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Outline

@ One-Dimensional Anyons
@ Lieb-Liniger Gas of Anyons
@ Quantum Mechanics, Bethe Ansatz and Yang Thermodynamics

e Correlation Functions
@ Determinant Representation
@ Differential equations
@ Matrix Riemann-Hilbert Problem
@ Large Distance Asymptotics
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Lieb-Liniger Gas of Anyons

H= / dx ([BVACONDWACX)] + CYACOWA)WAG)WA(K) — MWL) WA(X))

Wa(x)WA(xz) = T W] () Wa (x1) + 6(x1 = X2)
Vi (X)W (x) = e a2y (x,) Wi (%)

@ Statistics parameter « € [0, 1] (x = 0 bosons, xk = 1 fermions)
@ ¢(x) = |x|/x =sign of X,
@ Limit ¢ — oo describes impenetrable case

= Algebraic definition of fractional statistics in one dimension
@ Girardeau, Batchelor, Khundu: consistency of algebra
@ Calabrese, Mintchev, Santachiara, Cabra: important results
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Quantum Mechanics of 1D Anyons

Eigenstates of the Hamiltonian
1
W) = W/dZNXN(Zl»“' sZn Ay AN)WA(n) - Wh(20)10)

XN("' »Zi»zi—&-la"’) — eiﬂ”’“(zi_ziJrl)XN(... »Zi—&-lazia"’)

Self-consistent boundary conditions

xn(0,22,---,2Zn) = xn(L, 22,0+ 2n),
XN(21707"' 7ZN) = eI(Zﬂ-K)XN(ZlyLv'“ 7ZN)7

ei(2r(N-1)

xn(Z1,22,---,0) “Ixn(z1,22--,L).
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Bethe Ansatz and Yang Thermodynamics

e+|L2N Zj(k E(Zj—Zk)
N =
X VN!

Bethe equations = boundary conditions

HG(Zj — Zk) Z (—1)7"ei b1 ZnAn(n) )
>k TESN

et = (—1)N"1e' = —nk(N —1)

Twist ~ N. Momentum in the ground state.
Thermodynamic limit N — oo, L — oo, N/L is fixed.

Yang-Yang thermodynamics I\ N, T) = (HTILWT)
D—i/mﬁ()\hT)d)\ E- L OOAZﬁ(AhT)dA
- 27_r = ) ) ) - 27_r e ) )
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Correlation Functions

_ Tr{e TWi(x)VA(0)}

T
(WL)VAO))r o

@ Method of A. Its, A. Izergin, V.Korepin and N.Slavnov
for Lieb-Liniger gas: Journal of Modern Physics B. 4, 1003 (1990).

@ Represent correlation function as Fredholm determinant.
Integrable integral operators.

@ Differential equations.

@ Riemann-Hilbert problem — large distance asymptotic.

@ Textbook: QUANTUM INVERSE SCATTERING METHOD AND
CORRELATION FUNCTIONS, by A. Izergin, V. Korepin, N. Bogoliubov,
Cambridge University Press, 1993

Important developments: P. Calabrese, F. Colomo, V. Cheianov, F. Essler, A.
Its, K. Kozlowski, G. Mussardo, N. Slavnov, M. Zvonarev .
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Determinant Representations

(WA(X)Wa(0))r = B det(1 — yKr)

o) - S Ne) g ) e

00
B|mE”, / e|(/\)fm(/\) dX, I,m==+

- | kO — es(n), 4= 2™

o T

The functions f..(\) appear during inversion of the operator (T - WRT).

ook o LeR, RO = U L)
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Idea

Point of view of classical completely integrable differential equations:

Lo - [ ke ufe(dp —es(y), = EFET)

o s
1
(1+e0?-M/T)

We can consider this as Gelfand -Levitan -Marchenko equation within
classical inverse scattering method.

ex(\) = /I(\)eF ™, I\ h,T) =

8)(E+ :i)\E+, (ah+8)\2)e+ :O

We can derive two linear differential equations for ... This will be a Lax
representation for nonlinear differential equation for B.
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Lax representation

