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Problem statement

Figure : The 2D cell model. The disk with charge
Q1 and radius R is surrounded by counter-ions of
charge ´q enclosed by an exterior boundary at D
with charge Q2.

ion–disk: Manning parameter

ξ “ 1

2
βQ1q 9 N

T
. (1)

ion–ion: coupling parameter Γ

Ξ “ 1

2
βq

2 9 1

T
. (2)

Often recalled Γ in the literature

ion–boundary:

ξB “ 1

2
βQ2q 9 N

T
. (3)

Same meaning as the Manning parameter

lateral extension parameter

∆ “ log
D

R
(4)
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Problem statement

βH “ 2ξ

Nÿ

j“1

log

ˇ̌
ˇ̌rj

rR

ˇ̌
ˇ̌ ´ 2Ξ

ÿ

1ďjăkďN

log

ˇ̌
ˇ̌rj ´ rk

R

ˇ̌
ˇ̌ `

rNΞ ´ ξs2

Ξ
∆ ` NΞ log

R

Llooooooooooooooooomooooooooooooooooon
rEB

(1)

Figure : The 2D cell model. The disk with charge
Q1 and radius R is surrounded by counter-ions of
charge ´q enclosed by an exterior boundary at D
with charge Q2.

Neutrality and the thermodynamic limit

Neutrality NΞ “ ξ ` ξB .
The thermodynamic limit, or N Ñ 8, is
equivalent to Ξ Ñ 0 at constant ξ and ξB
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Different cases

˝ Ξ Ñ 0

˝ Ξ Ñ 8
; Ξ is a whole number

Characteristics

Mean field theory, to this problem often attributed to
Fuoss et al. (1951), Katchalsky et al. (1953). To our
problem it is equivalent to Ξ Ñ 0
Method: Poisson-Boltzmann equation
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Different cases

˝ Ξ Ñ 0

˝ Ξ Ñ 8
; Ξ is a whole number

Characteristics

The strong coupling regime (Šamaj and Trizac
2011a;b)
Method: Wigner Strong Coupling approach
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Different cases

˝ Ξ Ñ 0

˝ Ξ Ñ 8
; Ξ is a whole number

Characteristics

Method: Analytic
§ Ξ “ 1: Free fermion (Deutsch and Lavaud

1974, Deutsch et al. 1979, Jancovici 1981)

§ Ξ “ 2, 3, . . . method proposed by Šamaj
et al. (1994)
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Different cases

˝ Ξ Ñ 0

˝ Ξ Ñ 8
; Ξ is a whole number

‹ Ξ is small

Objectives

The weak coupling regime (Burak and Orland 2006)
§ Determine Z

§ Derive the profile
§ Recover mean field results
§ Determine condensation (MF Ñ

fM “ 1 ´ 1{ξ)
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Partition function

The partition function Z

ZN “
ż

d2N
r e´βHpr1,r2,...,rN q. (2)

Using a complex variable notation the Hamiltonian reads,

βH “ 2ξ

Nÿ

j“1

log }zj} ´ Ξ
ÿ

1ďjăkďN

log rpzj ´ zkqpz̄j ´ z̄kqs ` rEB , (3)

and the partition function is rewritten as,

ZN9
ż

DN
z

«
ź

1ďjăkďN

}zj ´ zk}2
ffΞ Nź

j“1

}zj}´2ξ
. (4)
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Partition function

The partition function Z

ZN9
ż

DN
z

«
ź

1ďjăkďN

}zj ´ zk}2
ffΞ Nź

j“1

}zj}´2ξ
. (2)

Which brings us back to Ξ P t1, 2, . . . u since,
«

ź

1ďjăkďN

pzj ´ zkq
ff

“ Det rVNˆN s , (3)

with

VNˆN “

»
————————–

1 1 1 . . . 1

z1 z2 z3 . . . zN
z21 z22 z23 . . . z2N
. . . . . . .

. . . . . . .

