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Abstract

We study in this thesis the Brunn–Minkowski inequality in the euclidean space and the Aleksan-
drov – Fenchel inequality for convex bodies. We do this in order to get a better comprehension
of the intrinsic volumes (euclidean and spherical) and their properties. We get as a conse-
quence from the Brunn–Minkowski inequality the isoperimetric inequality for convex bodies.
Subsequently, we prove the Aleksandrov–Fenchel inequality using mixed volumes and the re-
production of Aleksandrov’s proof found in [Sch13] which corresponds to the first proof of the
inequality.

We talk later about euclidean intrinsic volumes. We see there that the sequence of intrinsic
volumes for any convex body is log-concave. Whether the spherical intrinsic volumes are log-
concave remains unknown. Our main contribution was to find explicit formulas for the intrinsic
volumes of a spherical polygon. Also we proved that this particular sequence of intrinsic volumes
is log-concave using the isoperimetric inequality on the sphere.
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Chapter 1

Introduction

The main nature of this thesis is related to convex geometry. The purpose of convex geome-
try is to study convex bodies: compact and convex subsets of the euclidean space that have
nonempty interior. Convex sets can be found in areas like linear programming, probability
theory, computational and discrete geometry, functional analysis, partial diferential equations,
information theory, and the geometry of numbers, etc.

We became interested in convex bodies and their properties because of the work in [ALMT14]
which provided a rigorous analysis explaining why phase transitions are ubiquitous in random
convex optimization problems. The problem of calculating the probability that a randomly
rotated cone shares a ray with a fixed cone was improved there by finding accurate bounds.
The role played by the sequence of the intrinsic volumes of the cone was very important to
solve this problem (the key fact was to prove that this sequence concentrates strongly around
the statistical dimension). The more we understand such a sequence (their behavior, how to
compute them explicitly), the more we can apply to get better bounds and even solve problems
in other fields, such as linear inverse problems with convex constraints and bounds for normal
approximations of the lengths of projections of Gaussian vectors on - closed - convex sets. See
for example [GNP14]

One important question regarding intrinsic volumes in general and their behavior is whether
or not they are log-concave. Indeed, the answer is unknown yet for the spherical case, existing
just a bit of evidence in favour of a positive answer (products of circular cones [Ame11]). In
this thesis, we focused in the conjecture of log-concavity of the intrinsic volumes and how
to compute them for basic cones and spherical polygons. Our approach was different than
the one used by Amelunxen and we could actually prove that the intrinsic volumes of any
spherical polygon on R3 are log-concave by exhibiting explicit formulas for them and using
the isoperimetric inequality on the sphere, which we consider is new in attempts to solve this
conjecture. The intrinsic volumes in the euclidean case are defined by the Steiner formula to
compute the volume of the Minkowski’s sum of a convex body and the n-dimensional ball.
The proof that these volumes are actually log-concave is deduced from a deep inequality:
the Aleksandrov-Fenchel inequality and is reproduced in this paper. It has been applied to
differential geometric uniqueness theorems, to extremal problems for geometric probabilities,
and to combinatorial questions, in particular to showing that certain sequences of combinatorial
interest are log-concave [Sta81].

We develop the theory historically. Chapter 3 and 4 present the Brunn- Minkowski’s in-
equality and some of the mixed volumes theory. We included two important inequalities due
to Minkowski in chapter 4. One of these inequalities (the second) is a particular case of the
Aleksandrov-Fenchel’s inequality (chapter 5), but is relevant for the proof of the latter. Finally,
chapter 6 is devoted to the theory of intrinsic volumes in the euclidean and spherical case.
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Chapter 2

Preliminaries

Here we set up the most important notation used along the thesis. We also define some
mathematical objects; the main concepts needed are related to convex geometry and some of
differential geometry.

We will use Rn for the n-dimensional Euclidean space and the double bars ||.|| to indicate
the euclidean norm of any vector x in Rn defined as ||x|| =

√
x21 + x22 + . . .+ x2n. The unit

sphere in Rn will be denoted by Sn−1 := {x ∈ Rn : ||x|| = 1} and the corresponding closed unit
ball by Bn.

Definition 2.1. The Minkowski sum of two subsets X, Y ⊆ Rn is the set X + Y := {x + y :
x ∈ X, y ∈ Y }

Definition 2.2. The euclidean distance in Rn, denoted by de : Rn × Rn → R is defined by

de(x, y) = ||x− y||

and the spherical distance d(p, q) : Sn−1 × Sn−1 → R between two points p and q (up to
normalization) is the angle between them, i.e:

d(p, q) = arccos(〈p, q〉).

A set Ke ⊆ Rn is convex if for every x, y ∈ Ke the line segment joining x and y, (1− t)x+ ty
is contained in Ke for every t ∈ [0, 1]. Analogously, a subset K ⊆ Sn−1 is convex if for every
p, q ∈ K with p 6= −q, the unique shortest arc between p and q is contained in K.

Definition 2.3. A set C is called a cone if for every λ ≥ 0 and c ∈ C, λc ∈ C. So, say that
a set K ⊆ Sn−1 is convex is equivalent to say that the set cone(K) := {λx : λ ≥ 0, x ∈ K} is
convex.

A convex cone is polyhedral if it is a finite intersection of closed half-spaces, where a half-
space is one of the two regions H+

u,a, H
−
u,a determined by a hyperplane

Hu,a := {x ∈ Rn : 〈x, u〉 = a}

and
H+
u,a := {x ∈ Rn : 〈x, u〉 ≥ a},

H−u,a := {x ∈ Rn : 〈x, u〉 ≤ a}.

So, linear subspaces are polyhedral, and polyhedral cones are closed.
We will be interested mainly in convex cones, so, given a convex cone C, a supporting

hyperplane is a hyperplane H such that C lies entirely in one of the closed half-spaces induced
by H. A face of C is a set of the form F = C ∩H, where H is a supporting hyperplane. The
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linear span lin(C) of a cone C is the smallest linear subspace containing C and is given by
lin(C) = C + (−C). The dimension of a face F is dim(F ) := dim(lin(F )), similarly we define
the dimension of C. A cone is pointed if the origin 0 is a zero-dimensional face, or equivalently,
if it does not contain a linear subspace of dimension greater than zero. If C is not pointed, then
it contains a nontrivial linear subspace of maximal dimension k > 0, given by L = C ∩ −C.

Definition 2.4. The set of nonempty compact convex sets in Rn

K(Rn) := {Ke ⊆ Rn : Ke is a nonempty compact convex set}

is called the set of convex bodies in Rn. Likewise, in the unit sphere, we call a set spherical
convex if it is closed, convex, and neither the empty set nor the whole sphere:

K(Sn−1) := {K ⊆ Rn−1 : K is closed, convex, K 6= ∅, K 6= Sn−1}.

A spherical convex set K is called polyhedral if cone(K) is the intersection of finitely many
n-dimensional half-spaces. Denoting by Kp(Sn−1) the set of the polyhedral spherical sets, we
have

Kp(Sn−1) := {K ∈ K(Sn−1) : cone(K) = H1 ∩ . . . ∩Hk, Hi a half-space}
A cap K is a convex body on the sphere Sn−1 which is not a subsphere. We denote the set

of the caps in K(Sn−1) by Kc(Sn−1). Note that K is a cap if and only if there is p ∈ K such
that −p /∈ K, or equivalently, if and only if K◦ is a cap.

Definition 2.5. The support function h(K, ∗) : Rn → R of a convex body K ⊆ Rn for any
u ∈ Rn is defined as

h(K, u) = sup{〈x, u〉 : x ∈ K}

Definition 2.6. Let K,L ∈ K(Sn−1). One way to measure the distance between K and L is
by using the Hausdorff distance defined by

δ(K,L) := min{λ ≥ 0 : K ⊆ L+ λBn, L ⊆ K + λBn}.

Lemma 2.1. Let K1, . . . , Kr ∈ K(Rn) and λ1, . . . , λr ≥ 0, then the support function satisfies
the following equality

h

(∑
i

λiKi, u

)
=
∑
i

λih(Ki, u)

for any u ∈ Rn

Let u ∈ Rn \ {0} such that h(K, u) is finite. Let

H(K, u) := {x ∈ Rn : 〈x, u〉 = h(K, u)}
H−(K, u) := {x ∈ Rn : 〈x, u〉 ≤ h(K, u)}
F (K, u) := H(K, u) ∩K

H(K, u), H(K−, u), F (K, u) are, respectively, the support plane, supporting halfspace and
support set of K, each with outer normal vector u. Note that these definitions of support plane
and supporting halfspace extend the notions mentioned before.

