand, the space M(;n,a) (r,d), which by defi-
nition is the space of real (resp. quaternionic) S-equivalence classes of T-compatible
semi-stable holomorphic structures on a smooth real (resp. quaternionic) bundle
(E,T), is in fact equal to the orbit space C7,/GZ and, on the other hand, the action
of QTE on CJ; is free. This gives the first equality in . To prove the second
equality, assume first that n > 0. Since r and d are coprime, they cannot be both
even and case (1) of Theorem therefore gives the second equality. Assume now
that n = 0. If (E,7) is real, then d is even by Theorem so r is odd by the
coprimality assumption and case (2) of Theorem applies. Finally, if (E,7) is
quaternionic and its rank is even, then by Theorem [2.1]its degree is also even, thus
contradicting the coprimality assumption. So the rank is odd in this case and we
can again apply case (2) of Theorem O

The remainder of this subsection is devoted to the proof of Theorem [6.4 We will
work throughout with the groups G and O(1), as opposed to G and R*. This
is alright because, as we have noted in Section these give the same equivari-
ant cohomology for any GZ-space X. The key result to prove Theorem is the
following proposition.

Proposition 6.6. Let (E,T) be a real or quaternionic vector bundle over a Klein
surface and let
o) — g

L -1 — —Ig

be the inclusion of the centre. If the induced group homomorphism
ts 2 m(0(1)) = mo(GR)
18 injective, then for any Tg—space X,
PIE(X:Zs) = (1 — )P (X, Zy).

The proof of Proposition [6.6] requires the following intermediate results, which are
extracted from [BHHIO| Section 6].

Theorem 6.7 (|[BHHI10]). Let (E,T) be a real or quaternionic vector bundle over
a Klein surface of (g,n,a). Then

79 ® Zo, n =0,
ZQEBZSH, T="1R,n>0,1r>2
70(Gg) = m(B(GE)) = Z9 "L @ (Z" x (Z" L @ Zy)), T=1r,n > 0,7 =2,
79 @ Lo, T="1,n>0,r=1,
79, T ="TH,n > 0.

where the semi-direct product Z™ x (Z"~1 @ Zs) is defined by
(Z"teZ)x2" — I,

((ag,...,an,b),(c1,...,c.)) — ((=Dber, (—1)"T%¢y, ..., (=1)"T%¢,).

Taking the abelianization of m (B(G%)), we get the following immediate corollary
of Theorem
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Corollary 6.8.

79 & Zso, n =0,

ZQ@ZZH, T=m,n>01r>1,
79 & Zs, T=m,n>01r=1,
7.9

H\(B(Gg); Z) =
, T="Tg,n > 0.

Proof of Proposition[6.6, The map m(O(1)) — mo(G£) can be identified with the
group homomorphism 71 (BO(1)) — 71 (BGZ). By Theorem and Corollary
if 7,(BO(1)) = Zy — m(BGE) is injective, then Hy(BO(1);Z) = Zy —
H,(BG7;Z) is a direct summand. Therefore,

(6.4) Hom(H1(BGg;Z);Z2) — Hom(H,(BO(1);Z);Zs)

is surjective. By the universal coefficient theorem, for G = O(1),G/, there is a
short exact sequence of groups

0 — Ext(Ho(BG;Z),Zs) — H'(BG;Zs) — Hom(H,(BG;Z), Zs) —» 0,

where Ho(BG;Z) = Z, so Ext(Ho(BG;Z);Z2) = 0. So (6.4) can be identified with
the map
§* HY(BGE; 7o) — H'(BO(1);Zs) = Zsx
as Zs-linear maps between vector spaces over Z,. In particular, j* is surjective, so
there exists y € H'(BGZ; Zs) such that j*(y) = .
For any Gf-space X, consider the following commutative diagram:

BO(1) —— B(Gf) xg; X —— E(Gf) xgz X

BO(1) ——  B(G;) ——  B(GE)
where the rows are fibrations, i : BO(1) — BO(1) is the identity map, and j, jx
are inclusions of a fibre. Let y' = 7*(y) € H'(E(Gf) Xg; X;Zs). Then j% (y) = z,
which generates H*(BO(1); Z2) = Zs|x]. Therefore, the mod 2 Leray-Serre spectral
sequence associated to the fibration in the top row collapses at the Es page, which
implies

T okl 1 T
PYE (X3 Zo) = Pi(BO(1); ) Py (X3 Z) = ﬁPth (X Zo).
(]

Because of Proposition [6.6] in order to prove Theorem [6.4] it suffices to proves that
if either assumption (1) or (2) in Theorem holds, then the map

e 2 mo(0(1)) — mo(GE)

of Proposition [6.0] is injective.

We start with the case n > 0. Then, as we have already noted, the assumption
that » and d are not both even implies that we are dealing with a real bundle in
this case. We then have the following lemma, describing the situation over a single
circle for a real vector bundle in the usual sense (fibre R").

Lemma 6.9. Let v ~ S'. Let E — v be a smooth real vector bundle (with fibre
R") equipped with an inner product h, and let Gg = Aut(E, h) be the group of gauge
transformations compatible with the metric. Let Ig : E — E be the identity map.
Then Ig and —Ig are in the same connected component of Gg if and only if r is
even and E is trivial (or equivalently, wi(E) =0).
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Proof. Suppose that F is isomorphic to the product bundle v x R", where r = 2r’
is even. Let eq, ..., e be the standard basis of R?". Define u; : v x R” — v x R"
by
e9i—1 — cos(mt)ea;—1 + sin(wt)eq;, e — —sin(nwt)eq;—1 + cos(mt)e;.

Then ¢ — u; defines a path [0,1] — Gg such that ug = Ig and uy = —Ig.

Conversely, suppose that Ip and —Ig are in the same connected component of
Gr. Then there exists a path [0,1] — Gg, t — w4, such that ug = Iy and uy = —Ig.
We define a vector bundle 7 : E — v x St x [0,1] as follows.

(1) The total space E is the quotient of

E x[0,1] x [0,1] = {(z,v,s,t) : x € y,v € Ey,s,t € [0,1]}

by the equivalence relation (x,v,0,t) ~ (x, us(x)v, 1,t).
(2) The base v x S! x [0,1] is the quotient of

v x[0,1] x [0,1] = {(z, s,t) : © € 7, 5,t,€ [0,1]}

by the equivalence relation (z,0,t) ~ (z,1,t).
(3) The projection 7 is given by (z,v, s,t) — (z, s,t).

For t € [0,1], let E; — v x S* be the restriction of E to v x S x {t}. Then Ej is
isomorphic to F;. Let H and L be the tautological line bundles over v ~ RP' and
S' ~ RP!, respectively. Let 2’ = wy(H) € H'(v;Zs), v = wi(L) € HY(S";Zy).
Let p; : v x 81 — v and ps : v x ST — S! be projections to the first and second
factors, respectively. Then

H*(y x SY;Zy) = Zolx, y)/(2*,y7),

where x = piz’ and y = phy'.

Recall that if V' is a real vector bundle of rank r and £ is a real vector bundle
of rank 1, then wi(V ® £) = wi(V) + rwi(£) and wa(V @ £) = wa(V) + (r —
Dwy (Vw1 (€) + (r(r — 1)/2)w1(€)?. We have Eq ~ piE, Ey ~ p;E ® psL, so the
total Stiefel-Whitney classes are given by

w(Ep) =1+ pj(wi(E)), w(Er)=1+pi(wi(E))+ry+ (r—1)pi(wi(E))y.
w(Er) = w(Eo) = ry + (r — 1)pi(wi(E))y =0 € H*(y x S5 Zs),
where pj(wi(E)) € {0,2}. So we must have r is even and w;(F) = 0. O

With the help of Lemma we can prove that assumption (1) in Theorem
yields the desired conclusion.

