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1. PRELIMINARIES

1.1. Conventions and notation. Let e, (z) = \/%e(nx). Here and everywhere

below, we write the Fourier coefficients of a periodic distribution F, see [18, Chap-
ter 11] or [9, Section 9.3], with one of the usual scalings on T = (—m, 7|, as

o 1 1 T —in
F(”):E<F7€n>=§/ e " (y)dy.

This choice makes either series in the expression

F(x) ~ Y (Fenen(z) =Y F(n)e™,
nez ne
convenient for long calculations.

Recall that {e,}nez C L?(T) is an orthonormal basis of eigenfunctions for the
Laplacian,

—0% : H*(T) — L*(T).
Indeed, for all n € Z,
—8§en =n’e,.

The following function spaces will be considered throughout. The definitions
and relevant properties, are given in the next subsection and in the text. In two
occasions we will use (0, 7] not identifying 0 with =, instead of T, as the mapping
of the definitions and properties is obvious we omit the details.

BV(T) functions of bounded variation,

C(T) absolutely continuous functions,

*(T) Holder continuous functions of regularity o € (0,1),

“(T) functions in the L? Sobolev space with regularity a > 0,

o (T) distributions in the ¢>°-L” Besov space with regularity o € R and
1<p<oc

Al
C
H
B

1.2. Connections and properties of the classical function spaces. Recall the
classical definitions of BV(T) and AC(T), given in standard analysis monographs
such as [15, p.9 and p.47]. We know that

fEAC(T) <+« f eLXT).

We also know that f € BV(T) if and only if f’ is a finite Radon measure on the
Borel o-algebra. Moreover, if f € BV(T), then

f:fac+f57
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for fac € AC(T) with f!. € L*°(T), and f! singular with support of Lebesgue
measure 0. For the proofs of these statements, see the two theorems on [15, p.53].

Problem 1. Let f € BV(T). Show that there exists a constant, such that

-~ c
f)] < —
In
for all m # 0.
Let f: T — C and o > 0. We will write f € H¥(T), whenever
2
Z(l +n?)> f(n)’ < 0.

nez
It is easy to see that
f' € H¥(T) < f e H*"(T).
Let f: T — Cand o € (0,1). We will write f € C*(T), whenever
[f(x+h) - f(@)|

sup |f(z)| + sup < 00.
e N

h£0
This expression defines a norm in C*(T) and makes it a Banach space, but we will
neither use nor prove this fact. See [13, §11.3].
Problem 2. Let f: (—m, 7] — R be given by
1

f(z) = |z|log —.
||
Show that f € C*(T) for all 0 < a < 1. Show that f is not a Lipschitz function.
Is f € AC(T)?

Problem 3. Show that HY(T) C Cz(T). Hint: use the Cauchy-Schwarz inequality.
1

Is HY(T) = C3(T)?

2. THE SCHRODINGER EQUATION

The study of different modifications of the following Schrédinger’s equation, is
the main goal of this cursillo. We are interested in the regularity of the solution.
Consider

) i0pu(x,t) = —02u(x,t) xreT teR
u(z,0) = f(z) zeT.
It is routine to seen that, for ¢t € R,
u(e 1) =D e T ffeya) = Yo e HIf().
JEL j=—o00
Therefore, the solution does not change its Sobolev norm for any t € R.

Problem 4. Let o > 0. Show that

llu(, t)|[ecry = |If |l (m)
for allt € R.
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Solution Linear Schrédinger, periodic BC, time=2r
3
T T T

251 Initial condition ,

| I L

0

Re(u(387/7, 2))

4 I I
o i

Space variable z

FIGURE 1. Revivals: solution of (A) for f(z) = 1j—
t= 2771—79.

Quite remarkably, in this quarter of a Century, it has been discovered that the
regularity properties of the solution, beyond the Sobolev scale, are intimately con-
nected with the best approximation of ¢, in continued fractions. The next theorem
illustrates this in a concrete manner. It assembles results first formulated in [11]
and [16]. Some of the original proofs were simplified in [17], [14] and [4].

Theorem A. Let f € L*(T). Let u be the solution to (A).
a) If p,q € N are co-prime, then

p 1 it - km—pm? k
u(x,?ﬂ%) =- 2™ f(x — 271'7) .
)iz ;

b) There exists a subset KK C R with complement of measure 0, such that the
following property is valid. If f € BV(T), then

u(t) € | C27(T)

>0

for allt € K. Moreover, if additionally f € H%(T) but
(1) f & (YHE(T),

>0

then the graph of Reu(-,t) has fractal dimension % for almost all t € K.

This theorem prescribes that the regularity of the solution in the space variable,
changes significantly with time, when seen from a perspective different than that
of the Sobolev norm. For example, if f is a step function, the solution is a finite
linear combination of step functions whenever ﬁ € Q, while it is continuous but
“rough” for almost every i ¢ Q. We can call this a revivals/fractality dichotomy,
and illustrate this in figures 1 and 2.
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Solution Linear Schrodinger, periodic BC, time=2r 22! ~ 2re
3 T T T

Initial condition -

L

3 I 0

il - - 3 ,
«A‘/m iy’ %‘1.. i M,’f MW M‘ﬂﬂ‘- g Mﬂ\‘/\;

3
2
Py -
f
0
1

FIGURE 2. Fractality: solution of (A) for f(z) = 1j_z =)(z) at
time t ~ 27e.