Definition 2.7 (Duality). Given a convex cone C, we define the Dual of C as:

C∗ := {x ∈ C : 〈x, y〉 ≥ 0}.

Likewise, the Normal Cone of C is
C◦ := −C∗.

Therefore, for K ∈ K(Sn−1) and D = cone(K) we may define

K◦ := D◦ ∩ Sn−1
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Remark 2.1.

• The polar map is an involution on the set of spherical convex sets, i.e: (K◦)◦ = K for
K ∈ K(Sn−1)

• There is an intrinsic characterization of the normal cone via K◦ = {x ∈ Sn−1 : d(K, v) ≥
π/2} where d(K, x) := min{d(p, x) : p ∈ K}.

• The boundary of K◦ is given by ∂K := {x ∈ Sn−1 : d(K, x) = π/2}
Definition 2.8. Let C be a closed convex set and x̂ ∈ C. The normal cone of C at x̂ is

Nx̂(C) := {y ∈ Rn : 〈y, x− x̂〉 ≤ 0,∀x ∈ C} = {x ∈ Rn :
∏

C(x+ x̂) = x̂}
Where

∏
C is the euclidean projection map onto the convex set C:∏

C(x) := arg min{||x− y||2 : y ∈ C}
1. We denote by NS

x̂ (C) the set Nx̂(C) ∩ Sn−1.

2. For a spherical convex set K ∈ K(Sn−1) and D = cone(K), we define for p ∈ K
Np(K) := Np(D) and NS

p (K) := Np(K) ∩ Sn−1

Remark 2.2.

• Note that by the first equality and the definition of the standard scalar product in Rn,
Nx̂(C) is in fact a cone. This motivates the name of Nx̂(C).

• We have that Nx̂(C) = {0} if and only if x ∈ int(C), equivalently, Nx̂(C) 6= {0} if and
only if x ∈ ∂(C).

• The Moreau’s decomposition theorem ([CR13]) asserts that for any x ∈ Rn, x =
∏

C(x)+∏
C◦(x). So, we have the following decomposition of Rn:

Rn =
⋃
x∈C

(x+Nx(C))

Given a convex closed set C in Rn and a face F of C, we have that

Nx(C) = Ny(C)

for any x, y ∈ relint(F ), here relint(F ) denotes the relative interior of F . Accordingly, we may
thus define

NF (C) := Np(C) and NS
F (C) := NS

p (C)

Where p ∈ relint(F ). Similarly, given K ∈ K(Sn−1) and F a face of K,

NF (K) := Np(K) and NS
F (K) = NS

p (K),

Where p ∈ relint(F e) ∩ Sn−1, and F e = cone(F ).

Proposition 2.1. Let C ⊆ Rn be a closed convex cone and x ∈ C. Then,

Nx(C) = x⊥ ∩ C◦,
where x⊥ = {y ∈ Rn : 〈x, y〉 = 0}. Note that in particular, N0(C) = C⊥

Proof. “⊆” Sea v ∈ Nx(C) ⇒ 〈v, y − x〉 = 〈v, y〉 − 〈v, x〉 ≤ 0 for all y ∈ C. If we set y = 0
then we conclude that 〈v, x〉 ≥ 0, and if we put y = 2x ∈ C then 〈v, x〉 ≤ 0. So, we get that
〈v, x〉 = 0 and therefore v ∈ x⊥.

From 〈v, y〉 − 〈v, x〉 ≤ 0 and 〈v, x〉 = 0 we get that 〈v, y〉 ≤ 0, so y ∈ C◦.
“ ⊇ ” Suppose that 〈y, x〉 = 0 and 〈y, v〉 ≤ 0 for all v ∈ C. Then, 〈y, v − x〉 = 〈y, v〉 − 〈y, x〉 =
〈y, v〉 ≤ 0. Thus y ∈ Nx(C).
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Chapter 3

The Brunn-Minkowski inequality

One important inequality known by many mathematicians is the isoperimetric inequality in the
plane:

L2 ≥ 4πA,

which relates for a simple closed curve γ, its length L and the area A enclosed by it. Equality
occurs only if γ is a circle. In general, the isoperimetric inequality for convex bodies relates the
n-dimensional volume of a body K to the (n− 1)-dimensional volume of its boundary:(

voln(K)

voln(Bn)

)1/n

≤
(
Sn(K)

Sn(B)

)1/n−1

(3.1)

Here Sn(k) is the surface area of K, equivalently, the (n− 1)-dimensional volume of ∂K.
The Brunn-Minkowski inequality relates the volume of the Minkowski sum of two convex

sets in the Euclidean space to the individual volume of each set. We will state it and prove it for
convex bodies. The proof that we will give is sketched in [Sch13] and reproduced in [LAR] as
well, and is due to Kneser and Süss (in 1932). One very important application that We will see
later is that the general isoperimetric inequality 3.1 is a consequence of the Brunn-Minkowski
inequality.

3.1 Brunn-Minkowski inequality

Theorem 3.1 (Brunn-Minkowski Inequality). Let K,L ∈ K(Rn) and λ ∈ [0, 1], then

voln((1− λ)K + λL)1/n ≥ (1− λ)voln(K)1/n + λvoln(L)1/n (3.2)

And the equality holds for some λ ∈ (0, 1) if and only if K and L are homothetic or lie in
parallel planes.

Notation. Let K0, K1 ∈ K(Rn) and λ ∈ [0, 1], we set

Kλ = (1− λ)K0 + λK1.

According to this notation, we get that for σ, τ, λ ∈ [0, 1]

(1− λ)Kσ + λKτ = (1− λ)[(1− σ)K0 + σK1] + λ[(1− τ)K0 + τK1]

= (1− σ − λ[1− σ − 1 + τ ])K0 + [(1− λ)σ + λτ ]K1

= (1− σ + σλ− λτ)K0 + [(1− λ)σ + λτ ]K1

= (1− [(1− λ)σ + λτ ])K0 + [(1− λ)σ + λτ ]K1

= (1− α)K0 + αK1,

Where α = (1− λ)σ + λτ .
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Proof. We can rewrite the Brunn-Minkowski inequality as

voln(Kλ)
1/n ≥ (1− λ)voln(K0)

1/n + λvoln(K1)
1/n.

Case 1 Suppose that dim(K0) < n and dim(K1) < n then voln(K0) = voln(K1) = 0 and the
inequality hods.

Case 2 Suppose that dim(K0) < n and dim(K1) = n. For any x ∈ K0, we have that (1 −
λ)x+ λK1 ⊆ Kλ, so

voln(Kλ) ≥ voln((1− λ)x+ λK1) = voln(λK1) = λnvoln(K1)

So, voln(Kλ)
1/n ≥ λvoln(K1)

1/n = (1− λ)voln(K0)
1/n + λvoln(K1)

1/n

Case 3 Suppose that dim(K0) = dim(K1) = n. We can assume that both K0 and K1 have
volume equal to one. This is because if the statement is true for such bodies, then for
general L0, L1 convex bodies, we can associate

L̃0 = voln(L0)
−1/nL0 and L̃1 = voln(L1)

−1/nL1

and

λ̃ =
λvoln(L1)

1/n

(1− λ)voln(L0)1/n + λvoln(L1)1/n

And as we are assuming Brunn-Minkowski holds for L̃0, L̃1, λ̃ with

voln((1− λ̃)L̃0 + λ̃L1)
1/n =

voln((1− λ)L0 + λL1)
1/n

(1− λ)voln(L0)1/n + λvoln(L1)1/n

(1− λ̃)voln(L̃0) =
(1− λ)voln(L0)

1/n

(1− λ)voln(L0)1/n + λvoln(L1)1/n

λ̃voln(L̃1)
1/n =

λvoln(L1)
1/n

(1− λ)voln(L0)1/n + λvoln(L1)1/n

then, we can see that voln(L̃λ̃)
1/n ≥ (1 − λ̃)voln(L̃0)

1/n + λ̃voln(L̃1)
1/n if and only if

voln(Lλ)
1/n ≥ (1− λ)voln(L0)

1/n + λvoln(L1)
1/n.

We will prove the theorem using induction over n. The case n = 1 we have that the
compact and convex sets of R are the closed intervals, so the assertion follows.

Assume that the statement is true for n− 1, where n ≥ 2, then we need to prove it for n.

