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Chapter 1

Introduction

In 1900, Hilbert published a set of problems in the Bulletin of the American Mathematical
Society | ]. One of these problems, which today is known as Hilbert’s fifth problem,
asks for the conditions a given group must satisfy in order to assure the differentiability of
the group operations. Since its formulation many mathematicians have searched for answer
to this natural question.

The earliest answer to this problem was given in 1933 for the compact case by von
Neumann using the Peter-Weyl theorem for representations of compact groups. Later on
Iwasawa asserted that if the quotient of a group over a normal Lie group is a Lie group,
then the whole group was originally a Lie group. Some years after that conjecture was
proved, Gleason showed that every locally compact finite dimensional group with no small
subgroups is a Lie group using some results given by Montgomery and Zippin. Afterwards,
Yamabe was able to remove the finite dimensional hypothesis.

The main purpose of this dissertation is to make a compilation of some of the main
results previously mentioned based in the work of Tao | |-

In chapter 1 we introduce some basic notions concerning Lie groups and Lie algebras
and their exponential map. Furthermore, we study how the linear structure of the Lie
algebra gives us control over the group operations through the Campbell-Baker-Hausdorff
theorem. Finally we prove Cartan’s theorem which will play an important role later on.

In chapter 2 we develop the tools needed to construct an exponential map based on
the existence of a strong Gleason metric in a locally compact group. This exponential map
will allow us to define the local differentiable structure of the given topological group. It
is important to notice that we introduce the concept of strong Gleason metric in order to
simplify some of the arguments presented in [ ]

Chapter 3 is dedicated to the existence of Haar measures on locally compact groups
and the development of the machinery necessary to prove that every compact group can
be made a Lie group, after considering its quotient by some normal closed (well selected)
subgroup. This result is achieved after making a strong use of the existence of a Haar
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4 CHAPTER 1. INTRODUCTION

measure and the Peter-Weyl theorem for representations of compact Hausdorff groups.

The last chapter is dedicated to the construction of strong Gleason metrics on locally
compact groups. We begin by defining a weakly strong Gleason metric, which at first sight
may appear weaker than a strong Gleason metric. But we show that they are actually
equivalent. Now that we have reduced the requirements for a metric to become a strong
Gleason metric, we only need to find some necessary conditions for the existence of such
weak Gleason metrics. The required condition turns out to be that the group has the no
small subgroup property.

From the no small subgroups property and by an argument, which in spirit is similar
to the proof of the Birkhoff-Kakutani theorem, we are able to construct a weak Gleason
metric. The proof of existence of such metrics will be constructive, but not necessarily
enlightening. This final construction will use most of the tools developed trough the whole
text.

Due to the organization of the document and the huge amount of technical details,
sometime the reading can be quite challenging. We understand that the reader could lose
sight of the goals proposed. In order to give some help on the understanding we provide a
little diagram which could help the exploration of the document

|

N

|

The previous flowchart gives a slight insight on the structure of the text. For example,
someone who is interested in the answer to Hilbert’s fitht problem for compact groups can
go directly from chapter 2 to chapter 4. But if the reader is interested in the locally compact
case of the Hilberts fifth problem and is familiar with some of the most important tools
in functional analysis, he could avoid chapter 4 an go . However the most inexperienced
reader should follow the given organization of the text, since most of the ideas developed in
chapter 4 can be highly illustrative in chapter 5. Furthermore, the technical issue addressed
in chapter 4 may serve as an interesting “warm up” to the proofs presented in chapter 5.

A little summary of the main results presented in this text concerning Hilbert’s fifth
problem for locally compact groups can be made in the following diagram



strong . Exp map i
NSS :>leveak stror;g‘ :>Gleason:>L(G) B—  isalocal :>LieG 1rs oi
eason metric metric atvs homeomorphism sroup:

The previous diagram shows us the path of theorems that leads us from the NSS property
to the construction of a differentiable structure on locally compact groups. It can be
translated into: every locally compact group with the NSS property has a weak strong
Gleason metric, which is in fact a strong Gleason metric. Every locally compact group
with a strong Gleason metric is locally homeomorphic to a finite dimensional topological
vector space named L(G) with local homeomorphism given by the Exp map.

Keeping this in mind will help the reader to navigate trough the text and not drown
into the technical proofs, which are important and beautiful themselves, but can distract
from the main target of this document.

Finally, I would like to acknowledge the inspiration and constant support given to me by
my advisor and role model Professor Andrés Angel,and the assistance of Professor Monika
Winklmeier, who help me unceasingly trough the construction of this text.



Chapter 2

Basic notions

In this chapter we will introduce some of the most basic concepts which will be needed for
the development of this work.

2.1 Lie groups
Definition 2.1 (Lie group). A Lie group G is a topological group such that:
(i) G is a differentiable manifold.

(ii) The group operations are C*°, which means that - : G x G — G and -V : G — G
are differentiable.

We will denote the identity element of the group with the letter e hereinafter.

Some of the most basic examples of Lie groups are (R",+), (C*,-) (the non-zero com-
plex numbers) with complex multiplication, S' with the induced multiplication by C* and
M, (R) = {matrices n x n} with matrices multiplication.

Definition 2.2 (Lie algebra). A Lie algebra g is a K-vector space together with a bilinear
operation called Lie bracket

[ ]:gxg—g
which fulfills the following properties:
(i) [z,y] =1y, =],
(i) [z, y], 2]+ [[y, 2], 2] + [[2,2] ,y] =0 (Jacobi identity)

Definition 2.3. Let GG be a Lie group.
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(i) For g € G the left and right translations by g are the respective diffeomorphisms
lg :G— G, and ry : G — G defined by

lg (I’) = g,
rg(z) = zg.
(ii) Let X be a vector field over G. We say that X is left invariant if Vg € G we have

Xoly=dlgoX or

dlg
TG —TG

s

G——CGCG

lg

is a commutative diagram.
This definition can be restated in terms of ¢-related vector fields as follows.

Definition 2.4. Let ¢ : M — N be a smooth function. Then we say that some vector
fields X on M and Y on N are @-related if we have that the following is a commutative
diagram

™ -“ TN

]

M— >N
)

Clearly since I, is a diffeomorphism of G into itself we can say that a left invariant
vector field is [4-related to itself, which coincides with the previous definition.

Proposition 2.5. Let ¢ : M — N be C*°. Let X and X1 be smooth vector fields on M,
and let Y and Y1 be smooth vector fields on N. If X is p-related to Y and X1 is p-related
to Y1 then [X, X1] is @-related to [Y,Y1].

Proof. We need to show that dp [X, X1] = [Y,Y1]p. Let m € M and f € C®(N). We
need to verify that dp([X, X1])n(f) = [Y, Y1),y (). Applying the definition we obtain

dep([X, X1])m (f) = [X, X1l,, (f o )
= X (X1(f o p)) = (X1)m(X(f 0 p))
= X ((dp o X1)(f)) — (X1)m((dp o X)([))
= Xm(Y1(f) o) = (X1)m(Y(f) o 9)
= dp(Xm)(Y1(f)) — deo((X1)m) (Y (f))
= Yo(m)(Y1(f)) = (Y1) p(m) (Y (f))
=Y, Y1), (m) (f)- u
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Proposition 2.6. Let G be a Lie group and g the set of left-invariant vector fields on G.
Then:

(i) g is an R-vector field, and o : g — T.G, a(X) = X (e) is a natural isomorphism.
(ii) The bracket of two invariant vector fields is itself an invariant vector field.
(iii) g forms a Lie algebra with the Lie bracket operation of vector fields.

Proof. Tt is obvious that g is an R-vector space and the linearity of o comes from the
linearity of the vector fields. Now let us verify the injectivity of a. If a(X) = a(Y), then
forall g € G

X(g) = dig(X(e)) = dlg(Y(e)) = Y (g)-

Hence X = Y. Moreover, take x € T.G and define the vector field X, : G — TG as
Xz(h) = dlp(z). Clearly by construction X, is left-invariant since X,(l4(h)) = X,(gh) =
dlgn(xz) = dlg(dlp(x)) = dlg(Xy(h)) and a(X,) = Xi(e) = dlc(z) = x, so « is onto.
Showing that « is an isomorphism.

Note that X and Y are ls-related to themselves. Hence by proposition 2.5 [X,Y] is

lg-related to itself, which means that dl, [X,Y] = [X, Y], as desired.
by (i) and (ii) in this proposition it follows that g is a Lie algebra which concludes the
proof of (iii). O

Definition 2.7. We define the Lie algebra of a Lie group G as the Lie algebra g of smooth
left invariant vector fields on GG. By numeral (i) in proposition 2.6 we can identify the Lie
algebra of the Lie group G as the tangent space of G at the identity 7.G.

Definition 2.8. Immersion Let M and N be to differentiable manifolds and f: M — N
be a differentiable map. We say that f is an immersion if and only if

dpf : TyM — Tty N
is an injective map for every p € M.
Definition 2.9 (Lie subgroup). (H,i) is a Lie subgroup of a Lie group G if and only if:
(i) H is itself a Lie group,
(ii) (H,1%) is a sub-manifold of G with injective immersion i,
(iii) ¢ : H — G is a group homomorphism.
Here i is called the inclusion map.

Definition 2.10 (Lie sub-algebra). Let g be a Lie algebra. A subspace ) C g is called a
Lie sub-algebra if [X,Y] € h whenever X,Y € b.
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Remark. A Lie sub-algebra h C g clearly forms a Lie algebra under the induced bracket
operation of g.

If (H,1) is a Lie subgroup, then i is an injective immersion. Moreover, if b is the Lie
algebra of H and g is the Lie algebra of g then di : TH — TG gives an isomorphism of §
with a Lie sub algebra di(h) C g.

Definition 2.11. Let (Hi,i1) and (Ha,i2) be two Lie subgroups of G. We call them
equivalent if there exists a Lie group isomorphism « : H; — Hs such that i 0o = i1. Or
equivalently if the following diagram

G—4.q

I

H, — Ho
is commutative.

Taking into account this equivalence relation, we will consider a Lie subgroup H of G
dropping any reference to its inclusion map. The same will be done with their corresponding
Lie algebras.

Now we are interested in the relation between the Lie group GG and its Lie algebra g. In
order to do such, we will introduce the notion of the exponential map, which will help us to
understand the local behavior of group operations in terms of the Lie algebra operations.

This will be useful since a Lie group is highly non-linear. Therefore, its operations
are really difficult to understand, but the exponential map will allow us to “approximate”
them with some linear operations.

2.2 1l-parameter subgroups

Definition 2.12. A continuous homomorphism ¢ : R — G is called a I-parameter sub-
group of G.

Definition 2.13 (Exponential map). Let G be a Lie group, g its Lie algebra. And let
X € g. Consider the homomorphism

d
A— = AX
it
of the Lie algebra of R into g. R is simply connected, thus by | | there exists a unique
1-parameter subgroup
expy :R =G
such that p
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Note that ¢ — expy(t) is the unique 1-parameter subgroup of G whose tangent vector at
0 is X (e). Now we can define the exponential map as

Exp:g— G, Exp(X) =expx(1).
The following theorem explains why this function is called “exponential” map.
Theorem 2.14. Let G be a Lie group with Lie algebra g. The for every X € g
(i) Exp(tX) =expx(t) for allt € R,
(ii) Exp((t+ s)X) = Exp(tX)Exp(sX) for all t,s € R,
(iii) Exp(—tX) = (Exp(tz))~! for all t € R.