2.1. Proof of Theorem A-a). The proof of the first statement in Theorem A is
as follows. , ,
Let t = 272, Take j =m so that et = ¥t Then,
q

2m m=0 jEZ
j=m
q
Now,
i) e
(2) e27r7, m—j)s _ q
kz:;) j#m.
q
Thus,

Z<f ezg( z]z _ Z 27sz Zef27rz j f e > ijT

JEZ JEZ

15t (52 o

JEZ

From this, the statement of Theorem A-a) follows.
Problem 5. Give the proof of the identity (2).
Problem 6. Let f € L?(0,7). Find the (unique) solution to
Opu(w,t) = i0>u(x,t) ze(0,m) teR
(3) 0u(0,t) = Ozu(m,t) =0 t€R
u(z,0) = f(x) z € (0,).
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FIGURE 3. (a) g=16and p=1, (b) ¢ =32 and p = 1.

Give your solution in terms of the Fourier series of f. Now, set

fa) = {1 ze0,1]

0 zec(f,n].

Find t > 0 such that u(-,t) has a discontinuity at x = g Hint: the second part is
tougher than you think.

2.2. Besov spaces. The Fourier coefficients of Holder continuous functions have

a specific behaviour, which can be seen through the scale of Besov spaces. The

latter give a more refined criterion for the regularity of a function than the scale

of Sobolev spaces. To simplify our notation, we will write By(T), for o € R and

p > 1, to denote what is normally written as BY . (T), precisely defined as follows.
Let x : R — [0,1] be a C> function, such that

supp x = [27, 2]
and

D x2779=1
=0

for all £ > 1. Let the Littlewood-Paley projections of a periodic distribution on T,
be given by
(K ) (@) =D x;(In]) f(n)e™,
ne”Z
where x;(§) = x(277¢) for j € Nand xo(§) = 1-3272 x;(§). We write f € By(T),
if and only if, ‘
sup 2| K f||lLe(r) < oo.
§=0,1,...
We will be concerned almost exclusively with the case p = oo.
We highlight the following two properties,

(4) fr € BL(T) <= f € B&H(T)
for all @ € R and
(5) B (T) = C*(T),

for all o € (0,1). Let us prove these statements.
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Let g € S(R) be such that Fg(§) = x(§), where

/ f(x)e " da

is the Fourier transform. Then, (Fg;)(§) = x; (&) for g;(z) = 27g(27x).
If f € S(R), Poisson’s Summation Formula prescribes that,

D flw+n) =Y (Ff)(2mn)e*™
neZ nez
for all 2 € R. Letting f(x) = f(2nz), gives
e =50 ().
Then,
S” f(z + 2nk) = % SO(FEF) ()i,

kEZ kez
Hence, we can represent the projections K; of any periodic distribution F', as

= 1 —1 ikx
(5 = 3 (k) (3 [Fwerar) e
k= 2 Ju
1 o0
— - E))e* @) ) F(y)d
/T<27T2x]||> ><y>y
=/ < > gilz—y +2k77)> F(y)dy
T \k=—00
= Z /g]x— + 2km)F(y — 2km) dy
k=—o0
:/gj(w—y)F(y)dy=(gj*F)(x)-
R
for all x € R. Here the symbol “x” denotes the convolution on R.

Now, according to [1, Lemma 2.1, p.52] in the case p = oo, there exists a constant
C > 0 which only depends on 71, 72 and A, ensuring the following estimates. For
any function u € L*°(R), such that

supp(Fu) CMEeR : 0 <y <|§] < ra}y

we have
)\ /
(6) 5Hu||La<>(R) < |lpee m) < CA[JullLo (w)-
This is some times called Bernstein’s Inequality.
Problem 7. Give the proof of (4). Hint: use (6).
Proof of (5). We know that f € C*(T), if and only if Sy + S2 < oo, for
S1 = sup|f(z)]

zeT
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and
5 = sup L@t 1) = F@)]

zeT |h‘a
h#0

Recall that, f € BL(T), if and only if R < oo, for

R= sup sup2¥|K;f(z)|.
§=0,1,... z€T

Let f € B%(T). We show that S; and Sy are finite. Firstly note that,

fl@) =) K;jf().
§=0
Hence,

oo o R

S1 <D K flluem < Jaj < 00
j=0 =0

Here we have used that o > 0.