Let u ∈ Sn−1 and for ζ ∈ R we set H(ζ) := Hu,ζ , H
−(ζ) := H−u,ζ . We also define αλ :=

−h(Kλ,−u) and βλ := h(Kλ, u). Here, Hu,ζ , H
−
u.ζ and h correspond to the definitions of

hyperplane, halfspace and support function we made at the beginning.
Besides, in order to ease the notation, let

v0(ζ) = voln−1(K0 ∩H(ζ))

w0(ζ) = voln(K0 ∩H−(ζ))

And likewise

v1(ζ) = voln−1(K1 ∩H(ζ))

w1(ζ) = voln(K1 ∩H−(ζ))

9



So, according to these notation, we have

w0(ζ) =

∫ ζ

α0

v0(t)dt, and w1(ζ) =

∫ ζ

α1

v1(t)

The functions v0 and v1 are continuous on (α0, β0) and (α1, β1) respectively, so the function
wi(ζ) is differentiable there for i = {0, 1} and

d

dζ
[wi(ζ)] = vi(ζ) > 0.

Thus, we can use the inverse function theorem to find an inverse function zi : (0, 1) →
(αi, βi) of wi such that (note that the domain is (0, 1) by the assumption voln(Ki) = 1).

z′i(τ) =
1

vi(zi(τ))
, with 0 < τ < 1

Define the following:

ki(τ) = Ki ∩H(zi(τ))

zλ(τ) = (1− λ)z0(τ) + λz1(τ)

In consequence, for λ, τ ∈ (0, 1)

Kλ ∩H(zλ(τ)) ⊃ (1− λ)k0(τ) + λk1(τ)

To see this, take x = (1−λ)x0 +λx1 ∈ (1−λ)k0(τ) +λk1(τ). Clearly, x ∈ Kλ, moreover,
by definition, 〈u, (1−λ)x0〉 = (1−λ)z0(τ) and 〈u, λx1〉 = λz1(τ), so 〈u, (1−λ)x0+λx1〉 =
(1− λ)z0(τ) + λz1(τ) = zλ(τ) and then x ∈ H(zλ(τ)).
We note that zλ(0) = (1 − λ)z0(0) + λz1(0) = (1 − λ)α0 + λα1 = αλ (because w0(α0) =
w1(α1) = 0), similarly, zλ(1) = βλ. Now, using this inclusion and the induction hypothesis
we have

voln(Kλ) =

∫ βλ

αλ

voln−1(Kλ ∩H(ζ))dζ

=

∫ 1

0

voln−1(Kλ ∩H(zλ(τ)))z′λ(τ)dτ

≥
∫ 1

0

voln−1((1− λ)k0(τ) + λk1(τ))

[
1− λ

v0(z0(τ))
+

λ

v1(z1(τ))

]
dτ

≥
∫ 1

0

[
(1− λ)v0(z0(τ))1/(n−1) + λv1(z1(τ))1/(n−1)

]n−1 [ 1− λ
v0(z0(τ))

+
λ

v1(z1(τ))

]
dτ

≥ 1

= (1− λ)voln(K0)
1/n + λvoln(K1)

1/n

The last inequality follows from

Lemma 3.1. Let a, b, p > 0 and λ ∈ (0, 1), then

[(1− λ)ap + λbp]1/p
[

1− λ
a

+
λ

b

]
≥ 1.
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Proof. Using that the logarithm is a concave function we have that:

log

(
[(1− λ)ap + λbp]1/p

[
1− λ
a

+
λ

b

])
=

1

p
log

(
[(1− λ)ap + λbp]

[
1− λ
a

+
λ

b

]p)
≥ 1

p
(1− λ) log

(
ap
[

1− λ
a

+
λ

b

]p)
+

1

p
λ log

(
bp
[

1− λ
a

+
λ

b

]p)
= (1− λ) log

(
(1− λ) +

aλ

b

)
+ λ log

(
b(1− λ)

a
+ λ

)
≥ (1− λ)λ log

(a
b

)
+ λ(1− λ) log

(
b

a

)
= (1− λ)λ log

(
a

b

b

a

)
= 0.

Note that given that the logarithm is an increasing function, we have equality in this
series of inequalities if and only if a = b. Hence, in our original case, we will have equality
in the last inequality if and only if v0(z0(τ)) = v1(z1(τ)).

Now, we will focus on the conditions of equality. If the bodies K0, K1 lie in two parallel
hyperplanes, then Kλ lies in some hyperplane as well, thus we have equality in 3.2.

If K0, K1 are homothetic we have that K1 = rk0 + c for some c ∈ R and c ∈ Rn. The
Minkowski addition is distributive for convex sets, as is seen in [Sch13, remark 1.1.1], then

(1− λ)K0 + λK1 = (1− λ)K0 + λ(rK0 + c)

= (1− λ+ λr)K0 + λc

And being voln transitive invariant we also have

voln((1− λ)K0 + λK1)
1/n = voln((1− λ+ λr)K0 + λc)1/n

= voln((1− λ+ λr)K0)
1/n

= (1− λ+ λr)voln(K0)
1/n

= (1− λ)voln(K0)
1/n + λrvoln(K0)

1/n

= (1− λ)voln(K0)
1/n + λvoln(rK0 + c)1/n

= (1− λ)voln(K0)
1/n + λvoln(K1)

1/n

Again, we get equality in 3.2.
Suppose now that equality holds in 3.2, we will consider three cases as before:

Case 1 If dimK0 < n and dimK1 < n then Kλ is contained in some hyperplane, therefore, K0

and K1 must be in parallel hyperplanes.

Case 2 If dimK0 < n and dimK1 = n then we must have equality in

vol(Kλ) ≥ voln((1− λ)x+ λK1) = λnvoln(K1)

if and only if K0 = {x}, so, in this case, K0 and K1 are homothetic.

Case 3 If we had that dim(K0) = dim(K1) = n, and suppose as before that K0, K1 have
volume equal to one, then we would have equality in all the inequalities in the proof of
the case 3 above and equality in 3.1 as well, with a = v0(z0(τ)) = b = v1(z1(τ)), which
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implies that z′0(τ) = z′1(τ) for all τ ∈ [0, 1]. So, z1(τ)−z0(τ) is a constant. We can assume
without loss of generality by the translation invariance of voln that K0 and K1 have their
center of mass at the origin. Then

0 =

∫
Ki

〈x, u〉dx =

∫ βi

αi

voln−1(Ki ∩H(ζ))ζdζ (3.3)

=

∫ 1

0

zi(τ)dτ (3.4)

For this reason, z0(τ) = z1(τ) for all τ ∈ [0, 1], in particular, we get that β0 = β1, and
by the definition of βi this implies that h(K0, u) = h(K1, u). But u is an arbitrary vector
in Rn, then we must have that K0 = K1. However, K0 = K1 was after the translation
and normalization of the bodies, which means that they are homothetic and we finish the
proof.

3.2 Isoperimetric Inequality for convex bodies

Now, we present one important application of the Brunn-Minkowski inequality as we said at
the beginning.

Definition 3.1. Let K ∈ K(Rn), the surface area of K is defined as

Sn(K) = voln−1(∂K) := lim
ε→0

voln(K + εBn)− voln(K)

ε

Corollary 3.1 (Isoperimetric Inequality for convex bodies). Let K be in K(Rn), then
for n ≥ 1 (

voln(K)

voln(Bn)

)1/n

≤
(
Sn(K)

Sn(Bn)

)1/(n−1)

Proof. The idea is to use the previous definition and 3.2. Let K ∈ K(Rn) and ε =
t

1− t
> 0,

then,

voln(K + εBn) = voln

(
1

1− t
((1− t)K + tBn)

)
=

(
1

1− t

)n
voln((1− t)K + tBn)

≥
(

(1− t)voln(K)1/n + tvoln(Bn)1/n

1− t

)n
=
(
voln(K)1/n + εvoln(Bn)1/n

)n
= voln(K)

(
1 + ε

(
voln(Bn)

voln(K)

)1/n
)n

≥ voln(K)

(
1 + nε

(
voln(Bn)

voln(K)

)1/n
)

And the last inequality follows by expanding (1+x)n = 1+
(
n
1

)
x+C where x = ε

(
voln(Bn)

voln(K)

)1/n

and noticing that C ≥ 0.

