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PERTURBATION THEORY IN FINITE
DIMENSIONAL SPACES

Consider a finite dimensional, complex vector space V. Let g be a
complex-valued parameter and H(g) be an operator on V' that depends
on g as a polynomial:

H(g) = Hy+ gH,+ g°Hy+---+ g"H,, (1)

for some operators H;. There are several things we can say about the
behavior of the eigenvalues of H(g) as g varies [1]:

» The number of distinct eigenvalues is constant, except for a finite set of
values of g, called exceptional points.

« Qutside of those exceptional points, the multiplicity of each eigenvalue
1S constant.

» Fach eigenvalue is a continuous function of g. They are analytic except
at the exceptional points.

PUISEUX SERIES

Around each exceptional point, analytic continuation along a region which
completely surround the analytic point induces a permutation of the eigen-
values. Such permutation decomposes in disjoint cycles, called A-groups:
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If A\; is in a cycle of length k£, then it’s a branch of a k-valued, analytic
function defined on a punctured disk around the exceptional point. Let a
be the exceptional point. Then it follows that the function

fi(z) = )\i(zk + a) (3)
is analytic in a punctured disk around zero. But, unlike A, it’s single-

valued, so it must admit a Laurent decomposition. However, f must be
continuous even at a, so it’s actually a Taylor decomposition:

iz = 2" “
Consequently, A\; admits a decomposition |2|:
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IsING MODEL

The Ising model is an example of a parametrized operator on a finite-
dimensional complex vector space. For N-sites, it’s defined on (CQN7 aC-
cording to:

H(g) = - * ojo}, —g > o (6)
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The parameter g is proportional to the strength of the external magnetic
field. We know by physical arguments [3] that zero is an exceptional point
of H. We would like to characterize the associated permutation of the
spectrum.

We consider first a chain with 3 sites, to illustrate the theory. The eigen-
values are given by:

M =—g+1 (7)
Ao=¢g+2¢+g+1—1 (8)
Az =g +1 (9)
N=—g—2¢g°—g+1—1 (10)
Ns=g—29°+g+1—1 (11)
No=—g+2¢°—g+1-1 (12)

which are plotted in Figure 1. We can see that Ay and A5 are branches of
the same function, the same as Ay and Ag. Yet, none of them collide at
g = 0, so the A-groups are all trivial.

Other, more interesting, exceptional points can be found for complex val-

ues of g, for instance ¢ = —3 V3i There, Ay and A5 form a A-group,
creating meaningful Puiseux expansions. For Ao, the first non-vanishing
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coellicients are:
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co = —0.938365889960524 — 0.8248267978426617
cy = —0.311879058800719 — 0.81901030410136%

In the general case, we can think of the spectrum as [4]

e = £2,¢g° + 1 — 2g cos(ka) (13)

for appropriate values of k. Hence, the exceptional values are at e***® The
first non-trivial coefficient is

—2e" + 2 cos (k) (14)
Cy = . . .
7 2.e2k — 2¢tk cos (k) + 1
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Figure 1: Spectrum of the Ising model for V.= 3. From top to bottom, we have Ay, A3, A1, A, Dynamics of a quantum phase transition: Exact solution of the quantum ising

As and A\ model.
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