. . . . . . .

zN´1
1 zN´1

2 zN´1
3 . . . zN´1

N

fi
ffiffiffiffiffiffiffiffifl

(4)
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Partition function

Weak coupling approximation

Proposed by Burak and Orland (2006),

2 log |r1 ´ r2| “ log }r1} ` log }r2} ` log r2 cosh plog }r1} ´ log }r2}q ´ 2 cos θ12s « 2 log |rą| , (5)

transforming the Hamiltonian to,

βH « 2ξ

Ξ

Nÿ

j“1

yj ´ 2
ÿ

1ďjăkďN

y
pj,kq
ą ` rEB , (6)

with y “ Ξ logpr{Rq (a.k.a. centrifugal variables).

‹ Distance between particles is large

‹ Dropped angular correlations

‹ Ξ needs to be small

‹ 2D Ñ 1D.

‹ yą suggests arrangement
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Partition function

Weak coupling approximation

Proposed by Burak and Orland (2006),

2 log |r1 ´ r2| “ log }r1} ` log }r2} ` log r2 cosh plog }r1} ´ log }r2}q ´ 2 cos θ12s « 2 log |rą| , (5)

transforming the Hamiltonian to,

βH « 2ξ

Ξ

Nÿ

j“1

yj ´ 2
ÿ

1ďjăkďN

y
pj,kq
ą ` rEB , (6)

with y “ Ξ logpr{Rq (a.k.a. centrifugal variables).

‹ Distance between particles is large

‹ Dropped angular correlations

‹ Ξ needs to be small

‹ 2D Ñ 1D.

‹ yą suggests arrangement

Departing from the base order, denoted by [BO], y1 ă y2 ă ¨ ¨ ¨ ă yN , the N -dimensional phase space is
mapped entirely from permutations of such arrangement.
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Partition function

Weak coupling Z

Written in terms of the tyku variables,

ZpΞ, ξ, N,∆q “
˜
2πR2

Ξ

¸N ż
dN

y e
´βH` 2

Ξ

řN
j“1

yj , (7)

transforms to,

ZpΞ, ξ, N,∆q “ e
´ ĂEB

˜
2π R2

Ξ

¸N

N !

ż
Ξ∆

0

dyN

ż
yN

0

dyN´1 . . .

ż
y2

0

dy1 e
´H

, (8)

with

H “ 2pξ ´ 1q
Ξ

Nÿ

j“1

yj ´ 2
ÿ

1ďjăkďN

yk “
Nÿ

j“1

„
2pξ ´ 1q

Ξ
´ 2pj ´ 1q


yj (9)
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Partition function

Weak coupling Z

Written in terms of the tyku variables,

ZpΞ, ξ, N,∆q “
˜
2πR2

Ξ

¸N ż
dN

y e
´βH` 2

Ξ

řN
j“1

yj , (7)

transforms to,

ZpΞ, ξ, N,∆q “ e
´ ĂEB

˜
2π R2

Ξ

¸N

N !

ż
Ξ∆

0

dyN

ż
yN

0

dyN´1 . . .

ż
y2

0

dy1 e
´H

, (8)

with

H “
Nÿ

j“0

ajpyj`1 ´ yjq ´ aNΞ∆, (9)

choosing y0 “ 0 and yN`1 “ Ξ∆, and,

aj “
„
j ´

ˆ
ξ ´ 1

Ξ
` 1

2

˙2

“

»
–j ´

¨
˝ fM

1 ` ξB
ξ

N ` 1

2

˛
‚

fi
fl

2

“ rj ´ ?
a0s2 (10)

Rationale: Use the Laplace transformation to find the partition function Burak and Orland (2006).
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Partition function

Weak coupling Z

Using the notation fjpxq “ e
´ajx,

ZpΞ, ξ, N,∆q “
˜
2π R2

Ξ

¸N

N ! e
aNΞ∆´ ĂEB ˆ

ż
Ξ∆

0

dyN

ż
yN

0

dyN´1 . . .