Now, if
S3 = lim sup (sup [flz+h) - f(x)) < 00,
h—0 €T |h|a

then S < oco. For 7 =0,1,..., let

S4(j) = limsup
h—0

sup
z€T ‘h|a

(sup 1) = 1YY
Then, on the one hand,
S5 <3 Su).
j=0

On the other hand, by the Mean Value Theorem, for suitable |h;| < 272,
K f(x+h) — K f(z)|

Sa(4) < sup p
z€T ‘h|
0<|h|<272%
c g D )IA
z€T ‘h|a
0<|h|<2729
= sup [A|" % sup (g * f) (2 + hy)]
0<|h|<272] zeT

< 27202 (g, * f) Lo ()
< 2727507 g, « fllLee(m)
= C2707 2% K f | oo ()
< CR277(1—a),

Thus, indeed, S3 < oo. Here we have used that 1 — « > 0. This confirms that
B2 (T) C C¥(T).

Now, let us show that C*(T) C B2 (T). Assume that f € C%(T). That is
S1 < 0o and Sy < oo. Considering f as a periodic function of x € R, we have

S1 =sup|f(z)] < o0
z€R
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and
6 LN —f@I _
z€R |h|a
h#0

Our goal is to show that R < oo.
Since g € S(R), then there exists a constant cg > 0, such that

27
|gj(‘7;)| > C3 (1+2J|x‘)27

for all z € R. Now for any ¢ € R, thought of as a constant periodic function, we
have that (g; x ¢)(7) = px;(0) =0 for j =1,2,.... Then,

(g5 * f)(@) = (g; % (f +¢))(2)
for all x € R and j € N. Thus,

(g5 % 1) ()] S/Igj(y)l\f(x—y)ﬂOIdy

|f(z—y)+ o
<c21 —d
/ 1+2ﬂ|y|> Y

_ / ’f % +90|
=C3
1+ |z))?
forallz € R, p € Rand j € N.
This gives, taking ¢ = —f(z), that

57) = f(@)]
1+IZI)

gy 1)) < 2 [ L 4z = 4y(z) + By(a).

where we split the integral as follows. The first term is,

_ . oaj ? |f(x**)*f($)}
e B e

T a ) @)
L. (&) 0+ k)2

© e
< ¢3S _ Pl qr<ey < oo,
—C“/_oo<1+|z|>2 PSS

forall j =1,2,... and z € T. Here we have used that 0 < o < 1. The second term
is,

dz

%} ’f (I — 27) f(l‘)|
() = J z
Pl = e /|| CFaF
aj dz
< 329728, ~/|z|22-7 70 122

< 581207V < ¢ < 00,

forall ; =1,2,...and x € T. Here we have used that &« < 1. Then R < c4+cg < 0.
This completes the proof of (5). O
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Problem 8. Show that
B (T) nB%2(T) C HY(T)
for all o < (a1 + a2)/2.

2.3. Proof of Theorem A-b) first statement. We will make use of the next
lemma, which is analogous to [11, Corollaries 2.2 and 2.4]. The formulation with
only half of the Fourier coefficients that we give here will be useful later on.

Lemma 1. There exists a subset L C R with complement of measure 0, such that
the following holds true for all t € K. Given § > 0, there exists a constant C' > 0
such that

(7) sup < 028040,

zeT

l’n t+inr
Z xi(n

forallj=0,1,....

Proof. According to Dirichlet’s Theorem, for every irrational number a > 0 there
are infinitely many positive integers p, ¢ € N, such that p and ¢ are co-prime, and

(8) p’sl

a—= .
q 2
By virtue of [8, Lemma 4], there exists a constant ¢; > 0 such that, if the irreducible
fraction £ satisfies (8), then

N
[§]
M

2mi(an +bn 27Ti(ak2+bk)

MJF\/a)

forall N € N, 0 < M < N and b € R. Here ¢; is independent of a and b. Take any
sequence {wy}, such that w, =0 for n < M or n > N, and

n

N
Z |wn+1 7wn| <d.

n=M
Since,
N N n
. 2 . 2
§ : wneQM(an +bn)| _ § :(wn+1 _ Wn) § e27rz(ak +bk)
= n=M k=M
N n
02
< § |wn+1 _ wn| § e2m(ak +bk)
n=M k=M
2
sup § : 2mi(ak“+bk)
n=M,...,N
then,

N

o
E wne%rz(an +bn)

n=M

< dey (N\;aM + \/6) .
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Let [ag, a1, ...] be the continued fraction expansion of the irrational number a,
1
a = ag+
a1 + as+-L
Then, the irreducible fractions,

1

& =ap + 1 )

dn (23 B e — —

: T
ap—1+ an

are such that (8) holds true with {p,} and {¢,} increasing sequences. According
to the Khinchin-Lévy Theorem, for almost every a > 0 the denominators ¢,, satisfy

[12, p.66]

li log dn o . 7T2
1m

nhee m T 12log2”