12



Now, by the definition of surface area we have that

Sn(K) = voln−1(∂K) = lim
ε→0

voln(K + εBn)− voln(K)

ε

≥ lim
ε→0

voln(K) + nεvoln(K)

(
voln(Bn)

voln(K)

)1/n

− voln(K)

ε

= nvoln(K)

(
voln(Bn)

voln(K)

)1/n

= nvoln(K)(n−1)/nvoln(Bn)1/n

In particular, if K = Bn we get equality in all the previous inequalities, so Sn(Bn) = nvoln(Bn).
Moreover, voln(Bn + εBn) = (1 + ε)nvoln(Bn). Then(

Sn(K)

Sn(Bn)

)1/(n−1)

≥
(
nvoln(K)(n−1)/nvoln(Bn)1/n

nvoln(Bn)

)1/(n−1)

=

(
voln(K)

voln(Bn)

)1/n

And the isoperimetric inequality follows.
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Chapter 4

Mixed volumes

In the following chapters, we will focus on mixed volumes and the Aleksandrov–Fenchel inequal-
ity. The mixed volumes arise when we combine the concepts of Minkowski sum and volume.
We will see a special type of mixed volumes for a convex body K, sometimes called quermass-
integrals [Sch13, Chapter 4], resulting from the (euclidean) Steiner polynomial to compute the
volume of the Minkowski sum of K and a ball or radius r. This will be the be starting point
to talk about the euclidean intrinsic volumes which are relevant to us. The importance of the
Aleksandrov–Fenchel inequality in this particular case relies on the fact that the log-concavity
of these quermassintegrals can be inferred from it.

Definition 4.1 ([LAR]). Let r ∈ N and λ1, . . . , λr ≥ 0. The mixed volume of the convex
bodies K1, . . . , Kn is the unique, symmetric and multilinear form V : (K(Rn))n → R+ such
that:

voln

(
r∑
i=1

λiKi

)
=

r∑
i1=1

. . .
r∑

in=1

V (Ki1 , . . . , Kin)λi1 · · ·λin

We will see later two important inequalities due to Minkowski relating the Mixed volume of
two bodies to their volumes. As a matter of fact, the second inequality will be very important
in the future in order to prove the Aleksandrov-Fenchel inequality. Keeping this in mind, we
introduce the following notation:

Vm(K1, K2) = V (K1, . . . , K1︸ ︷︷ ︸
n−m

, K2, . . . , K2︸ ︷︷ ︸
m

) for all 0 ≤ m ≤ n. (4.1)

Remark 4.1. Note that V0(K1, K2) = V (K1, . . . , K1) = voln(K1) by the definition of V . In the
same way, Vn(K1, K2) = W (K2, . . . , K2) = Vn(K2)

Example 4.1. If we use the notation just mentioned, then

• For K1, K2 ∈ K(Rn) and λ1, λ2 ≥ 0 we have

voln(λ1K1 + λ2K2) =
n∑

m=0

(
n

m

)
λn−m1 λm2 Vm(K1, K2).

14



• Let K ∈ K(Rn)

Sn(K) = voln−1(∂K) = lim
ε→0

voln(K + εBn)− voln(K)

ε

= lim
ε→0

n∑
m=0

(
n

m

)
εmVm(K,Bn)− V0(K,Bn)

ε

= lim
ε→0

n∑
m=1

(
n

m

)
εm−1Vm(K,Bn)

= lim
ε→0

[(
n

1

)
V1(K,B

n) +
n∑

m=2

(
n

m

)
εm−1Vm(K,Bn)

]
= nV1(K,B

n)

So, the surface area is a particular mixed volume.

4.1 Mixed volumes are polynomials

The fact that forK1, . . . , Kr nonempty convex bodies and λ1, . . . , λr ≥ 0 the volume voln(λ1K1+
. . . + λrKr) is a polynomial is not a trivial fact. Actually, we are using implicitly this in the
definition of mixed volume given above and is what gives sense to it. Moreover, knowing this is
what will allow us to define the euclidean intrinsic volumes using the Steiner formula. Indeed,
we can say a bit more: voln(λ1K1 + . . . + λrKr) is a homogeneous polynomial and we state it
as a theorem.

Theorem 4.1. Let λ1, . . . , λr > 0 and K1, . . . , Kr strictly convex sets in Rn with C∞ boundary.
Then voln(λ1K1 + . . .+ λrKr) is a homogeneous polynomial of degree n.

Proof. We denote by d̂xi the form (−1)i−1dx1 ∧ . . . ∧ dxi−1 ∧ dxi+1 ∧ . . . ∧ dxn . Then

d

(
r∑
i=1

xid̂xi

)
= ndx1 ∧ . . . ∧ dxn = ndx

Then, by the Stokes theorem, we get that

voln(K) =

∫
K

dx =
1

n

∫
∂K

r∑
i=1

xid̂xi

The gradient ∇hk : Sn−1 → ∂K is a parametrization of the boundary of K. So, we can pullback
the integral to Sn−1:

voln(K) =
1

n

∫
Sn−1

n∑
i=1

∂hk
∂xi

̂
d
∂hk
∂xi

.

Let’s denote the support function of Ki by Hi. Using that h∑λiKi =
∑
λihKi we get∫

∑
j λjKj

dx =
1

n

∫
Sn−1

n∑
i=1

(∑
j

λj
∂Hj

∂xi

)(
d
∑
j

λj
∂Hj

∂xi

)∧

Where (∗)∧ is used to denote (̂∗). So, voln(λ1K1 + . . . + λrKr) is a homogeneous polynomial
of degree n in the variables λ1, . . . , λr ≥ 0. Now, if we want to move from the space of strictly
convex bodies with smooth boundary to the space of non-empty convex bodies, we use the fact
that any general convex set can be approximated by strictly convex sets.
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4.2 Properties of Mixed volumes

From the theorem 4.1 we see that for convex bodiesK1, . . . , Kn the mixed volume V : (K(Rn))n →
R+ is a symmetric form. We list now some more properties of V .

Theorem 4.2. Let K ′1, K1, . . . , Kn ∈ K(Rn) with non-empty interior and a, b ≥ 0, then

V (ak′1 + bK2, K2, . . . , Kn) = aV (K ′1, K2, . . . , Kn) + bV (K1, . . . , Kn)

The following property follows from the translation invariance of voln and equating the
coefficients of λ1 · · ·λn. Note also the fact that a translation of some Ki results in a translation
of
∑
λiKi.

Theorem 4.3 (Translation invariance of mixed volumes). Let K ′1, K1, K2, . . . , Kn ∈ K(Rn)
such that K ′1 = K1 + a for some a ∈ Rn, then

V (K ′1, K2, . . . , Kn) = V (K1, K2, . . . , Kn)

Theorem 4.4 (Monotonicity). Let K ′1, K1, K2, . . . , Kn convex bodies such that K ′1 ⊆ K1, then

V (K ′1, K2, . . . , Kn) ≤ V (K1, K2, . . . , Kn)

One important consequence of this theorem is that the mixed volumes are non-negative: By
the translation invariance, we can assume that all the convex bodies K1, . . . , Kn contain the
origin, then 0 = V (0, . . . , 0) ≤ V (K1, . . . , Kn).

Theorem 4.5 (Continuity of mixed volumes). For every j = 1, . . . , n let {Ki
j}∞i=1 be a sequence

of sets in K(Sn−1) such that Ki
j → Kj ∈ K(Sn−1) with respect to the Hausdorff metric on

K(Sn−1). Then
V (Ki

1, . . . , K
i
n)→ V (K1, . . . , Kn) as i→∞.

4.3 Minkowski’s inequalities for mixed volumes

We present now two inequalities discovered by Minkowski. The second inequality is a particular
case of something more general, which is the Aleksandrov-Fenchel inequality. However, we
present it to show again the relevance of the Brunn-Minkowski and Aleksandrov-Fenchel’s
inequalities.

Theorem 4.6. Let K,L convex bodies in Rn, then

V1(K,L) ≥ voln(K)(n−1)/nvoln(L)1/n

Proof. For 0 ≤ λ ≤ 1, define the function

f(λ) = voln(Kλ)
1/n

where Kλ = (1−λ)K0+λK1 for convex bodies K0 and K1. By the Brunn-Minkowski inequality,
f is a concave function on (0, 1): To see this, let x, y, λ ∈ [0, 1], then

f((1− λ)x+ λy) = voln
(
(1− [(1− λ)x+ λy])K0 + [(1− λ)x+ λy]K1

)1/n
= voln

(
(1− x+ λx− λy)K0 + (x− λx+ λy)K1

)1/n
= voln

(
(1− x− λ+ λx)K0 + (x− λx)K1 + (λ− λy)K0 + λyK1

)1/n
= voln

(
(1− λ)(1− x)K0 + (1− λ)xK1 + λ[(1− y)K0 + yK1]

)1/n
= voln

(
(1− λ)Kx + λKy

)1/n
16



And using the Brunn-Minkowski inequality we get

≥ (1− λ)f(x) + λf(y).

Thus, as f is concave, this implies that f ′(0) ≥ f(1)− f(0)

1− 0
= f(1)− f(0). Now,

f ′(0) =
1

n
voln(K)(1−n)/n

∂

∂λ
[voln(Kλ)] (0).