ż
y2

0

dy1

Nź

j“0

fj pyj`1 ´ yjq
looooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooon

rfN bfN´1b¨¨¨bf1bf0spΞ∆q

.

(11)
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Partition function

Weak coupling Z

Using the notation fjpxq “ e
´ajx,

ZpΞ, ξ, N,∆q “
˜
2π R2

Ξ

¸N

N ! e
aNΞ∆´ ĂEB ˆ

ż
Ξ∆

0

dyN

ż
yN

0

dyN´1 . . .

ż
y2

0

dy1

Nź

j“0

fj pyj`1 ´ yjq
looooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooon

rfN bfN´1b¨¨¨bf1bf0spΞ∆q

.

(11)

T
rΞ∆s

tfN b¨¨¨bf0upsq “
Nź

j“0

1

s ` aj

(12)
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Partition function

Weak coupling Z

Using the notation fjpxq “ e
´ajx,

ZpΞ, ξ, N,∆q “
˜
2π R2

Ξ

¸N

N ! e
aNΞ∆´ ĂEB ˆ

ż
Ξ∆

0

dyN

ż
yN

0

dyN´1 . . .

ż
y2

0

dy1

Nź

j“0

fj pyj`1 ´ yjq
looooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooon

rfN bfN´1b¨¨¨bf1bf0spΞ∆q

.

(11)

T
rΞ∆s

tfN b¨¨¨bf0upsq “
Nź

j“0

1

s ` aj

(12)

Leading to the inverse

§ Anticipating, Z 9 ř
j e

´ajΞ∆

§ ∆ needs to be large

§ Z „ e
´aj‹ Ξ∆

§ taju’s may be degenerate
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Partition function

Who is j‹

j‹ is the integer closes to
?
a0.

?
a0 “ ξ ´ 1

Ξ
` 1

2
“ fM

1 ` ξB
ξ

N ` 1

2

j

aj

j*

j*

Figure : Artistic representation of aj as a function
of j with j‹ the location of the minimum
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Partition function

Who is j‹

j‹ is the integer closes to
?
a0.

j
‹ “

R
ξ ´ 1

Ξ

V
“

»
———

fMN

1 ` ξB
ξ

fi
ffiffiffi
. (13)

Condensation

Notice how
j‹

N
Ñ fM

1 ` ξB
ξ

in the thermodynamic limit

Transitions

Since Z „ e
´aj‹ Ξ∆ then at a change in j‹

the behavior of the system will change!

!

"

1

1/2 #

$

%&'
!
$

()"
!
$

!

"
#
!

!
$ *

ξ
ξ"

+,

ξ ξ"
+,

Figure : The value for j‹ as a function of
fMN{p1 ` ξB{ξq.
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Partition function

Who is j‹

j‹ is the integer closes to
?
a0.

j
‹ “

R
ξ ´ 1

Ξ

V
“

»
———

fMN

1 ` ξB
ξ

fi
ffiffiffi
. (13)

Degeneracy

Depends if

2

Ξ
p1 ` ξBq P N,

which will be even or odd
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Partition function

Who is j‹

j‹ is the integer closes to
?
a0.

j
‹ “

R
ξ ´ 1

Ξ

V
“

»
———

fMN

1 ` ξB
ξ

fi
ffiffiffi
. (13)

Degeneracy

Depends if

2

Ξ
p1 ` ξBq P N,

which will be even or odd

T
rΞ∆s

tfN b¨¨¨bf0upsq “
Nź

j“0

1

s ` aj

Non-degenerate case

j

aj

j*

j*

Figure : Artistic representation of aj as a function
of j with j‹ the location of the minimum