Proof. Let t € R and define the homomorphisms ¢,9 : R — G as ¢(s) = exp,x(s) and
P(t) = expy(ts). We want to see that ¢(s) = ¥(s). Recall that ds3p : TsR — Ty )G and

the basic element of TxR is called d%. Moreover, by definition of exp,x we have that ¢ is
the unique homomorphism such that

d d
ds(p (d’r) = ds(exth) (d’,”) =tX.

On the other hand we have that

ds1) (tc;j"> = ds(expy) (t;ﬂ) =tX

Then by the uniqueness of the homomorphism we have that ¢ = 1 then exp,y(s) =
espx (ts) for all s € R and if we make s = 1 then we obtain that Exp(tX) = exp,x (1) =
expy(t) as desired in (i).

Part (ii) follows from (i) and the fact that expy is a homomorphism, because

Exp((t + s)X) = expx(t + s) = expx (t) expx(s) = Exp(tX)Exp(sX).
In a analogous way we can get (i)
Exp(—tX) = expx (—t) = (expx (1)) ™" = (Exp(tx)) " O
Proposition 2.15. Let ¢ : H — G be a Lie group homomorphism. Then the following

diagram is commutative:
H—*-q
ExpT ]Exp
b g

[

-

d¢
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Proof. Let X € h. Then t — Exp(tX) is a 1-parameter subgroup in H and if we apply
the homomorphism ¢, we obtain that ¢ — ¢(Exp(tX)) is a 1-parameter subgroup in G.
Now, remember that the tangent at 0 of ¢ — Exp(tX) is X(e) so the tangent at 0 of
t— ¢(Exp(tX)) is do(X (e)).

On the other hand we have that d¢(X) € g, hence by construction of Exp we know
that ¢ — Exp(t(d¢(X))) is the unique 1-parameter subgroup of G such that the tangent
at 0 is (d¢(X))(e). Thus by the uniqueness of the exponential map

¢(Exp(tX)) = Exp(t(dp(X))),
and in particular

¢(Exp(X)) = Exp(do(X)). M

Lemma 2.16. Let M, N be differential manifolds and let f : M — N be a differentiable
function such that f(M) is contained in a sub-manifold P. If the map F : M — P is
continuous, then it is also differentiable.

Proof. In the accompanying commutative diagram

M#N

N

f and F' are functions given in the hypothesis, and 4 is the immersion of P in N.
Since ¢ is an immersion, for every p € P there exist neighborhoods U of p and V' of i(p)
in N and a smooth map g : V — U such that g oi = id|y.

i

Thus we have that locally F' = ido F = (goi)o F = go f. Since the right side of
the previous expression is a composition of diffeomorphisms we obtain that F' is also a
diffeomorphism as desired. O

Proposition 2.17. Let G be a Lie group with Lie algebra g and let H be a Lie subgroup
of G with Lie algebra . Then

h={Xeg|VteR : Exp(tX) e H and t — Exp(tX) is continuous}. (2.1)
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Proof. Let b be the right side in equation (2.1). We will show a double inclusion.

We begin showing that § C h. For X € b by theorem 2.14 for all ¢ € R we have
Exp(tX) = expx(t) and since for all X € b we define expy : R — H then Exp(tX) € H.
Moreover, recall that ¢ — Exp(tX) is a 1-parameter subgroup then it is continuous.

To see that 6 C b, suppose for X € g that the map «(t) := Exp(tX) is continuous. By
lemma 2.16 if we take f = Expg, M =R, N =G and P =H

_erpe_

Ny

H

we get that F': R — H, which by definition is F'(t) = Exp(tX), is differentiable. Further-
more, since F'(0) =e so X = dF(0) € T.(H) = b as desired. O

Corollary 2.18. If Hi and Hy are two Lie subgroups of the Lie group G such that they
are equal as topological groups, then, they are equivalent as Lie groups.

Proof. By Proposition 2.17 we get that the Lie algebras §, and b, are equal. Since Exp is
a local difeomorffism near the origin, by Proposition 2.15 we get that H; and Hy are the
same. ]

2.3 Campbell-Baker-Hausdorff formula

In the following section we will demonstrate the Campbell-Baker-Hausdorff formula which
we will use to prove Cartan’s theorem (theorem 2.25). The latter asserts that every topo-
logically closed subgroup of a Lie group is a Lie subgroup.

Take into account that in order to prove Cartan’s theorem we will need to have control
over group operations. But, we have already noticed that group operations can be difficult
to understand in general. To solve this issue, we will use the Campbell-Baker-Hausdorff
formula. This formula will determine the group operation in terms of the Lie bracket and
the vector space operations of the Lie algebra associated to the group.

Once we have complete understanding of the group operation we will be able to con-
struct a Lie structure over a closed subgroup. This result is the main goal of this section
(see theorem 2.25).

Definition 2.19. Let G be a Lie group, let f be a real valued analytic function at p € G
and let X be a vector field on G such that X € T.(G). The Taylor series expansion for f
is defined by the formula if there exists € > 0 such that, for |t| < e,

f(PExp(tX)) := ) g(f("f)(p)-

n=0
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Theorem 2.20. Let G be a Lie group and let X,Y € Tc(G). Then there exists € > 0 such
that for all |t| < € we get

Exp(tX)Exp(tY) = Exp(tX +tY + — t [X Y]+ o(t?)).

where o(t3) is a vector contained in T.G such that for it < €, (1/t)o(t?) is bounded an
analytic.

Proof. Let f be an analytic function at p € G. By the formula given in proposition 2.5 of

0w = () 1m0

applying twice this formula f at e € G we get

v = |(5) (%) FEeexse)

t=0

t=0,s=0

Moreover, the Taylor series expansion of f is

FExp(tX)Exp(tY)) = Y
where the coefficient of ¢ is (X f)(e) + (Y f)(e) and the coefficient of #2 is %(X'Qf)(e) +
(XY f)(e) + 5(Y?f)(e).

However, since Exp : U — V is a diffeomorphism between a neighborhood U of 0 € g
and a neighborhood V of the identity in G, we can construct a differentiable inverse F' :
V' — U such that we can pre-compose with a differentiable function R D I — V which will
give us a differentiable function F': R D I — U C T,(G). Moreover, this F' will allow us
for each t € R to write the product of elements in G as follows.

Exp(tX)Exp(tY) = Exp(F(t)).
Note that F' has the Taylor series expansion
-y,
n>0
with F,, € T.(G).
Since f is analytic, we can calculate Exp(F(0)) = Exp(0)Exp(0) = e thus F(0) = 0.
J(Exp(tX)Exp(tY)) = f(Exp(F(t)))
tFy +t2Fy + o(t?)))
tFy +t2Fy)) + o (%)

(tEBy + 2F2)" ) (e) + o (£3)

=f (EXp

->

n>0

(
(
(
i (
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where the last equality came from the Taylor series formula for tF + t>F}.
We only need to compare the coefficients for ¢ and t? in the last expression with those
found at the beginning of the proof. We will that

(FLf)(e) = (Xg)(e) + (Yg)(e)
1 -

and (Faf)(e) + 3 (Fi”F)(e) = 5(X21)(e) + (XV)(e) + L (7D)(e),

which leads us to the following result.
(FLf)(e) = (Xg)(e) + (Yg)(e)
A 1 A A
and (F2f)(e) = 5 <[XYD (e). 0

Corollary 2.21. Under the same conditions as in the previous theorem, the following
formulas hold:

(i) Exp(H(X +¥)) = limy,_,oc (Exp((£/n) X JExp((t/n)Y )",
(i) Exp(t2 [X, ¥]) = limy o (Bxp((—t/n) X )Exp((—t/n)Y )Exp((t/n) X )Exp((¢/n)Y ).

Proof. To show (i) fix an ¢ € R and sufficiently large n. By theorem 2.20 we get

Exp (tf) Exp <t:) = Exp (t(X; Y) + e [Qii;y] +o0 (733» ;

(o () o () = s+ 19 22571 (1)

which by the continuity of Exp give us the desired result.
To see (ii) we just need to apply the previous result and theorem 2.20.

o (5 ) B () B () 2o (5)
iy (L) YT (1)) (540D EIT) (1)

o (225 40 (1)),
(o (7Y (2 Y (X e (%)) = (01

which give us the result when consider n — co. O
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Remark. The formula in 77 in the previous corollary should remind us of the Trotter-Kato
formula | ] which is a generalization to certain unbounded linear operators.

Definition 2.22. We shall call F(X,Y,...,Z) a Lie polynomial if it lies in the Lie algebra
generated by X,Y,..., Z.

For example, F(X,Y) is a Lie polynomial if it is a linear combination of X,Y and
[X,Y] and possible nested Lie brackets.

Definition 2.23. We say that two polynomials P,(Q are Lie related or P =p;. Q if and
only if P — (@ is a Lie polynomial.

Theorem 2.24 (Campbell-Baker-Hausdorff theorem). Let G be a Lie group with Lie al-
gebra g. Let X,Y € g and let s be sufficiently close to 0 € R. Then the multiplication can

be expressed as
Exp(sX)Exp(sY) = Exp(F(sX,sY)),

where each homogeneous term F,(sX,sY) of F(sX,sY) is a Lie polynomial.

Proof. We will proceed by induction on n. Recall that each F),(sX, sY’) is the homogeneous
term of degree n in the series F'(sX, sY'), which means that F/(sX,sY) =" -, Fn(sX,sY).
By Theorem 2.20 we have the base cases for n = 1,2. As induction hypothesis we will
assume that we have the result for all £k <n.

From the associative law and the Taylor series of the exponential map we get that

(Exp(sX)Exp(sY))Exp(sZ) = Exp(sX)(Exp(sY)Exp(sZ)),

which by definition 2.19 and theorem 2.20 can be written as

ZF ZF (sX,sY),sZ ZF SXZF (sY, sZ)

After expanding the previous expression one can see that the only terms which cannot
be a Lie polynomial are F,,(X,Y)+F,(X+Y, Z) in the left side and F,,(X,Y+2)+F, (Y, Z)
on the right side. Thus, after rearranging the polynomials we get

Fo(X,Y)+ Fo(X +Y,2) Zpie Fo(X,Y + 2) + Fu(Y, 2). (2.2)

We conclude from Exp(aX)Exp(bX) = Exp((a + b)X) that F(saX, sbX) = (a + b)sX
so for any k > 1,

Fi(aX,bX) = 0. (2.3)
In particular, if a =1 and b = 0 (or vice versa) we have

Fi(X,0) = F(0, X) = 0. (2.4)
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Moreover, since F} is homogeneous of degree k, we get
Fr(aX,aY) =d"F(X,Y). (2.5)
First of all replace Z = —Y in (2.2) and obtain
F (X,)Y)+ F (X +Y,-Y) =, F(X,)Y =Y)+ E,(Y,-Y)
and by (2.3) and (2.4)
Fo(X,Y) =pie —Fo(X +Y,-Y). (2.6)
Now replacing X = —Y in (2.2)
Fo.(-Y)Y)+ F.(-Y+Y,Z2) =1, Fo(-Y, Y+ 2)+ F,.(Y,Z)

we get,
0=rie (=YY +2)+ F,(Y, Z).