If a is such that this limit exists, then for all j € N sufficiently large we can find
an (5)
j — oo. Indeed, we can take n(j) equal to the integer part of j(log2)/p. This
choice implies

quotients with denominators satisfying g,;) = 27(1473)  where r; — 0 as

Note that {g,(;)} is not a subsequence of {¢,}, since log2/p < 1 and therefore
indices may be repeated, but this does not cause problems.
Let I be the set of times of the form ¢t = 27a, such that the sequence of quotients
of |a| satisfies the conditions of the previous paragraph. Let ¢t € K and fix § > 0.
Let J > 0 be such that |rj| < § for all j > J. Taking M = 2771 N = 27+,
wy, = x;(n), and
d= ZSup ‘X/(§)|a

£eR
in (9), yields
0 2J+1
sup X (n)ein2t+mm = sup X (n)ein2t+inx
z€T | 2o veT | S,
p 9i+1 _ 9j—1
= de +
Vin;
j—1 )
< dc; 2. 3 +23(1+9)
2%(1-9)
< 022% 1+5)’
for all j > J. This implies (7) for sufficiently large C' > 0. 0

The proof of the first statement of Theorem A-b) is as follows.
Let the periodic distribution,
Et(l‘) _ Z einaz—o—ith.

nez
Since the Fourier coefficients et of E; are unimodular, the series converges in the
weak sense of distributions and determines E; uniquely for all ¢ € R, [18, Theorems
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11.6-1 and 11.6-2]. Moreover, for all ¢t € R, E; € B2 (T) for all 3 < —1. This is a
good start.

Let ¢t € KC, with  C R as in Lemma 1. Then it follows from (7) that in fact the
stronger inclusion E; € BS (T) for all 3 < —3. Define the periodic distribution H,
by H{ = E;, namely

inz+in2t
e
Ht)= )
neZ\{0}
Then, according to (4) and (5), Hy € CP(T) for all 8 < —3.

Note that N
flo) = o [y = B2,z

where 4 is the Lebesgue-Stieltjes measure associated to f, which satisfies |u|(T) <
0o. Then the solution of (A), can be expressed in terms of H; as follows,

2min

o0
u(z,t) = FO)+ Y ™ f(n)e
n#0, n=—o00
- O
— 0 1T
F(0) + 7&02__ m ¢

o~

f(O0) + (Hy * p) ().

Here and elsewhere below, “x” denotes the convolution on T,

(1< F)w) = 5 [ = )F)d

o —

so that (H * F)(n) = ﬁ(n)ﬁ(n) Hence, since y is a bounded measure, we indeed
have u(-,t) € C*(T) for all a < .
This completes the proof of the first claim in Theorem A-b).

Problem 9. Show that if H € C*(T) and F is a periodic distribution, then (H x
F) e Cx(T).

2.4. Fractal dimension of a graph. For the second statement in part b) of
Theorem A, we first recall the notion of fractal dimension. Then, we give a formula
for the dimension of the graph of a function, in terms of its regularity.

Let g : T — R be a continuous function. Denote the graph of g, by

F:{(m,g(z))eTxR : J:ET}.

The upper Minkowski (or fractal) dimension of T, is defined by the expression
log NV (¢)

dimg I' = lim sup ———

1 )
e—0  log <

where A (g) is the number of squares that intersect T', in a grid (covering T x R)
made of squares of side €.
First we recall the classical upper bound, formulated in [6, Corollary 11.2-(a)].

Lemma 2. If g € C¥(T), then dimgI' < 2 — a.
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Proof. We simplify the notation by doing this proof in the interval [0, 1] instead of
(—m, m]. So we show that the function h : [0, 1] — R, given by h(x) = g(2mx — m),
has a graph of fractal dimension less than or equal to 2 — . The Hélder constant
of h is o and the fractal dimension does not change with the scaling of the interval.
We adapt the counting function A, accordingly.

Let

Rpla,b] = sup |h(z) — h(y)|-
z,y€a,b]

Let 0 < e < 1 and let m be the smallest integer greater than or equal to % Then,

(10) N(€)§2m+mz_: w.

k=1

Indeed, split the interval [0,1] into sub-intervals [ke, (k + 1)e] all of size € and
consider a mesh of size €. Then, the number of squares that intersect the graph of
h in each sub-interval, is at least

Ry lke, (k + 1)e]

-

To find the upper bound in (10), we use the fact that h is continuous. The function
may overlap another square, when entering a new sub-interval from below or leaving

one from above. Hence, the maximum number of squares that intersect the graph
of h, is

54 Ry ke, (k+ 1)e] .
€

This shows (10).
Now, from the hypothesis, it follows that for a suitable constant ¢; > 0,

Rplke, (k+ 1)e] < cre”.
Then, using the upper bound in (10) and the fact that m < 1+ 7!, we have
N <2m+eme® P < (T4 D24 et < ™2
Taking logarithms, gives

log NV (¢) < log co
loge=! ~ loge~!

Hence, taking the limsup, yields the claim of the lemma. ([

Finding bounds, complementary to the one in the above lemma, turns out to be
less straightforward. One of the best results currently available was obtained in the

paper [5].
Lemma 3. If g & B{(T), then dimp I’ > 2 — «.

