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Systems with regular Lagrangians



Introduction

To begin the discussion regarding N degrees of freedom systems with

constraints let’s consider the functional S:

S [qi (t)] =

∫ t2

t1

dt L (qi (t) , q̇i (t)) ,

which is called an action, and contains all the information about the

dynamics of the system.

The path taken by the system is that for which the action is stationary

(δS = 0) under small system configuration changes (δq).

δS = 0 leads us to the Euler-Lagrange equations:

∂L

∂qi
− d

dt

∂L

∂q̇i
= 0.
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Condition for regular Lagrangians

Explicitly, we obtain

q̈j
∂2L

∂q̇j∂q̇i︸ ︷︷ ︸
W ij

=
∂L

∂qi
− q̇j

∂2L

∂qj∂q̇i
.

From the above equations we can only determine the accelerations in

terms of positions and speeds if W = detW ij 6= 0.
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Hamiltonian formulation for systems with regular Lagrangians

In addition to the Lagrangian formulation of classical mechanics, there is

a formulation due to Hamilton.

The transition to the Hamiltonian formulation of the mechanics is given

by the Legendre transformation

H (p (t) , q (t)) =
[
pi (t) q̇i (t)− L (q (t) , q̇ (t))

] ∣∣∣
pi= ∂L

∂q̇i

.

The variation of H gives us

δH = q̇iδp
i − ∂L

∂qi
δqi .

From where we can see that H is independent of the speeds.
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Hamiltonian formulation for systems with regular Lagrangians

We have ∂pi

∂q̇j
= W ij , from where we see that W 6= 0 is necessary to

obtain q̇i as a function of pi .

If we write the action as:

S [qi (t)] =

∫ t2

t1

dt
[
pi q̇i − H

(
qi (t) , pi (t)

)]
,

we can find Hamilton’s equations, making variations of the action. Then,

we have:

q̇i =
∂H

∂pi
,

ṗi = −∂H
∂qi

.
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Hamiltonian formulation for systems with regular Lagrangians

Let’s recall that for two functions of the phase space, the Poisson bracket

is defined as

{A (p, q) ,B (p, q)} =
∂A

∂qi

∂B

∂pi
− ∂A

∂pi
∂B

∂qi
,

and
d

dt
A = {A,H}+

∂A

∂t
.

With what we have seen we can find the relevant information from our

system.
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Hamiltonian Formulation of

Singular Lagrangians



Condition for the singularity of the Lagrangian

The Lagrangian is said to be singular if W = 0.

The singularity of the Hessian is equivalent to the non-invertibility of

pi = ∂L
∂q̇i

, this means that we have variables that are not independent.

This results in the existence of relations that connect the positions

variables and the momentum variables

φr (q, p) = 0, r = 1, ...,R.

These conditions are called the primary constraints.

To take into account the constraints, we attach these to the theory via

Lagrange multipliers. Here the multipliers act as new dynamical variables.
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Hamiltonian Formulation of Singular Lagrangians

Then we come to the action

S =

∫
dt
[
pi (t)q̇i (t)− H(p(t), q(t))− λr (t)φr (p(t), q(t))

]
.

By making variations of the action we obtain

ṗi = −∂H
∂qi
− λr ∂φr

∂qi
,

q̇i =
∂H

∂pi
+ λr

∂φr
∂pi

,

φr = 0.

We can rewrite ṗi and q̇i in the following way

ṗi =
[
{pi ,H}+ λr{pi , φr}

] ∣∣∣
ΓP

,

q̇i = [{qi ,H}+ λr{qi , φr}]
∣∣∣
ΓP

.
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Hamiltonian Formulation of Singular Lagrangians

Then, since the Hamiltonian is not uniquely determined, we can go over

to another Hamiltonian

H̃ = H + λrφr .

Using this Hamiltonian the equations of motion take their ordinary form

similar to the case in which there are no constraints

Ḟ =
[
{F , H̃} − {F , λr}φr

] ∣∣∣
ΓP

≈ {F , H̃}.
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Hamiltonian Formulation of Singular Lagrangians

To have a consistent system we need the time derivatives of the

constraints φr to be zero

φ̇n = {φn, H̃} = {φn,H}+ λr{φn, φr} ≈ 0.

The following may happen:

• We get an expression for λr .

• New relationships emerge between momenta variables and positions

variables that are independent of the primary constraints (secondary

constraints). When secondary constraints arise, the process is

repeated until no new constraints appear.
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Hamiltonian Formulation of Singular Lagrangians

The distinction between primary and secondary constraints is of little

importance in the final form of the Hamiltonian formulation.

A different classification of constraints, and more generally, of functions

defined in the phase space, plays a central role.

