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1. Calcule las siguientes integrales entre los puntos −1 e i en el plano
complejo, siguiendo los dos caminos indicados en la figura (el segmento
de recta que une los dos puntos y el arco de circunferencia de radio
uno que los conecta).

En cada caso diga si la integral es independiente del camino γ usado y explique claramente
por qué.

i.

∫

γ

|z |2 dz.

ii.

∫

γ

1

z2
dz.

iii.

∫

γ

log z dz.

2. Calcule la integral

∮

γ

z + 6

z2 − 4
dz, siguiendo los caminos indicados:

i. γ es el ćırculo de radio 1 centrado en el origen.

ii. γ es el ćırculo de radio 1 centrado en z = 2.

iii. γ es el ćırculo de radio 1 centrado en z = −2.

3. Calcule las siguientes integrales:

i.

∮

γ

z + cos(πz)

z(z2 + 1)
dz, donde γ es el ćırculo de radio 2 centrado en el origen.

ii.

∮

Γ

2z + 1

z(z − 1)2
dz, donde Γ es el contorno indicado en la figura:

For example, let us compute the following contour integral

∮

Γ

e5z

z3
dz ,

where Γ is the positively oriented unit circle |z| = 1. This integral is of the
form (2.40) with n = 2, f(z) = e5z, which is entire and hence, certainly
analytic in and on the contour, and with z0 = 0, which lies in the interior of
the contour. Therefore by (2.40) we have

∮

Γ

e5z

z3
dz = 2π i

1

2!

d2

dz2
(
e5z
)∣∣∣∣

z=0

= 2π i
1

2!
25 = 25π i .

Let us consider a more complicated example. Let us compute the contour
integral ∫

Γ

2z + 1

z(z − 1)2
dz ,

where Γ is the contour depicted in Figure 2.7. Two things prevent us from ap-
plying the generalised Cauchy Integral Formula: the contour is not a loop—
indeed it is not simple—and the integrand is not of the form g(z)/(z − z0)

n

where g(z) is analytic inside the contour. This last problem could be solved
by rewriting the integrand using partial fractions:

2z + 1

z(z − 1)2
=

3

(z − 1)2
− 1

z − 1
+

1

z
. (2.41)

However we are still faced with a contour which is not simple.
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Figure 2.7: The contour Γ and an equivalent pair of contours {Γ0,Γ1}.

This problem can be circumvented by noticing that the smooth contour Γ
can be written as a piecewise smooth contour with two smooth components:
both starting and ending at the point of self-intersection of Γ. The first such
contour is the left lobe of Γ, which is a negatively oriented loop about z = 0,
and the second is the right lobe of Γ, which is a positively oriented loop
about z = 1. Because the integrand is analytic everywhere but at z = 0 and
z = 1, the Cauchy Integral Theorem tells us that we get the same result by
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iii.

∮

γ

ez

z2 − 2z
dz, donde γ es el ćırculo de radio 4 centrado en el origen.



4.

i. Encuentre una cota superior para

∮

γ

ez

z2 + 1
dz, donde γ es el ćırculo de radio 2 centrado

en el origen.

ii. Considere la integral

∮

Γ

e−z
2

dz, donde Γ es el contorno rectangular con vértices ±a,

±a+ ib que se ilustra en le figura.

Poisson integral

Consider the integration of the function e−z2 around the rectangular

contour Γ with vertices ±a, ±a+ib and oriented positively. By letting

a → ∞ while keeping b fixed, show that
∫ ∞

−∞
e−x2e±2ibx dx =

∫ ∞

−∞
e−x2 cos 2bx dx = e−b2√π.
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The configuration of the closed rectangular contour Γ.
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Fijando b y tomando el ĺımite a→∞, demuestre que

∮

Γ2

e−z
2

dz → 0 y

∮

Γ4

e−z
2

dz → 0,

luego ∫ ∞

−∞
e−x

2

e±2ibxdx =

∫ ∞

−∞
e−x

2

cos(2bx)dx = e−b
2√
π.

iii. Considere la función definida por f(z) =

∮

γ

3w2 + 7w + 1

w − z dw, donde γ es el ćırculo de

radio 3 centrado en el origen. Use la fórmula integral de Cauchy para calcular f ′(1 + i).

iv. Encuentre el punto del dominio D = {z ∈ C | |z| ≤ 1} en el que el polinomio p(z) =
z2 + 3z − 1 alcanza su módulo máximo.

v. Demuestre que si f(z) es entera y f(z)
zn es acotada para |z| ≥ R entonces f(z) es un

polinomio de grado menor o igual a n.
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