KF(A) = LF(N),
(2095 + \F(A) = MFE(N), Q)
o- (1))
(2005 + O\)L— M+ [L,M] =0,
L:i)\UZ+B++Ux, (3)
M :iXO'Z —iaﬁB+_UZ —8gB++0y. (4)
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Differential Equations for Potentials

1 049sB
8BB+_=X+—M, &B,_ =B2,
2 Byy

initial conditions

Biy = ~d(8)+[Hd(B)Fx, x—0,
B = ~d(8)+Nd(B)x, X =0
+o0 1 (1+ei7r/1)
d(ﬁ):/_oo D(A)dA, ﬁ(AahaT)Zm, VZT
B++:B+_—>O, ,8—>—OO
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Differential equations for o = Indet(1 — vKr)

oo = —B,_, %o =-B2,,
Os0 = —XOBi_ + 53581 )~ (3B ),
Integrable nonlinear partial differential equation for o
(0020)% 4 4(920)[2x DOk + (050xa)? — 2050] = 0
initial conditions depends on statistics:

0 = —0(E - PAAFS +O().  x -0

c = 0, 8 — —o0,
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Differential equation forc at T — 0

¢ =xh'/? and oq = £(50)’

(€00)? + 4(E0g — 00)[400 — 4ao + (04)] =0

This Painlevé V equation was first derived by Jimbo, Miwa, Sato, Mori for
impenetrable bosons. For anyons initial conditions are diferent.

o0 = —27€ — 4922 + O(&%)

Agrees with Santachiara and Calabrese Toeplitz determinant approach.
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Matrix Riemann-Hilbert Problem

Matrix function x()) is analytic in the upper and lower half-plane and
X-() = x+NG(A), x=(N) = lim x(A+ie), AeR
x(0) = |1

Conjugation matrix

1+ myer(Ne—(N) —myez (A)
Ciy= ( me%?/\f 1- 7r*ye+():)ye_()\) )
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Asymptotics

<\U,TA(X)WA(O)>T — @ xVTC(h/T ,K)/2 (CoeixﬁAo + cleixx/'l_'Al) ’

1 [t eX-8 1

1 1/2 i 1/2
Ao = 7 (ﬂ-i— 5? —|—7r21<;2> + 7 (—B-i— B2 +’/T2Ii2> ,8=h/T
1 1/2 i 1/2
A = ——— 2 2 ) _(_ 2 2 _22>
1 f<ﬂ+\/ﬂ + 72k — 22 e B+ 8%+ m?[k - 2]
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Conformal limit

For small temperature the expression in the exponent becomes linear function
of temperature

® For0< k< 2/3: S < 28N

(W (X)WA(0))r ~ coe % (5+8) giters

® For2/3< k<1 S > 28N

(WLOOWAO))r = coe T (% E)gier g e [2(5 1) 4] gt

v

Agrees with harmonic fluid approach of Calabrese and Mintchev 2006.
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Large time and distance asymptotic

Back to higher temperatures.
Determinant representations and Riemann-Hilbert approach also work for
time and temperature dependent correlations.

dA}

Asymptotic X — 00, t — oo, {x/t is fixed}

)\Z—B _ ei‘rrn

. 1 [t e
T ~J — —_— -
(Wa(X2, t2)W, (X1, 1)) ~ missing phase exp { - /_Oo [x — 2tA|In 1

X =

—| =

(x1 — x2)VT, t= %(tz —t)T, 8=

N =

A is momentum, « is statistics parameter (x # 1) and h is chemical potential.
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Experimental implementation

@ Bristol Centre for Quantum Photonics the group of Prof. Jeremy O'Brien
created entangled state of photos which realize one dimensional abelian

anyons.

@ Coulomb blockage of anyons : system of antidots in fghe can be
constructed so that anyons tunnel from one antidot to another [project of
experiment by Averin, Nesteroff].

@ Braiding of 2D anyons in topological quantum computation.
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