Let’s focus on ∂
∂λ

[voln(Kλ)] (0):

∂

∂λ
[voln(Kλ)] (0) = lim

ε→0

voln(Kε)− voln(K0)

ε

Now, as we did in example 4.1,

= lim
ε→0

n∑
i=0

(
n

i

)
(1− ε)n−iεiVi(K0, K1)− voln(K0)

ε

Recall that V0(K0, K1) = voln(K0), so

= lim
ε→0

n∑
i=1

(
n

i

)
(1− ε)n−iεi−1Vi(K0, K1)−

(1− ε)n − 1

ε
volnK0

Note that (1− ε)n − 1 = (−ε)[(1− ε)n−1 + . . .+ (1− ε) + 1], then

= nV1(K0, K1)− nvoln(K0)

therefore,

f ′(0) =
V1(K0, K1)− voln(K0)

voln(K0)(n−1)/n

and the inequality f ′(0) ≥ f(1)− f(0) can be restated as

V1(K0, K1)− voln(K0) ≥ voln(K0)
(n−1)/n (voln(K1)

1/n − voln(K0)
1/n
)

which after simplification is equivalent to

V1(K0, K1) ≥ voln(K0)
(n−1)/nvoln(K1)

1/n

and the proof is complete. tails here.

For the next inequality, the proof is based on an idea found in [LAR, Theorem 3.9] but we
give the complete the details here.

Theorem 4.7 (Minkowski’s second inequality). Let K,L convex bodies in Rn, then

V1(K,L)2 ≥ V0(K,L)V2(K,L) = voln(K)V2(K,L)

17



Proof. Let f(λ) and Kλ as before. Being f concave on (0, 1) we have that f ′′(0) ≤ 0. If we use
a similiar procedure to prove the Minkoski’s first inequality, then we find that

f ′′(λ) =
1− n
n2

voln(Kλ)
(1−2n)/n

[
∂

∂λ
[voln(Kλ)]

]2
+

1

n
voln(Kλ)

(1−n)/n ∂
2

∂λ2
[voln(Kλ)]

Using the previous computation in the first inequality

f ′′(0) = (1− n)voln(K0)
(1−2n)/n[V1(K0, K1)− voln(K0)]

2 +
1

n
voln(K0)

(1−n)/n ∂
2

∂λ2
[voln(Kλ)](0).

Now,

∂2

∂λ2
[voln(Kλ)](0) = lim

ε→0

∂

∂λ
[voln(Kλ)](ε)−

∂

∂λ
[voln(Kλ)](0)

ε

= lim
ε→0

∂

∂λ
[voln(Kλ)](ε)− nV1(K0, K1) + nvoln(K0)

ε

So, we need to compute
∂

∂λ
[voln(Kλ)](ε). We use the expression obtained in 4.1 to do that:

∂

∂λ
[voln(Kλ)] = −n(1− λ)n−1V0(K0, K1) +

n−1∑
m=1

(
n

m

)
(1− λ)n−m−1λm−1(m− nλ)Vm(K0, K1)

+nλn−1Vn(K0, K1)

Thus,

∂

∂λ
[voln(Kλ)](ε)− nV1(K0, K1) + nvoln(K0)

ε
= −n [(1− ε)n−1 − 1]

ε
V0(K0, K1)

+n
[−εn(1− ε)n−2 +

(
(1− ε)n−2 − 1

)
]

ε
V1(K0, K1) +

(
n
2

)
(1− ε)n−3ε(2− nε)V2(K0, K1)

ε

+

n−1∑
m=3

(
n

m

)
(1− ε)n−m−1εm−1(m− nε)Vm(K0, K1) + nεn−1Vn(K0, K1)

ε

And if we make ε→ 0 we get

n(n− 1)V0(K0, K1) + n[−n− (n− 2)]V1(K0, K1) + n(n− 1)V2(K0, K1)

= n(n− 1)V0(K0, K1)− 2n(n− 1)V1(K0, K1) + n(n− 1)V2(K0, K1)

Putting this expression in f ′′(0) we get

= (1− n)voln(K0)
(1−2n)/nV1(K0, K1)

2 − 2(1− n)voln(K0)
(1−n)/nV1(K0, K1) + (1− n)voln(K0)

1/n

− 2(n− 1)voln(K0)
(1−n)/nV1(K0, K1)

+(n− 1)voln(K0)
(1−n)/nV2(K0, K1) + (n− 1)voln(K0)

1/n

= (1− n)voln(K0)
(1−2n)/n[V1(K0, K1)

2 − V2(K0, K1)voln(K0)]

Recalling that f ′′(0) must be less or equal than cero

f ′′(0) = −(n− 1)voln(K0)
(1−2n)/n

(
V1(K0, K1)

2 − V2(K0, K1)V0(K0, K1)

)
≤ 0.

We deduce that what is between the big parenthesis must be negative, so the inequality follows.
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Chapter 5

The Aleksandrov-Fenchel Inequality

In the next chapter, we will talk about intrinsic volumes. In particular, the euclidean intrinsic
volumes will be discussed. However, in order to do that, and most importantly, to prove that
they form a log-concave sequence is crucial for us to use the Aleksandrov-Fenchel inequality.
In this line, we saw in the previous chapter the second inequality of Minkowski and its proof
based on the Brunn- Minkowski inequality. Now, we will present a more general result relating
mixed volumes and considered as the most important in its nature.

Theorem 5.1 (Aleksandrov-Fenchel Inequality). Let K1, . . . , Kn ∈ K(Rn), then we have
the following inequality

V 2(K1, . . . , Kn) ≥ V (K1, K1, K3, . . . , Kn)V (K2, K2, K3, . . . , Kn) (5.1)

If K1 and K2 are homothetic equality holds, but conditions of equality in general are un-
known.

The proof we shall give of the theorem 5.1 is due to Aleksandrov [Ale96], which historically
was the first proof of the inequality and uses strongly isomorphic polytopes and approximation.
This proof is reproduced in [Sch13] and here as well. The second proof given by Aleksandrov
of this inequality uses the same idea of Hilbert’s proof of Brunn- Minkowski’s inequality. In
[LAR] we can find a proof of 5.1 based on the concept of positive differential forms and similar
to the second one given by Aleksandrov.

5.1 Definitions and notations

Definition 5.1. A polytope P is the convex hull of a finite set of points in Rn. Each polytope
is the intersection of a finite set of (closed) half-spaces [Sch13, Thm. 2.4.3]. In other words,
every polytope is polyhedral.

A polytope is called simplicial if all its proper faces (equivalently, all its facets) are simplices.
An polytope P of dimension n (n-polytope) is called simple if each of its vertices is contained
in exactly n facets.

Definition 5.2. Let P1 and P2 polytopes in Rn. Then, P1 is strongly isomorphic to P2 if

dimF (P1, u) = dimF (P2, u)

for every u ∈ Sn−1. This notion gives rise to an equivalence relation on the set of polytopes.
The corresponding equivalence class of a polytope P will be called its a-type.
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Let A be a given a-type of strongly isomorphic simple n-dimensional polytopes. Let
u1, . . . , un be the normal vectors of the facets of any P ∈ A. The N -tuple

P := (h1, . . . , hN) ∈ Rn with hi := hi(P, ui)

is called the support vector of P . Moreover, let Fi := F (P, ui) and Fij = Fi ∩ Fj. Define

J := {(i, j) : i, j ∈ {1, . . . , N}, dimFij = n− 2}
So, J depends only on the a-type A. Furthermore, for (i, j) ∈ J let θij be the angle between
ui and uj.

We will need the following lemma and the proof is omitted here ([Sch13, Lemma 5.1.3])

Lemma 5.1. Given P ∈ A. The volume of P can be represented as

voln(P ) =
∑

aj1...jnhj1 . . . hjn

Where the sum extends over j1, . . . , jn ∈ {1, . . . , N} and the coefficients aj1...jn depend only on
the a-type A.

Now, suppose we have polytopes P1, . . . , Pn. Let h
(r)
i := hi(Pr, ui) and F

(r)
i := F (Pr, ui)

then we introduce the mixed volume of P1, . . . , Pn by

V (P1, . . . , Pn) =
∑

aj1...jnh
(1)
j1
. . . h

(n)
jn

v(F
(1)
i , . . . , F

(n−1)
i ) =

∑
a
(i)
k1...kn−1

h
(1)
ik1
. . . h

(n−1)
ikn−1

Where the coefficients are those of the previous lemma. Thus, V (P1, . . . , Pn) is symmentric in
its arguments and

V (P, . . . , P ) = voln(P )

Now, we want to extend this notion to form the mixed volume of N -tuples X1, . . . , Xn where
Xi = (x

(r)
1 , . . . , x

(r)
N ) by letting

V (X1, . . . , Xn) :=
∑

aj1...jnx
(1)
j1
. . . x

(n)
jn

Then V is an N -linear function on RN . Given X = (x1, . . . , xN) ∈ Rn we define

xij =

{
xj csc θij − xi cot θij, if (i, j) ∈ J
0, if (i, j) /∈ J

And
ΛiX := (xi1, . . . , xiN)

So that Λi : RN → RN is a linear map. Then we put

v(ΛiX1, . . . ,ΛiXn−1) :=
∑

a
(i)
k1...kn−1

x
(1)
ik1
. . . x

(n−1)
ikn−1

.