Proposition 6.10. Let (E,7) be a real vector bundle of rank r, degree d over a
Klein surface (M, o) of topological type (g,m,a), where n > 0. Let ¢ : O(1) — G
be the group homomorphism defined by —1 — —Ig. Suppose that either
(1) 7 is even and w1 (E7) = (wM, ... w™) #(0,...,0), or
(2) r is odd,
then the map
ts 1m0 (0(1)) =Zo — mo(GE)

is injective. In particular, if r and d are not both even, then v, is injective.

Proof. Let 71, ...,7v, be the connected components of M.

Suppose that r is even and (w™, ..., w™) # (0,...,0). Without loss of gen-
erality, assume that w) # 0. Let E/ = E7|,, — 71. Then there is a contin-
uous map p : G — Gp/ given by u — u|g. By Lemma the composition
pot:0O(1) = Gg induces an injective map (po i)y = px oty : mo(O(1)) = 7o (Grr).
So vy : m1(O(1)) = mo(GF) must be injective.
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Suppose that r is odd, and let p : G7 — Gps be defined as above. By Lemma
again, the composition p ot : O(1) — Gg induces an injective map (pot), =
Px 0 Lyt To(O(1)) = mo(GEr)- So ts : m1(O(1)) = mo(GE) must be injective.

Finally, recall from Theorem [2.1] that

d=w® + ... +w™ (mod 2)
so, if r and d are not both even, we have that either r is odd or wy(E™) # 0. O
This proves Theorem [6.4] in the case n > 0. We now treat the case n = 0.

Proposition 6.11. Let (E,7) be a real or quaternionic vector bundle of rank r
over a Klein surface (M, o) of topological type (g,0,1). Let v : O(1) — GZ be the
group homomorphism defined by —1 — —Ig. If r is odd then the map
Ly * Wo(O(l)) =72y —> Wo(gg)
18 1njective.
Proof. Given u € GZ, define ¢, : M — U(1) by © — det(u(z)). Then ¢,(c(x)) =
u(z) for any x € M. Choose xgp € M. Then o(zg) # o since M is empty. Let
§:[0,1] = M be a path such that §(0) = z, §(1) = o(z9).
Suppose that ¢, is not an injection. Then there is a path [0,1] — GZ, t — u,
such that ug = Ir and uy = —Ig. Define
[0,1] x [0,1] — U(1)
(s,1) — pu,(6(s)
Then:
(1) For all s € [0,1], ¢(s,0) =1 and ¢(s,1) = —1 (the latter because r is odd).
(2) For all ¢t € [0,1], ©(1,t) = ¢(0,1).
Let ~ be the following parametrization of the boundary of [0, 1] x [0, 1]:

(4t,0), 0<t<i
L4t —1), t<t<l
") = (3’ 4 1)’ Lop<d)
( - t7 )7 9 = t = 7>
(0,4—4t), 3<t<1.
Define f := p o~ :[0,1] — U(1). Then
1, 0<t<q,
F(t) = o(1,4t — 1), i<t<d,
_ 1 3
L, 7 <t<g§
A AR 5 3
In particular, f(0) = f(1) = 1, so f defines a based loop in (U(1),1). Moreover,

this loop is contractible because it is the restriction of a map from [0, 1] x [0, 1] to
its boundary.

Let 7 : R — U(1), t = e?™ be the universal covering. Then there exists a
unique lifting f : [0,1] — R such that 7o f(0) = 0. We have f(t) =0for 0 <t < %,
and f(t) =k + 1 for 2 <t <3, where k € Z. We must have

5 =5 3
f@)=2k+1-f(;-1), ;<t<l,
so f(1) = 2k+1 # 0 = f(0), which contradicts the contractibility of the loop

defined by f:[0,1] — U(1).
We conclude that i, : mo(O(1)) — mo(GZ) must be an injection. O