Proof. This lemma is a direct corollary of the stronger [5, Theorem 4.2]. (]
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2.5. Proof of Theorem A-b) second statement. We first show the following
lemma, which was first established in [4]. Out proof follows the rather ingenious
strategy employed in that paper. The important point of this statement is the fact
that the regularity of the real part of the solution (and not only of the solution
itself), cannot improve beyond the regularity of the initial data f, for almost all
teR.

Lemma 4. Let f € BV(T) and let
ro :=sup{s > 0: f € H(T)}.

Ifrg € [%, 1), then there exists a subset J C R with complement of measure 0, such
that the following holds true for allt € J. Whenever r > 1o, we have Reu(-,t) &
H"(T).

Proof. Since H*(T) € H"(T) for r < s, without loss of generality we will assume
that 7 is such that ro < r < %
Write the real part of the solution as,
1 -
Reu(x,t) = §(u(x,t) + u(z,t))
1 i 7 —iti? N
= 32 (VTG + e (=) ().
JEZ
Then, the conclusion will follow, if we find a sequence {.J,,}52; C N, such that
Jn
. 2o | it 7 —itj2 T ;
nlggozlj " f(5) + e (=)
=

-2
-

Now,
iti2 7y —it T
" Flj) + <7 F(=j)|

By hypothesis, we have that

= |FG)2 +1F=) +2Re (29" F(5) F(=))

> 52FG)? = oo
JEZL
Then,

(1) > UFGIP +1F=)P)

Q.

Let the partial summations
L
2 2itiZ By o\ B .
Sp(t) =Y 5™ f(5) f(=4)-
j=1

If we can find another sequence {L,, }22 , C N, such that S, (t) converges as n — oo,
this will ensure that

Ln
2Re | 352 (2" F(j) F(-i)
j=1

converges, and we will be able to find .J,, from this convergence and the divergence
(11). Note that we do need to argue through the subsequence J,,, as there might be
some cancellations in the intermediate terms, preventing a “uniform divergence”.
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So our next goal is to show that the sequence L,, exists. Since Sy, is 2m-periodic,
without loss of generality we can assume that ¢ € (—w,n]. Write Sp(¢) in the
expanded form,

Since j? = 2 has at most two (integer) solutions, the sum inside the bracket has

at most 2 terms for every positive integer m and it is equal to 0 for most of them.
If

o~ 2
(12) S [TOF| <o
j=1
then S = lim;_, S; is the limit of a Fourier series, convergent in the norm

of L?(—m,n). Should this happen, by virtue of Carleson’s theorem [10, Theo-
rem 3.6.15], there would exists a subset J C R whose complement is of measure 0,
satisfying the following. For all ¢ € J, there is a subsequence {L, } C N, such that
the limit

Tim Sy, (1) = S(t)

converges pointwise. Therefore, according to the previous paragraph, J would be
the needed subset in the statement of the lemma.
. . 1
So we complete the proof by showing that (12) holds true. Since f € Hz(T),
then

PP < e
for all j € N. Let s < rg. Since f € H*(T), then
> I < oo
j=1

Hence,

j?(j)f(fj)’2 < Cgi]%leQst <j25|f(j)‘2)

Jj=1

o0
<y PTG < oo,
=

3
j4'r

for any r < % Taking s < 7y close enough to ry, we can always get r to satisfy

both, this latter condition which ensures (12), and the assumption in the beginning
of the proof. O

To complete the proof of Theorem A-b), we proceed as follows.

Let D denote the upper Minkowski dimension of the graph of Rewu(-,t). B
virtue of the first statement in Theorem A-b) and Lemma 2, it follows that D <
for all t € K.

Now, take rg = % in the previous lemma. According to it and to the statement
of Problem 8, the condition (1) imposed on f implies that Re u(-,t) &€ B7(T) when-

1

ever r > 35, for all t € KN J. Thus, by virtue of Lemma 3, we also have the

complementary bound D > % for all such t.

y
3
2
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This completes the proof of Theorem A.

Problem 10. Let u be the solution to the time-evolution equation (3) from Prob-
lem 6. Show that there exists t > 0 such that u(-,t) is continuous. Hint: this is
easier than you think.

3. CHANGING THE BOUNDARY CONDITIONS

Let b € R\ {1}. We now consider

ipu(x,t) = —02u(x,t) xe(0,m) teR
(B) W (a,t) = 1fbu(a,t) a=0,7 teR
u(z,0) = f(x) x € (0,m)

which is a modification from the periodic boundary conditions of (A) to so-called
Robin boundary conditions. Our goal is to determine to what extend, this modifi-
cation supports any form of revival and or fractality.

If b = 0 we obtain the Neumann boundary conditions. So, Theorem B below
generalises the solutions to the problems 6 and 10 from the previous section. For b €
(0,1), the part a) of this theorem, was established in [2] and the PhD dissertation
[7]. The extension to the other real b that we give here does not present any
technical improvement from that case. As far as I am aware, the part b) of the
theorem is new.