We shall often identify P ∈ A with its support vector P ; that is, if in V (X1, . . . , Xn) or
v(ΛiX1, . . . ,ΛiXn−1) one of the arguments Xr is a support vector P r, we will replace Xr by Pr
and ΛiXr by F

(r)
i := F (Pr, ui). Further we say that Z = (ζ1, . . . , ζN) is the support vector of

z ∈ Rn if ζi = h({z}, ui) for all i = 1, . . . , N . In other words, Z is the support vector of z if

Z = (〈z, u1〉, . . . , 〈z, uN〉).
Again, we need another lemma to generalize the results to N -tuples in RN [Sch13, Lemma

5.1.5].
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Lemma 5.2. V (P1, . . . , Pn) =
1

n

N∑
i=1

h
(1)
i v(F

(2)
i , . . . , F

(n)
i ).

This lemma extends to

v(ΛiX1, . . . ,ΛiXn−1) :=
1

n

N∑
i=1

x
(1)
i v(ΛiX2, . . . ,ΛiXn)

5.2 Proof of the inequality

The following theorem is a sharper version of a special case of Theorem 5.1, and the latter can
be deduced from it.

Theorem 5.2. Let P, P3, . . . , Pn be strongly isomorphic polytopes of the simple a-type A and
let Z ∈ RN , then

V (Z, P, P3, . . . , Pn)2 ≥ V (Z,Z, P3, . . . , Pn)V (P, P, P3, . . . , Pn).

The equality holds if and only if Z = λP + A, where λ ∈ R and A is the support vector of a
point.

The general case of the Aleksandrov-Fenchel inequality follows from this theorem, the con-
tinuity of the mixed volumes and the following approximation theorem [Sch13, Thm. 2.4.15]:

Theorem 5.3. Let K1, . . . , Km be convex bodies in Rn. For each ε > 0 there exist sim-
ple strongly isomorphic polytopes P1, . . . , Pm of dimension n satisfying δ(Ki, Pi) < ε for i =
1, . . . ,m.

proof of the main theorem. We introduce a symmetric bilinear form Φ on RN by

Φ(X, Y ) := V (X, Y, P3, . . . , Pn) for X, Y ∈ RN .

Proposition 5.1 (Claim 1). If Φ(Z, P ) = 0 then

Φ(Z,Z) ≤ 0

, and equality holds if and only if Z is the support vector of a point.

In fact, suppose that claim 1 is true. If Z ∈ RN is given, define

λ :=
Φ(Z, P )

Φ(P, P )
and Z ′ = Z − λP .

Note that Φ(P, P ) = V (P, P, P3, . . . , Pn) > 0. Then Φ(Z ′, P ) = 0 and therefore Φ(Z ′, Z ′) ≤ 0
with equality if and only if Z ′ is the support vector of a point. From

Φ(Z ′, Z ′) = Φ(Z,Z)− Φ(Z, P )2

Φ(P, P )

The assertion of the theorem follows.
To prove claim 1, we make induction on n. The case n = 2 is the inequality

V (Z, P, . . . , P ) ≥ V (Z,Z, P, . . . , P )V (P, P, . . . , P )

which is the Minkowski’s second inequality.
Suppose that the assertion is true for 2 ≤ k < n. For each i = 1, 2, . . . , N we define a

symmetric bilinear form φ on RN by

φi(X, Y ) := v(ΛiX,ΛiY, F
(4)
i , . . . , F

(n)
i ).
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Proposition 5.2 (Claim 2). Let Z ∈ RN . Then Z is an eigenvector of Φ with eigenvalue 0 if
and only if Z is the support vector of a point.

Proof. Note that

Φ(X, Y ) =
1

n

N∑
i=1

xiφ(Y, P3).

Since φ(., P3) is linear, it is of the form

φi(Y, P3) =
N∑
j=1

bijyj

Thus,

Φ(X, Y ) =
1

n

N∑
i,j=1

bijxiyj.

Here, bij = bji because Φ is symmetric. Say that Z = (ζ1. . . . , ζN) is an eigenvector of Φ
associated to the eigenvalue 0 means that

N∑
j=1

bijζj = 0

for every i. Equivalently,
φ(Z, P3) = 0 for i = 1, . . . , N.

If Z is the support vector of the point z, then

φ(Z, P3) = v({z}, F (3)
i , . . . , F

(n)
i ) = 0.

Conversely, suppose that φi(Y, P3) =
∑N

j=1 bijyj. By the induction hypothesis, this implies
φi(Z,Z) ≤ 0. Without loss of generality, we may assume that h(P3, ui) > 0; then

0 =
1

n

N∑
i=1

ζiφi(Z, P3) = Φ(Z,Z)

= V (Z,Z, P3, . . . , Pn)

= V (P3, Z, Z, P4, . . . , Pn)

=
1

n

N∑
i=1

h(P3, ui)φi(Z,Z) ≤ 0.

And hence φ(Z,Z) = 0. By the induction hypothesis this implies that ΛiZ is the support
vector, relative to the a-type of Fi, of a point zi. In other words, this means that

ΛiZ = (〈zi, vi1〉, . . . , 〈zi, viN〉),

with vij = 0 if (i, j) /∈ J . Pick ε > 0 such that P 3 + εZ is a support vector of some polytope
Q ∈ A. The fact that Λi(P 3 + εZ) = ΛiP 3 + εΛiZ yields

(F (Q, ui), vij) = h(F
(3)
i , vij) + ε〈zi, vij〉

= h(F
(3)
i + εzi, vij).
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And thus F (Q, ui) = F
(3)
i + ti with a vector ti = εzi + aiui for some ai ∈ R. Then, for

(i, j) ∈ J we conclude that the (n− 2)-face G := F (Q, ui)∩F (Q, uj) satisfies G = F
(3)
ij + ti and

G = F
(3)
ij + tj. So we have ti = tj. Since any two facets of P3 can be joined by a chain of facets

such that any two consecutive facets in the chain have an (n− 2)-dimensional intersection, we
conclude that ti = tj for all i, j. Thus Q is a translate of P3 and, hence, Z is the support vector
of a point. This completes the proof of claim 2.

We now introduce another symmetric bilinear form Ψ on RN . Let X, Y ∈ RN :

Ψ(X, Y ) =
1

n

N∑
i=1

φi(P, P3)

h(P, ui)
xiyi

Here we assume, without loss of generality, that h(P, ui) > 0 for i = 1, . . . , N . Since φi(P, P3) >
0, the form Ψ is positive definite.

We consider the eigenvalues λ1 > λ2 > ... of Φ relative to Ψ and make use of the fact that

λ1 = max{Φ(X,X) : Ψ(X,X) = 1}
λ2 = max{Φ(X,X) : Ψ(X,X) = 1 and Ψ(X, Y ) = 0 for all Y in the λ1 − eigenspace}

Analogously, we write

Ψ(X, Y ) =
1

n

N∑
i,j=1

cijxiyj

Where

cij :=


φi(P, P3)

h(P, ui)
if i = j

0 if i 6= j

Then Z = (ζ1, . . . , ζN) ∈ RN is an eigenvector of Φ relative to Ψ with eigenvalue λ if and only
if

N∑
j=1

(bij − λcij)ζj = 0 for all i = 1, . . . , N

Or, equivalently, if

φi(Z, P3) = λ
φi(P, P3)

h(P, ui)
ζi for all i = 1, . . . , N

So, in particular, λ = 1 is an eigenvalue with associated eigenvector Z = P

Proposition 5.3 (Claim 3). The only positive eigenvalue of Φ relative to Ψ is 1, and it is
simple.

