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@ Laplacians on a non-selfadjoint quantum star graph

e Spectral properties.
o Similarity to a normal operator.

@ Schrodinger operators with complex potentials

e Spectral and pseudospectral gaps.
o Multiplicities and asymptotics for the discrete spectrum.
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Quantum Graphs

A (compact) quantum graph is a metric graph equipped with a differential
operator, typically the Schrodinger operator, acting on functions defined along
the edges of the graph, subject to boundary conditions at the vertices. More
especifally, we consider:

@ A graph I = (V, E) where V is the set of vertices and E is the set of
edges. Each edge e connects a pair of vertices (v;, v}).

@ Each edge e is associated with a finite interval [0, a.], giving the graph a
metric structure.
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Similarity to a normal operator

© The Hilbert space
H =P L0, a)

ecE
where each component corresponds to square-integrable functions on the
edge e.

© A differential expression, usually the Laplacian with a potential function

d2
2 V(x),
which acts on each edge e.

© We established specific boundary conditions at the vertices, tipically, such
that the associated operator is selfadjoint.
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Similarity to a normal operator

@ While the spectral theory for compact selfadjoint quantum graphs is rather
well-understood, the corresponding non-selfadjoint case is still very
incomplete.

@ Recently however, there is growing interest in the spectral theory of
non-selfadjoint quantum graphs. Such operators may be used to model
open physical systems where certain quantities are not conserved.

@ Some notable authors in this area include Hussein, Krejéitik, Kurasov,
Riviere, Royer, Siegl, among others.
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Laplacians on a non-selfadjoint quantum star graph

We work with a non-selfadjoint Schrédinger operator on a quantum star graph
I" with a non-selfadjoint Robin condition at the central vertex and Dirichlet
boundary conditions on the set of outer vertices.
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Laplacians on a non-selfadjoint quantum star graph

We work with a non-selfadjoint Schrédinger operator on a quantum star graph
I" with a non-selfadjoint Robin condition at the central vertex and Dirichlet
boundary conditions on the set of outer vertices.

P2(a2) =0

¥3(a3) =0

Pi(a1) =0
73/'4(851) =0

T {w/(m:wf(o» ijed.

Yies (%7(0) +ay(0)) =0

16(as) =0

Figure: Quantum star graph with Robin condition at the central vertex.
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Similarity to a normal operator

Let # = @7, L*(0,4)), with a; >0 for j=1,...,n, J ={1,2,...,n}. For
a € CU {oo}, we define the operator L, by

n ¥i(0) = i(0), i, jeT.
D(La) =S = ()] € P H(0,a) 0 () =0,  jeJ
j=1 Yjes (¥(0) + a;(0)) =0

Lot = La(y)j-1 = (=4 )]z, ¥ € D(La).
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Similarity to a normal operator

Let # = @7, L*(0,4)), with a; >0 for j=1,...,n, J ={1,2,...,n}. For
a € CU {oo}, we define the operator L, by

n ¥i(0) = i(0), i, jeT.
D(La) =S = ()] € P H(0,a) 0 () =0,  jeJ
j=1 Yjes (¥(0) + a;(0)) =0

Lot = La(j)j1 = (=¥ )j=1, ¥ € D(La).

Remark

o If « = 0, the conditions at the central vertex are called
Neumann-Kirchhoff conditions

> ¢f(0)=0 and ;(0) =1;(0) forall i,jeJ.
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Let # = @7, L*(0,4)), with a; >0 for j=1,...,n, J ={1,2,...,n}. For
a € CU {oo}, we define the operator L, by
¥;(0) =i(0), i,j€JT.

D(La) =S = ()] € P H(0,a) 0 () =0,  jeJ
j=1 Yjes (¥(0) + a;(0)) =0

Lot = La(y)j-1 = (=4 )]z, ¥ € D(La).

Remark

o If a =0, the conditions at the central vertex are called
Neumann-Kirchhoff conditions

> ¢f(0)=0 and ;(0) =1;(0) forall i,jeJ.

JjeET

o If @ = 0o, the conditions at the central vertex are interpreted as Dirichlet
conditions

¥j(0) =0 forall i,j€J.

