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Context.



Schrödinger’s equation



Schrödinger on T ≡ (−π, π]
regularity of the solution for fixed t ∈ R

i∂tu(x, t) = −∂2
xu(x, t) x ∈ T t ∈ R

u(x, 0) = f(x) x ∈ T
(A)

Theorem A. [Co/re-discovered since 1990s]

a)1 For all f ∈ L2(T) and co-prime p, q ∈ N,

u
(
x, 2π

p

q

)
=

1

q

q−1∑
k,m=0

e2πi
km−pm2

q f
(
x− 2π

k

q

)
.

b)2 For f ∈ BV(T), u(·, t) ∈ C
1
2
−(T) for a.e. t ∈ R. And if

additionally f ∈ H
1
2 (T) \H

1
2
+(T), then the graph of

Reu(·, t) has fractal dimension 3
2 for a.e. t ∈ R.

1P. J. Olver, The American Mathematical Monthly 117, 599–610 (2010)
2I. Rodnianski, Contemporary Mathematics 255, 181–188 (2000) or

M. B. Erdoğan, N. Tzirakis, Dispersive PDEs, (Cambridge University Press, 2016)
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M. B. Erdoğan, N. Tzirakis, Dispersive PDEs, (Cambridge University Press, 2016)



Schrödinger on T ≡ (−π, π]
regularity of the solution for fixed t ∈ R

i∂tu(x, t) = −∂2
xu(x, t) x ∈ T t ∈ R

u(x, 0) = f(x) x ∈ T
(A)

Theorem A. [Co/re-discovered since 1990s]

a)1 For all f ∈ L2(T) and co-prime p, q ∈ N,

u
(
x, 2π

p

q

)
=

1

q

q−1∑
k,m=0

e2πi
km−pm2

q f
(
x− 2π

k

q

)
.

b)2 For f ∈ BV(T), u(·, t) ∈ C
1
2
−(T) for a.e. t ∈ R. And if

additionally f ∈ H
1
2 (T) \H

1
2
+(T), then the graph of

Reu(·, t) has fractal dimension 3
2 for a.e. t ∈ R.

1P. J. Olver, The American Mathematical Monthly 117, 599–610 (2010)
2I. Rodnianski, Contemporary Mathematics 255, 181–188 (2000) or
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Changes.



Boundary conditions



Using symmetries
The effect of changing boundary conditions in (0, π)

i∂tu(x, t) = −∂2
xu(x, t)

u(0, t) = u(π, t) = 0

u(x, 0) = f(x)

⇒ u
(
x, 2π

p

q

)
=

1

q

q−1∑
k,m=0

e
2πi km−pm2

q fo
(
x− 2π

k

q

)

i∂tu(x, t) = −∂2
xu(x, t)

u′(0, t) = u′(π, t) = 0

u(x, 0) = f(x)

⇒ u
(
x, 2π

p

q

)
=

1

q

q−1∑
k,m=0

e
2πi km−pm2

q fe
(
x− 2π

k

q

)



Breaking the symmetry in the boundary conditions4,5

Shadows of revivals

Fix b ∈ (0, 1) and consider

i∂tu(x, t) = −∂2
xu(x, t) x ∈ (0, π) t ∈ R

bu(a, t) = (1− b)u′(a, t) a = 0, π t ∈ R

u(x, 0) = f(x) x ∈ (0, π)

(B)

Theorem B.3

Let g(x) = e
b

1−bx. For p, q ∈ N co-prime, the solution

u
(
x,

2πp

q

)
= c0e

−i b2

(1−b)2
2π p

q ⟨f, g⟩g(x) +
q−1∑
j=1

cj(p, q)f
e
(
x− πj

q

)
+

q−1∑
j=1

dj(p, q)[g ∗ (fo − f e)]
(
x− πj

q

)

3Proc Royal Soc A 477, 20210241 (2021)
4P. J. Olver et al., Q Appl Math 78, 161–192 (2020)
5G. Farmakis, Revivals in Time Evolution Problems, (PhD Thesis HWU, 2022)
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Theorem B
b = 0.6 t ̸∈ 2πQ



Adding a potential to the right hand side



Schrödinger with potential
complex V ∈ H2 with ∥V ∥∞ < 3

2
or real V ∈ BV with ∥V ∥∞ arbitrary

i∂tu(x, t) = −∂2
xu(x, t) + V (x)u(x, t) x ∈ (0, π) t ∈ R

u(0, t) = u(π, t) = 0 t ∈ R

u(x, 0) = f(x) x ∈ (0, π)

(C)

Theorem C.6

For all t ̸= 0, there is w(·, t) ∈ C0(0, π) ensuring the following. If
p, q ∈ Z are co-prime, then

u
(
x, 2π

p

q

)
= w

(
x, 2π

p

q

)
+

e−2πi⟨V ⟩ p
q

q

q−1∑
k,m=0

e2πi
mk−m2p

q fo
(
x− 2π

k

q

)

6Z Anal Awend 43, 401–416 (2024)
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8
, 5π

8
](x) and V (x) = 2q cos(2x). Approximation 100 modes for q = 0.

u(x, t = 2π
5 ) w(x, t = 2π
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Seemingly more drastic changes



The linear Benjamin-Ono equation8

∂tu(x, t) = H∂2
xu(x, t) x ∈ T t ∈ R

u(x, 0) = f(x) x ∈ T
(D)

Hg(x) =
1

2π
p. v.