For the proof, we first assume that P = P3 = . . . = Pn. Suppose claim 3 were false in this
case. If there is a positive eigenvalue µ 6= 1, then there exists Z ∈ RN with Ψ(Z, P ) = 0 and
Φ(Z,Z) = µΨ(Z,Z) > 0. If 1 is a multiple eigenvalue, the corresponding eigenspace is at least
two-dimensional and hence contains a vector Z with Ψ(Z, P ) = 0 and Φ(Z,Z) = Ψ(Z,Z) > 0.
Thus, in either case we conclude from

Ψ(Z, P ) =
1

n

N∑
i=1

φi(P, P )

h(P, ui)
ζih(P, ui) = V (Z, P, . . . , P )

that V (Z, P, . . . , P ) = 0. But V (Z,Z, P, . . . , P ), which contradicts the Minkowski’s second
inequality.
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Now let P3, . . . , Pn ∈ A be arbitrary. For ϑ ∈ [0, 1] let Pr(ϑ) := (1 − ϑ)P + ϑPr, r =
3, . . . , n. The coefficients of the corresponding forms Φ,Ψ depend continuously on ϑ, hence the
same is true for the relative eigenvalues. By Claim 2, the number 0 is always an eigenvalue
with multiplicity n. It follows that the sum of the multiplicities of the positive eigenvalues is
independent of ϑ. Since it is equal to 1 for ϑ = 0, it must be equal to 1 for ϑ = 1, proving the
claim 3.

Claim 3 implies that the eigenspace corresponding to the eigenvalue 1 coincides with linP
and that the second eigenvalue is not positive, and hence that Φ(Z,Z) ≤ 0 for all Z satisfying
Ψ(Z, P ) = 0; the latter is equivalent to Φ(Z, P ) = 0. Thus Φ(Z, P ) = 0 implies Φ(Z,Z) ≤ 0.
Suppose that we have equality for some Z 6= 0. Since at Z the maximum in λ2 is attained, Z
is an eigenvector with eigenvalue 0. By Claim 2, Z is the support vector of a point, completing
the proof of the theorem.
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Chapter 6

Intrinsic Volumes

6.1 Euclidean intrinsic volumes

The euclidean intrinsic volumes are a particular case resulting from the mixed volumes. They
are very important for us because this is what motivated the study of the spherical intrinsic
volumes and the properties satisfied by them. We will take this introduction toward the proof
of the log-concavity of the euclidean intrinsic volumes and motivate in this way the study of
the spherical ones.

Let M e ⊆ Rn and r ≥ 0. The tube or radius r around M e is defined as

T e(M e, r) := {x ∈ Rn : de(x, y) ≤ r for some y ∈M e} = M e +Bn(r).

Where Bn(r) := {x ∈ Rn : ||x|| ≤ r} is the ball of radius r centered at the origin.
If M ⊂ Sn−1 then we can make an analogous definition, the tube of radius α in Sn−1 is

T (M,α) := {x ∈ Sn−1 : d(x, y) ≤ α for some y ∈M}.

Remark 6.1. If we have the case where M e ⊆ Rn and M ⊆ Sn−1 are closed sets, we can write

T e(M e, r) = {x ∈ Rn : min{de(x, y) : y ∈M e} ≤ r}
T (M,α) = {x ∈ Sn−1 : min{d(x, y) : y ∈M} ≤ α}

In the early 1840’s, Steiner found that the volume of the tube of radius r around a convex
body K ⊂ Rn is justly a polynomial in r. We have seen this before, this is a consequence of
the theorem 4.1.

Definition 6.1 (Section 4.2). [[Sch13]] Let K be a convex body in Rn, the intrinsic volumes
V e
i (K) are defined as scaled versions of the coefficients of the Steiner formula for T (K, r):

volnT
e(K, r) = voln(K + rBn) =

n∑
i=0

(
n

i

)
Vi(K,B

n)ri =
n∑
i=0

ωiV
e
n−i(K)ri,

Where ωi = voli(B
i) =

πi/2

Γ( i+2
2

)
is the volume of the ball Bk ⊂ Rk and Γ(z) =

∫ ∞
0

xz−1e−xdx is

the gamma function.

The numbers V e
n−i are called intrinsic volumes of K because they do not depend on the

embedding of K in Rn, in other words, considering the convex body K ⊆ Rm with m ≥ n will
give us the same intrinsic volumes that if we consider K embedded in Rn.
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Remark 6.2. Let K be a convex body in Rn. From the definition above, we have that(
n
i

)
Vi(K,B

n) = ωiV
e
n−i(K)

V e
n (K) = voln(K), V e

n−1(K) =
nV1(K,B)

2
=

voln−1(∂K)

2
, V e

0 (K) = 1.

Moreover, in the case where K is a polytope, the intrinsic can be computed through the formula

V e
i (K) =

∑
F

voli(F )
voln−i−1(N

S
F )

On−i−1
(6.1)

Where

Ok := volnS
k =

2π(k+1)/2

Γ(k+1
2

)

Example 6.1. Consider K = Bn the unit ball in Rn. As we said before, Bn(r) := {x ∈ Rn :
||x|| ≤ r} = rBn and therefore, T (Bn, r) = Bn + rBn = (1 + r)Bn. So,

volnT (Bn, r) = voln
(
(1 + r)Bn

)
= (1 + r)nvoln(Bn) =

n∑
i=0

(
n

i

)
voln(Bn)ri

=
n∑
i=0

(
n

i

)
ωnr

i.

So,

V e
n−i(B

n) =

(
n

i

)
ωn
ωi
.

Or, equivalently

V e
i (Bn) =

(
n

i

)
ωn
ωn−i

.

The following theorem is the most relevant for us, and it says that for any convex body its
sequence of intrinsic volumes is log-concave.

Theorem 6.1 ([Ame11]). Let K a convex body in Rn. Then the sequence V e
0 (K), . . . , V e

n (K)
is log-concave, i.e

V e
i (K)2 ≥ V e

i−1(K)V e
i+1(K).

For all i = 1, . . . , n− 1.

Proof. From the definition 6.1 we have that(
n

i

)
Vi(K,B

n) = ωiV
e
n−i(K) or V e

i (K) =

(
n

i

)
Vn−i(K,B

n)

ωn−i
.

Now, if we apply the Aleksandrov-Fenchel inequality to Vn−i(K,B
n) we obtain

V 2
n−i(K,B

n) ≥ Vn−i+1(K,B
n)Vn−i+1(K,B

n)

And, correspondingly

V e
i (K)2

V e
i+1(K)V e

i−1(K)
≥ ωn−i−1 . ωn−i+1

ω2
n−i

(
n
i

)2(
n
i+1

)(
n
i−1

) ≥ 1

The last inequality follows from the following lemma.
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Lemma 6.1. Let n be a positive integer.

1. The sequence
(
n
0

)
, . . . ,

(
n
n

)
is log-concave

2. The sequence ω0, ω1, . . . , ωn is log-concave.

1. Let 0 < k < n. Then (
n

k

)2

(
n

k + 1

)(
n

k − 1

) =
(k + 1)(n− k + 1)

k(n− k)
≥ 1

2. Again, let 0 < k < n. Here, we use the fact that the Gamma function is a log-convex
function, so

ω2
k

ωk−1ωk+1

=

πk

Γ(k+2
2

)2

πk

Γ(k−1
2

)Γ(k+1
2

)

≥ 1

Thus, the theorem follows.

6.2 Spherical intrinsic volumes

We consider now spherical intrinsic volumes. Central to the definition of them is the following
fact:

Theorem 6.2. Let K ∈ K(Sn−1) and 0 ≤ α ≤ π/2. The volume of the tube of radius α around
K is given by

voln−1T (K,α) = voln−1(K) +
n−2∑
j=0

Vj(K)On−1,j(α),

For some continous functions Vj : K(Sn−1) → R and 0 ≤ j ≤ n − 2. We use the notation
On−1,j(α) := voln−1T (S, α) and S ∈ Sk(Sn−1) := {S ⊆ Sn−1 : S is a k-dimensional subsphere}.

Definition 6.2. Let −1 ≤ j ≤ n− 1. The j−th spherical intrinsic volume is a function

Vj : K(Sn−1) ∪ {∅, Sn−1} → R,

such that for K ∈ K(Sn−1) and 0 ≤ j ≤ n − 2 the value of Vj(K) is precisely the quantity
Vj(K) in the theorem 6.2. Besides, for j ∈ {−1, n− 1},

Vn−1(K) :=
voln−1(K)

On−1
, V−1(K) :=

voln−1(K
◦)

On−1
.

Finally, we define Vj on {∅, Sn−1} as

Vj(∅) :=

{
1 if j = −1

0 else
, Vj(S

n−1) :=

{
1 if j = −n− 1

0 else

The following result will be very useful for future computations.

27



Theorem 6.3. Let K ∈ K(Sn−1) and 0 ≤ j ≤ n−2. If K is a polyhedral cap with j-dimensional
faces Fj, then

Vj(K) =
∑
F∈Fj

volj(F )

Oj
.

voln−2−j(N
S
F )

On−2−j
.