This completes the proof of Theorem
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Remark 6.12. Let us take a look at the remaining cases for r and d, i.e.those
not covered by Theorem [6.4] These are the cases n > 0 and r and d both even, as
well as n = 0 and r even. If n > 0 and r and d are both even, then they are not
coprime, so the moduli space M 7 (r,d) is not the orbit space Cl./GE and we
would not get the actual cohomology of the moduli space even if we were able to

compute PthT (Cl;Zs). So we content ourselves with the equivariant Poincaré series

EXR)
PtgC (Cl;Z9) in this case. Likewise, if n = 0 and r is even, then for 7 = 7z, n =0
implies d even, and for 7 = 7y, 7 even implies d even. So, either way, r and d would

again not be coprime in this case and we would not get the actual cohomology of

the moduli space M7 a)(r, d) even if we could compute Ptgg (CL;Z2).

6.4. Strange Poincaré duality. As mentioned at the beginning of Subsection
6.3] it is a consequence of Corollary that, when » A d = 1, the formal power
series

Po:=(1-1) P(;n’a)(r, d)

satisfies the Poincaré duality relation
(6.5) t*@-Vt1p, = p,

because in this case it is actually the mod 2 Poincaré polynomial of a compact
connected smooth manifold of dimension r2(g—1)+1 (note that, as we have pointed
out before, if n > 0, the assumption » A d = 1 actually implies that 7 = 7). We
now show that relation in fact holds in some other cases too, without any
obvious geometric explanation. We begin with the case n > 0 and 7 = 7.

Theorem 6.13. Assume thatn > 0 and T = 1y, in which case one necessarily has
r=2r" and d = 2d'. Assume additionally that v’ Ad' = 1. Then the formal power
series

P=(1-1) P(g”fl o) (20, 2d")
satisfies the relation

t(2r’)2(9*1)+1]3l =P,
t

Theorem [6.13] is proved below. This Poincaré duality type of relation is a rather
strange fact because, if n > 0 and r and d are both even, (1 — ) P(g”fI a)(2r’, 2d")
is not a polynomial of the expected degree (2r')?(g — 1) + 1. For example, when

r =2 (see Section [A.3.2),
1+1)9(1+3)9 1+)97 11 +13)9
PN L (R e (B
1—tt 1+t2
which is a power series (with infinitely many non-zero terms) that satisfies (6.5).
In particular, when r = 2 and g = 2,

L+t)(1+4¢3)2
H:LiJLiJ,:H¢_§+§+”_
1+ t2

Note that the coefficient of ¢? is negative.
The n = 0 case also gives instances of this strange Poincaré duality.

Theorem 6.14. Assume that n = 0.
(1) If 7 = 1r, then necessarily d = 2d'. Assume additionally that r A d' = 1.
Then the formal power series

Pi=(1-t)P  (r,2d)

satisfies the relation

tr2(971)+1P; _ Pt~
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(2) If T = g and g = 2¢’, then d = 2d'+r. Assume additionally that rAd' = 1.
Then the formal power series

P,=(1-t)P

(2?70,1)(7“, 2d' + )

satisfies the relation
t7"2(2g/_1)-|-1Pl _ Pt~
(3) If T =71y and g = 2¢' —1, then d = 2d’. Assume additionally that rANd' = 1.
Then the formal power series
Pt = (1 — t) P(;H[g’fl,o,l) (7’7 2d/)
satisfies the relation

tr2(29'*2)+1P1 — Pt~
?

To prove Theorems [6.13 and [6.14] we begin by the following observations, which
are straightforward to check. We use the notation of Section [6.2

Lemma 6.15. Suppose that
r, M €Lsy, T1H+--F+rm =1, TAd=1
Ify =21, then
yM(rl,m,r,;g) B (_1)l71xM(rl,---,r1;%).

