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Abstract
We employ a simple nonrelativistic model, based on a deformation of the Heisenberg algebra, to describe the low energy excitation of graphene. This model (which reduces in a ceratin limit to the usual linear one employed to

describe these excitations as massless Dirac fermions) reproduces the leading (isotropic) terms in the low energy expansion of the dispersion relation derived from the tight binding model for both nearest and
next-to-nearest-neighbor interactions. We solve the Landau problem for the resulting Hamiltonian and, taking into account the contribution of both Dirac points, we evaluated the Hall conductivity within a ζ-function approach,

showing that it is consistent with the anomalous integer quantum Hall effect characteristic of graphene.

Introduction

We consider a particle leaving on a plane whose dynamical variables satisfy the following deformed Heisenberg algebra:

[Xi, Xj] = 0 , [Xi, Pj] = ıδij , [Pi, Pj] = 2ıθ2ǫij3σ3 , [Pi, σj] = 2ıθǫij3σ3 , i, j = 1, 2 , (0.1)

where the momenta commutator is proportional to the pseudospin σ3 and θ is a parameter with dimensions of mo-
mentum (we take ~ = 1 and return to full units when necessary). This algebra can be realized in terms of ordinary
coordinates and momenta by means of a non-Abelian Bopp’s shift as Xi → xi, Pi → pi + θσi (where σi are the
Pauli matrices).
We consider the direct generalization of the (nonrelativistic) Hamiltonian of a particle of charge e and mass m, min-
imally coupled to an external electromagnetic field Aµ in the Coulomb gauge, ∇ · A = 0. We also take A0 = 0.
Then,

H0 =
(p − eA)2

2m
→ Hθ =

(p − eA + θσ)2

2m
. (0.2)

which can also be written as

H =
(p − eA)2

2m
+ vF σ · (p − eA) , (0.3)

where we have defined the Fermi velocity vF := θ
m and subtracted the constant θ2/m.

In the m→ ∞ limit, with fixed vF > 0, we get the linear Hamiltonian usually employed to describe the effective low
energy excitations around the Fermi points of graphene [2, 6, 7], which justifies our proposal.

Our Model

•The Free Case

First, we consider the A = 0 case. There are two linearly independent constant solutions,

(

1
0

)

and

(

0
1

)

, with

vanishing eigenvalue.

On the other hand, for k 6= 0, if we write
ψk(x) = eık·xχ(k) , (0.4)

with χ(k) ∈ C
2, we get the dispersion relation (approximately linear for small |k|, see Figure)

E(k) =
k2

2m
± vF |k| , (0.5)

which can be compared with the isotropic terms in the dispersion relation obtained from the tight binding model
for graphene around one Fermi point K,

Es(k) = s t

[

3

2
a|k| − 3

8
a2k2 sin(3θ)

]

+ t′
[

−9

4
a2k2 + 3

]

+O
(

|k|3
)

, (0.6)

where a ≈ 1.42Å, tan(θ) = k2/k1 and s = ±1. This leads to the identification vF ≡ 3
2 at and m = −2/

(

9t′a2
)

< 0
(a negative mass parameter).
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•Constant Magnetic Field Perpendicular to the Plane

We now consider the Landau problem, with

A = Bx1ê2 ⇒ ∂1A2 − ∂2A1 = B and ∇ · A = 0 . (0.7)

The eigenvalue problem can be solved to get the non-degenerate spectrum

En,s =
λn,s
2m

= −
(

vF
√
eB

)

1
w

[

n + 1 + s
2

√

1 + 8w2(n + 1)
]

, n ∈ N , (0.8)

with s = ±1 and w := −mvF√
eB

> 0, and a linearly independent solution with E0 = eB/2m = −eB/2|m| < 0 (a

hole with small energy).

Since we are only interested in the low energy excitations and w ∼ 103 for B ≈ 10 Tesla, it is sufficient to retain
(See Figure 2)

En,s =
(

vF
√
eB

)

{

−s
√

2(n + 1) − n + 1

w
+O

(

w−2
)

}

. (0.9)
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In the linear model for graphene, the Hamiltonians of excitations around both Fermi points are related by

HK′ = −σ2HKσ2 . (0.10)

So, we incorporate the second Fermi point K′ in our model assuming the same relation to hold. This unitary
transformations leads to the same spectrum but reflected around the origin. In particular, we get a quasi-particle
state with small energy, E ′0 = −eB/2m ≈ 2.43 × 10−5 eV for B ≈ 10 Tesla.

In this way, we get an almost doubly degenerate spectrum (the gap between contiguous states is △En ∼
{

n+1
w +O

(

w−2
)

}

), except for one state of quasi-particle and one state of hole with energies near zero.