This is the concept of first-class and second-class functions.

• A function F (q, p) is said to be First Class if: {F , ϕr} ≈ 0 with all

the constraints.

• F will be Second Class otherwise.
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Hamiltonian Formulation of Singular Lagrangians

Second-class constraints give rise to a matrix with entries

Cmn = {χm, χn},

whose determinant is not zero even weakly.

Then we can define the Dirac bracket for two functions of the phase

space as

{A,B}∗ = {A,B} − {A, χm} Cmn {χn,B},

where Cmn is the inverse of Cmn.
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Generalization to infinite degrees

of freedom



Generalization to infinite degrees of freedom

Now the Lagrangian is a function of the fields and their derivatives with

respect to time.

L = L [ϕ (x) , ϕ̇ (x)] ,

L can be expressed as:

L =

∫
dD−1x L.

L is a function of ϕ and its first derivatives, L (ϕ, ∂µϕ).
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Generalization to infinite degrees of freedom

Then, the action is

S [ϕ] =

∫
dDx L.

From this we get the Euler-Lagrange equations for the fields

∂L
∂ϕa
− ∂µ

∂L
∂ (∂µϕa)

= 0.

We define the conjugated momentum of the fields as:

πa (x) =
δL

δϕ̇a (x)
=

∂L
∂ϕ̇a (x)

.
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Generalization to infinite degrees of freedom

The Hamiltonian is:

H =

∫
dx H =

∫
dx (πa (x) ϕ̇a (x)− L)

∣∣∣
πa= ∂L

∂ϕ̇a

.

The Poisson brackets for two functional of the phase space become

{A (x) ,B (y)} =

∫
dz
(
δA (x)

δϕa (z)

δB (y)

δπa (z)
− δA (x)

δπa (z)

δB (y)

δϕa (z)

)
.

The fundamental Poisson brackets are defined as

{ϕa (x) , ϕb (y)} = 0 = {πa (x) , πb (y)},

{ϕa (x) , πb (y)} = δ b
a δ

(D−1) (x − y) .
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Generalization to infinite degrees of freedom

The Dirac brackets for fields are:

{A (x) ,B (y)}∗ = {A (x) ,B (y)}+

−
∫

dx ′dy ′{A (x) , χs (x ′)}Css
′

(x ′, y ′) {χs′ (y ′) ,B (y)},

where Css′ (x ′, y ′) is the inverse of the Dirac matrix such that:∫
dz Css′′ (x , z) Cs

′′s′ (z , x ′) = δss′δ (x − x ′) .

With this we go from a system of N degrees of freedom to a system with

infinite degrees of freedom.
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Example: Proca theory



Proca theory

The Proca action is:

S = −
∫

d4x

[
1

4
FµνF

µν +
1

2
m2AµA

µ

]
.

Where Fµν = ∂µAν − ∂νAµ.

Then, separating the terms into space and time, we get

S =
1

4

∫
d4x

(
2F0iF0i − FijFij + 2m2A0A0 − 2m2AiAi

)
.

The generalized momenta are

πi (x) =
δL

δ(∂0Ai (x))
=

∂L
∂(∂0Ai (x))

= F0i (x) = −E i (x),

π0(x) =
δL

δ(∂0A0(x))
=

∂L
∂(∂0A0(x))

= 0.
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Proca theory

The Hamiltonian with the coupled constraint is

H̃ =
1

4

∫
d3x

(
2πiπi + 4πi∂iA0 + FijFij − 2m2A0A0 + 2m2AiAi + λ φ1

)
,

where φ1 = π0 ≈ 0.

We define

{πµ(x), πν(y)} = 0 , {Aµ(x),Aν(y)} = 0 , {Aν(x), πµ(y)} = δµν δ
3(x−y).

Preserving the constraint in time we obtain a secondary constraint

φ2 = ∂iπ
i + m2A0 ≈ 0

Then, preserving the secondary constraint in time, we are able to find the

Lagrange multiplier

λ = −m2∂iAi
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Proca theory

The Dirac matrix is

Css′(x , y) =

(
0 −m2δ3(x − y)

m2δ3(x − y) 0

)
.

Its inverse is

Css
′
(x , y) =


0 δ3(x−y)

m2

− δ
3(x−y)
m2 0

 .
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Proca theory

Then the Dirac’s brackets are

{Aµ(x), πν(y)}∗ = (δνµ − δ0
µδ
ν
0)δ3(x − y),

{Aµ(x),Aν(y)}∗ = − 1

m2

(
δ0
µδ

i
ν + δ0

νδ
i
µ

)
∂i
(
δ3(x − y)

)
,

{πµ(x), πν(y)}∗ = 0.