ZpΞ, ξ, N,∆q “
˜
2π R2

Ξ

¸N

N ! e
aNΞ∆´ ĂEB

Nÿ

j“0

»
–

Nź

k“0,k‰j

1

ak ´ aj

fi
fl

looooooooooooomooooooooooooon
Defined as C0,N;j

e
´ajΞ∆

. (14)
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Partition function

Who is j‹

j‹ is the integer closes to
?
a0.

j
‹ “

R
ξ ´ 1

Ξ

V
“

»
———

fMN

1 ` ξB
ξ

fi
ffiffiffi
. (13)

Degeneracy

Depends if

2

Ξ
p1 ` ξBq P N,

which will be even or odd

Even degenerate case

j

aj

j*

j*j  -1*

Figure : Artistic representation of aj as a function
of j with j‹ the location of the minimum with
2p1 ` ξBq{Ξ an even number.
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Partition function

Who is j‹

j‹ is the integer closes to
?
a0.

j
‹ “

R
ξ ´ 1

Ξ

V
“

»
———

fMN

1 ` ξB
ξ

fi
ffiffiffi
. (13)

Degeneracy

Depends if

2

Ξ
p1 ` ξBq P N,

which will be even or odd

Odd degenerate cases

j

aj

j*

Figure : Artistic representation of aj as a function
of j with j‹ the location of the minimum with
2p1 ` ξBq{Ξ an odd number
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Partition function

Who is j‹

j‹ is the integer closes to
?
a0.

j
‹ “

R
ξ ´ 1

Ξ

V
“

»
———

fMN

1 ` ξB
ξ

fi
ffiffiffi
. (13)

Degeneracy

Depends if

2

Ξ
p1 ` ξBq P N,

which will be even or odd

Degenerate cases Due to the
continuity of the free energy Ñ the

partition function, they are a
limiting behavior of the

non-degenerate scenario.
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The free energy
The excess free energy is,

βFexcpN,∆, ξ,Ξq “ ´ log

„
1

V
ZpΞ, ξ, N,∆q


, (14)

keeping in mind,

ZpΞ, ξ, N,∆q “
˜
2π R2

Ξ

¸N

N ! e
aNΞ∆´ ĂEB

looooooooooooooooooomooooooooooooooooooon
1

Nÿ

j“0

C0,N;j e
´ajΞ∆

looooooooooooomooooooooooooon
2

. (15)

Dominant behavior

0 1 2 3 4 5 6 7 8 9 10 11
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

∆=10
∆=40
∆=100

ξ

β
F

e
x
c

{p
2
N

∆
q

Figure : The excess free energy dominant term
coming from 1 for N “ 10 and ξB “ 0

Subdominant behavior

0 1 2 3 4 5 6 7 8 9 10 11

2.0

2.5

3.0

3.5

4.0

4.5

5.0

∆=10
∆=40
∆=100

ξ

β
F

e
x
c

{N

Figure : The excess free energy sub-dominant
term coming from 2 for N “ 10 and ξB “ 0



Density profile

Density profile

As for the profile,

ρ “ N

ZpΞ, ξ, N,∆q

ż
dN

r δ pr ´ r1q e
´βH “ Ξ

2πR2e2y{Ξ
ρy, (16)

with
ρy :“ N xδ py ´ y1qytyju . (17)

Since the average must be consistent with the [BO]. Hence,

ρy “ xδ py ´ y1qyTtyju ` xδ py ´ y2qyTtyju ` ¨ ¨ ¨ ` xδ py ´ yN qyTtyju , (18)

and,

xδ py ´ ykqyTtyju “
˜
2π R2

Ξ

¸N
e´ ĂEB N !

