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In this cursillo
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I will first show you the classical results



In this cursillo
I will first show you the classical results

.. as in 1990’s classical



... then



... then

I will show how these results change



... then

I will show how these results change

when we modify the equation
in different ways



I want to highlight



I want to highlight

the role of spectral theory in all this



. but,



. but,

we will use techniques from

Harmonic analysis
Number theory
Fractal geometry
and PDEs



Context.



Schrodinger’s equation



Schrodinger on T = (—, 7|

regularity of the solution for fixed t € R
i0pu(z,t) = —02u(z,t) reT teR
u(z,0) = f(x) zeT

Yp. J. Olver, The American Mathematical Monthly 117, 599-610 (2010)
2. Rodnianski, Contemporary Mathematics 255, 181-188 (2000) or
M. B. Erdogan, N. Tzirakis, Dispersive PDEs, (Cambridge University Press, 2016)



Schrodinger on T = (—, 7|
regularity of the solution for fixed t € R

iOpu(x,t) = —02u(x,t) xreT teR

u(z,0) = f(x) xeT (#)

Theorem A. [Co/re-discovered since 1990s]
a)! For all f € L?(T) and co-prime p,q € N,

q—1

py _ 1 2 km—pm? k
u(w, 277—) = - e q f(x — 271'—).
W) "0, ;

q k,m=0

'P. J. Olver, The American Mathematical Monthly 117, 599-610 (2010)
2. Rodnianski, Contemporary Mathematics 255, 181-188 (2000) or
M. B. Erdogan, N. Tzirakis, Dispersive PDEs, (Cambridge University Press, 2016)



Schrodinger on T = (—, 7|

regularity of the solution for fixed t € R
iOpu(x,t) = —02u(x,t) xreT teR
u(z,0) = f(x) xeT

Theorem A. [Co/re-discovered since 1990s]
a)! For all f € L?(T) and co-prime p,q € N,

(A)

q—1

py _ 1 2 km—pm? k
u(m, 27r7) = - e q f(x — 271'7).
q q Z q

k,m=0

b)? For f € BV(T), u(-,t) € C%_(T) for a.e. t € R. And if
additionally f € Hz (T)\ H%+(T), then the graph of
Re u(,t) has fractal dimension 3 for a.e. t € R.

LP. J. Olver, The American Mathematical Monthly 117, 599-610 (2010)
2. Rodnianski, Contemporary Mathematics 255, 181-188 (2000) or
M. B. Erdogan, N. Tzirakis, Dispersive PDEs, (Cambridge University Press, 2016)



Theorem A - a)

Solution Linear Schrodinger, periodic BC, time:QW%
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Theorem A - b)

Solution Linear Schrodinger, periodic BC, time:27r% ~ 2me
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Changes.




Boundary conditions



Using symmetries
The effect of changing boundary conditions in (0,7)

i0u(z,t) = —02u(z,t) | el . R .
. km—pm
u(0,t) = u(m,t) =0 = u(m,Qﬂ’g)zf Z S f°<x727r7)
7 9o a
u(z,0) = f(z) ’

idru(z, t) = —02u(x,t) . . ) N

i km—pm -
u'(0,t) =/ (m,t) =0 = u(m,27r£):; Z e’ e f (x727r;>
u(x,0) = f(x) =0



Breaking the symmetry in the boundary conditions*®

Shadows of revivals

Fix b € (0,1) and consider

iOpu(x,t) = —02u(x,t) ze(0,m) teR
bu(a,t) = (1 — b)u'(a,t) a=0,mr teR (B)
u(z,0) = f(x) z € (0,m)

3 Proc Royal Soc A 477, 20210241 (2021)
4P, J. Olver et al., Q Appl Math 78, 161-192 (2020)
5G. Farmakis, Revivals in Time Evolution Problems, (PhD Thesis HWU, 2022)



Breaking the symmetry in the boundary conditions*®

Shadows of revivals

Fix b € (0,1) and consider

iOpu(x,t) = —02u(x,t) ze(0,m) teR
bu(a,t) = (1 — b)u/(a,t) a=0,m teR (B)
u(z,0) = f(x) z € (0,m)

Theorem B.3

Let g(x) = e 2. For P, ¢ € N co-prime, the solution

9 77;L - q—1 .
u(w, =2F) = eoe” TG g)g (o) + D espra) (e - )+

<
[

-1

d;(p,@)lg * (f° = )] (‘” - %j)

£S)

1

<.
Il

3 Proc Royal Soc A 477, 20210241 (2021)
4P, J. Olver et al., Q Appl Math 78, 161-192 (2020)
5G. Farmakis, Revivals in Time Evolution Problems, (PhD Thesis HWU, 2022)



Theorem B

b=0.35 t:27r§
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Figure 5. Real (solid) and imaginary (dashed) part of the solution of Robin’s problem (5.1) with b = 0.35 at rational times
t=2mp/q.