The theory is described by the Hamiltonian

H =
1

4

∫
d3x(2πiπi + 4πi∂iA0 + FijFij − 2m2A0A0 + 2m2AiAi ).
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Dirac method for the Morand

and Solodukhin action



Study of the kinematics of the model of Morand and Solodukhin

The Morand and Solodukhin action is

S [h,B] =

∫
d4x

[
−m1

2
(hµνh

νµ − h µ
µ h ν

ν )+

−m2

2

(
Bαβ,σB

αβ,σ − 2Bαβ,αB
σβ
,σ

)
+ B µ

αβ, ∂ρhµσε
σραβ

]
Bαβ,µ = −Bβα,µ

Making variations of the action we obtain the following equations

m1 (hµν − ηµνh) + ενραβ∂ρBαβ,
µ = 0 (1)

m2

(
Bαβ,σ − ηασBγβ,γ + ηβσBγα,γ

)
− ενραβ∂ρhσν = 0 (2)
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Study of the kinematics of the model of Morand and Solodukhin

By studying the equations of motion we obtain:

h = 0, ∂νh
νµ = 0, hµν = hνµ, Bγβ,γ = 0, ∂σB

αβ,σ = 0, ∂αB
αβ,σ = 0,

εαβσθB
αβ,σ = 0

Substituting the above in (2) and (3) we have left

m1h
µν + ενραβ∂ρBαβ,

µ = 0, (3)

m2B
αβ,σ − ενραβ∂ρhσν = 0. (4)

From this we see how to represent hµν in terms of Bαβ,σ and vice versa.
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Study of the kinematics of the model of Morand and Solodukhin

Substituting (4) in (5) we have left(
�−m2

)
Bαβ,σ = 0,

and substituting (5) in (4),(
�−m2

)
hµν = 0,

where m2 = m1m2

2 y � = ∂µ∂µ.
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Canonical formulation of the Morand and Solodukhin action

Separating the Morand and Solodukhin action in space and time, we

obtain

S =

∫
d4x

[
h00

(
−m1hii + εijk∂iBjk,0

)
− hl0

(
−m1h0l + εijk∂iBjk,l

)
+

+B0i,0

(
−2m2Bji,j + 2εijk∂jh0k

)
+ B0i,j

(
m2B0i,j −m2δijB0k,k − 2εikl∂khjl

)
−m1

2
(hijhji − hiihjj)−

m2

2
(Bij,kBijk − Bij,0Bij,0 − 2Bik,iBjk,j) +

+εijkBij,0∂0h0k − εijkBij,l∂0hlk
]
.

Let’s define the following: B0i,0 ≡ Ai , B0i,j ≡ Aij , Bij,0 ≡ εijkWk ,

Bij,l ≡ εijkWkl , Wk = 1
2εkijBij,0 , Wkl = 1

2εkijBij,l
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Canonical formulation of the Morand and Solodukhin action

Substituting the definitions in the action we have

S =

∫
d4x [h00 (−m1hii + 2∂iWi )− hl0 (−m1h0l + 2∂iWil) +

+2Aiεijk (−m2Wjk + ∂jh0k) + Aij (−m2δijAkk + m2Aij − 2εikl∂khjl) +

−m1

2
(hijhji − hiihjj)−m2 (WijWij −WiWi ) + 2Wi∂0h0i − 2Wji∂0hij

]
.

Then we can establish the following:

πij = −2Wji , π
i = 2Wi , {h0i , π

j} = δi
jδ3 (x − y),

{hij , πkl} = δi
kδj

lδ3 (x − y)
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Canonical formulation of the Morand and Solodukhin action

On substitution, we obtain

S =

∫
d4x

[
h00

(
−m1hii + ∂iπ

i
)

+ hi0
(
m1h0i + ∂jπ

ij
)

+Aiεijk
(
(∂jh0k − ∂kh0j)−m2π

jk
)

+ Aij (−m2δijAkk + m2Aij − 2εikl∂khjl)

−m1

2
(hijhji − hiihjj)−

m2

4

(
πijπji − πiπi

)
+ πi∂0h0i + πij∂0hij

]
.