We can decompose a polyhedral cone C into the disjoint union of the relative interiors of
its faces [Sch13, Thm. 2.1.1]:

C =
⊔

F a face of C

relint(F )

So, we can make the following definition

Definition 6.3. Let x ∈ C, then the face of x is

face(x) :=

{
C if x ∈ int(C)

F if x ∈ relint(F ) and F is a face of C.

The following proposition shows why intrinsic volumes are important in probability and
some optimization problems. This characterization is the most frequently used in the literature.
The proof is based on [Ame11, Proposition 4.4.6]

Proposition 6.1. Let K be a spherical polyhedron in Sn−1, i.e, K ∈ K(Sn−1) and cone(K) =
H1 ∩ . . . ∩ Hk for some H1, . . . , Hk half-spaces. Let C = cone(K) denote the corresponding
polyhedral cone. We define the function

dC : Rn → {0, 1, . . . , n} such that dC(x) = dim
(
face(

∏
C(x))

)
.

Let p be a vector drawn uniformly at random on Sn−1. Then, the j-th spherical intrinsic volume
of K, Vj, is given by

Vj(K) = P
(
dC(p) = j + 1

)
(6.2)

Proof. The assertion is true for j = −1, n− 1 because

dC(p) = n⇐⇒ dim(C) = n and p ∈ C
dC(p) = 0⇐⇒ dim(C◦) = n and p ∈ C◦

So, let’s assume that 0 ≥ j ≥ n− 2.
Let F e be a face of C such that dimF = j + 1, and let N = NF e(C) be the normal

cone of C in F e as we mentioned before. We can suppose without loss of generality that
lin(F e) = Rj+1 × {0}, then

F e = F̃ e × {0} and N = {0} × Ñ ,

with F̃ e ⊆ Rj+1 and Ñ ⊆ Rn−j−1. Keeping this in mind, we can see also that
∏−1

C (F e) = F̃ e×Ñ .
Let x = (x1, x2) ∈ Rj+1 × Rn−j−1 be a standard normal vector in Rn (i.e x ∈ N (0, Inxn)).

Consequently,

P(x ∈
∏−1

C (F e)) = P(x1 ∈ F̃ e)P(x2 ∈ Ñ)

=
volj(F̃

e ∩ Sj)
Oj

.
voln−2−j(Ñ ∩ Sn−2−j)

On−2−j
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So, summing over all the probabilities for each face of face of C, we get

P
p∈Sn−1

(dC(p) = j + 1) = P
x∈N (0,In)

(dC(x) = j + 1)

=
∑

F∈Fj(K)

volj(F )

Oj
.

voln−2−j(N
S
F )

On−2−j

=
Thm. 6.3

Vj(K)

Example 6.2. Let C = Rn
+ and K = C ∩ Sn−1. If we pick an element x ∈ Rn then

∏
C(x) =

x = (x1, . . . , xn) where

xi =

{
xi if xi ≥ 0,

0, else.

Then, the function dC is given by

dC(x) = |{i : xi > 0}|.

If we have a point p uniformly distribute on Sn−1, then the probability that its i-th component
is positive is 1/2.

Vj(K) =

(
n

j + 1

)
2n

.

So, this distribution of probability coincides with the binomial distribution of the random
variable Y =

∏
C(g) lies in the relative interior of a j + 1-dimensional face of C for a random

standard normal vector g.

Now, we list some properties of the spherical intrinsic volumes. The proof is omitted here,
but for more details see [Ame11, Prop. 4.4.10]

Theorem 6.4.

1. The intrinsic volumes are nonnegative. That is to say Vj(K) ≥ 0 for all −1 ≤ j ≤ n− 1
and for all K ∈ K(Sn−1) ∪ {∅, Sn−1}.

2. If S ⊂ Sn−1 is an i-dimensional sphere, then

Vj(S) =

{
1 if j = i

0 else

3. Let K ∈ K(Sn−1). Then the intrinsic volumes of K◦ are given by

Vj(K) = Vn−2−j(K
◦).

4. For every K ∈ K(Sn−1) ∪ {∅, Sn−1} we have the equality

n−1∑
j=−1

Vj(K) = 1.

In particular, Vj(K) ≤ 1 and the spherical intrinsic volumes of K form a distribution
probability.
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5. For any convex cap K, the following equality holds∑
j=−1

j≡0 (mod 2)

Vj(K) =
∑
j=−1

j≡1 (mod 2)

Vj(K) =
1

2
.

So, we have Vj(K) ≤ 1

2
for any cap K.

In the past section we proved that the sequence of euclidean intrinsic volumes is log-concave
for any convex set K. The spherical analog is just a conjecture, and in case of being true, it
would provide a lot of applications. However, there is relation connecting euclidean intrinsic
volumes and the spherical for a special kind of convex sets on the sphere and in Rn due to
Amelunxen [Ame11, Prop. 4.4.18].

Theorem 6.5 (Transformation formula). Let C ⊆ Rn be a closed convex cone, and define
K = C ∩ Sn−1 and Ke = C ∩Bn, then

V e
i (Ke) =

n∑
j=i

V e
i (Bj)Vj−1(K) =

n∑
j=i

ωj
ωj−i

Vj−i(K)

We could attempt to use this transformation formula to attack the problem of the log-
concavity of the spherical intrinsic volumes. Unfortunately, the transformation formula does
not help to get a proof of such conjecture. Even if we know that the euclidean intrinsic volumes
are log-concave. To see this, suppose we have a0. . . . , an a log-concave sequence of positive
numbers. If we define c0, . . . , cn as the sequence that satisfy

ai =
n∑
j=i

(
j

i

)
ωj
ωj−i

cj

Then, c0, . . . , cn is not necessarily log-concave. For example, if we take the sequence of ai’s as
a = (e3, e3, e2.5, e) which is log-concave, the associated sequence c ≈ (6.57, 4.05, 6.75, 2.72) is
not log-concave.

In the following example we show that the intrinsic volumes of the spherical triangle are
log-concave. This result validates the general conjecture for the intrinsic volumes of spherical
convex bodies and gives a glimpse to a general proof in Rn.

Example 6.3. Let’s compute the spherical intrinsic volumes for a spherical triangle T (lying
on the sphere of radius one, S2) with sides a, b, c (which correspond to the dihedral angles
between the rays of the cone generated by the spherical triangle) and internal angles A,B,C,
the idea is to use theorem 6.2.

Figure 6.1: Spherical triangle T
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If A′, B′, C ′ denote the internal angles of K◦ and a′, b′, c′ its corresponding sides, then A′ =
π − a, B′ = π − b, C ′ = π − c. Likewise, a′ = π − A, , b′ = π − B, c′ = π − C. See [Tod63].
By definition,

V−1(T ) =
vol2(T

◦)

O2

=
Area of T ◦

4π
=

2π − a− b− c
4π

, (6.3)

And

V2(T ) =
vol2(T )

O2

=
Area of T

4π
=
A+B + C − π

4π
(6.4)

Now, we move to V0(T ) and V1(T ). Given any side F of the triangle T , NS
F = {∗} is just a

point. So V0(N
S
F ) = 1. Then,

V1(T ) =
Perimeter of T

4π
=
a+ b+ c

4π
, (6.5)

And analogously

V0(T ) =
Perimeter of T ◦

4π
=

3π − A−B − C
4π

. (6.6)

What if we ask about the log-concavity of V−1(T ), V0(T ), V1(T ), V2(T ) in this case? The
answer lies on the isoperimetric inequality on the sphere.

Proposition 6.2 (Isoperimetric inequality on the sphere). Let C be a simple closed curve on
S2. If we denote by L the length of C and by A the area enclosed by C, then

L2 ≤ A(4π − A)

More references about this inequality can be found in [Oss78]. Note now that by taking
C = T , we can deduce easily that V1(T )2 ≥ V2(T )V0(T ). In the same way, if we make C = T ◦

we get V0(T ) ≥ V1(T )V−1(T ).

Remark 6.3.

• Note that these formulas do not depend directly of the coordinates of the rays generating
the cone of the triangle T . So, the intrinsic volumes of the spherical triangle are invariant
under rotation and translation on the sphere which extends the notion of intrinsic that
we saw in the euclidean case.

• If we have any spherical polygon on the sphere, the formulas for the intrinsic volumes
of K will depend only of the area and perimeter of K and K◦. Nonetheless, verify the
isoperimetric inequality in this case will require more work because we do not have the
relations between angles and sides of K and K◦ that we did have in the case of the
spherical triangle.
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