[ N e o
Hi:i(l — yritrisn) Hi:i(l — gritrisn)
Lemma 6.16. For any topological type (g,n,a) and allr > 1,
— T 1 — T — 7 1 — T
Q(g]jen,a) (’I")(;) = _Q(g]jen,a) (T)(t)’ Q(gfﬂn,a) (’I“)(g) = _Q(g]fﬂn,a) (T)(t)
Proof of Theorems and[6.17. We prove Theorem Theorem is simi-
lar. By Theorem [6.1} Theorem [6.2] Lemma and Lemma [6.16]

P o2 20)(5) =~ (2, 24 (0)

(g:m,a) (g,n,a)

Therefore, if P, = (1 —t)P,™ (2r',2d')(t), one has

(g.m,a)
P2 (g— V2 (g— 1, _eh?e-v - _ 1
+(2r)%(g—1)+1 Pl/t = @) 1)+1(1 _ g)t 5 P(gf‘ib,a)(Qr/72dl>(¥>
@r')?(g-1) = PR
= P (- 1)(=P, (2, 2d) (1))
= (1=t PJ 2 2d) ()
= Pt .

O

Part (a) of Corollary gives an alternate proof of part (3) of Theorem
(also of part (1) if in addition g = 2¢’ — 1), since we know that Poincaré duality
holds for the polynomial Py (r,d’) when r Ad’ = 1. We also observe that, when r
is odd, the Poincaré series in Theorem are polynomials (because r A (2d') =1
and r A (2d' +r) =1 if r is odd and r A d’ = 1), and they satisfy Poincaré duality.
Finally, we note that the proof of Theorems and also works for n > 0,
7 =1r and 7 Ad = 1, so Poincaré duality again holds for (1 — t)P(gTﬁm)(T’ d), which

of course we knew because in this case (1 — t)P(gTjRnya) (r,d) is, by Corollary the

mod 2 Poincaré polynomial of the smooth manifold M(;Rn a)(r, d).
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6.5. Moduli spaces of vector bundles on maximal real algebraic curves.
It is a consequence of Smith theory (see, for instance, the exposition in [Bor60] or
[Wil7§]), that, if Y/R is a smooth, projective variety of dimension n defined over
the field of real numbers, one has

Zb R);Z/2Z) < Zb C);Z/27),

where b;(*;Z/2Z) is the dimension of the Z/2Z-vector space H'(x;Z/2Z). The
real algebraic variety Y is then called maximal if this inequality is an equality.
For geometrically connected, smooth projective curves defined over the field of real
numbers, this amounts to asking that

bo(Y(R)) + by (Y(R)) = 1+29+1=2(g+1),

which happens exactly when Y (R) has (g+ 1) connected components (the maximal
possible number, by Harnack’s theorem, all of them being copies of S'). In this
subsection, we show that M7 2k+1 /R is maximal if and only if the curve (M, o) is
maximal, for all £ € Z. Note that the analogous result is known to hold for r = 1,
for in that case /\/lM U( )= Pic]\il[,g(R) is, when M7 has n connected components,
a union of 2"~ ! real tori of dimension g (JGHSI]), so

g g g
D bi(Picyf ,(R)) =271 x Y "b(RY/Z9) = 2"7' x Y (9) = 200!
1=0 =0 =0

and
2g 2g 2
Zbi@icﬁ,a(c)) = Zbi((cg/ZQg) = Z (%) = 2%,
i=0 P P

So equality holds if and only if n = g+ 1. We note that, on a maximal real algebraic
curve and for r A d = 1, there are no quaternionic bundles of rank r and degree
d (as r has to be even when M7 # () and must satisfy d + r(g — 1) = 0 (mod 2),
which implies that d is even when r is even, contradicting coprimality). Moreover,
M, d (R) has exactly 2"~! connected components in this case ([Sch12]) and two
btable real bundles of rank r and degree d lie in a same connected component of
M M’J( ) if and only if they have the same Stiefel-Whitney classes (topological
types of real bundles, see Theorem [2.1)).

Theorem 6.17. Let k € Z. If the real algebraic curve curve (M,o) is mazimal,

then the real algebraic variety /\/l2 %'H
M2 2k+1

is mazimal. If (M, o) is not mazimal, then

1s not maximal.