Aij has no dynamics and is associated with a constraint that allows us to

determine it. So,

Aij =
1

2m2
(δijεlmn∂lhmn + 2εikl∂khjl)
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Canonical formulation of the Morand and Solodukhin action

Substituting in the action and rearranging we have:

S =

∫
d4x

[
h00

(
−m1hii + ∂iπ

i
)

+ hi0
(
m1h0i + ∂jπ

ij
)

+

+Aiεijk
(
∂jh0k − ∂kh0j −m2π

jk
)

+
1

2m2
δijεlmnεijk∂lhmn∂ihjk+

− 1

2m2
(∂khjl∂khjl) (∂khjl∂lhjk)− m1

2
(hijhji − hiihjj) +

−m2

4

(
πijπji − πiπi

)
+ πi∂0h0i + πij∂0hij

]
.
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Canonical formulation of the Morand and Solodukhin action

We see that the Hamiltonian is

H =

∫
d3x

[m1

2
(hijhji − hiihjj) +

m2

4

(
πijπji − πiπi

)
+

− 1

2m2
δijεlmnεijk∂lhmn∂ihjk +

1

2m2
(∂khjl∂khjl) (∂khjl∂lhjk) +

+h00ϕ+ hi0ϕ
i + Aiψ

i
]
,

with

ϕ = m1hii − ∂iπi , ϕi = −
(
m1h0i + ∂jπ

ij
)
, ψi = εijk

(
m2π

jk − 2∂jh0k

)
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Canonical formulation of the Morand and Solodukhin action

By preserving constraints in time, we get new constraints

χ =
m2

2
πii χi =

m2

2
πi + ∂jhji − ∂ihjj ξi = m2εijkhjk

By preserving again we can find Lagrange multipliers

h00 =
2

3
hkk +

2

3

1

m1m2
εkniεkl′m′∂l′∂nhim′

hi0 =
1

m1

(
∂iπ

kk − ∂jπij
)

Ai = εijk

(
1

4
πjk − 1

2m2
∂khj0

)
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canonical formulation of the Morand and Solodukhin action

To count the physical degrees of freedom of the theory we can use the

following expression

2×
(

Number of physical

degrees of freedom

)
=

(
total number of

canonical variables

)
+

−
(

number of original

second-class constraints

)
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canonical formulation of the Morand and Solodukhin action

After finding the Dirac matrix and its inverse, we are able to calculate the

Dirac brackets

{h0i (x) , πj (y)}∗ =

1

m2

(
1

3
∂i∂jp

(m)
kk −

1

3
∂i∂kp

(m)
kj −

1

2
∂j∂kp

(m)
ki +

1

2
∂k∂kp

(m)
ij

)
δ3(x − y)

{h0i (x) , hkl (y)}∗ =
1

m1

(
1

2
∂lp

(m)
ik +

1

2
∂kp

(m)
il −

1

3
∂ip

(m)
kl

)
δ3(x − y)

{hij (x) , πkl (y)}∗ =

(
1

2
δilp

(m)
jk +

1

2
δjlp

(m)
ik −

1

3
δklp

(m)
ij

)
)δ3(x − y)

{πij (x) , πk (y)}∗ =

2

m2

(
∂kp

(m)
ij +

1

3
δij

(
∂lp

(m)
lk − ∂kp

(m)
ll

)
− 1

2
∂jp

(m)
ik −

1

2
δkj∂lp

(m)
li

)
δ3(x − y)
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canonical formulation of the Morand and Solodukhin action

{h0i (x) , πkl (y)}∗ = 0 {hij (x) , πk (y)}∗ = 0

{hij (x) , hkl (y)}∗ = 0 {πij (x) , πkl (y)}∗ = 0

{πi (x) , πj (y)}∗ = 0 {h0i (x) , h0j (y)}∗ = 0

The Hamiltonian of the theory is

H =

∫
d3x

[m1

2
(hijhji − hiihjj) +

m2

4

(
πijπji − πiπi

)
+ Aijεikl∂khjl

]
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canonical formulation of the Morand and Solodukhin action

The time derivatives of the phase space variables are

ḣij =
m2

2
πij + ∂jh0i

ḣ0i = ∂khik

π̇ij = − (m1hij + 2εjrl∂rAli )

π̇i = m1h0i + 2εikr∂kAr
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Conclusions



Conclusions

In this work we carried out the canonical formulation in flat

space-time of an alternative model for linearised massive gravity in (3+1)

dimensions proposed by Morand and Solodukhin.

We found that the field hµν has 5 independent components, like the

field Bαβ,σ.Then these fields describe a theory with 5 degrees of freedom,

so it is a good candidate for a massive theory of spin-2.

When applying the Dirac method to the theory, we found that all

constraints were second class, so there are no generators for gauge

transformations. Therefore this theory is not gauge invariant.
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Conclusions

We found that the theory is written in terms of the Dirac brackets

and by the Hamiltonian

H =

∫
d3x

[m1

2
(hijhji − hiihjj) +

m2

4

(
πijπji − πiπi

)
+ Aijεikl∂khjl

]
Using the obtained algebra in terms of the Dirac brackets and this

Hamiltonian, we saw that the covariant equations of motion found by the

Lagrangian formulation are reproduced as expected.
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