Let any function h : [0, 7] — C. We denote by h, the 27-periodic extension of

the even function
h 0
i~ [1@) el
h(—=z) =€ (-m0).
That is, the even extension of h to R. Likewise, we denote by h, the 27-periodic
extension of the odd function

That is, the odd extension of h to R.
The next conventions will simplify the arguments below. Let

2b
(1—b)(e*" ™5 —1)

for b # 0 and Ag = % We denote with the unambiguous symbol ¢, the function
¢ : R — C, which is the 27-periodic extension of

¢(x) = \/ApeTs?,

from x € [0,27] to R. We remark that ¢, regarded as a function of T, has a
discontinuity at 0 but it is C* at +x. Also, note that ¢ satisfies the boundary
conditions of (B) and that ||@]|z2¢0,x) = 1.

For any f € L2(07 7), we will consider an associated function g : T — C, given
by the expression

(13) g=Vrd*(fo— fe).
Here, I clarify that g is a function on the whole torus and the convolution is, as
previously, also on T.
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Theorem B. Let f € L?(0,7) and let g be as in the expression (13). Let u be the
solution to (B).

a) Ifp,q € N are co-prime, then

2 i
u(m,?) = Mty (f, ®)20,m@(w)+

1 it g .,”‘M k
qg;[g;ﬁ a (ﬂ+gxw—%gﬂ'

b) There exists a subset K C R with complement of measure 0, such that the
following property is valid. If f € BV([0,7]), then

u(-,t) € | J 02 ((0, 7))
>0
for allt € K. Moreover, if additionally f, € H%(’]I‘) but
fo & () H2H(T),
e>0
then the graph of Reu(-,t) has fractal dimension % for almost all t € K.
In the statement a) of this theorem, we highlight the contribution of f. and of
g to the revival formula, separately. The reason for this is that g is more regular

than f, therefore it does not make a contribution of the fractal part of the solution
in the statement b). This will be seen in the proof below.

Problem 11. Show that the expressions

2772'7”1]2
e a-v? <f7 ¢>L2(O,ﬂ')¢)(x)

10 [ e pm? k
L5 [S ey omant)]
7720 Li=o 4

cancel out from the statement a) of this theorem, in the case b = 0. Compare with
your answer to Problem 6.

3.1. Proof of Theorem B. Let L : Dom(L) — L2(0,7) be the self-adjoint
operator L = —92 with domain

Dom(L) = H?(0,7) N {g c H'(0,7) : ¢'(0) = %_bg(()) and ¢'(m) = g(w)} .

We first give the eigenfunctions and the spectrum of L.
To start with, note that

and

b2
L(;S——i(l_b)zqﬁ.
For j e N, let
Al — b—j(1—0b)i
T b4 (1 —b)i
and

9j(x) = ej(x) — Aje_;(x).
Then, ||¢;lL2(0,+ = 1. Indeed, note that [A;| = 1. Moreover, ¢; € Dom(L) and
Loj = j2d;.
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The family {¢} U {¢;}52, is an orthonormal basis of L*(0,7). Therefore, we

know that ,
_ _ b :2 00
SpeC(L) - { (1 o b)2 } U {j }jzl'

Problem 12. Show that the family of eigenvectors {¢p} U {¢;}32, is indeed an
orthonormal basis of L2(0, 7). Hint: the important point here is to show that they
are a complete family.

Then, for all f € L2(0, 7). The solution to (B) is

1'7172 t = —i52
u(a,t) = e T (f,d) 2 0,m) + D e T Hfd)12(0,m b5 ().
j=1
The crucial point in the proof of Theorem B is the following lemma, which gives a
different representation of the second term on the right hand side of this expression.

Lemma 5. Let f € L?(0,7) and let g be given by (13). Let

Z i’ fa(b] L2(07r)¢]( )

=1
Then U = Uy + Us, where

t) _ Z ﬁ(k)e—ikzt-&-ikm

kEZ

t) — Z g(k)e—ik2t+ikx.

kEZ

and

Proof. Begin by re-writing

2 (1—A; 14N
¢j(z) - (2 cos(jz) +1 5 sm(gx)) .
Then
1—A; 14+ 4A;
<f7 ¢j>L2(0,7r) = D) ]afj + % ]b]7

where a; are the cosine Fourier coefficients of f and b; are the sine Fourier coeffi-
cients of f, in (0, ).
Let ¢,(x) = ¢(2m — x). That is the reflection of ¢ about 7. Note that,
~ b ~ b
) = — and T 1) = S EE———

9= 5550 o ™ U = a0
Then, re-writing U with the above representation of the eigenfunctions and inner
products, gives

5
U, t) = 5 3 sl )
k=1
where each of the vy, are the solution to (A), with corresponding initial conditions
v1(2,0) = 2fe(x),  v2(2,0) = =(dr + &) * fe(x),  v3(x,0) = (¢ — @) * fe()
1)4(:U,0) = (¢_¢r)*f0(m) and 1)5(1’,0) = (¢r+¢)*f0(x)'
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Once this expression is obtained, we observe that Uj (x,t) = %vl(as, t) and

1 5
Us(a,t) = 5 > vk, t).
k=2

Problem 13. Give the proof of Theorem B-a), using Lemma 5.