Theorem B
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Figure 6. Real (solid) and imaginary (dashed) parts of the solution of Robin’s problem (5.1) with b = 0.6 at rational times
t=2mp/q.



Theorem B
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Figure 8. Real (solid) and imaginary (dashed) parts of the solution of Robin's problem (5.1) with b = 0.6 at generic times.



Adding a potential to the right hand side



Schrodinger with potential

complex V € H? with [|[V|w < 2 or real V € BV with ||V« arbitrary

i0pu(w,t) = —02u(z,t) + V(z)u(z,t) z e (0,m) teR
u(0,t) = u(m,t) =0 teR (©)
U(.IZ,O) = f(:l?) T € (Oaﬂ')

52 Anal Awend 43, 401-416 (2024)



Schrodinger with potential

complex V € H? with [|[V|w < 2 or real V € BV with ||V« arbitrary

i0pu(w,t) = —02u(z,t) + V(z)u(z,t) ze(0,m) teR
u(0,t) = u(m,t) =0 teR (©)
u(x70) - f(:l?) T € (03’”)

Theorem C.6

For all t # 0, there is w(-, ) € CY(0,7) ensuring the following. If
p,q € Z are co-prime, then

—2mi(V)g L k
u(x, QWB) = w(:L‘, 27r‘13> + S Z 2T pfo (ff - 2”*)
q q a q

87 Anal Awend 43, 401-416 (2024)
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Seemingly more drastic changes



The linear Benjamin-Ono equation®

Opu(w,t) = Ho?u(x,t) z€T teR
u(z,0) = f(x) xeT

1 T x—y
Hg(x) = o p.V./ cot 5 g(y) dy.

T arXiv:2501.01322

8a. Chen, P. J. Olver, Proceedings of the Royal Society A: Mathematical,
Physical and Engineering Sciences 469, 20120407 (2013) and Stud Appl Math.
147, 1209 (2021)



The linear Benjamin-Ono equation®

Opu(w,t) = Ho?u(x,t) xeT teR
u(z,0) = f(x) zeT

1 T x—y
Hg(x) = o p.V./ cot 5 g(y) dy.

Theorem D.”
Let f: T— R. If f € L?(T) and p, ¢ € N co-prime,

P 1 !  kmtpm? k
u(m,Zﬂf) = —Re Z e (I+i7-l)f(sc — 2777)
q q ke.m=0 q

T arXiv:2501.01322

8a. Chen, P. J. Olver, Proceedings of the Royal Society A: Mathematical,
Physical and Engineering Sciences 469, 20120407 (2013) and Stud Appl Math.
147, 1209 (2021)



Solution at t € 27r%7

Solution u(27 /3, z)

25

0.5

-0.5

Solution Linear BO vs Linear Schrédinger, periodic BC, time:Zwﬁ
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The complementary statement

Theorem D - b).”
Let f: T —R.

b1) If f € BV(T), then

u(-t)e |J C(T)

a€l0,3)

for almost all t € R.
b2) If f € H%(T) \ H"(T) for some ry € [%,1), then

u(t) g | H(T)

r>rQ

for almost all ¢ € R.

T arXiv:2501.01322



Fractality

Solution Linear BO at time=27¢
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Fractality

Solution Linear BO at time=2me
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Details.
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Pocket proof of a)
Write again (A)

Oru = (—i)Hu
uli—o = f € LE(T)

H:H*(T) — L%(T)
Hu = —82u
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Pocket proof of a)
Write again (A)

du = (—i)Hu H:H*(T) — L%(T)
ult=o = f € L*(T) Hu=—8%u

x

For t € R the solution is
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For t = %Tp take j = m so that eVl = '™t
q



Pocket proof of a)
Write again (A)

du = (—i)Hu H:H*(T) — L%(T)
ult=o = f € L*(T) Hu=—8%u

x

For t € R the solution is

o0
)
u(e, )= 5 3 e Oy
j=—00
For t = %Tp take j = m so that el = eim*l, then
q

1« 2
~7 —zmtE: zac
7 Py € fv J



Pocket proof of a)

- . .27 .27
For t = 2%;9 take j = m so that e = ¢, then
q
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Pocket proof of a)

~ . . .2"' . 2"’
For t = 2%10 take j = m so that e = ¢, then
q
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q
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Pocket proof of a)

For { = 2%;9 take j = m so that e¥i’? = em*l

, then
q
1
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u(z,t) = — e E (f, ()l
27 :
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q—1 ) ok qg J=m q o —
2mi(m—j) 2 q J
e 1=, tm =
k=0 J :



