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Background

Dissipative operators

Definition

An operator A is called dissipative if and only if
Im(f,Af) >0

for all f € D(A).

Example

Any symmetric (in particular, selfadjoint) operator S is dissipative because

(f,Sf) — (f,Sf)
2i

Im(f, Sf) = =0

for all f € D(S).
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Background

Dissipative operators

Definition

An operator V is called nonnegative (V > 0) if and only if
(f,Vf) =0

for all f € D(V).

Remark

If V > 0 is selfadjoint then there exists a unique square root /2 and
J:Rg(VY2) = H, J(VY2f)=f

for f € Rg(V1/2) is an injective nonnegative well-defined operator. We

will use the notation
V2= g,
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Background

Dissipative operators

Example

A matrix A € C"™*" is dissipative if and only if Im(A) := L (A — A*) is
nonnegative.

Example
If S is symmetric and V > 0 then A= S + iV is dissipative. J
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Background

Maximally dissipative operators

Definition

A dissipative operator A is called maximally dissipative if and only if
there is no nontrivial dissipative extension of A.

Example

Any selfadjoint operator is a maximally dissipative operator. J

C.N.S.A of Dissipative Operators June 6, 2025 7/26



Background

Dissipative extensions of dissipative operators

Question 1

Let S be a symmetric Laplacian defined on D(S) C H2(0,1). How can we
describe all dissipative extensions of the dissipative operator

A=S5+iV

where V is a bounded nonnegative operator?
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Background

Complete nonselfadjointness

Definition
Let A be a dissipative operator. A closed subspace M C H is called a
reducing subspace of A if
D(A) = (D(A) N M) @& (D(A) N M),
AD(AYNM)c M and A(D(A)N M) c ML

Remark
D(A) N M is dense in M, hence (A| )" is well-defined in M and

(Alp)™ = Al -
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Background

Complete nonselfadjointness

Definition
Let A be a dissipative operator. A closed subspace M C H is called a
reducing subspace of A if
D(A) = (D(A) N M) & (D(A) N M),
AD(AYNM)C M and A(D(A)NM*)c Mt

Definition
We say that M is a reducing selfadjoint subspace if A|,, is selfadjoint
in M.

Definition
A dissipative operator A is called completely nonselfadjoint (c.n.s.a.) if
there is no nontrivial reducing selfadjoint subspace of A.
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Background

Complete nonselfadjointness
Definition
The selfadjoint space of a dissipative operator A is
Hso(A) = span {M : M is a reducing selfadjoint subspace of A}

and the symmetric space of A is

Haym (A) = ker(A — A®).

Properties
@ Hg,(A) reducing selfadjoint subspace. Actually, Hs,(A) is the largest
set with this property.
o Hza(A) N D(A) C Haym(A).
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Background

Complete nonselfadjointness

Theorem (Behrndt, Hassi, de Snoo)

Let S be a symmetric operator and assume that there is a selfadjoint
operator S O S such that o(S) = 0,(S). Then

Sisc.nsa <= 0p(S)=0.

Theorem (Kurasov, Muller, Naboko)

Let A be a maximally dissipative operator such that o(A) N R is purely
discrete. Then

Aiscnsa < o(A)NR = 0.
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Background

Complete nonselfadjointness

Question 2
Let S be a symmetric Laplacian defined on D(S) C H?(0,1) and let V be

a bounded nonnegative operator.

Let A be a given maximally dissipative extension of the dissipative operator

A=S5+1iV.
Then

0 isA completely nonselfadjoint?

e If not, what is its selfadjoint space Hsa(/a)'?
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Dissipative Extensions of S+iV

Example: Schrodinger-type operators on [2(0,1).
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Dissipative Extensions of S+iV

Let us consider the following operators.
Laplacian on H3(0,1)

Smin D(Smin) = Hg(ov 1)7 Sminf = —f"
where

H3(0,1) = {f € H*(0,1) : f(0) = f(1) = f'(0) = f'(1) = 0} .

Schrédinger-type operator on H3(0,1)
Amin = Smin + 1V

where V' is a multiplication operator for a nonnegative essentially bounded
function V(-) in L2(0,1).
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Dissipative Extensions of S+iV

Theorem (Characterization of maximally dissipative extensions)

The maximally dissipative extensions of Amin = Smin + 1V are fully
characterized in five cases. We focus on one of them.

(1) ZB,K = §B7K + iV where
oson - {resmon:(50) -a (i)
Sexf ="+ F(O)ki + F(1)kz,
K = (ki, ko), k1, ko € Rg(V'/?), B € C?*2 and
Im(B) — %MK >0
with

Ve — Hv—1/2k1||2 (V_1/2k1,\/_1/2k2>
K = <V*1/2k2, V*1/2k1> HV’1/2/<2H2
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Dissipative Extensions of S+iV

Case (1) of extensions

Recall: /Z\\B,K = §B7K + iV where
- f'(0 f(0
PBs) = {f € H.D: <_f(/(f)> -° (,:8) } |
Spkf = —f"+ f(0)ks + F(1) ko

and 1

Some useful operators for (1)
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Dissipative Extensions of S+iV

Some useful operators for (1)

Sg: D(5g) = D(Apk), Sgf=—f"
Sg=§, .
B B Hsym(sB)

Properties

Sg is maximally dissipative.
§B is symmetric.