The Hall conductivity

The Hall conductivity has a topological character and can be calculated from the weak field and gradient expansion of
the effective action of the system. In our case, we know the exact energy eigenvalues of our model (a discrete spectrum
with no accumulation points) and so, we can employ a more direct evaluation method (a ζ-function approach), based
on the relation between the external electromagnetic field and the conserved current, whose density is given by

j0 = e ψ†ψ . (0.11)

It is known that, in 2+1 dimensions, this relation is dominated by a Chern-Simons term which gives the Hall conduc-
tivity in terms of the density mean value,

〈j0〉 = J0 = σxyB . (0.12)

If we consider the partition function (in the Grand Canonical ensamble) for fluctuations around K at inverse temper-
ature β and chemical potential µ, the mean number of particles is given by

∂ logZ
∂µ

(β, µ,B) = β

∫

d2x
σxy
e
B . (0.13)

Moreover,

logZ(β, µ,B) = log Det (D) := − d

du
Tr

{

(

D

Λ

)−u
}∣

∣

∣

∣

∣

u→0

, (0.14)

where Λ is an arbitrary mass scale and D = − ∂
∂τ +µ−H is a differential operator defined on a domain of anti-periodic functions of τ ∈ [0, β].

Then,

logZ(β, µ,B) = − d

du







∑

l,n,s

(

λl,n,s
Λ

)−u
+

∑

l

(

λl,0
Λ

)−u






∣

∣

∣

∣

∣

∣

u→0

. (0.15)

with

λl,n,s = ıωl + µ− En,s , λl,0 = ıωl + µ− E0 , (0.16)

where En,s y E0 are the eigenvalues of our Hamiltonian and ωl are the Matsubara frequencies.
Let us first consider the contribution of the lowest level. We can write

∞
∑

l=−∞

(

λl,0
Λ

)−u
=

(

2π

βΛ

)−u






e
−ıπ

2
u
ζ



u,
1

2
+ e

−ıπ
2

sign (µ− E0) β

2π
|µ− E0|



 + e
ı
π

2
u
ζ



u,
1

2
+ e

ı
π

2
sign (µ− E0) β

2π
|µ− E0|











.

(0.17)

Taking into account that we are interested in the mean particle number with respect to the neutral material (µ = 0), we get for the contribution
of the Landau level with energy E0 to the Hall conductivity at zero temperature

B

e
σxy

∣

∣

∣

∣

E0

=
Be

2π

{

∂

∂µ
[(E0 − µ) Θ (E0 − µ)] − ∂

∂µ
[(E0 − µ) Θ (E0 − µ)]

∣

∣

∣

∣

µ=0

}

=
Be

2π

{

Θ(E0)Θ (µ− E0) − Θ (−E0) Θ (E0 − µ)
}

(0.18)

Therefore, for positive E0, we get a contribution (+ e2

2π) to σxy if µ > E0 and zero otherwise. On the other hand, for negative E0 we get a

contribution (− e2

2π
) if µ < E0 and zero otherwise.

Similar results are obtained for other Landau levels. Then, taking into account that the complete spectrum is the union of the spectra of both
Dirac points, and considering the additional degeneracy corresponding to the two polarizations of the electron spin we get, in full units and
for a given chemical potential µ, the Hall conductivity

σxy =
2e2

h







Θ(µ)





∑

0<E<µ
1



 − Θ(−µ)





∑

µ<E<0

1











. (0.19)

For small |µ| (but |µ| > |E0| = vF
√
eB

2w ),
∣

∣

h
4e2
σxy

∣

∣ = 1
2. This is the characteristic behavior of the anomalous integer quantum Hall effect of

graphene, which shows a nonvanishing Hall conductivity for small (positive or negative) values of the Fermi level.
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Conclusions

We have studied a simple non-relativistic model, obtained through the introduction of a non-Abelian magnetic field proportional to the
pseudo-spin, to describe the low energy excitations of graphene. The parameters of the model can be identified with those in the tight binding
model employed to describe the low energy expansion of the dispersion relation around a Dirac point, K, when the leading order terms for
both nearest and next-to-nearest-neighbor interactions are retained.
We have obtained an almost doubly degenerate spectrum, where the degeneracy is broken byO

(

w−1
)

terms, with w = |m|vF√
eB

≃ 103 for realistic

values of the parameters. Moreover, there is one quasi-particle state of energy E ′
0 = eB/2|m| and one hole state of energy E0 = −eB/2|m|.

The Hall conductivity of the model has been obtained from the partition function, employing the ζ-function approach to evaluate the asso-
ciated functional determinant in the zero temperature limit. This led us to a rather general expression, valid for the Landau problem of a
system with a discrete spectrum without accumulation points. In the case under study, the result is consistent with the anomalous integer
quantum Hall effect found in graphene, in which the (reduced) Hall conductivity as a function of the Fermi energy takes half-integer values.

In particular, h
4e2
σxy = ±1

2 for small (but |ǫF | > vF
√
eB

2w ) positive or negative Fermi level, respectively.
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