Proof. By tensoring with a suitable power of a real line bundle of degree 1 over
(M, o), one obtains an isomorphism of real algebraic varieties between Mflla and
Miﬁg“, so it suffices to prove the result for M JQV}}U. We need to show that, when

(M, o) is of topological type (g,g + 1,0), then
Pt(M o(C ))le=1 —Pt<M1V[g( ) le=1-

Our results show that, when Y is of topological type (g,g+ 1,0), M@IU(R) has 29
connected components with the same mod 2 Poincaré series (since this series does
not depend on the Stiefel-Whitney classes of real bundles indexing said connected
components), so in fact we need to show that

(1 — tQ)Pg(2, 1)|t:1 =929 x (]_ — t)P( T]R;+1 0) (27 1)|t:1 .
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Let us use the closed formulae of Theorems and (see the Appendix for the
explicit formulae in the rank 2 case).

(1+1)%
(1= 2)2(1— 1)
(1+41t)29
(1= &)1t

1-)P21) = (1-£) [+ )% — 29(1 4 1)2]

[(1+#%)2 — (t +1%)?]

g—1

<>+ @+ )2
k=0
=S (@ )

and -
29 x (L=t)P % ) 0)(2,1) 29(1 — 1) % [(1+1%)9 — (2¢)9]

= 29%[(1 +12) — 21] Z_:(l + 2)97 17k (2p)*

= 29(1+¢)*! gil(l +12)97 1=k 2tk

k=0

So

(1= )Py (2 i = 924972 =29 x (L= )BT, (2. 1)]i=1

For M such that M? has n < g + 1 connected components, M 1%/110 has 271
connected components (it is empty if n = 0, because on a real curve with no real
points, the degree of a real bundle must be even), and the Poincaré polynomial of
a given connected component is

(1—-¢t) P™ (2,1)

(g,m,0)
U )i (*1?9;;2 (14 82) 1 (L4 #3971 2n =1 (1 4 )9+ 1g9)
_ (e Z;t)g;;td [(1 46" (14 £3)97 0 — (20" (1 4 ¢2)97+]
_ (a+pr (J;t_)g;z_z (14 2)7 1 — (26)m=1] (14 #3)9 -+
a+yens (+1t_)g:>z2 (14 3)97 4 — (4 ¢2)9 ] (20!
= (L+t)9tm 21429t g(l + %) (2t)"
i=0
+(1+ )9t 2t gz_f(l +#3)97 (¢ 2)
=0

since 1 —t —t2 + 13 = (1 — t)2(1 +t). Evaluating at ¢ = 1 and multiplying by
the number of connected components, we see that the total mod 2 Betti number of
M (R) is

2" x 229%13(2g — 1) = (29 — n + 1)229T2 74,
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The function z — (29 — = + 1)229+2¢=4 where g > 2, is strictly increasing on
[0; g + 1] and the value at g + 1 is g2%972, so

PM3 (R)) =1 = (29 —n + 1)2207207% < 924972 = P (M3 (C))]e=1
when n < g+ 1 and Mf/flg is therefore not maximal in that case. O

Theorem [6.17] very likely holds in arbitrary rank r, for any choice of d coprime
to r. Using computer programming to evaluate the formulae in Theorem and
Theorem at t = 1 by Taylor expansion, Erwan Brugallé has been able to verify
that the real algebraic varieties M;’/}i’yd were indeed maximal whenever (M, o) is

maximal, r < 6,d € {1;---;r—1} is coprime to r and k € Z.

APPENDIX A. COMPUTATIONS IN Low RANK

Recall that for any real number z, (x) is the unique ¢ € (0,1] with z + ¢ € Z.
Given a positive integer r and an integer d, there exists unique m € Z and k €
{0,1,...,7 — 1} such that

d=mr+k.
Then

d k d k
<7'> ’I", < 7ﬂ> 5O,kz+r

A.1. Complex case. We use Zagier’s formula (Theorem to compute Py(r, d)
for 1 <r <4.