ZpΞ, ξ, N,∆q

ż

[BO]

dN
y δ py ´ ykq e´H

1
(19)
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Density profile

Density profile

As for the profile,

ρ “ N

ZpΞ, ξ, N,∆q

ż
dN

r δ pr ´ r1q e
´βH “ Ξ

2πR2e2y{Ξ
ρy, (16)

with
ρy “ xδ py ´ y1qyTtyju ` xδ py ´ y2qyTtyju ` ¨ ¨ ¨ ` xδ py ´ yN qyTtyju , (17)

and,

xδ py ´ ykqyTtyju “

!řN
j“k Ck,N;j e

´ajpΞ∆´yq
) !řk´1

j“0
C0,k´1;j e

´ajy
)

ř
N
j“0 Cj e

´ajΞ∆
(18)
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Density profile

Density profile

As for the profile,

ρ “ N

ZpΞ, ξ, N,∆q

ż
dN

r δ pr ´ r1q e
´βH “ Ξ

2πR2e2y{Ξ
ρy, (16)

with
ρy “ xδ py ´ y1qyTtyju ` xδ py ´ y2qyTtyju ` ¨ ¨ ¨ ` xδ py ´ yN qyTtyju , (17)

and,

xδ py ´ ykqyTtyju “

!řN
j“k Ck,N;j e

´ajpΞ∆´yq
) !řk´1

j“0
C0,k´1;j e

´ajy
)

ř
N
j“0 Cj e

´ajΞ∆
(18)

Characteristics

‹ Upfront decay of 1{r2 (MF)

‹ Behavior near R

‹ Behavior near D
§ Condensation ñ j‹
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Density profile

Density profile

1 1.1 1.2 1.3 1.4 1.5
0

0.2

0.4

0.6

0.8 ξ=3, ∆=20
ξ=6, ∆=20
ξ=9, ∆=20
ξ=3, ∆=102

ξ=6, ∆=102

ξ=9, ∆=102

1 1.1 1.2 1.3 1.4 1.5
0

0.2

0.4

0.6

0.8

r{Rr{R

rρrρ

Figure : The density profile rρ “ 2πR2 ρ{pNξq near the charged disk for different values of the Manning
parameter for N “ 10 and ξB “ 0.
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Density profile

Density profile at infinite dilution

Near R, (k ď j‹)

xδ py ´ ykqyTtyju »
k´1ÿ

j“0

C0,k´1;j

C0,k´1;j‹
e

´paj´aj‹ qy ` O

´
e

´Ξ∆
¯
, (19)

and for the exterior shell (k ą j‹),

xδ py ´ ykqyTtyju »
Nÿ

j“k

Ck,N;j

Ck,N;j‹
e

´paj´aj‹ qpΞ∆´yq ` O

´
e

´Ξ∆
¯
. (20)
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Density profile

Density profiles near mean field

At infinite dilution, using rρ “ 2πR2ρ{pNξq,

rρ “ Ξ e´2y{Ξ

Nξ

j‹ÿ

k“1

$
&
%

k´1ÿ

j“0

C0,k´1;j

C0,k´1;j‹

,
.
- e

´paj´aj‹ qy Ñ f2
M

1 ` ξB
ξ

˜ rR
r

¸2
1´

1 ` pξ ´ 1q log rr
ĂR

¯ (21)

1.0 1.1 1.2 1.3 1.4
0.0

0.1

0.2

0.3

0.4

0.5

N=32
N=64
MF

r{R

rρ

Figure : Density profile rρ “ 2πR2 ρ{pNξq for
ξ “ 3 and ∆ “ 100.

1 2 3 4 5 6 7 8

10
-3

10
-2

10
-1

10
0

N=32
N=64
MF

r{R

rρ

Figure : Same as the figure to the left with
logarithmic scales on both axis.
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Density profile

Contact densities
As for the value of the densities at contact, at R it gives

rρ|y“0 “
ˆ
fM ´

„
fM ´ j‹

N

˙ ˆ
fM `

„
fM ´ j‹

N


` 1

N

˙
, (22)

and for D,

e
2∆ rρ|y“∆ “ 1

N ξ
paN ´ aj‹ q “

ˆ
1

ξ
´

„
fM ´ j‹

N


´ 1

N

˙ ˆ
1

ξ
`

„
fM ´ j‹

N

˙
, (23)

0.1 1 2
0

0.2

0.4

0.6

0.8

1

∆=2
∆=5
∆=10

0.1 1 2
0

0.2

0.4

0.6

0.8

1

0.1 1 2
0

0.2

0.4

0.6

0.8

1

ΞΞΞ

rρrρrρ

Figure : The density rρ at contact in r “ R for
N “ 10 and ξB “ 0.