∫ π

−π

cot
x− y

2
g(y) dy.

Theorem D.7

Let f : T −→ R. If f ∈ L2(T) and p, q ∈ N co-prime,

u
(
x, 2π

p

q

)
=

1

q
Re

 q−1∑
k,m=0

e2πi
km+pm2

q (I + iH)f
(
x− 2π

k

q

)

7arXiv:2501.01322
8G. Chen, P. J. Olver, Proceedings of the Royal Society A: Mathematical,

Physical and Engineering Sciences 469, 20120407 (2013) and Stud Appl Math.
147, 1209 (2021)
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Solution at t ∈ 2π p
q
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The complementary statement

Theorem D - b).7

Let f : T −→ R.

b1) If f ∈ BV(T), then

u(·, t) ∈
⋃

α∈[0, 1
2
)

Cα(T)

for almost all t ∈ R.

b2) If f ∈ H
1
2 (T) \Hr0(T) for some r0 ∈ [12 , 1), then

u(·, t) ̸∈
⋃
r>r0

Hr(T)

for almost all t ∈ R.

7arXiv:2501.01322



Fractality
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Details.



Tuesday



Pocket proof of a)
Write again (A)

∂tu = (−i)Hu H : H2(T) −→ L2(T)

u|t=0 = f ∈ L2(T) Hu = −∂2
xu

(1)

For t ∈ R the solution is

u(x, t) =
1

2π

∞∑
j=−∞

e−ij2t⟨f, eij(·)⟩eijx

For t̃ = 2πp
q take j ≡

q
m so that eij

2 t̃ = eim
2 t̃, then

u(x, t̃) =
1

2π

q−1∑
m=0

e−im2 t̃
∑
j∈Z
j≡
q
m

⟨f, eij(·)⟩eijx



Pocket proof of a)
Write again (A)

∂tu = (−i)Hu H : H2(T) −→ L2(T)

u|t=0 = f ∈ L2(T) Hu = −∂2
xu

(1)

For t ∈ R the solution is

u(x, t) =
1

2π

∞∑
j=−∞

e−ij2t⟨f, eij(·)⟩eijx

For t̃ = 2πp
q take j ≡

q
m so that eij

2 t̃ = eim
2 t̃, then

u(x, t̃) =
1

2π

q−1∑
m=0

e−im2 t̃
∑
j∈Z
j≡
q
m

⟨f, eij(·)⟩eijx



Pocket proof of a)
Write again (A)

∂tu = (−i)Hu H : H2(T) −→ L2(T)

u|t=0 = f ∈ L2(T) Hu = −∂2
xu

(1)

For t ∈ R the solution is

u(x, t) =
1

2π

∞∑
j=−∞

e−ij2t⟨f, eij(·)⟩eijx

For t̃ = 2πp
q take j ≡

q
m so that eij

2 t̃ = eim
2 t̃,

then

u(x, t̃) =
1

2π

q−1∑
m=0

e−im2 t̃
∑
j∈Z
j≡
q
m

⟨f, eij(·)⟩eijx



Pocket proof of a)
Write again (A)

∂tu = (−i)Hu H : H2(T) −→ L2(T)

u|t=0 = f ∈ L2(T) Hu = −∂2
xu

(1)

For t ∈ R the solution is

u(x, t) =
1

2π

∞∑
j=−∞

e−ij2t⟨f, eij(·)⟩eijx

For t̃ = 2πp
q take j ≡

q
m so that eij

2 t̃ = eim
2 t̃, then

u(x, t̃) =
1

2π

q−1∑
m=0

e−im2 t̃
∑
j∈Z
j≡
q
m

⟨f, eij(·)⟩eijx



Pocket proof of a)

For t̃ = 2πp
q take j ≡

q
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∑
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j≡
q
m