And replacing in the previous expression Y = X and Z =Y we obtain
Fn(X> Y) =Lie _Fn(_X7X+Y) (27)

The previous relations allow us to relate F,,(X,Y) to F, (Y, X) as follows:

F.(X,Y)=pi —F,(-X, X +Y) by (2.7)
=rie —(=Fu(Y, =X = Y)) by (2.6
=rie Fn(Y,-X -Y)
=rie —Fn(-Y,—X) by (2.7)
=rie —(=1)"Fu(Y, X) by (2.5

So the relation defined by
F.(X,Y) =rie —(-1)"EF,(Y, X). (2.8)

The next step is to replace Z = —¥ in (2.2) which gives us

Fn(Xv Y) + Fn(X + K _Y/2) =Lie Fn(X7 Y/2) + Fn(K _Y/Q)
=Lie Fu(X,Y/2). (2.9)

Now we replace X = —% in (2.2), so

Fo(—=Y/2,Y + Z) + Fo(Y, Z) =110 Fu(=Y/2,Y) + F,(Y/2, Z)
=150 Fn(Y/2,2).
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Thus, replacing Y = X and Z =Y we get
F,(X,)Y)+ F(—X/2, X +Y) =pie Fr(X/2,Y). (2.10)

Relation (2.9) allows us to rewrite (2.10) as follows

Fo(X/2,Y) =15 Fo(X/2,Y/2) — Fu(X/2+Y, —Y/2) by (2.9)
=1ic 27" Fu(X,Y) 4+ Fu(X/2+ Y/2,Y/2) by (2.6)
=1ic 27" Fo(X,Y) + 27 "F, (X + YY), by (2.5).

Fo(=X/2,X +Y)

=rie Fn(—X/2,X/24Y/2) — Fo(X/2+Y,-X/2 - Y/2) by (2.9)
=Lie —Fu(X/2,Y/2) + Fo(Y/2,X/2 4+ Y)/2) by (2.6) and (2.7)
=Lie 2 "Fo(X,Y) + 27" F, (Y, X +Y) by (2.5).

So, (2.10) looks like
Fo(X,Y) =i 2V "Fo(X,Y) + 27 "F (X +Y,Y) + 27 "F (Y, X +Y).
And applying (2.8) we get
(12" (X,Y) =pie 27"(1 4+ (=1)")Fo(X + Y, Y). (2.11)

Notice, if n is odd, then F,(X,Y) =r;c 0 as desired.
If n is even, we replace X by X —Y in (2.11), so

(1—2"""F,(X =Y,Y) =p; 2V "F (X, Y). (2.12)
The left side of the previous expression becomes
(1-2""E,(X -Y,Y) =pie —(1 -2"""E,(X,-Y) by (2.6).
Replacing this last formula into (2.12), we obtain
—(1=2"""E,(X,-Y) =i 2V "F(X,Y). (2.13)

Finally, substituting ¥ = —Y we get

1—n
21—n 2
=Lie — (1_21—71) Fp(X,Y) by (2.13)

and since 13127_17:” # 1, hence F,,(X,Y) =p; 0 as desired. O
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Theorem 2.25 (Cartan theorem). Let G be a Lie group, and let H be a subgroup of
G which is also a closed subset of the topological space G. Then there exists a unique
differentiable structure on H such that H is a Lie subgroup of G.

Proof. The uniqueness follows directly from corollary 2.18. We only need to show the
existence of the differentiable structure. We will proceed by steps.

Step 1. WE prove that b is a vector space. Let h := {X € g : Exp(tX) €
H for allt € R}. For any X € h and s € R, we get by Theorem 2.14 and definition
of b that Exp(t(sX)) =sx (t) = expy(st) = Exp((st)X) € H. Moreover, for any X and Y
in h for any ¢ € R we get by (i) in corollary 2.21

Exp(t(X +Y)) = JLIEO(EXp(t/n)XExp(t/n)Y)" €H

since H is a closed subspace. Clearly, applying (ii) of the same corollary as before, we get
that [X,Y] € b.

Step 2. Let m be a subspace of g such that g = m@&h. Then there exists a neighborhood
V of the 0 € m such that if 0 # X € V implies ExpX ¢ H. By contradiction, suppose
that every neighborhood V,, exists an element 0 # X, € V,, C m and ExpX,, € H. By
construction, lim,_,., X, = 0. Since g is a finite dimensional vector space, we can consider
its Euclidean norm || - || (note that this choice can be made since all norms are equivalent
in finite dimensional vector spaces). Let k:={X em : 1 < | X|| < 2}. Moreover, we will
consider integer n; such that Y; := n; X; € k C m. Since k is compact (is a bounded closed
set in a Euclidean space) we have that lim; ,. Y; =Y € k exists. It could be necessary to
pass to a subsequence, but we will rename it to coincide with the original numeration.

Since lim; o X; = 0 we see that lim; o, 1/n; = 0 and Exp(Y;/n;) = Exp(X;) € H.
Now we will prove that ¥ € h which will lead to a contradiction since h N m = {0}
and [|Y;|| > 1. Since Exp(—Y;/n;) = Exp(Y;/n;)~! € H, we can assume without lost
of generality that n; > 0. By definition of h and the previous assumption, ¥ € § if
Exp(tY') € H for every real number ¢ > 0. Let us define

kz(t) = Ltnij,

where |-] is the integer part function.
Since tn; — 1 < k;(t) < tn; and lim;_, 1/n; = 0 we get

'lim kz(t)/nl =t.

1—00

Moreover, Exp(k;(t)Y;/n;) = Exp(Y;/n;)*® € H and lim; o ki(t)Y;/n; = tY. However,
since the exponential map is continuous, we get that

Exp(tY) = lim Exp(k;(t)Y;/n;) € b.

By definition of h we have Y € b, which is the desired contradiction.
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Step 3. We will show that there exists a neighborhood U of e € G such that
UNH=UnExp(h) = Exp(V’)

for some neighborhood V' of the zero in h. To show this, recall that Exp is a local
diffeomorphism. So, we can find coordinates which allow us to _choose neighborhoods
0eW cCh,0e W Cmand U of the identity in G such that for W =W & W’

¢:W U, X+ X s ExpXExpX'

is a diffecomorphism. Moreover if z € ¢(W) we have z = Exp(X)Exp(X’) for some X €
W C hand X' € W C m. Thus, if z € UN H, then Exp(X)Exp(X’) € H which implies
Exp(X') € H since H is a group. We can shrink W’ to fit V from Step 2 and we see that
X' = 0 which implies that U N H = U N Exp(h) = Exp(V").

Step 4 We claim that H is a differentiable submanifold of G. Recall the useful charac-
terization for submanifolds given by Proposition 2.11 of | | which asserts

Proposition 2.26. Let M be a submanifold of dimension m of a manifold N with dimen-

ston n. Then there exists a coordinate system z1,...,zn, on a neighborhood V of p € M
such that:
(ii)) The set W :={r €V : zpmy1(r) =--- = 2,(r) = 0} together with the restrictions of

z to W form a chart of M at p.

Conversely, f a subset M C N has a coordinate system at p € M satisfying (i) and (ii),
then M s a submanifold on N.

Thus, for any p € H we must show that there is a neighborhood U > p such that
U N H is a submanifold of U. Since we can translate any of these coordinate systems to
the identity, it will suffice to find such coordinate functions which fulfill the conditions in
the proposition on a neighborhood U of the identity.

But such a neighborhood was constructed in Step & using the canonical coordinate sys-
tem imposed by the exponential map. And, the required neighborhood W of the proposition
to be U N H. Moreover, the topology in H makes the function ¢ — Exp(¢X) continuous
for every X € . Finally, by Proposition 2.17, b is the corresponding Lie algebra of H. [



Chapter 3

Gleason metrics and the
construction of a Lie structure

3.1 Topological vector space

Hilbert’s fifth problem concerns about the minimal hypothesis needed to place a differen-
tiable structure (Lie structure) on a topological group. In order to achieve this goal we
will start working on topological vector spaces.

Definition 3.1 (Topological vector space). A topological vector space is an R-vector space
V with a topology such that the vector space operations + : VxV — Vand - :RxV -V
are jointly continuous.

Here it is important to note that we require the operations to be jointly continuous,
which means that we do not only require the sum and scalar product to be continuous
in each component, but we need them to be continuous as functions of the product space
R x V with the product topology into V.

Example 3.2. Consider R with the compact topology where a non-empty set is open if and
only if its complement is compact. With this topology the space is not Hausdorff, the scalar
product - : R x R — R is jointly continuous. Addition is continuous in each component yet
not jointly continuous since the set +1([0,1]°) = {(z,y) E R x R: x +y ¢ [0,1]} cannot
contain any open set in the product topology induced by the compact topology of R.

We will be highly interested in those topological vector spaces whose topology is gen-
erated by a norm | - ||. In the finite dimensional case the following theorem will be highly
helpful.

The proof of upcoming theorem is based on the proof given [ ]

Theorem 3.3. Every finite-dimensional Hausdorff topological vector space has the topology
induced by its norm.

20
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Proof. Let V be a finite-dimensional Hausdorff topological vector space, with topology §.
We will denote §, the topology induced by the norm. And we will identify (V,§,) =
(R™, §n). We need to show that § = §p.
Since V' is finite dimensional, we can choose a basis {vq,v1,...,v,} for V, and define
the linear bijection
T:(VZR"F, — (V,F)

as

n
T((w1, @2, .., 2n)) = Y Tit;.
=1

It will be enough to show that 7" is a homeomorphism. 7T is clearly continuous with
respect to § since scalar multiplication and addition are continuous in (V).

To prove that T is an open map, we need to take an open ball in §,, and see that its
image under 7T is open in (V,F).

It will suffice to verify the existence of an open bounded neighborhood of the origin in
§. Since, it can be continuously translated and dilated to form a basis of §,.

Since T is continuous, it sends compact sets in §, onto compact sets of §. In particular
for S"71 = {z € R" : |z| = 1} we get T(S™!) is compact in V. Using the hypothesis
of V being Hausdorff, we can take for all x € T'(S"~1) disjoint open sets U, and W, such
that 0 € U, and z € W,. Clearly {W,}, is an open covering of T(S"~!) and by its
compactness there exist x1, ..., z, such that T(S"!) C (JI_, Wy,. Hence, by construction
0 € (), Uy, =: U is an open neighborhood of the origin in V disjoint from T(S™ 1.

Such U could be unbounded. In order to show that U is bounded we proceed as follows.
Using the jointly continuity of the scalar product we can find an open interval (—¢,€) in R
and an open neighborhood U’ of the origin in V' such that U” := (—e¢, €)U’ is contained U.
Note that U” is disjoint from T(S™~!) since U was disjoint from T'(S"~!) by construction.
By construction U” is the bounded open neighborhood of the origin which we were looking
for. O

Corollary 3.4. In a Hausdorff topological vector space V', every finite-dimensional sub-
space W is closed.

Proof. We only need to prove that V' \ W is open. Clearly for all z € V' \ W the subspace
U :=span {W U {x}} is finite-dimensional. After applying the previous theorem we can
easily separate z from W since U has the usual norm topology. O

Theorem 3.5. Let V be a locally compact Hausdorff topological vector space. Then V is
isomorphic to some R? as a topological vector space.

Proof. Let V be a locally compact Hausdorff topological vector space. There exists a
compact neighborhood K of the origin. Moreover, the set %K is also a neighborhood of
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the origin. Clearly the family {z + %K tzer is a covering of K and by its compactness
there exist {z1,...,2zs} =: B such that

S
15 1
K 4 K.
C U (xl+2K> CB+ K
i=1
If we take W := span {B} we have K C W + ;K and if we cover K again we obtain
that

1 1 1 1
KCW+-KCW+ - |W+-K)=W+ -K.
2 2 2 4
Iterating this process n-times we obtain the following result:
KcW+2"K.