0.1 1 2 3 4 5
0

0.5

1

1.5

0.1 1 2 3 4 5
0

0.5

1

1.5

0.1 1 2 3 4 5
0

0.5

1

1.5

0.1 1 2 3 4 5
0

0.5

1

1.5 ∆=2
∆=5
∆=10

ΞΞΞΞ

ξ
2
e
2
∆

rρ
ξ
2
e
2
∆

rρ
ξ
2
e
2
∆

rρ
ξ
2
e
2
∆

rρ

Figure : The density rρ at contact in r “ D for
N “ 10 and ξB “ 0.
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Integrated charge

Integrated charge

§ Mean field behavior at large
distances?

§ Condensation
§ Linear form at the transitions
§ Full condensation for Ξ ą 1 ñ

Strong couplings

0 10 20 30 40 50
0

0.5

1

1.5

2

2.5

3

logpr{Rq

N
p1

´
Q

pr
qq

Figure : The integrated charge Np1 ´ Qprqq as a
function of the logarithmic distance for ∆ “ 102,
ξB “ 0 and N “ 10 for various Ξ. The plots read
for the coupling parameter from top to bottom
Ξ “ 2

5
, 10
21

, 1
2
, 10
19

, 2
3
, 10
11

, 1, 10
9

and 2.
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Integrated charge

Integrated charge

§ Mean field behavior at large
distances?

§ Condensation
§ Linear form at the transitions
§ Full condensation for Ξ ą 1 ñ

Strong couplings

f2D “ j‹

N
(24)
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Figure : The integrated charge Np1 ´ Qprqq as a
function of the logarithmic distance for ∆ “ 102,
ξB “ 0 and N “ 10 for various Ξ. The plots read
for the coupling parameter from top to bottom
Ξ “ 2
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Integrated charge

Integrated charge

§ Mean field behavior at large
distances?

§ Condensation
§ Linear form at the transitions
§ Full condensation for Ξ ą 1 ñ

Strong couplings

At the transition the j‹th particle is
not condensed

0 10 20 30 40 50
0

0.5

1

1.5

2

2.5

3

logpr{Rq

N
p1

´
Q

pr
qq

Figure : The integrated charge Np1 ´ Qprqq as a
function of the logarithmic distance for ∆ “ 102,
ξB “ 0 and N “ 10 for various Ξ. The plots read
for the coupling parameter from top to bottom
Ξ “ 2
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Integrated charge

Integrated charge

§ Mean field behavior at large
distances?

§ Condensation
§ Linear form at the transitions
§ Full condensation for Ξ ą 1 ñ

Strong couplings
§ Mean field result is recovered

in the thermodynamic limit
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Figure : The integrated charge Np1 ´ Qprqq as a
function of the logarithmic distance for ∆ “ 102,
ξB “ 0 and N “ 10 for various Ξ. The plots read
for the coupling parameter from top to bottom
Ξ “ 2
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Integrated charge

Integrated charge

§ Mean field behavior at large
distances?

§ Condensation
§ Linear form at the transitions
§ Full condensation for Ξ ą 1 ñ

Strong couplings

f2D Ñ fM (24)
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Figure : The integrated charge Np1 ´ Qprqq as a
function of the logarithmic distance for ∆ “ 102,
ξB “ 0 and N “ 10 for various Ξ. The plots read
for the coupling parameter from top to bottom
Ξ “ 2
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Conclusions

Conclusions

§ Showed an equivalent 1D problem of the 2D system
§ With some effort we computed Z and ρ

§ Recovered mean field results from our assumptions
§ Determined condensation
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