7/33
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Similarity to a normal operator

Some well-known facts about L,:
@ L, is selfadjoint if and only if @ € RU {oo}.

o L is m-sectorial for all a € C,i.e. L, is closed, its spectrum is contained
in a closed sector symmetric to the real axis, and its numerical range is

also contained in this sector.
@ L, has purely discrete spectrum for all @ € C U {oo}.

Remark (Hussein, Krej&ifik, Siegl, 2015)

L. has a Riesz basis with parentheses of generalized eigenfunctions, for all
a € C. That is, L, is similar to an orthogonal direct sum of finite dimensional

operators.
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For « € CU {oo} we denote the eigenvalues of L, by Am(a), m € N, repeated
according to their algebraic multiplicities and ordered such that

Re(Am(@)) < Re(Amt1(w)), mée N,
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For « € CU {oo} we denote the eigenvalues of L, by Am(a), m € N, repeated
according to their algebraic multiplicities and ordered such that

Re(Am(@)) < Re(Amt1(w)), mée N,

Proposition (Riviere, Royer, 2020)

For a € C, there exists 7o > 0 such that

Re(Am(@)) > —va and |Im(An(a))] < va for all m € N.
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For o € CU {oo} we denote the eigenvalues of Ly, by Am(a), m € N, repeated
according to their algebraic multiplicities and ordered such that

Re(Am(@)) < Re(Amt1(w)), mée N,

Proposition (Riviere, Royer, 2020)

For a € C, there exists 7o > 0 such that

Re(Am(@)) > —va and |Im(An(a))] < va for all m € N.

Figure: Spectral enclosure for the spectrum of L.
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The lengths a1, a, ..., a, are called incommensurable over {—1,0,1} if only
the trivial linear combination of a1, a, ..., a, with these coefficients vanishes.
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Definition

The lengths a1, a, ..., a, are called incommensurable over {—1,0,1} if only
the trivial linear combination of a1, a, ..., a, with these coefficients vanishes.

Proposition (Riviere, Royer, 2020)
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over {—1,0,1} then the multiplicity of each eigenvalue of Lo, is 1.
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Similarity to a normal operator

Definition

The lengths a1, a, ..., a, are called incommensurable over {—1,0,1} if only
the trivial linear combination of a1, a, ..., a, with these coefficients vanishes.

Proposition (Riviere, Royer, 2020)

Let « € C. Then the geometric and algebraic multiplicity of the eigenvalue
Am(c) are equal, for all m € N. Moreover, if a1, a, ..., a, are incommensurable
over {—1,0,1} then the multiplicity of each eigenvalue of Lo, is 1.

Theorem (Riviere, Royer, 2020)

Let « € C. If a1, a,...,a, are incommensurable over {—1,0,1} then

A(@) = Am(0) + O <A,,,1(0)) .

=
‘

/33
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If « € C\ R, then L, is similar to a non-selfadjoint normal operator.

Proof:
@ L, has a Riesz basis with parentheses of generalized eigenfunctions.

@ In particular, we have that L, is a spectral operator.
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Similarity to a normal operator.

If « € C\ R, then L, is similar to a non-selfadjoint normal operator.

Proof:
@ L, has a Riesz basis with parentheses of generalized eigenfunctions.
@ In particular, we have that L, is a spectral operator.
o It is well known that a discrete spectral operator with semi-simple
eigenvalues (this is, the geometric and algebraic multiplicity of their
eigenvalue are equal) is similar to a normal operator
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Schrodingers operator with complex potentials

We want to study perturbations of the form
S5=S.=L.+V

where V : I — C.
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Schrodingers operator with complex potentials

We want to study perturbations of the form
S5=S.=L.+V
where V : I — C. To study this operator, we use perturbation theory.

Definition

We say that A is T-bounded if D(T) C D(A) and there exist a, b > 0 such
that

IAx][* < &®lIx||* + 6*(| Tx[I*,  x € D(T). (1)

The infimum é4 of all b > 0 such that there is an a > 0 which (1) holds is
called the T-bound of A.

12/33
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Definition

Let p € [0,1]. We say that A is p-subordinate to T if D(T) C D(A) and there
exists ¢ > 0 such that

1AX]| < ellx|I*=?II Tx||?,  x € D(T). (2)

The infimum over all constants ¢ > 0 such that (2) holds is called the
p-subordination bound of A to T.