If we fix any neighborhood U of the origin in V', then for all € V there exists n € N
such that 27"z € U. Since U is a neighborhood of the origin, there exist an open set B
such that B C U. Moreover, by the compactness of K, we know that K is bounded, so we
can find an open set A such that K C A.

Hence, there exists an N € N such that 2=V A C B. Taking the same M we have that

27Nk c2NAcBcCU.

So we obtain that for any neighborhood of the origin U, there exists a sufficiently large
N such that 2=V K c U, consequently K C W + U. Finally, since U is arbitrary, we have
that

KcWw.

By corollary 3.4, since W is finite-dimensional, we have that W = W; so K C W.

Finally, by construction we have W C V. On the other hand, for any x € V there
exists an N € N such that 2=Vz € K C W. Since W is a subspace and z = 2¥27N ¢ W,
we have that V' C W. This leads us to conclude that V = W. O

3.2 Strong Gleason metric

Now we will introduce the metric structure that will allow us to construct a Lie structure
in our given topological group. Here we will only see how to construct such differentiable
structure based on a suitable metric that we will impose. Later on, we will see the neces-
sary conditions under which we can impose such metric on a given topological group.

Before we start our discussion of the metric, which we will call a strong Gleason Metric,
we are going to introduce an auxiliary norm-like function. It will help us to control the
Gleason metric.
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Definition 3.6 (Escape norm). Let G be a group. The escape norm associated to an open
neighborhood U of the identity is a function || - |7 : G — [0, 1] defined by

1
= inf : 2 ....d"cUs.
gl ﬁféw{n+1 9,9 ...,9 }

Note that if g ¢ U then ||g||y =1, and ||g||y = 0 if and only if (¢) C U.

Definition 3.7 (strong Gleason metric). Let G be a topological group. A strong Gleason
metric on G is a left-invariant metric d : G x G — RT which generates the topology on G.
Additionally we denote ||g|| := d(g, e) where e € G is the identity element. Also we require
d to fulfill the following properties for some fixed constant C' > 0:

(i) (Escape property) If g € G and n > 1 such that nl|g|| < & then
1
n
> — .
lg"ll = &gl

(ii) (Commutator estimate) If g,h € G are such that ||g|| < & and ||A]| < & then
g, A1l < CllglllIAll-

where [g,h] = g~ 'h~1gh is the commutator of two elements of the group.

(iii) (Escape norm comparison) For a sufficiently small open neighborhood U of the iden-
tity we get that there exist positive constants K7, Ko such that

Killgllo < llgll < Kallgllu-

It is important to note that ||g|| is not a norm since G is not a vector space. Yet,
the reader should think of ||g|| as the size of g relative to the identity. In this sense ||g||
somehow resembles an actual norm. Moreover, we will refer to ||g|| as the norm of g.

Remark. Notice that the escape property in the previous definition gives us some local
control over the norm of small elements. In other words, if an element g € G is small
enough then the norm of the power of g is linearly related to the norm of g thanks to the
triangle inequality presented in proposition 3.9

1
— < lg"]| < .
C”HQH < llg"ll < nllgll

The following theorem gives a solution of the Hlbert’s fifth problem under certain
conditions on G.

Theorem 3.8. (Lie structure from strong Gleason metrics) Let G be a locally com-
pact group with a strong Gleason metric. Then, G is isomorphic to a Lie group.



24 CHAPTER 3. GLEASON METRICS

In order to prove this theorem we will need to do some hard work on the construction
of an exponential map that will allow us to achieve the desired Lie structure.

The above theorem will be proven at the end of this chapter for which it is important
to keep it in mind. Since most of the work presented here will be highly technical and one
could lost sight of the ultimate goal of such work.

Proposition 3.9. Let G be a locally compact group with a strong Gleason metric. Then
we have the following results for any 0 < e < %

@) g™ = llgll.
(ii) d(g,h) =llg~"nl.
(i) [lgr- - gnll <2255 llgill,

(iv) [lghg™ || ~ IIhll whenever ||g], k]| <e,

(v

(vi

d(gk, hk) ~ d(g, h) whenever ||g||, ||kl ||k|| < €, (approzimate right invariance),

)
)
)
)
)
) d(gh, hg) < ||gll[|h]] whenever [|g]|, [|A]] < e.

Proof. (ii) follows immediately as d(g,h) = ||[h=1g|| = [|[(h"tg)7!|| = |lg~h||. Clearly (i)
follows from (ii) taking h = e.
For (iii) a simple induction on n will give us the result, so we will only prove the basic
Cgsée v&’fitth = 2. Consider [|g1g2[| = d(g192,¢) < d(g192,91) + d(g1,€) = d(g2,¢€) + [lg1] =
i=1 19l

To prove (iv) we will prove two inequalities, beginning with

lghg™" I = llghg™ h="hll < |[{g, A1 | + |l
< Cllgllllpll + [1p] < (Ce + 1)|[R].

In the second step we used (iii) and (iv) and in the forth step we used the commutator
estimate of definition 3.7.

On the other hand, applying the above inequality to g
of h, we find

-1 1

istead of g and ghg™" instead

1Bl = llg~ (ghg ")g|l < (Ce+1)|ghg™ "],

which proves (iv).

To prove the approximate right invariance (v) we only need to apply the previous
result d(gk, hk) = ||k~'h='gk| ~ |h~'g|| = d(g,h). Note that here it was necessary that
llgll, 121, |I%]| < € to apply the result above.

Finally, in a similar way we can prove (vi) by calculating d(gh, hg) = [|g”*h~1gh| <
Cllg~ I~ = CllgllA] whenever [lg], 12l < €, so we get d(gh,hg) < gll[k]. O
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Theorem 3.10. Let G be a locally compact group with a strong Gleason metric. Then G
1s complete with this metric.

Proof. Take a Cauchy sequence {g,}, C G. Then for all € > 0 there exists N € N such
that for all n,m > N the distance d(gy,, gm) < €. By the left invariance this can be restated
as d(g;: gn, €) = lgm gnll < €, hence

gf?zlgn —e

as n,m — 00.
By the local compactness of G we can find a compact neighborhood U of the identity
and a natural number N such that whenever n,m > N, we have that {g,,'gn}n.m C U.
Let us take the sequence {gx"gn}n C {97 n}nm C U. Since U is compact in a metric
space, the sequence {g&l gn}n has a convergent subsequence {g]:,1 Gny ny, Such that

lim g;,lgnk =hel.

N —r00
Since we fixed g]f,l, the continuity of multiplication on G implies

lim g,, = g1h.

Np—>00

So we found a convergent subsequence of {g, },, and by the Cauchy assumption {g, },
converges to gyh. Therefore, G is complete under the strong Gleason metric d. O

Definition 3.11. Let X be any set and f,g: X — R functions. We say that

<y

if there exists a positive constant K such that

f(z) < Kg(x)

for all z € X.
Moreover, we will say that f ~gif f < g < f.

With this result in mind we will prove the following extremely useful lemma.
Lemma 3.12. Let 0 <e < 5.Ifn>1 and ||g|, |h] < £ then
(i) d(g™h™, (gh)") < n?||glllIRl,
(i) d(g", h") ~ nd(g, h).

where the corresponding constants are independent of n, g and h.



26 CHAPTER 3. GLEASON METRICS

Proof. We will begin to prove (i) by calculating
d(g"h", (gh)") = |h""g~"(gh)"|l

n—1
H hi—ngi—nghgn—i—lhn—i—l
=0

n—1
< Z Hhifngifnghgnfiflhnfifl H
=0

This show us that if we have ||hi="g* " ghg" "~ 1h"==1|| < n||g||||h|, then

n—1

d(g"h", (gh)") < Y _nlgllik] = n?lgllA].
1=0

To prove the desired inequality let us do the following calculations using the results of
proposition 3.9 and the left invariance of d

||hi—ngi—nghgn—i—1hn—i—1H — d(gn—ihn—i7ghgn—i—lhn—i—l)
— d(gn—i—lhn—i’ hgn—i—lhn—i—l)
~ d(gn—i—lh7 hgn—i—l)
< Jlg" "Rl < (n =i = 1)|gll[|l]
< nl|gll[[A]]-

This bound gives us the desired result.

To prove the second estimate (ii) notice that we are able to use the escape property
since we can choose an e small enough to get 2¢ < % so [|k|| < 2 < . Call k = h™lg.
We obtain that ||k| = ||h~'g|| = d(h,g) < 2. Then we can use the triangle inequality to
see that

d(g",h") < d(g", h"K") + d(h"K", h") < d((hk)"™, h"E") + [|K"]
< n? |||kl + nllkll = o]kl (nllhll + 1) < nllk] e+ 1)

and

n opn npn pn n 1
d(g", k") = d(h"k", h") = |[K"[| = Znllk]-

In conclusion we get that d(g", h™) ~ nd(g, h). O
3.3 Construction of a Lie structure from a strong Gleason
metric

The construction of a Lie structure on a locally compact with strong Gleason metric group
G will strongly rely on the definition of an exponential map given in definition 3.18. This
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map will allow us to give G the differentiable structure that we are looking for. Now
remember that in a Lie group we have a correspondence between the elements of its Lie
algebra and the 1-parameter subgroups of G. This is the reason to start working in the
space

L(G) :={¢:R — G : ¢ is a continuous homomorphism}

of all 1-parameter subgroups of G.

Note that if G is a Lie group, then L(G) must be isomorphic to an euclidean space since
we could identify L(G) with the lie algebra of G which is already an euclidean space. So
the following part of this work will focus on the demonstration some important properties
of L(G) and the proof that it is a finite-dimensional topological vector space. By theorem
3.3 it is then isomorphic to some euclidean space.

Before we get into the detail of the construction of such a Lie structure, we will show
a little useful result concerning basic analysis.

Theorem 3.13. Let f,g: X — RT be real-valued bounded functions with bounds Cq,Co >
0 respectively and f(x) # 0. Suppose for all x € X and n € N such that:

f(z) < % = g(z) < %

Then there exists a constant K > 0 such that for all x € X

g9(x) < Kf(z).

Proof. Suppose by contradiction that for all n € N there exists an element x, € X such
that o o
1 2
f(xn) < — and g(xn) <—
n n

and g(zn) > nf(zn).
Under the previous conditions we obtain

g(xn)  Co 4 Cy
< = = <
flan) < n —n nCh — HLQJ
co co
) c
f@n) <~

nle )

By the hypothesis we get g(x,) < LCCQIJ . This inequality and nf(x,) < g(z,) gives us
n| CL
2

Co Cy Cy
flan) < = <
Gl wlglE T el
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We can repeat this process, which will give us as result

Ch
flzn) <
WS
for every natural number k. Therefore, f(x,) = 0 which is a contradiction. O

Notice that in the previous theorem the constant K is independent of the parameters
of the functions f and g. This fact will be fundamental for the future applications of this
result.

Now we give L(G) the compact-open topology which is generated by the balls

B, k(o) = {p € L(G) : f;llg{d(sO(t), wo(t)} <r}

for pg € L(G), r > 0 and a compact interval K C R. Using the homomorphism property
of 1-parameter subgroups, we can choose an arbitrary compact interval such as [—1, 1].

Lemma 3.14. L(G) is locally compact.

Proof. Since L(G) has compact-open topology by theorem 46.8 and exercise 46.10 of
[ | we get that L(G) is complete if (G, d) is complete. We already had this result in
theorem 3.10.