⟨f, eij(·)⟩eijx

︸ ︷︷ ︸
T

q−1∑
k=0

e
2πi(m−j) k

q =


q j ≡

q
m

0 j ̸≡
q
m

⇒

T =
1

q

q−1∑
k=0

e
2πim k

q
∑
j∈Z

e
−2πi k

q
j⟨f, eij(·)⟩eijx

=
1

q

q−1∑
k=0

e
2πim k

q
∑
j∈Z

〈
f
(
· −2πk

q

)
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〉
eijx
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u
(
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q
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e
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Rucksack proof first claim Theorem A - b)
Following9: f ∈ BV(T) ⇒ u(·, t) ∈ C0(T) assume f̂(0) = 0

u(x, t) =
1

2π

∑
j ̸=0

e−ij2t

∫
T
eij(x−y)f(y) dy =

1

2π

∑
j ̸=0

e−ij2t

2πij

∫
T
eij(x−y) df(y)
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Further comments Theorem A - b)
Second claim: f ∈ H

1
2 \H

1
2
+(T) ⇒ Reu(·, t) has rough graph with dim= 3

2

dimB = lim sup
ε→0

logN (ε)

log 1
ε

N (ε) = min number of elements of a covering by balls diameter ε

f ∈ BV(T) ⇒ u(·, t) ∈ Cα(T) all α < 1
2 ⇒ dimH ≤ dimB ≤ 3

2

r0 = sup{s : f ∈ Hs} if r0 ∈ [ 12 , 1) ⇒ Reu(·, t) ̸∈ Hs(T) for s > r0

but Cα = Bα
∞,∞ and Hr ⊃ Br1

1,∞ ∩ Br2
∞,∞ for r < r1+r2

2

⇒ u(·, t) ̸∈ B
1
2+
1,∞(T) ⇒10 dimB ≥ 3

2

10A. Deliu, B. Jawerth, Constructive Approximation 8 (1992)
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Friday



Pocket proof of Theorem D
The Hilbert transform

Let g : T −→ R be such that ĝ(0) = 0. For en(x) = (2π)−
1
2 einx,

Hg(x) = i

∞∑
n=1

[
ĝ(−n)e−n(x)− ĝ(n)en(x)

]
and

g(x) =

∞∑
n=1

[
ĝ(−n)e−n(x) + ĝ(n)en(x)

]

⇒ ∞∑
n=1

ĝ(n)en(x) =
g(x) + iHg(x)

2

⇒

g(x) =

( ∞∑
n=1

ĝ(n)en(x)

)
+

∞∑
n=1

ĝ(n)en(x) = Re [(I + iH)g(x)]
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Pocket proof of Theorem D
The RHS is a diagonal operator

H∂2
xϕ = λϕ ⇐⇒

ϕ(x) = Cek(x)

λ = λk =

{
−ik2 k ≤ 0

ik2 k ≥ 0

u(x, t) =
∑
k∈Z

eλktf̂(k)ek(x)

=

∞∑
k=1

[
e−ik2tf̂(−k)e−k(x) + eik

2tf̂(k)ek(x)
]
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Pocket proof of Theorem D
Solution via Hilbert transform of Schrödinger

WOLG take f : T −→ R such that f̂(0) = 0

Let v(x, t) solution to

∂tv(x, t) = (−i)∂2
xv(x, t) x ∈ T t ∈ R

v(x, 0) = f(x) x ∈ T
(1)

... note the minus sign. ⇒

u(x, t) =

( ∞∑
k=1

eik2tf̂(k)ek(x)

)
+

∞∑
k=1

eik
2tf̂(k)ek(x)

=
(I + iH)v(x, t)

2
+

(I + iH)v(x, t)

2
= Re

[
(I + iH)v(x, t)

]
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Pocket proof of Theorem D
Wrap up

From Theorem A - a) changing sign of p in time variable ⇒

v

(
x,

πp

q

)
=

q−1∑
j=1

c̃j(p, q)f
(
x− πj

q

)

⇒

iHv

(
x,

πp

q

)
=

q−1∑
j=1

ic̃j(p, q)Hf
(
x− πj

q

)
⇒ Theorem D.
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Perspective



Airy11

Crucial: Dirichlet boundary conditions

ut(x, t) + uxxx(x, t) = 0

u(0, t) = 0, u(1, t) = 0, ux(1, t) = ux(0, t)

u(x, 0) = u0(x)
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t = 4
3π2

u0

u(x, t)

Uthm 1
R (x, t)

u− Uthm 1
R
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t = 1
π2 + 0.001

Airy model with u0 a step function

11arXiv: 2403.01117



Dislocated Laplacian11

Fix b ∈ (0, 1)

ut(x, t) + iuxx(x, t) = 0 x ∈ (0, b)

ut(x, t)− iuxx(x, t) = 0 x ∈ (b, 1)

u(0, t) = u(1, t) = 0

u(b+, t) = u(b−, t), ux(b
+, t) = −ux(b

−, t)

u(x, 0) = u0(x)

0.0 0.2 0.4 0.6 0.8 1.0b

−1.0

−0.5
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0.5

1.0
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2π

u0

u(x, t)

Uthm 3
R (x, t)

u− Uthm 3
R
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Dislocated Schrödinger model with u0 a step function

11arXiv: 2403.01117
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