We now present the proof of Theorem B-b). Observe that ¢ € C°>°(0,7), so we
can ignore this correction in the solution and concentrate on U.

For the first claim, let f € BV(0,7). Then f., f, and hence f, — fe, are in
BV(T). To see this, note that the even and odd extensions can, at most, introduce
a jump discontinuity at x = 0 and = = +m.

Since Uj is a solution to (A) with initial condition f., according to Theorem A-
b), we know that Uy (-,t) € C%(T) for all a < 3, provided ¢ € K. Likewise, being
a convolution, g € BV(T) and Us is the solution to (A) with this initial condition.
Then, also Us(+,t) € C*(T). Hence, the first statement in Theorem B-b) is valid.

Note that, seen as a function of T, ¢ € BV(T). Indeed it has a jump discontinuity
at x = 0 for b # 0, but it is C* at all other points z € T. But we are not using
this fact in the previous paragraph.

Consider now the second claim made in Theorem B-b).
Assume the hypothesis,

fe € HE(T)\ () HETS(T).

e>0

By virtue of Theorem A-b), it then follows that the graph of ReU;(-,t) : T —

C has fractal dimension equal to % for almost all t € K. But since f, is even,

also Uy (-, t) is even. Then, necessarily, ReU;(-,t) : (0,7) — C has also fractal

dimension equal to % for almost all t € K.

We complete the proof by showing that Re Us(+,t) € C!(T). We only know that
fo € BV(T)
and so,
(fo = Fe) (k) = O (|k ™)

as |k| — co. See Problem 1. But we have, ¢ € H2~¢(T) for all € > 0. Hence,

o(k) = o (| )

as |k| — oo. Since
g(k) = Vmo(k) (fo = fe)(k),

we thus gather that

(k) = o (IkI™?)
as |k| = oo. Therefore,

g' € BL(T) = C*(T)
for all @ < 3. Thus, g is continuously differentiable and hence U (-, ) for all t € R
too. So, ReUs(+,t) is continuously differentiable for all ¢t € R.
By Lemma 2, this implies that the graph of Re Us(+, ) has fractal dimension equal

to 1, both, as a function from T and as a function from the restricted segment (0, 7).
This completes the proof of Theorem B.
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4. ADDING A POTENTIAL

Let V : (0,7] — C be a potential, satisfying either of the following conditions
e Ve H?*0,7) and ||V||pe(0,x) < 3; or
e V:(0,7r] — R, VeBV(0,r) and V € L*°(0, 7).

In this short section we describe the revival property for the equation,

i0pu(z,t) = —02u(z, t) + V(x)u(z,t) ze(0,m) teR
() u(0,t) = u(m,t) =0 teR
u(z,0) = f(z) z € (0,7)

The proof of the next theorem can be found in [3].

Theorem C. Let f € L?(0,7) and let u be the solution to (C). Then, for allt € R,
there exists w(-,t) € C°(0,7) ensuring the following. If p,q € Z are co-prime, then

—2mi(V)2 q—1 /q—1 .
e jmk—m k
u(m, 27TB> = w(x, 27r£> + SR Z @27 5 pfo (x — 27r7) .
q q q =0 \ki—1 q
Here (V) = 1(V,1) is the mean of V.
According to this theorem, the revivals property still holds true for the boundary-
value problem (C), modulo a continuous correction.

Problem 14. Give the proof of Theorem C for V(x) = ¢, where ¢ € C. Hint: note
that (C) has Dirichlet boundary conditions and that ¢ does not need to satisfy the
hypotheses on V stated in the bullet points.

5. MULTIPLYING BY HILBERT’S TRANSFORM

In this final section we consider the striking example of the linear Benjamin-Ono
equation, where a seemingly substantial change to the right hand side of the equa-
tion, still supports the revivals/fractality dichotomy that we described in Section 2.

Let the Hilbert transform of any g : T — C, be given by the expression

1 g T —
Hy(z) = - p~V-/ cot — Yg(y) dy,

2 o

assuming that the principal value integral exists. An expression of Hg for g € L?(T),
in terms of the Fourier coefficients, shows that H : L?(T) — L?(T) is a bounded
operator.

Let f : T — R. The linear Benjamin-Ono (BO) equation, is the time-evolution
problem

Opu(x,t) = HO u(x,t) zeT teR
u(z,0) = f(z) x e T.

As we shall see next, this equation supports a revivals/fractality dichotomy that
combines properties observed in all the models discussed previously, except that
it gives rise to cusps of a very specific type in the solution. This is made precise
in the next theorem, whose conclusion differs from that of Theorem A only in
the first statement. Note that the solution of (D) are real-valued, but the second
statement of the part b) is not an immediate consequence of any well-posedness of
this equation in the Sobolev norms.