Fix some ¢y € L(G). By the continuity of ¢y at 0 we have that for any € > 0 there
exists an interval I = [-T,7T] > 0 such that for all ¢ € I we obtain that ||po(t)| =
leo(®)eo(0) 1) < c.

Consider the open neighborhood B := B (o) of ¢o. To prove that L(G) is locally
compact we will use the Arzeld -Ascoli theorem, which asserts that if X is a compact space,
Y is a complete metric space. And E C C(X,Y), then E is compact in the compact-open
topology if and only if F is equicontinuous and for all x € X the set {f(x): f € E} is
compact in Y. So, we only need to show that B is compact.

In this case we will take X = I, Y = GG and E = B. First of all, note that for each
@ € B and t € I we have

[l = lle) = wo(t) + o)l < lle) — ot + [leo(®)]
< d(p(t), po(t)) + € < ig{d(go(t), o))} + € < 2€

which means that the family is point-wise bounded. Since we get a globally uniform bound.

We will verify that B is equicontinous. We will show that every ¢ € B is Lipschitz
continuous with the same Lipschitz bound. We will go with an argument similar to the one
presented in theorem 3.13. We will see if whenever % <1 and n > 1 implies ||¢(t/n)| <

€/n, then there exists a positive constant M such that for every t € I

i

()] < Ml
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Suppose that for every natural number N € N there exists some ¢ty € I such that
IInl <1 implies ||p(tn/n)|| < e/n. But [o(tn)] > N¥le.

Since ty € I we will always have |tx| /T < 1 and by hypothesis ||¢(tx/n)| < €/n so
we get

|tn]
N=re <|le(tw)ll < Nlo(Tn/N)| < €

thus N < 1. By hypothesis [o(Ntn/n)|| < £. In particular [|p(ty/N)|| < &

Moreover, by the contradiction hypothesis

N |ty|

N
T

e <[lep(Ntn)|l < nllp(Ntn/n)|| < e

This implies that % < 1. Thus, by hypothesis |[¢o(N2%tx/n)| < €¢/n. and we obtain

le(tn/N)|| < e/N°.
Iterating this argument, as in theorem 3.13, we get that
k
[ENINT
T =

which leads us to

€
oVt /m)] < <

Furthermore,
€

li(tn /Ml < ey

which goes to zero as k — oo. This is a contradiction since tWN is different from 0.

In conclusion we get that ||p(t)]| < M‘iT'e. So, we can see that for all ¢,¢' € I we
conclude that

dlp(t), p(t)) = dlp(t) " p(t). ) = (=t )p()]
= le(t =)l < Jt = ¢ 5

Showing that every ¢ € B is Lipschitz with constant 7. Then, B is equicontinuous and by
Arzela-Ascoli B is compact as desired. O

Definition 3.15. On L(G) we define the following operations
(i) (e)(t) := p(ct),
(i) (p +)(t) 1= i oo (o (t/m)0(t /)"

for any ¢, € L(G) and c € R.
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Remark. To prove that a given sequence {a, }, is Cauchy, fix an ¢ > 0 and you want to see
that there exists a natural number N such that

d(an,am) < €

for all n,m > N.
Note that it is enough to show that for all € > 0 there exists an N > 0 such that for all
n > N and m > 1 d(an, anm) < €, because

d(an, am) < d(an, apm) + d(apm, an) < 2€
for every n,m > N.
Lemma 3.16. If p,v € L(G), then ¢ + ¢ is well defined and lies in L(QG).

Proof. Well defined. Since L(G) is complete it is sufficient to show that {(¢(t/n)(t/n))" }n
is a Cauchy sequence. By previous remark it is enough to prove

d((p(t/n)y(t/n))", (p(t/nm)i(t/nm))"™) = 0

for n going to infinity independently of t. We are going to prove a slightly stronger claim:

d((sp(t/n)e(t/m)" , (ot /mm)(t/rm))" ™) = 0

forn,m - ooand 1 <n' <n.
Applying lemma 3.12 we get that

d(w(t/n)w(t/n)( (t/(nm))y(t/(nm)))™)
= d(p(t/(nm))"p(t/(nm))™, (e(t/nm))y(t/(nm))™)
< m?||p(t/ (mm)) [l (t/nm)|
< m?(e/(nm))? = (¢/n)*.

where the last inequality comes from the Lipschitz bound given in theorem 3.14.
Applying lemma 3.12 again we get that

d((sp(t/n)p(t/m)"™ , (p(t/ (nm) b (t/ (nm)))"™) < n'(e/n)* < €/n.

In this way we obtain the claim that gives us the result taking n’ = n. Thus, the point-
wise limit exists and since we are working in a space with the compact-open topology by
corollary 46.4 and theorem 46.8 in | ] we get that the limit is continuous as desired.

Homomorphism. By the density of ) in R and the continuity of the elements on
L(G) to prove that ¢ + 1 is a homomorphismit suffices to show that

(e +¥)((p+q)t) = (¢ +¥)(0t)(» + ¥)(qt)
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and
(e +9)(—t) = (p+)(t)"!

for any p,q € Q. Recall that p, ¢ can be written without lost of generality as p = a/c and
q = b/c with a,b,c € N, which will give us the following equality to prove:

o) ((Z22)1) = o0 (20) (o0 ().

By definition of the sum

eror () = tm (o () (7))

Since n — oo, also cn — 00, so it will be enough to show that

(o +¥)((a+b)t) = (¢ +1)(at)(p + ) (bt)

for any integers a, b.
First of all using lemma 3.12 we can estimate the distance

Aol /m) ot /n)" (plt/m(t/m))) < a® ot/ [t/ < ()
and ae\2  a’e?
d((p(t/n) b (t/n))", (plt/mpult/m)™) < n () = == =0
as n — o0o. Then, in the limit we have that
(o +¥)(at) = lim (o(at/n)ib(at/m))" = Tim (o(t/n)"(t/m)")"

= lim (p(t/n)(t/n))*",

analogously we have for (o 4 ¥)(bt) = lim, 0 (¢(t/n)h(t/n))"" and (p 4+ ¢)((a + b)t) =
lim,, o0 (0(t/n)2p(t/n)) @0 hence
(o + ) at) (p + ¥)(bt) = Tim (o(t/m)(t/m) lim (o(t/m)(t/n)"
= Tim (p(t/m)u(t/m) D" = (o + V) ((a+ b))

as desired.
To prove that (o + ) (—t) = (o +)(t)~! it is enough to see that

(p+9)(=0) " = Tim (p(—t/n)b(~t/m) ™" = lim (o(t/n) " p(t/n) )"
= Tim (((t/n)(t/n)) )™ = Tim ($(t/n)p(t/n))"
= Tim (4 (t/n)p(t/n)" (0 /n)is (/)
= Tim (t/n) (ot /m)(t/m)"(t/n)"!
= lim (o(t/n)(t/n)" = (o + ) (1)
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Thus, (¢ + ) (=)~ = (0 +¥)(t) so e = (p + ¥)(t)(¢ + ¥)(—t). And by the uniqueness
of the inverse we have (¢ 4+ ¥)(—t) = (p + ) ()7L O

Lemma 3.17. L(G) is a topological vector space.

Proof. Vector space axioms. We start showing that L(G) is a vector space. It is clear
that the 0 € L(G) defined as 0(¢t) := e for every ¢ € R is the additive identity and 1 € R
is the scalar multiplication identity. Since a(bp(t)) = ap(bt) = p(a(bt)) = p((ab)t) =
(ab)p(t) scalar multiplication is compatible with field multiplication.

Distributivity of scalar multiplication over field addition is clear by the homomorphism
property of ; since for all t € R

(ap +bp)(t) = lim (ap(t/n)bp(t/n))" = lim (p(at/n)p(bt/n))"
= lim (p(at/n+bt/n))" = lim (¢((a+b)t/n))"
= lim o((a +b)nt/n) = lim o((a+b)t)
= ¢((a+b)t) = (a +b)p(t).
Distributivity of scalar multiplication over vector addition is calculated as follows:
(ap +ay)(t) = lim (ap(t/n)ay(t/n))" = lim (p(at/n)i(at/n))"
= Hm (p(t/n)y(t/n))™ = (lim (p(t/n)p(t/n))")"
= ((p+9)(1)" = (¢ +¥)(at) = alp + P)(1)

for all t € R.
Clearly the additive inverse of ¢ is —¢ because

(¢ + (=p))(t) = lim (p(t/n)(=¢(t/n)))" = lim (o(t/n)p(=t/n))"

n—oo n o0
= lim (p(t/n —t/n))" = lim (p(0))" = lim e=e

for all ¢.
The commutativity of addition is calculated as follows:

(o)) = lim (p(t/n)ib(t/n))" = lim (t/n) (8 (t/n)p(t/n))"o(t/n)"!
= Tim p(t/n) Tim ((t/n)e(t/n))" lim o(t/n)"!
= (0 lim (6(t/n)(t/n))"0(0) " = e(t + @) (P)e
= (4 )1).
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The only remaining axiom left to prove is the associativity of addition: if ¢, 1, ¢ € L(G)
then (¢ +v) + @)(t) = (¢ + (¢ + ¢))(t) for all t € R . By the homomorphism property
it will be enough to show this for a sufficiently small ¢. By definition of (¢ + ¥)(t) =
lim,, o0 (@(t/n)1p(t/n))™ we get that

nd((p + )(t/n), p(t/n)p(t/n)) ~ d(( + ) (E/n)", (p(t/n)(t/n))")

(@ +9) (@), (p(t/n)p(t/n))")

(o (t/m)p(t/m))™), (p(t/n)(t/n))")
(o (t/nm)p(t/nm))"™), (p(t/n)(t/n))")

so d((p +¥)(t/n),e(t/n)Y(t/n)) < ;—22 In a similar way we obtain that d(((¢ + 1[})

8)(t/n), (¢ +¥)(t/n)s(t/n)) < & and d((p+ (¥ +))(t/n), o(t/n) (¥ + ¢)(t/n)) < . If
we apply lemma 3.12, we get that

d(((p+¥) + @) (1), (w(t/n)(t/n)p(t/n))")
~nd(((¢ +¢) + ¢)(t/n), o(t/n)(t/n)e(t/n))
<nd(((¢ + 1) + o) (t/n), (¢
o(t

(P + 1) (t/n)g(t/n))
+nd((p +9)(t/n)(t/n), (t/n)(t/n)¢(t/n))
2

<n s +nd(( +¥)(t/n), p(t/n)i(t/n))
<<n;22 = i

Analogously

d((+ (¥ + @)(t), (p(t/n)p(t/n)d(t/n))")
~nd((¢ + (¥ + ¢))(t/n), o(t/n)y(t/n)¢(t/n))
), o(t/n)(¥ + ¢)(t/n))
+ nd(o(t/n) (¢ + o) (t

/), (t/n)(t/n)é(t/n))
<<n* +nd((y +9)(t/n), P(t/n)(t/n))

62 €2

<KNn— = —.
n? n

(¢
<nd((¢ + (v + ¢))(t/n
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In conclusion

d(((¢ +v) +0)(1).(p + (¥ + 9))(1))
<d(((¢ +¥) + )(t), (p(t/n)(t/n)b(t/n))")
+d((e(t/n)i(t/n)(t/n)", (¢ + (1 + 6))(1))

E2 62 2

€
LK—+ —=2— —=>0asn— oo.
n n n

Continuity of operations. The only thing left to prove is the continuity of the
operations. To prove the joint continuity of the scalar multiplication, take € > 0, ¢ € R
and ¢ € L(G). Define I = [—c, c] and consider B¢ 1(¢o). Recall that by definition

By = {0 € (@) s suplalo(0, on(0)} < § |

Since the family of functions B j(¢o) is uniformly Lipschitz continuous (lemma 3.14), there
exists a constant K such that every homomorphism in Bé, 1(¢0) is Lipschitz continuous.