Pocket proof of a)

> . 27 27
For t = %Tp take j = m so that e = ¢, then
q
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Pocket proof of a)

7 . .97 . o
For t = 2%10 take j = m so that e = ¢, then
q
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Rucksack proof first claim Theorem A - b)
Following®: f € BV(T) = wu(-,t) € C°(T) assume f(0) =0

)
1 —ijzt/ ij(z—y) 1 e ¥ t/ (o
- § : dy = § : ij(z=y) q
on £ ¢ . fwydy =522 507 e )
J#0 #0

B}
= _WHt xdf(z) for H/'(z) Ze’” it
J#0

L. Kapitanski, I. Rodnianski, in Emerging applications of number theory
(Springer, 1999), pp. 355-371
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Following®: f € BV(T) = wu(-,t) € C°(T) assume f(0) =0

. .2
1 —ijzt/ ij(z—y) 1 e_”t/ 7 (x—
- dy = — ij(z=y) q
3r 2 [Ty 277,2 2mij Jr 1)
J#0 #0
= —(QZT)ZHt xdf(z) for H/'(z) Ze’” it
J#0

E, € BL L(T) forall a <0 = H, € B __(T)

L. Kapitanski, I. Rodnianski, in Emerging applications of number theory
(Springer, 1999), pp. 355-371



Rucksack proof first claim Theorem A - b)
Following®: f € BV(T) = wu(-,t) € C°(T) assume f(0) =0

)
1 —ijzt/ ij(z—y) 1 e ¥ t/ (o
- § : dy = § : ij(z=y) q
on £ ¢ . fwydy =522 507 e e
J#0 #0

B}
= _WHt xdf(z) for H/'(z) Ze’” it
J#0

E, € BL L(T) forall a <0 = H, € B __(T)
.. so almost there

L. Kapitanski, I. Rodnianski, in Emerging applications of number theory
(Springer, 1999), pp. 355-371



Rucksack proof first claim Theorem A - b)
Following®: f € BV(T) = wu(-,t) € C°(T) assume f(0) =0

)
1 —ijzt/ ij(z—y) 1 e ¥ t/ (o
- § : dy = § : ij(z=y) q
on £ ¢ . fwydy =522 507 e e
J#0 #0

i 2
= —WHt xdf(x) for H,'(z) Zem gl
J#0
E, € BL L(T) forall a <0 = H, € B __(T)
.. 8o almost there

=Y F(j)e’™ suppx =[27",2]
JjEZ

(KnF)(x) = Y x(27"il) F(5)e*
JjEZ

FeBg, (M) < SZK 2" Kn Fl|Lee (1)
n

L. Kapitanski, I. Rodnianski, in Emerging applications of number theory
(Springer, 1999), pp. 355-371



Rucksack proof first claim Theorem A - b)
Following®: f € BV(T) = wu(-,t) € C°(T) assume f(0) =0

1 " » 1 e—ii%t »
wnt) = 5o e [y = 5 > [eeanw
20 T 20 J JT

:—(;T)th*df(x) for H/'(z) Ze”w it
J#0
E, € BL L(T) forall a <0 = H, € B __(T)
. so almost there
_ Z F()e  suppx = [271,2] There exists 7 C R of measure 0 such

that the next is true for all t & T.

jez Given § > 0 there is C > 0 such that

(KnF)(@) =Y x(27"15]) F(5)e7"
Jj€EZ sup
z€T
F € B o(T) < sup 2" KnF|lp(T)
neN

< 025 0+0)

Z X(2—n|j|)ei]’z—ij2t

jez

L. Kapitanski, I. Rodnianski, in Emerging applications of number theory
(Springer, 1999), pp. 355-371



Rucksack proof first claim Theorem A - b)
Following®: f € BV(T) = wu(-,t) € C°(T) assume f(0) =0

1 " » 1 e—ii%t »
wnt) = 5o e [y = 5 > [eeanw
20 T 20 J JT

:—(;T)th*df(x) for H/'(z) Ze”w it
J#0
E, € BL L(T) forall a <0 = H, € B __(T)
. so almost there
_ Z F()e  suppx = [271,2] There exists 7 C R of measure 0 such

that the next is true for all t & T.

jez Given § > 0 there is C > 0 such that

(KnF)(@) =Y x(27"15]) F(5)e7"
Jj€EZ sup
z€T
F € B o(T) < sup 2" KnF|lp(T)
neN

< 025 0+0)

Z X(2—n|j|)ei]’z—ij2t

jez

S tgT = Hy €BY (T), Va< i

L. Kapitanski, I. Rodnianski, in Emerging applications of number theory
(Springer, 1999), pp. 355-371



Further comments Theorem A - b)
Second claim: f € H2 \H%‘*(T) = Reu(-,t) has rough graph with dim= 2