(D)
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Solution Linear BO vs Linear Schrédinger, periodic BC, time=2r}
3 : g

25 Initial condition -

L

—

Solution u(27/3, )

1 I I I
- -ml2 0 w2 T

Space variable x

FIGURE 4. Solution of (D) for f(z) = 1[_z =)(z) at time ¢ = 213
superimposed on the real and imaginary parts of the solution of
(A) at —t. The cusp singularities in the solution of (D) correspond
to jump singularities in either part of the solution of (A).

Theorem D.
a) Let f € L2(T) be real-valued. Then, for all co-prime p,q € N,

u(a: 27r£) _! qil Re qile%i by (I—l—i?—[)f(x - 27rﬁ) .
a) g P q

m=0
b) There exists a subset KK C R with complement of measure 0, such that the
following holds true. If f € BV(T), then

u(t) € | J C274(T)
>0
for allt € K. Moreover, if additionally f € H%(T) but
fé (\H(T),

e>0

then the graph of u(-,t) has fractal dimension % for almost all t € K.

The first statement shows that, if f has a jump discontinuity, then the solution
at times t € 27Q will have logarithmic singularities. See the Figure 4. By contrast,
quite remarkably, the solution is continuous for almost all other ¢. A contrast
between the Schrodinger and this equation, is the fact that, for all initial data of
bounded variation, the solution to (A) is bounded but this is not the case for the
linear BO equation. I suspect that there is an interesting structural connection
between the two, using BMO spaces.

Problem 15. Show that

: T—a
Sin ( 3

on(75)
an ()|

1
H]l[a,b] (.2?) = ;10g
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Solution Linear BO at time=27¢
3 T T

T D |

5 dog-Log Plot for Box-Counting Dimension -

FIGURE 5. Solution for ﬁ a rational approximation of ¢ ~ % for

p = Fig = 2584 and ¢ = Fy5 = 1597. Note that |¢—§| < 1.7x1076.
The estimate of the box counting dimension is D = 1.54.

fora,beT with —7m <a<b<m.

5.1. Proof of Theorem D. Firstly, note that

1 forn<0
He, =<0 forn=0
—3  form > 0.

Problem 16. Compute He,, to verify the previous claim.

Then, H and —9? have the same orthonormal basis of eigenfunctions. Hence,
(1 Hole) =13 la(-m)e~ — n)e™]
n=1
for all g € L*(T) and
HORg(a) = 1 Y nPla(m)e™ — g(~nm)e=)
n=1
for all g € H?(T). In fact the latter is the domain of the integro-differential operator

HO?. This implies that, for any f € L2(T), the solution to (D) is given by the
expression

’LL(.’E,t): i einwein|n\tf(n)

n=—oo

(15) = J(0) + Yo o™ f(n) + e e ()],
n=1
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Since f is real-valued, f(fn) = f(n) and so
eminTe=in*t () = einzein®t ().

Hence, u is also real-valued and

(16) u(z,t) = f(0) + 2Re

Z inxin tf ‘| )
This representation provides the link between the solutions of (D) and (A), as

stated in the next lemma.

Lemma 6. Let f € L?(T) be real-valued. Let v(z,t) denote the solution to (A)
with initial datum f. Then, the solutions to (D), is given by the expression

(17) u(z,t) = Rev(z, —t) + iHo(x,t)].
Proof. Since % = A(—n), the solution to (A) with datum f is given by
ola, —t) = F(0) + Y _[e™ e f(n) + e~ Fln)).

Here note that we have changed the sign of t. Then, using (14), we have

i einweinzt‘]/c\(n) _ ’U(S(}, _t) — f(g) + i/HU(-'E7 t) .

Replacing the sum of this expression and of its conjugate into equation (16) gives
the relation (17). O

Note that the expression (17) can be written in operator form as
(18)  eM%tf = F(0) + 2Re (e*iaﬁtn - f(())) — 2Re (He’iait f) ~ f0),

where I1f(z) =30 f(n)e™™ is the Szegd projector. Indeed, the latter commutes
with both H and —§2.

The combination of Lemma 6 and Theorem A, gives Theorem D as follows.

Proof of Theorem D-b). Consider the first part, first. The periodic distribution

(o9}
~ . .2 _ a2
Et — § [eznx—&-zn t +e inT—1in t}

n=1

gives the solution to (D), via u = (E; * f). From here, the proof is verbatim the
proof of the first statement in Theorem A-b), except for the change in the sign of
the exponent in the negative Fourier coefficients of E;. This also shows that the
set IC of both theorems is the same.

For the second part we proceed as follows. By hypothesm f & H™(T) for some
ro € [4,1). Since f is real-valued, then f =ILf +ILf — f( ). Hence, I1f ¢ H™(T).
Thus, according to part b) of Theorem A, for almost all ¢ € K,

Re (e—iaitnf) ¢ | (T

r>70
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Hence, by virtue of (18), we have

u( )+ F(0) = 2Re (721 ) ¢ | HO(T),

r>70

for all such ¢. U
Problem 17. Complete the proof of Theorem D-a).
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