To show the continuity we will consider (¢ — 7%, ¢+ ;%) C R and we want to see that

€ €
(C — E,C‘f’ E) B%,I((bo) - Be,[o (C(b())

where Iy = [—1,1]. To achieve this we take a € (c — ;%,c+ ;%) and ¢ € Bg 1(¢o) and we
will verify

ap € Bepy(co) <= S {d(ao(t), cho(t))} < e
el-1,

= P {d(g(at), go(ct))} <€

<=Vt e [-1,1] : d(é(at), po(ct)) < e.
Note that for all ¢ € [—1,1] = Iy we have

d(¢(at), go(ct)) =
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t'), do(t))

t'), ¢(t')) + d(é(
) e) +d($(t'), do(t'
);¢€)

Thus,

d(¢(at), ¢o(ct)) = d(¢(—ct), p(—at)) + %
< Klat —ct]| + 5 < Klla—c| + 3

€ €
K—+-—¢
< 2K+2 €

Now we are going to prove the continuity of the sum at the origin. Let € > 0 and take

§ = 57, whenever sup,; ||o(t)|| < ¢ and sup,; [|¢(t)|| < 0. Recalling that for ¢ and ¢

we have the Lipschitz bound given by ||p(t)|| < d[t| and ||¢(¢)|| < d]t], we are able to
calculate

16+ @)l = | lim (ot/m)p(t/m)"]| = Tim [[(6(t/n)p(t/n))"|
< Tim nllg(t/n)e(t/n)]| < T nllo(t/n)] + nllp(t/n)|

< lim né
n—oo

t t

‘ +nd " = lim 24 |t| = 20 |¢|
n n n—00

and taking supremum over ¢t € I we get

sup [[(¢ + @) (1)[| < 20T = €
tel

which gives us the continuity of the addition in L(G). O
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3.4 Construction of an exponential map

Now we already have that L(G) is a locally compact topological vector space. By exercise
46.10 and theorem 46.8 of | | there exists a metric wich makes L(G) complete as
desired. By theorem 3.5 we get that L(G) is isomorphic to a finite dimensional vector space
R™ with the usual topology. This important result will motivate the following definition,
which will help us to construct a Lie structure in G at the end of this section.

Definition 3.18. We define the exponential map exp : L(G) — G as exp(¢) := ¢(1).

Note. It is continuous since in the compact-open topology every evaluation is continuous.

We will introduce an auxiliary notion which will allow us to prove a slightly general
version of the Arzela-Ascoli theorem.

Definition 3.19 (Asymptotically equi-continuous). Let X,Y be metric spaces. A family
of functions {¢, : X — Y},en is called asymptotically equi-continuous if for any € > 0
there exist § > 0 and N € N such that d(z,y) < J implies d(¢n (), Pn(y)) < € for every
n > N.

Theorem 3.20 (Arzela-Ascoli-like theorem). Let I C R be a compact interval and Y
be a locally compact complete metric space. Then a subsequence of continuous functions
{dn : I = Y}pen converges uniformly if {¢n}n is point wise bounded and asymptotically
equi-continuous.

Proof. Fix an enumeration {z; };en of the rational numbers contained in I. Since {¢y, },, is
point wise bounded, then {¢,(x1)}, is a bounded sequence in Y. Henceforth, by the local
compactness on Y we can find a convergent subsequence {¢’nk1 (1) ey -

Now we take the sequence {¢n, (z2)}r, which is also bounded and analogously have
a convergent subsequence {¢y,  (72)}x,. By induction on this process, we get a chain of
subsequences

{6k} D{Prot -+ D {, }

such that for each k; the sequence {¢y, }r, converges for xy,...,x;. Taking the diagonal
subsequence @y, := ¢ m Where ¢p, m is the m-th term in the family {¢n, k-
By construction, the sequence {¢y, }.,, converges for all rational number z; in the interval
I. Therefore, given any € > 0 and rational z; there exists an integer N, such tat for every
n,m > Ny,
A pn(:), m(@1)) < /3.

Since the family {¢;, }., is asymptotically equi-continuous, for any € > 0 there exist an
N € R and § > 0 such that for all s,t € (z —d,z+9)=U, and z €

d(n(s), on(t)) < €/3
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for all n > N.

Clearly the collection {U,}, forms an open cover of I. Since I is compact, this covering
admits a finite subcover Uy, ..., U;. Consequently for any ¢t € I we can find a j € {1,...,1}
and 3 € QNI such that ¢,z € Uj. As a result we get

d(pn(t), om(t)) < d(en(t), pn(ak)) + d(en(@k), em(zr)) + d(em(@k), em(t))
cELELE

-3 3 3
whenever n, m > max{N, N, }. For this reason, the sequence {¢, },, is uniformly Cauchy,
and therefore converges to a continuous function ¢. O

Proposition 3.21. For any neighborhood K of the origin in L(G), exp(K) is a neighbor-
hood of the identity on G.

Proof. By the continuity of exp and since L(G) is isomorphic as a topological vector space
to some R", we can choose a compact star-shaped neighborhood of the origin in L(G) such
that exp(K) is contained in the B,(0) where € is small enough to fulfill that € < %. Clearly
exp(K) is compact by the continuity of exp.

Suppose by contradiction that exp(K) is not a neighborhood of the identity in G. This
means that any open set containing the identity cannot be a subset of exp(K’). Moreover,
since (G is a metric space we can restate the previous affirmation as, for any n € R the open
ball By, (e) ¢ exp(K). Thus for every n € N we can choose a point g, € Bj/,(e) such
that g, ¢ exp(K) and clearly by construction g, — e as: n — oo, in particular ||g,| — 0.

By the compactness of exp(K) we can find for each n an element h, € exp(K) such
that it minimizes the distance d(gy, h,). Then, if we define k,, := h,, g, we obtain

Kl = [[(Bn) " gnll = d(gn, hn) < d(gn, €) = llgnll and |||l < d(gn, hn) + llgall < 2[lgnll
hence ||ky]|, ||hn]] = 0 as n — occ.
Let N, := LIII:TIIJ Clearly, N,, < ”]:n” and N,, — oo as n — oco. Moreover,

BN || = d(kNn, €M) ~ Npd(kn, €) = Ny lknl| < €

for all n € N.
We define the approximate one-parameter subgroups ¢, : [-1,1] — G

@Z)n (t) = erLthJ

and as a consequence we get ||¢n ()| = Hk:TLLtN”J | ~ [tNo ][kl < ([t|Nn+1) 5. In order to
get an approximate homomorphism property recall the following properties of the integer
part function

|t N,

| sN,, |

<
< sN,

tNn,
n-
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Adding the previous equations and by the properties of the integer part

14 [(t+ s)N,] > tN, + sN,
—1—[(t+ $)N,| < —tN, — sN,, < —[tN,,] — | sNp].

Finally we get
|[tNn| + [SNp| — [(t+s)Np| < 1. (3.1)

Now we can calculate the following approximate homomorphism property:

d($n(t + 5), dn(t)n(s)) = d(kyHIN iRl Flofnd)

_ H kTthNnJ +[8Nn]—|(t+5)Nn | ||

~ (LthJ + LSNnJ - L(t"’_ S)NnJ)Han
< ||kn|| = 0 as n — oc.

This approximate homomorphism property will allow us to prove that the family {¢,, },
is asymptotically equi-continuous. Fix an 1 > 0. By the previous result there exists Ny
such that d(¢n(t + s), on(t)pn(s)) < n/2 for n > N. We also can consider Na such that

€/Ny < n/4 and finally take some 6 > 0 such that § < 41 If N =max{Nj, No} and s € R
€
such that ||s|| < 0 we get for every n > N

d(pn(t + 5), 8(t)) < d(dn(t + ), on(t)Pn(s)) + d(Pn(t)Pn(s), dn(t))
= d(¢n(t + 3); an(t)(bn(s)) + d((ﬁn(s)a 6)
1
= (0t + 9, 0n0)0(6D) + [0a(5)] < 3t (161 + 3
.o Ms M
< 5 + 455—1— ikl
Since it is independent of n and of ¢, we see that the family of ¢, is asymptotically
equi-continuous. Moreover, the family {¢, }, is point-wise bounded since for any t € [—1, 1]
we get,
€
In ()] = [1REN || ~ [£N ] [[Rall < ([t1Nn) 77 = [tle

n

which is independent of n. Now, by theorem 3.20, a subsequence of {¢,}, converges
uniformly to a continuous homomorphism ¢ : [—1,1] — G which can be extended to
a l-parameter subgroup ¢ € L(G). Moreover, recall that ||¢,(t)|| ~ |t|€; in particular
llon(1)]| ~ € for every natural number n. By the continuity of the norm we get ||¢(1)|| ~ e.

Since h,, € exp(K), we can find a 1, € K such that exp(¢,) = ¥, (1) = hy,.

We are interested in finding a bound for |1, (¢)| in terms of h,. By the continuity of
¥y, in the interval I = [—1, 1], there exists some § > 0 such that ||[¢,(t)|| < 6 for all t € I,
in particular for t = 1. Furthermore, by the triangle inequality |[1/,,(1/m)¥|| < § whenever
1<k<m.
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Thus calculating the escape norm with respect to the open B¢(e) we get

1 1
ln(1/m)llBse) < g < o
By the escape norm comparison property we get that

L/ < (/) ey <

This last inequality allows us to apply the escape property if we choose an m large enough
such that % < % As a consequence,

iy < Tl (1/m)]|
[ (/) = TR,

Consequently,

[n(D)] > [¢on(1/m)|| > [ (L/m)|| o 1o (k/m)]
C C C

s0 ||t (k/m)|| < C||9n(1)]| for all 1 <k < m and m large enough.
Let k/m be a such that for any ¢t € [

k 1
- 2| < i)

where L is the Lipschitz constant for 1, which exists since ¢ € L(G). Notice the we can
choose m = max{mi, ma} where m; and mg are such that L 1

— <G and the other one
fulfills the condition ‘t - %‘ < Hiwn(D)]-
Hence, we get

S

[Pn (O < d(@n(t), n(k/m)) + [[n(k/m)]|

k
< LH T Clln ()]
m

1
< L (It} + Cla]
< (14 Yl < .

We claim now that exp(¢, + N%Ld)) is close to g,. So we calculate, using the triangle
inequality,

d(exp(n + NiW”)

< d(exp(n + 3-0), exp(tn) exp(-9)) + d(exp(n) exp(-0), ).
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The first term in the previous expression can be estimated as follows:

1

) = dl(n + 5 6) (1), () (D (5-6)(1).