_ (40
Py(Ld) = %
p2d) = LHEDPOA+E)? (1+6)t9g202+4(8)
g4, - (1 —#2)2(1 — %) (1—12)2(1 — %)
P — OFDP0+)20 46
g\ (1—t2)2(1—t4)2(1—t6)
(LY )21 (88 15D
(1—2)3(1 — t9)(1 — 1)
1+ t)egtﬁg—6+4<g>+4<_g>
ey
pad) = LHDPA+E)P A+ ¢
g\ -

(1— 2)2(1 - t)2(1— 19)2(1 - 15)
(1+t)4g(1+t3)29(1+t5)2gt6g76(t8<%)+t8<7%>)
(= 2)3(1 — )2 (1— 15)(1 - 5)

(1+t)4g(1+t3)4gtsg—8+s<g>

(1 2)3(1 - ()21 — )
+(1+t)6g(1+t3)29t109710+6(%>(t4<%) +t4<7%>)

(1 =)t (1 =4)2(1 = 1%)
(1+t)69(1+t3)2gt109—10+6(%)+6(—%>
(I —=tH)4(1 —t*)(1 —1t5)2
(14 1)89¢1297 1244 +4(D+4(- 9)
(I —t2)4(1—1t4)3

?.2.1 Real c:se. We use the closed formula (Theorem to compute P(;R;L,a) (r,d)
or 1 <r <A4.
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A2.1. Then =0 case. When n = 0, the degree must be even.

(L9 1+

Poon(1.2d) = o =

(9,0,1)

g+1 3yg+1 2g+2,9—1+4(4)
P (2,2d) = L+ A% ()2 2)
9,0, (1 —12)2(1 —t4) (1 —12)2(1 —t4)

(1+t)g+1(1+t3)9+1(1+t5)g+1
(1= 2)2(1 = t1)2(1 — t°)
(1+16)%92(1 + t3)9+1t2972(t6<%> 4 t6<*%>)
(- P — (1 - o)
(1 + t)30+3430—3+4(5)+4(=5)
(I —1¢2)3(1 —t4)?

P (3,2d) =

(9,0,1)

(1+t)9+1(1+t3)g+1(1+t5)g+1(1+t7)9+1

(1—2)2(1 — t4)2(1 — £6)2(1 — t3)
(1+t)2g+2(1+t3)g+1(1+t5)g+lt3g—3(t8(%) +t8<—%)

(L= 20— 7 (= )1 — )

(1 +t)2g+2(1 +t3)2g+2t4gf4+8<%)

(1= )41 — t9)2(1 — 19
(1 4 £)3973(1 4 $3) 971459 5F6(5) (p4(D) | 44(-1))

(= 2) (1= )21~ 19)

(1+t)3g+3(1+t3)g+lt5g75+12<%>

(1 — )4 (1 — t4)(1 — 15)2
(1_|_t)4g+4t6g—6+4<%>+4<%>+4<—%>

(1—2)3(1 — t4)3

P(;“f),l)(4, 2d) =

+

+

A.2.2. Then >0 case.
(L+6)5* 1+

TR —
Pgnahd) = ——g— ="
P g~ QEOTTTAA LR (e,
(g,m,0) 2 - (1 —12)2(1 — t4) (1 —1t2)3
PT]R (3 d) B (1+t)g+n+1(1+t2)2n(1+t3)g+1(1+t5)977L+1
(g,m,0) 2 - (1 —12)2(1 — t4)2(1 — t6)
et (LH D72 (14 2)7 (14 )72 (13 150 D))
(=231 — 7)1~ t9)
g (L )220 8 125 120 9)
(1—12)5
P(;}i a>(4, d)