Remark

If Ais p-subordinate to T with p < 1, then A is T-bounded with T-bound
equal to zero and

IAX]| < €7 cp|| Tx|| + 7 Te(1 = p)l|x|l, Ve > 0.

13/33
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for the disc

Definition
Let X a Banach space and S(X — X) a closed operator. If § > 0, the
0-pseudospectrum of S is defined by

o5(5) = {zeC: (s~ 2)Y) > %}

where we use the convention of ||(S — z)7}|| = o if z € o(S).
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Spectral and Pseudospectral gaps.

Definition
Let X a Banach space and S(X — X) a closed operator. If § > 0, the
0-pseudospectrum of S is defined by

o5(5) = {zeC: (s~ 2)Y) > %}

where we use the convention of ||(S — z)7}|| = o if z € o(S).

We have that
o(S) Cos(S), forall §>0.
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Abstract results

Theorem (Moreno, Winklmeier, 2023)

Let T be a normal operator and let A be T-bounded with T-bound < 1 and
let a,b >0, b< 1, asin (1), i.e. ||Ax|* < a||x|* + b Tx]||.

o Iflmo(T) C [—vT,77], then

a®> + b? (|[Rez> + 42
{zE(C:(||mz|fyT)2> (1|—b2| ) C o(T + A).
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Abstract results

Theorem (Moreno, Winklmeier, 2023)

Let T be a normal operator and let A be T-bounded with T-bound < 1 and
let a,b >0, b< 1, asin (1), i.e. ||Ax|* < a||x|* + b Tx]||.

o Iflmo(T) C [—vT,77], then

a®> + b? (|[Rez> + 42
{zE(C:(Imz|fyT)2> (1|—b2| ) C o(T + A).

Spectral enclosure for y7 = 0. Spectral enclosure for v+ > 0.
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e If in addition T has a spectral free strip (ar,87) + iR C C and if

\/32 + b272 + b2a% + \/32 + b?y2 4+ 262 < Br — art.

Then also T + A has a spectral free strip

‘{ZEC taTia <Rez < BTia} C p(TJrA)‘

where
Arpi= ar++/32 + b2 + BPar?, Bria = Br—+/a2 + b2 + b2B72.
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e If in addition T has a spectral free strip (ar,87) + iR C C and if

\/32 + b272 + b2a% + \/32 + b?y2 4+ 262 < Br — art.

Then also T + A has a spectral free strip

‘{ZGC caria <Rez < 874} Qp(TJrA)‘

where
Arpi= ar++/32 + b2 + BPar?, Bria = Br—+/a2 + b2 + b2B72.

— B S &
ar Bt T s

Spectral enclosure for v+ = 0. Spectral enclosure for v+ > 0.
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|+ A(T — z)"' =: | + B is invertible with
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Sketch of the proof: Let z = p +iv € C with [Imz| > 7. Then z € p(T).

If |JA(T — z)7Y| < 1, then by a Neumann series argument, we have that
I+ A(T — z)~' =: I + B is invertible with

o]

(I+AT -2 ) =(+B)"=> (-B)"

n=0

Since
(TH+A—2)=(+A(T —2)"')(T - 2),

we obtain that z € p(T + A).
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Since T is normal, we have the estimates

1

T =271 = Gz o)

and

_ t
IT(T -2 = sup 1

18/33



Spectral and Pseudospectral gaps.

Schrodinger operators with complex potentials Multiplicities and asymptotics for the discrete spectrum

Since T is normal, we have the estimates

1y 1
T =211 = Gz o))
and |
t
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I7( )l AT
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L2+ B(Re2) +3)
= T (mz[ 7P
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e spectrum

Since T is normal, we have the estimates

1y 1
T =211 = Gz o))
and |
t
T(T-2)7"Y = sup
I7( )l AT
Hence

JAT = 272 < (T — 27+ B T(T — )7
L2+ B(Re2) +3)

b
S T (mz -2

Observe that

&+ b((Re2)’ +97) | 1oy o, 2+ D((Re2)’ +17)
(I1mz| —~7)? 1- b

< (Itmz] —~7)*.