A(exp(n + 3 6),exp(tn) b5 N

Ny,

We will proceed with the following argument. For any v > 0 there exists an M such
that for every m > M, in particular for v = ”h”H,

n

A+ 3-8V, ) (D) (57 6)(1)

n n

< d((tn + ;nm(l), <wn<1/m>]§n¢<1/m>>m>
1

+d((n(1/m) 5~ ¢(1/m)) , (Wn) (D (5-9) (1))

n

<y+ d((%(l/m)zjnal/m))m, () (1/m)" (- 6)(1/m)™)

n

e[| | 1
<y +m2||1/1n(1/m)H —llo(/m)
ellhnll 1 1
i} — A ——(2 ll——.
<N, (D= nl| 57~ (2€) < ihnll 5~
In the previous calculation we use that |9, (1)]| = |[¥n(t/m)™| ~ m|[1,(t/m)] and the

analogous result for ¢.
To analyze the second term, we will carry out the following calculation:

d(exp(ibn) exp(]\lfnﬁb%gn) = d((wn)(l)(]\lfncb)(l% hakn)
— (- )(1). )
~ ]\1,nd(¢(1),an).
In total we obtain
d(exp(ibn + Ni¢)’g") < IIJf\LaH N d(cb(i&;kjjn).

Here it is important to notice two important facts which arise from the construction of
hyn and ¢. First of all by construction ||h,| — 0 as n — oo. In second place, recall
On(t) = nt "J, in particular exp(¢,) = ¢,(1) = kX». And, since ¢ is the uniform limit of
bn, we have kN = ¢, (1) — ¢(1). Moreover, d(¢(1), kN) — 0 as n — oc.

These two previous annotations are resumed in |hy,|| + d(¢(1), kY") — 0 as n — ooc.
We will call this term M, := ||y || + d(¢(1), kX) which clearly converges to 0 as n grows
bigger.
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Additionally, recall that by construction N, — oo as n — oo and 1, — 0. This implies
wn—l—N%Lgb converges point-wise to the function 0 as n — oo. In particular wﬂ*’]\%@ﬁ)(l) —e
so exp(¢y, + N%’qb) — e for n — oo.

Now, by hypothesis K is an open neighborhood of the identity in G. By the previous
result, there must exist an N € N such that for all n > N exp(¢y, + N%fb) € K. By
construction h, was the element in K which minimizes the distance d(gy, k) for all h € K.
Thus,

lenll = 15 gnll = d(n, gn) < d(gn, k)

for any k € K. In particular

Noo ) g 1 e Mkl

Thus,
€ — |lknl| < M,, = €< M, + |k

But, this is a contradiction since M,, and ||ky,|| converge to 0 as n goes to infinity. So, their
sum can not be greater than a strictly positive number. O

The previous proposition together with theorem 5.8 shows that any group with a strong
Gleason metric is locally euclidean as proven in corollary 5.9. This result is necessary to
apply the following results an get that G is in fact a Lie group.

To get that the group G is a Lie group we must prove that the transition functions are
C®°. Furthermore, we will use the following theorem.

Theorem 3.22 (Criterion for Lie structure). Let G be a topological group. G is a Lie
group if and only if there is a neighborhood of the identity in G which is isomorphic to a
CHY group.

In our case the neighborhood of the identity which will be isomorphic to a C™! group
is exp(K) constructed in theorem 3.21. The reason why exp(K) is a C1'! group is the fact
that the Baker-Campbell-Hausdorff formula gives us control over group operations near
the origin, which is the required condition for a C1! group.

In complete detail, if G is a Lie group, the proof is trivial. In the other direction the
proof is presented in lemma 1.2.34 of | ].

Another prove of this result is given by Kuranichi in lemma 6 of | l.



Chapter 4

Gleason-Yamabe theorem for
compact groups

In this chapter we will develop some technical tools which will allow us to prove the Gleason-
Yamabe theorem for compact groups. This result will be needed as an intermediate result
to prove the Gleson-Yamabe theorem for locally compact groups. Moreover, the tools that
we are going to formulate will let us construct Gleason metrics on topological groups with
certain properties, which we will study later.

4.1 Haar Measure

One the most important results for topological groups is the existence of a unique left
Haar measure whenever the group is locally compact. From now on we will always work in
Hausdorff spaces to avoid technical difficulties, otherwise we can take an adequate quotient
as indicated in corollary 2.3 of | ]. We will begin with some basic definitions.

Definition 4.1 (o-algebra). Let X be a set. A o-algebra A over X is a subset of its power
set P(X) such that

(i) 0 € A.
(ii) If A € A then A° € A.
(iii) If {An}nen C A then (J, oy An € A.

Definition 4.2. If X is a topological space, we define the Borel algebra over X as the
smallest o-algrebra containing all the open sets of X. It will be denoted by B(X).

The elements of the o-algebra are called measurable sets. Given a set X and a o-algebra
A over X, a pair (X, A) is called a measurable space.

42
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Definition 4.3. Let (X,.A) be a measurable space. A function p : A — R7 is called a
measure if and only if it satisfies:

(i) u(0) = 0.
(ii) For any A € A we have pu(A) > 0.

(iii) (o-additivity) For any countable collection {A,, },en of disjoint sets we have
wJA) =3 ulA4n).

A triplet (X, A, ) consisting of a space X, o-algebra A and measure pu is called a
measure space.

Definition 4.4. Let (X, B(X), i) be a measure space. We call p a reqular measure if for
every A € B(X)
pu(A) =inf{u(U) : AC U and U is open}

and
p(A) =sup{u(K): K C A and K is compact}.

Definition 4.5. Let (X, B(X), 1) be a measure space. p is locally finite if for avery x € X
there exists an open neighbourhood U, of = such that u(U,) < oo

Definition 4.6. Let G be a topological group. And (G, B(G), 1) be a measure space. We
call p left-invariant if for all E € B(X) and all g € G

n(gE) = p(E).

We can define a right-invariant measure on (G, B(G)) considering Eg instead of gFE.
Finally we are able to define a left Haar measure as follows:

Definition 4.7 (Left Haar measure). Let G be a locally compact topological group. A
left Haar measure p is a measure on (G, B(G)) which is left invariant, regular and locally
finite.

To show the existence of a left Haar measure in locally compact groups, we will use the
Riesz representation theorem which we will enunciate without proof, since this is a well
known result in functional analysis. Fr a proof see | ]

Theorem 4.8 (Riesz representation theorem). Let X be a locally compact Hausdorff space,
and let I be a positive linear functional on C.(X) (functions with compact support). Then
there exits a unique measure p on B(X) such that

I(f) = /X fdp for every f € Cu(X)

which is locally finite and reqular.
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Definition 4.9. We say that f € C(g) is left (right) uniformly continuous if | Ly f — f|lcc —
0 (|Ryf — flloo = 0) as y — e.

Proposition 4.10. If f € C.(G), then f is left and right uniformly continuous.

Proof. We will present the proof for left uniformly continuity. Given f € C.(G) and € > 0,
call K = supp(f). By the continuity of f for all x € K there exists a neighborhood
U, of the identity in G such that ||f(y~'x) — f(z)|| < /2. We can choose a symmetric
neighborhood V. of the identity such that e € V,V, C U,.

Clearly the collection of sets {V,x},cx is an open covering of K and using the com-
pactness of K we can find z1,...,2, such that K C J; Vy,@i. Let V := (), Va,, we
claim that || Ly f — f||sup < € for every y € V.

If neither = nor y 'z are in K then f(y~'x) = f(x) = 0 so we finally get the desired
result.

If € K then there exists an ¢ such that x € V,x;, in other words xxi_l € Vg,. Thus,
if we take y € V C V,, we get y o = y_l(:n:c;l)a:i € Ug,x; by the symmetry of the
neighborhood V,,. But we see

17) — F@) < 10— Fall + 1) — f(@)] < ge+ ge =

as desired.

On the other hand if y 'z € K then we can find a j such that y_la:xj_l € Vi,;. Moreover
19:3:71)3:]- € Uz;z; and again we get

since y € V C Vy; we can write z = y(y~ zz;

_ _ 1 1
If (™ ) = F@) < 1F (") = F@pll + [1f (@) = F@)ll < Je+ Ge =€
O
Now we will get into the proof of the existence of a left Haar measure in locally compact
groups.

Theorem 4.11. Every locally compact Hausdorff group G possesses a left Haar measure.

Proof. Tf f,¢ € CF(G) are positive continuous functions with compact support, we define

(f:¢)=ifS > ¢j 0 f<> ¢Lad
j=1

=1

where L, ¢(g) = ¢($j_1g) is the left translate of the function ¢ by z; and ¢; > 0. Note
that this definition makes sense by the compactness of the support of f because it can be
covered by a finite number of left translates of the set {g € G|¢(g) > 3|9l }-

Note that the quantity (f : ¢) has the following properties:
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(i) (f:¢)=(Lyf:¢)foranyy € G,
(i) (fr+fe:0) < (fr:0)+(f2:9),
(ili) (cf : @) =c(f : ¢) for any ¢ >0,
(iv) (f1:0) < (f2:¢) whenever f1 < fo,
(v) (f :0) = [[flloo/l|#l|oc and
(Vi) (f:0) < (f:9)(¥:¢) for any ¢ € CF(G)

All of these properties are obvious by the definition except for (v) and (vi). To see (v),
it is enough to note that since f < Z?zl ¢jLy; & we get

n n
1£lloo < 11D ejLa;dlloc < Y llejLa; dlloo

jfl jfl
n
= anllegcblloo = Z%’H(b!\oo = 8lle Y ¢
j=1 j=1

As a consequence we get that || flleo/[[¢lloc < >°7_; ¢j and taking the infimum || f]leo /|00 <
(f:9)

Finally (vi) can be easily seen after noting that if f < 7, ¢;Ly, ¢ and o < 3. b;Ly;¢
then f <37, cibjLy,y, .

Now we will fix an fp € Cf (@) and we will define

(f:9)
(fo:9)

for any f,¢ € CH(G). Clearly by (vi), (ii), (iii), and (iv) the functional I, is left invariant,
sub-additive, homogeneous of degree 1 and monotone. Furthermore, we can use (vi) to see

(f:0)<(f:fo)(fo:¢)and (fo:¢) < (fo:f)(f:¢); this inequalities will lead to
(fo: £)7" < Ie(f) < (f: fo): (4.1)

Iy(f) =

To get the result of the theorem, after applying theorem 4.8, will be enough to get
that I is additive rather than sub-additive. Thus, I, will be a restriction to C(G) of a
functional defined on C.(G). The following technical lemma will give as an approximation
for the desired missing inequality.

Lemma 4.12. If fi, fo € C’g(G) and € > 0, then there is a neighborhood V of e € G such
that if supp(¢) C V' then I14(f1) + Ip(f2) < Ip(fi + f2) + €.
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Proof. Take g € C}(G) such that g = 1 on supp(¢) and let § > 0. Let us define h :=
fi+ fo+06g and h; := % for i = 1,2. Note that h; = 0 whenever f; = 0, so h; € CH(G)
and by proposition 4.10 there exit a neighborhood U of the identity e € G such that
|hi(x) — hi(y)|| < 6 for i =1,2 and y~ 'z € U.

Suppose ¢ € CF(G) and supp(¢) C V. If h < 377, ¢jL;; 6, then

file) = h@)hi(e) < | Y ¢jLe;é(x) | hiz)
j=1
_ & -1 & -1
=" (eiotar ohi(n) < 3 (eiole; o) hala) +9))
j=1 j=1
because if a:;lx € V then h;(x)—hi(x;) < ||hi(z) —hi(z;)| < . Moreover, by construction,
h1 + ho <1 which gives us

(fr:0)+(fa:0) <Y cj(halzs) +6)+ > cj(ha(x;) + )
j=1 j=1

> i1+ 20).