Smin C Sg C Sg.

o
o
o
® Spin + 1V CSg+iV C Spi +iV
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Complete Nonselfadjointness of the Extensions

Theorem

Let A be a dissipative extension of A =5 + iV where S is symmetric and
V>0.If Sisc.n.s.a. and if

-~

Hsym(A) = Hsym(A)

then A is c.n.s.a.

Remark
Hsym(A) = Hsym(S + iV) = D(S) Nker(V). J
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Complete Nonselfadjointness of the Extensions

Theorem
f(0)
Heym(Sp,k + V) = { f € D(Sg) : <f(1)> € ker(Im(B) — 3 M),
Vf = 5(f(0)ks + f(1)k2)

Theorem R _
Hsym(SB,k +iV) Nker V = D(Sg) Nker V.

Example
o If rank(Im(B) — 1 M) = 2 then Sg x + iV is c.n.s.a.
o If ki = kp = 0 then Sg x + iV is c.ns.a.

o If Sg is selfadjoint then Im(B) = 0, k; = ko = 0 and Sp x + iV is
c.n.s.a.
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Complete Nonselfadjointness of the Extensions

Selfadjoint spaces of the extensions

Theorem

Haym(SB.k + iV) Nker(V) = D(Sg) N ker(V).

Theorem
There exists a space U with dim(U/) < 2 and U N ker(V) = {0} such that

Hymn(SB.k + V) = (D(Sg) N ker(V))+U.

Theorem

If §B is c.n.s.a. then

dim(Hsa(Sa.x + iV)) < dim(U) < 2.
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Complete Nonselfadjointness of the Extensions

Theorem

Let r1,r» € R with r; # ry and nonzero functions f, g € H?(0,1) such that

(Smin + V) F = —f" — iVf = nf, f(1) =0,
(Smin + ’V)*g = _g// - ’Vg =ng, g(O) =0.

Then there exists a maximally dissipative extension of the form Sg x + iV

such that Hsa(§B,K +iV) = span{f, g}

Proof.

From the eigenvalue equation, it follows that f(0) # 0 and g(1) # 0.

")

Therefore, the proof follows by choosing
f'(0) &'(0)

q0) &) (2
ra) g 2 K"(f(O)
0) (1)

VF,
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Complete Nonselfadjointness of the Extensions
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Complete Nonselfadjointness of the Extensions

(2) Abys.bys.k = Sba,bm,k + 1V where

D) = {remon: (10) = (57 2) (%)
§b12,b22,kf = —f"+f(1)k

bio, byo € C, byy # 0, k € Rg(V1/?) and

— 1
Im(b12b12) — ZH V=2k)12 > 0.
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Complete Nonselfadjointness of the Extensions

(3) /an,k = §b11,k + iV where

oS0~ {re o (J) = (2 5 (1)}
Soyuif = —f" + F(0)k

by € C, k € Rg(V1/?) and

1
Tm(by) — ZHV*I/ZkHz > 0.
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Complete Nonselfadjointness of the Extensions

(4) A\blz,k = §b127k + iV where

D(Sty k) = {f € H*(0,1) : (_ff(’(z)l)> - <8 b?2> <';/((f))>}
Sppif = —F" + F(1)k

b1z € C, k € Rg(V1/?) and

1
Im(byo) — ZHV*I/ZkHz > 0.
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Complete Nonselfadjointness of the Extensions

(5) A=5+ iV where

D(S) = {f € H?(0,1) : (?8) = (8 8) <—f;‘s(()i))}

Sf=—f".
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Complete Nonselfadjointness of the Extensions

Schrodinger operator on H?(0,1) with V = p(¢, )¢
Assume V = p(¢, )¢ with p > 0 and ||¢|| = 1. Let us also assume that

bi1 b1
B =
<b21 bzz)

Im(bll) > 0, Im(b22) > O, b12 = Tm

Observe that, Rg(V1/2) = span{¢}, so k1 = A\1¢, ko = \2¢ and because
of

with

V—1/2¢ — p—1/2¢

we can show that §B,K + ip(¢, )¢ is maximally dissipative if and only if

Maf? n Ao|?
4pIm(b11) 4pIm(b22) -
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Rank-One Perturbation: Ellipse

A2

2p1/2 Im(bgz) ¢

A1
2p1/2, /Tm(b1y)
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Maximally dissipative operators

Definition
A dissipative operator A is called maximally dissipative if and only if
there is no nontrivial dissipative extension of A.

Theorem

Let A be a dissipative operator. Then the following statements are
equivalent

A is maximally dissipative

@ Thereis a A € C™ such that A € p(A).
o C™ Cp(A)

e —A* is dissipative.

°

iA is the generator of a strongly continuous semigroup of contractions.

4
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Complete Nonselfadjointness of the Extensions

Nonnegative Matrix
A matrix M € C"™" is nonnegative (or M > 0) if and only if

(%, M%) > 0

for all Xx € C" )

Remarks
@ M >0 if and only if M is semi-definite positive.

e M > 0 if and only if its eigenvalues are nonnegative.
mi1 mi2

° Ifn—Qandl\/I—(
mo1 Mmoo

) then M > 0 if and only if

mi1 >0, my >0 and det(l\/l) = my1mpy — miomoy > 0.
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