18/33
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2?4+ b%((Re2)?+~%

So, forall z € Hyp, :={z€C: T ) < (I''m z| — 47)?}, we have

that [[A(T —z)7Y| <1,
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% < (|Imz| —~y7)}, we have

that |A(T —2)7Y| < 1, hence z € p(T + A).

So, forall z € Hyp, :={z€C:
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2 2 2 2
So, forall ze Hyp, :={zeC: % < (J1mz| —y7)?}, we have

that [[A(T —z)"!|| <1, hence z € p(T + A). That is [Hyp,  C p(T + A).
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2 2 2 2
So, forall ze Hyp, :={zeC: % < (J1mz| —y7)?}, we have

that [[A(T —z)"!|| <1, hence z € p(T + A). That is [Hyp,  C p(T + A).

We can also prove that

aria<Rez<fria = |AT-2)" <1

Hence, also

{zeC:aT o <Rez< BT .4} Cp(T+A). O

19/33
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Theorem (Moreno, Winklmeier, 2023)

Let T be a normal operator in a Hilbert space H, let A be p-subordinate to T
with 0 < p <1, let ¢ >0 as in (2) and let Imo(T) C [, 7] with v > 0.
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Theorem (Moreno, Winklmeier, 2023)

Let T be a normal operator in a Hilbert space H, let A be p-subordinate to T
with 0 < p <1, let ¢ >0 as in (2) and let Imo(T) C [, 7] with v > 0.
Suppose that T has a spectral free strip (a7, 87) + iR C C, ie.

O'(T) n ((JCT,BT) +iR = 0. If

2c-max{lar +iv7|”,|Br +iv7|°} < Br —ar,
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Theorem (Moreno, Winklmeier, 2023)

Let T be a normal operator in a Hilbert space H, let A be p-subordinate to T
with 0 < p <1, let ¢ >0 as in (2) and let Imo(T) C [, 7] with v > 0.
Suppose that T has a spectral free strip (a7, 87) + iR C C, ie.

O'(T) n ((JCT,BT) +iR = 0. If

2c-max{lar +iv7|”,|Br +iv7|°} < Br —ar,

then T + A has a spectral free strip, i.e.

{zeC: a7, <Rez<fB7,} Cp(T+A)

with

arp = ar +c-max{lar +iyr|® |Br +ivrl°},
BT = Br — c - max{lar +iyr|%, |87 +ivr|?}.

20/33
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Now we return to the star graph.
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Since T, is a normal operator, we have

os(Ta) = {ZE(C dist(z, o( <5}
and so
o5(La) = {z € C: dist(z,0(Ta)) < m}
where 1o = || Lol I3

22/33



Spectral and Pseudospectral gaps.

Schrodinger operators with complex potentials Multiplicities and asymptotics for the discrete spectrum

Since T, is a normal operator, we have

os(Ta) = {ZE(C dist(z, o( <5}
and so
o5(La) = {z € C: dist(z,0(Ta)) < m}
where 1o = || Jo|l||J3*|l. This means that T, and L, have infinitely many

0-pseudospectral gaps for all 6 > 0.
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Let « € C\ {ar}, with ar :=1 e é IfV = (V))j-; € LY(T") for some
q > 2, then My is %-subordinate to L, where My is the operator of
multiplication defined by V.
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Let « € C\ {ar}, with ar :=1 e é IfV = (V))j-; € LY(T") for some
q > 2, then My is %-subordinate to L, where My is the operator of
multiplication defined by V.

Set Ay = JoMy 3. If V € L9(T), then the above lemma shows that Ay is
%—subordinate with respect to T,.

Note that T, + Ay and L, 4+ V have the same spectra.
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The Weyl law proved by Riviere and Royer shows that

Re(Am(e)) = |F|2 m’ + O(m) as m — oo

and
Re(Am+1(a)) — Re(Am(e)) = O(m) as m — oo.
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The Weyl law proved by Riviere and Royer shows that
2

Re(Am(a)) |r|2

m’ + O(m) as m — oo

and
Re(Am+1(a)) — Re(Am(e)) = O(m) as m — oo.