(1+t)g+n+1(1+t2)2n(1+t3)g+n+1(1+t4)n(1+t5)gfn+1(1_’_t?)gfnJrl
(L =22)2(1 = t4)2(1 = 0)2(1 — %)
(1+t)29+n+2(1+t2)2n(1+t3)g+1(1+t5)g—n+1t3g—3(t4<%) +t4(—%>)
(1= 2)(1—t1)3(1— 1)
gt (1+t)2g+2n+2(1+t2)2n(1+t3)2g72n+2t4gf4+4(%)
(1= 2)3(1 — t4)3
— (1+t)3g+n+3(1+t2)n

_2n—1

1+ t3)9-nHLpo=5(3(8) 429 4 (13(8)+2(- 1))

(
+2 1=y —6)1—1h
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o (14 £)39TmF3(1 4 ¢2)7(1 + ¢3)9-nH1P9—5+3(5)+3(= %)
1)1 —B)21— )
(1 + t)49 4489 6+2()+2(9)+2(-9)
a—y

+2

_23n73

In particular,

(L8921 4 ¢2)9t (1 41)2929

TR — —
Pgg+10@1) = (1 —12)2(1 —t4) (1—1¢2)3
(1 + t)2g71
= o F t2)7 — (2t)7).
Let M (9.9+1.0)(2, 1) denote the moduli space of semi-stable real holomorphic vector

bundle of rank 2, degree 1, with fized determinant, on a mazimal real algebraic curve
of genus g. Then

1-t¢

Pt(M(?g+1$0)(2; 1;2/22) = mp(;zﬂ,())(?’ 1).
So

= 1+¢)9-1
(A1) Pt(/\/l(g,gﬂ,o)(?, 1);,2/27) = ((1)75)2((1 + 29 — (2t)9).

The above formula (A.1)) was conjectured by Saveliev and Wang in [SW11] where
they proved the case g = 2:

P(M T

(2,370)(27 1)7Z/2Z) = (1 + t)3.

It implies, in particular, that the moduli space M\g(Q, 1) of semi-stable holomor-
phic vector bundles of rank 2 and degree 1 with fixed determinant on a maximal
real algebraic curve is a maximal real algebraic variety (recall from [BHH10] that
/\//\l(;}ngrl,O)(Q’ 1) is connected):

—

Py(Mg(2,1); Z/2Z) 1=

1—¢2
- mpg@»l)h:l
1 2g—1
- 2413 3\k 2\2g—1—k
= <m(1*t7t +t)Z(1+t)(t+t)g )t:1
k=0
— 922g—2 .
is equal to
PeM (311,0)(2 1) Z/2Z) | 1=
1-—t
- mp(g7g+1,0)(271)\t:1
-1
(14t)91 , g . L
= |1 —-2t+t 1 + t2)k(2¢)9 )
((1_,5)2 ( + )1;)( +t9)"(2t) .
— 922g—2 .

A.3. Quaternionic case. Finally, we have the following formulae in the quater-
nionic case.
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A.3.1. Then =0 case. If g =2¢g’ — 1 is odd, then the degree d must be even. By

Corollary [6.3] (a),

Progr—101)(1,2d") = Py, o 1y(r,2d").

If ¢ = 2¢' is even, then the degree d is of the form d = 2d’ + r, where d’ is an

integer.

By Corollary (b),

P

(2¢',0,1) (r,2d 4+ 1) = P(ﬁf,o,n (r,2d").

So Section [A72] contains explicit formulae for

{P(;j%)l)(r, d)|d+r(g—1)=0 (mod 2),1 <r <4}

A.3.2. Then > 0 case. In this case, the rank and the degree must both be even.

[AGT1]

[Ati66]
[AB83]

[Bai12]
[BHH10]
[Bor60]
[Bot58]
[CJ98]
[Das92]
[DR75]
[Don83]
[GH81]
[HN75]
[HS10]
[Ho04]
[HLO8|
[HLRO9]
[Kirs4]

[Kle93]

(L+0)9(1+1%)7

TH
Plgmia)(22d) i
g 3\g 5\g 7\g
Pz = QEOMUEO0L L1

(1—t4)2(1 —t5)
(1 + t)Qg(l + t3)2gt4g—4+8<%>
a—epa-)
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