1
dimp = lim sup M
e—0 log =

N (¢) = min number of elements of a covering by balls diameter &

107 Deliu, B. Jawerth, Constructive Approzimation 8 (1992)
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Further comments Theorem A - b)
Second claim: f € H2 \H%‘*(T) = Reu(-,t) has rough graph with dim= 2

1
dimp = lim sup M
e—0 log =

N (¢) = min number of elements of a covering by balls diameter &
feBV(T) = u(t)eC*(T)alla<i = dimg <dimg <3

ro =sup{s: f € H*} if ro € [4,1) = Reu(-,t) € H(T) for s > rg

10 A Deliu, B. Jawerth, Constructive Approzimation 8 (1992)
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1
dimp = lim sup M
e—0 log =

N (¢) = min number of elements of a covering by balls diameter &
feBV(T) = u(t)eC*(T)alla<i = dimg <dimg <3
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Further comments Theorem A - b)
Second claim: f € H2 \H%‘*(T) = Reu(-,t) has rough graph with dim= 2

1
dimp = lim sup M
e—0 log =

N (¢) = min number of elements of a covering by balls diameter &
feBV(T) = u(t)eC*(T)alla<i = dimg <dimg <3
ro =sup{s: f € H’} if rg € [%7 1) = Reu(-,t) € H5(T) for s > rg

but C* = BY, and H" D By',, NBZ  for r < B3T2

= u(- ) ¢ B2 (T) =10 dimg > 2

107 Deliu, B. Jawerth, Constructive Approzimation 8 (1992)
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Pocket proof of Theorem D

The Hilbert transform

Let g : T — R be such that §(0) = 0. For e, (z) = (2m)~ Ze ine

i3 [sn)eon(o) — gn)en(o)]  and
n=1

i[ z) + g(n)e ()}

n=1



Pocket proof of Theorem D

The Hilbert transform

Let g : T — R be such that §(0) = 0. For e, (z) = (2m)~ Ze ine

i3 [sn)eon(o) — gn)en(o)]  and
n=1

Z[ x) + g(n)e ()}

= _ glo) + iHg(2)
S gmen(w) = LTI



Pocket proof of Theorem D

The Hilbert transform

Let g : T — R be such that §(0) = 0. For e, (z) = (2m)~ Ze ine

Ho(w) =iy [§(-n)e—n(@) = §n)en(a)]  and

> g(x) +iHg(x)
nz:lg(n)en(x) 5
=




Pocket proof of Theorem D

The RHS is a diagonal operator
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Pocket proof of Theorem D

Solution via Hilbert transform of Schrodinger

WOLG take f: T — R such that f(0) =0



Pocket proof of Theorem D

Solution via Hilbert transform of Schrodinger
WOLG take f: T — R such that f(0) =0
Let v(x,t) solution to

drv(a,t) = (—=i)d7v(w,t) zeT teR

v(z,0) = f(x) zeT &

.. note the minus sign.



Pocket proof of Theorem D

Solution via Hilbert transform of Schrodinger

WOLG take f: T —> R such that f(0) =
Let v(z,t) solution to

Av(z,t) = (—i)0%v(x,t) zeT teR

v(z,0) = f(x) zeT &

... note the minus sign. =

u@,t)z(ZeZktf )—I-Zezktf Jer(x

k=1
_ T+l ) I+ iH)u(, )
2 2
=Re [(I + iH)v(x,t)]




Pocket proof of Theorem D

Wrap up

From Theorem A - a) changing sign of p in time variable =

1

v (x 7?) = %_ c;(p, Q)f(w - 7;])

j=1



Pocket proof of Theorem D

Wrap up

From Theorem A -
(=7)

v x,—

q
iHv ( )

= Theorem D.

= G(p.q

a) changing sign of p in time variable =

q—1
j=1
q—1

J
’LC < — 7)
iw q

Jj=1



Perspective



Airy!

Crucial: Dirichlet boundary conditions

ut(z,t) + uzzz(x,t) =0
u(0,t) =0, wu(1,t) =0, wuz(1,t) =us(0,t)
u(z,0) = uo(z)

Airy model with ug a step function

W orXiv: 2403.01117



Dislocated Laplacian!!

Fix b € (0,1)

ug(z,t) + tugz(z,t) =0 x € (0,b)
u(x,t) — iugz(z,t) =0 =z € (b, 1)
0,t) =u(1,t) =0

Ut
u(
u(b*, t)—U(b t), uz(b™,t) = —ua (b7,
u(z,

Dislocated Schrédinger model with g a step function

t)

PR
=T

W orXiv: 2403.01117
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