Let Rn(a) := c - max{\ Re(Am(@)) + i7a7, | Re(Amsa (@) + i%ﬁ}. Note
that, ,

Rm(c)
Re(Amt1(e)) — Re(Am(e))

ma
<K— — 0as m— oo.
m
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rete spectrum

Theorem (Moreno, Winklmeier, 2023)

Let o € C\{ar}. Let 6 >0 and V € L9(T") with q > 2. Then at most finitely
many of the vertical §-pseudospectral free strips of L, close under perturbation
by V.
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Theorem (Moreno, Winklmeier, 2023)

Let o € C\{ar}. Let 6 >0 and V € L9(T") with q > 2. Then at most finitely
many of the vertical §-pseudospectral free strips of L, close under perturbation
by V.

Remark

2 2 2 2
Forall ze Hyp, ={zeC: % < (| Im z| — 74)?}, we have that

oo

(Ta+Av —2) ' = (Ta = 2) "> (~AW(Ta — 2) 1)

and since T, has compact resolvent, we obtain that T, + Ay and L, + V also
have compact resolvent.
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Multiplicities and asymptotics for the discrete spectrum

For o € CU {oo} we denote the eigenvalues of So = Lo + V by um(a), m € N,
repeated according to their algebraic multiplicities and ordered such that

Re(jim()) < Re(uimir(a)),  meN.
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Theorem (Moreno, Winklmeier, 2023)

Let T be a normal operator in a Hilbert space H, let A be p-subordinate to T
with0 < p<1, let c >0 asin (2) and let Imo(T) C [—~7,7y7]| with y7 > 0.
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Theorem (Moreno, Winklmeier, 2023)

Let T be a normal operator in a Hilbert space H, let A be p-subordinate to T
with0 < p<1, let c >0 asin (2) and let Imo(T) C [—~7,7y7]| with y7 > 0.
Suppose that \1, A2, ..., Ay are N isolated eigenvalues of T repeated according
to their multiplicities and ordered such that

Re(Ac) < Re(Aes1), k=1,2,...,N—1.

Assume that {z € C: Re\; < Rez < Re My} Na(T) = { M}V, and suppose
that T satisfies the following spectral inclusions

a(T)ﬂ((a,Re/\l)—i—iR) —0 and a(T)ﬂ((Re)\N,ﬁ)+iR> =0,

for some o, 5 € R.
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2R; :=2c-max{|Re X1 +iv7|?, |a + iv7|°} < Re \1 — &

and
2Ry = 2c - max{|B + i")/'r|p7 ‘ Re Ay + i’yT|p} < ﬁ — Re Ay

then the set
O’(T) M ([Re)\l — Ry, Re Ay + RN] + I]R)

contains exactly N isolated eigenvalues of T + A, counted with algebraic
multiplicity.
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Let « € C\ ar. Ifa, a,...,a, are incommensurable over {—1,0,1} then the
algebraic multiplicity of the eigenvalue pm(c) is 1 for almost all m € N.
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Proposition

Let « € C\ ar. Ifa, a,...,a, are incommensurable over {—1,0,1} then the
algebraic multiplicity of the eigenvalue pm(c) is 1 for almost all m € N.
Moreover,

\ Re Am(@) — Rm_1(at) < Re (@) < Re Am(at) + Rm(ct) as m — oo. \
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Since Rn(a) = o(m),

2

Re(Am(a)) = ==

= |r|2m2+0(m) as m — oo

and

ReAm(a) = Am(0) + O (%(0)) ’

we obtain the following results.
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Since Rn(a) = o(m),
Re(Am(a)) = Wm + O(m) as m — oo
and

ReAm(a) = Am(0) + O (%(0)) ’

we obtain the following results.

Let « € C\ ar. If a1, as,...,an are incommensurable over {—1,0,1}, then

Re(pm(a)) = |r|2 m’ + O(m) as m — co.
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Corollary

Let « € C\ ar. Ifay, a,...,an are incommensurable over {—1,0,1}, then
Am(0) — Rm < Re(pm(@)) < Am(0) + Rm as m — oo
with 0 < R, = o(m).

In particular, we also have

Am—1(0) < Re(pm(a)) < Ams1(0) as m — oco.
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