Jj=1

Taking the infimum over the sums that define (h : ¢), we get (f1: @)+ (f2:¢) < (h:
®)(1 + 20) and after dividing by the normalization factor (fo : ¢) we see that

1o(f1) + 15(f2) < Tp(h)(1 +26) = Io(f1 + fo + 0g)(1 + 2)
< Up(fr + f2) +014(9)) (1 + 20)
= Ip(f1+ f2) + [2015(f1 + fo) +6(1 + 26)I4(g)] -

Note that by equation 4.1 the result will follows if we take § such that 25(f; + fo2 :
fo) +6(1+28)(g: fo) <e. O

Now we will proceed with the final part of the proof of theorem 4.11. For each f €
CF(G) we define the intervals X; := [(fo: f)~',(f: fo)] and consider the space X :=
II P Xy which by Tychonoff’s theorem is compact and Hausdorff. This product consists of
all functionals from Cf (G) to (0, 00) whose values lie in the interval X . By construction
and equation (4.1) for every ¢ € Cf(G) we get that I € X.

Let us define for each neighborhood V of the identity the set

K(V) = {Iy|supp(¢) CV} C X.

The family {K(V)} has the finite intersection property since for any finite sub-collection
we have K (N, Vi) C i, K(V;). This can be easily verified by taking Fyy € K((i_, V;).
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Then supp(¢) € (i, Vi, so Fy € K(V;) for every i =1,...,n and finally F, € (;_; K (V).
So every finite intersection is non-empty and by the compactness of X there exists some

Ie (N EW).

ecV

In other words, for any neighborhood V of e € GG, ¢ > 0 and functions fi,---,f, €
CH(G), there exists ¢ € CF(G) such that supp(¢) C V and ||I(f;) — Is(f;)|| < € for any
jeA{l,...,n}. Now we need to verify that I commutes with left translations, addition and
multiplication by scalars.

First of all recall that for any ¢ € C(G) the functional I is left invariant and homoge-
neous of degree 1. Take any y € GG and constant ¢ > 0. Consider € > 0, any neighborhood
V of the identity and the finite collection of functions A := {f,Lyj,cf} C CI(G). By
construction of I, there exists ¢ € C;f(G) such that supp(¢) C V and [ I(f) — I(f)|| < §
for any f € A. Thus

ICF) = I(Ly O SICF) = Lo (DN + s (f) = Lo(Ly )

 Mo(Lyf) = Lyl < 5 +0+ 5 <

and

1 (ef) = el(NIF <[ (ef) = Ls(e P+ lLg(cf) = cls(f]

Fllels(f) — eI(f)]| < §+o+c§ < e(1+0).

Since € is arbitrary small, the claim follows. Finally we need to prove the additivity of
I. For any € > 0, neighborhood e € V and functions f1, fa, f1 + f2 € CT(G), there exists
¢ € CFH(G) such that supp(¢) € V and [[I(f) — Io(f)|| < § by definition of I. And, by
lemma 4.12 I¢(f1) + I¢(f2) < I¢(f1 + fg) + i, SO

I1(f1) + 1(f2) = I(A + f2)l SN = To(f)ll + [ (f2) — s (f2)
+1s(f1) + Is(f2) — Is(f1 + fo)l
+ [ Ls(fr + f2) = I(fr + f2)l
€ € € €
<Z + 1 + Z + 1 = €.

These calculations show us that I is a left invariant linear functional on C.f(G) which
can be easily extended to C.(G) by the decomposition of any f € C.(G) in its positive and
negative components f = g—h with g, h € C;f (G) and the definition I(f) = I(g) —I(h). If
we consider a different decomposition f = ¢’ —h/, then g—h = ¢'—h’ . Hence g+¢g = h+h’
and I(g)+1(¢') = I(h)+1(h') which give us a well defined extension of I to C.(G). Finally
by the Riesz representation theorem 4.8 the exists a regular, locally finite measure p on

B(G).
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The only thing to verify is the left invariance of u. Take any A € B(G) and g € G.
Then

n(A) = /GXAd,U =I(xa) = I(Lgxa) = I(xga) = /GXgAdM = u(gA) O

4.2 Gleason-Yamabe theorem for compact groups

In this section we will use the spectral theorem for compact self-adjoint operators to prove
a baby version of the Peter-Weyl theorem which will help us to prove the Gleason-Yamabe
theorem for compact groups.

Theorem 4.13 (Spectral theorem for compact self-adjoint operators). Let H be a Hilbert
space and T : H — H a compact self-adjoint operator. Then there exists an orthonormal
system of eigenvectors with corresponding eigenvalues {An}nenufoc) Which can be chosen
to be such that |Ai| > |X2| > -+ > 0 and the only point of accumulation of the sequence
{An}nenufooy 8 0. Moreover, we can decompose H in the following way

H = ker(T) & Vi,

where Vy are the eigenspaces of T' with eigenvalues A, which are finite dimensional.

Note that in the preceding theorem ker(7’) is not required to be finite dimensional; this
fact will be important in the following result.

Definition 4.14. Let G be a locally compact group and p its Haar measure. For 1 < p < oo
let us define

LAG) = {f:G = C:||fll, < oo}

1/p
£l = </G|f!pdu> .

Remark. Tt is easy to verify that L?(G) is a Hilbert space, as noted in in chapter 5 of
[ ], with the inner product defined as follows for any f,g € L?(G)

where

(fg) = /G F(@)g(@)du(z).

Definition 4.15. Let (X, .A) be a measurable space. Let Aj,..., A, C X be measurable
sets and a1, ..., a, be real numbers. A simple function is a function f : X — R of the form

@)= aia, (@)
=1
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Lemma 4.16. Fiz f € L*>(G). Given g € G and a sequence {g,} C G such that g, — g
as n — co. Then

T}L}Hgo [ Lg, [ — Lgfll2 = 0.

Proof. We will strongly use the fact that the functions with compact support are dense in
L3(G) | |. Let K C G be a compact set and f = y its indicator function. Clearly the
function L, f is the indicator function of the compact set g~ K for any g € G. By definition,
we get that Ly, f — L,f converges in measure, which means that u(g, 'K A g 1K) — 0
as n — oo.

Now it is easy to see that

1Eg.f = Lofll2 = (/G Xy k(@) = Xg-1k(2) du(x)) v

1/2
= (/ 1 du(fﬂ)) = (g, K A g K)YV? =0
gn 'KAg—1K
as n — oQ.

Now let f € L?(G) be an arbitrary function and € > 0. In chapter 3 csection 4 of | ]
we see that simple functions are dense in the set of all compactly supported functions and
these last ones are dense in L?(G), we can find a compactly supported function fy such
that || f — foll2 < €/5 and we can find a simple function f; such that ||fo — fi|l2 < ¢/5. By
an extension of the previous argument to simple functions there exists an N € N such that
| Lg, fi — Lgfill2 < €/5 for all n > N. It follows that

HLgnf - Lgf”2 < ||Lgnf - Lgnf0H2 + HLgnfO - LngHQ + HLng - LngQ

2¢
=2||f = foll2 + [ Ly, fo — Ly foll2 < 5t | Ly, fo — Lg foll2
2¢e

<%+ | Lg, fo — Lg, fill2 + | Lg, f1 = Lgfill2 + [[ Lgf1 — Lg foll2
2 4e
<5zt 2|fo— fillz + 1Lg, f1 — Lgfullz < 5t | Lg, f1 — Lgfill2
4e n €
T4t ¢
5 5
which is the desired result. O

Definition 4.17 (Convolution). For any f,g € L?(G) we define the convolution
(F+o)a@) = [ faly a)duty)

Proposition 4.18. If f,g € L*(G) then fx*g is well defined, continuous and lies in L*(G).
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Proof. To see the that the convolution is well defined, we only need to verify that the
integral is bounded since a function is integrable if and only if its absolute value is integrable
as well as show in proposition 2.3.7 of | |. But, if we apply the Holder’s inequality we
get that

I(f * 9)(@)] < /G FW)a(y0)| duly) < I 1l2llgll2 < .

To see that f x g € L?(G) is a consequence of Fubini’s theorem, which we can use since
G is locally compact and the Haar measure is locally finite, we will calculate:

L1 <l dute /‘/f o 2)au(y)| due)
< [ [P lat )P dutoauta)
< [P ( /| !g<y—1x>!2du<w>> dn(y)
< [ 1#@E lgll) o) = gl | 17 duts

< llgll2ll fll2 < o0

which shows as that ||f * g|l2 < oc.
The only thing left to prove is the continuity of the convolution. Fix z € G and a
convergent sequence x,, — x. We have

70 = 7900 = | [ st anant) ~ [ 56)s( aute

S/ FW) 9y zn) — gy~ 2)| du(y)
G
< fll2lLang — Lagll2 — 0O

by lemma 4.16 which give us the continuity of the convolution. O

Definition 4.19. For any g € L*(G) we can define T, : L*(G) — L*(G) as Ty(f) == f xg.
Which by the previous proposition is a bounded linear operator.

Remark. If g satisfies g(z7') = g(z) for all x € G, then T is self-adjoint since for all
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f,h e L3(G)

@ﬁma/ m—//f h(@)dydz
[ o </ e
- [ 1w (/ <xy¢0@—/f Ty(dy = (f, Tyh)

in the worst case scenario g could be taken as the identity function.
Moreover, we easily get for every g € L?(G) and h € G

T,(Lnf)(z /fh y)g(ytz) dy—/f R hz)g(z" h~tz) d(hz2)
:Lf@ﬂf%-maw:uwwm-mzLﬂun@x

so Ty(Lnf) = LaTy(f).

Now we will need to show that T is a compact operator. We will present a slightly
strong theorem from | | which will give us that T is compact.

Theorem 4.20 (Hilbert-Schmidt). Let X be a locally compact space with a positive Borel
measure and assume that L?(X) is a separable Hilbert space. Let K € L?>(X x X). Then

the operator
— [ KG@.)rw) dy
X

The proof of the previous theorem can be found | . To apply this theorem to
our case, we will only need to take K(z,y) = g(y~'z) € L?(G) by definition 4.17.

18 a compact operator.

Definition 4.21. A linear subspace V of L?(G) is called invariant if for all y € G we have
L,V cv

Theorem 4.22 (Baby Peter-Weyl theorem). Let G be a compact Hausdorff group with

Haar measure pn and let y € G\ {e}. Then there exists a finite-dimensional invariant
subspace of L*(G) and Lyly, # id.

Proof. Suppose by contradiction that for every finite dimensional invariant subspace of
L?(G) there exists a y € G such that L, is the identity. Thus, L, — i¢d annihilates every
finite dimensional subspace. By theorems 4.20 and 4.13 if we take a ¢ € L?(G) as in
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the previous remark, Ty will be a compact self-adjoint operator. This will allow us to
decompose

L*(G) = ker(Ty) & (P W,

where each V), is finite dimensional.
By hypothesis V), C ker(L, — id) which also means that range(L, — id) C ker(Ty).
Thus, Ty(L, —id)(f) = 0 for any f € L*(G), in other words

Tg(Lyf) = Tgf

which by the previous remark can be written as Ly (f *g) = f * g.

To find a contradiction it will be enough to construct functions f,g € L?(G) which
contradict this last one equality. Consider an open symmetric neighborhood U of the
identity in G, which exist by proposition 2.1 in [ ], such that y € U? and take f = g =
xu- First of all note that since U was chosen symmetric, we have that g(z~1) = 1 = g(x)
for every g € G. Consequently T} is a self-adjoint compact operator.

Finally note that [, xuv(z)xu(z '2)dz # 0 if z € U and = € zU, which means that
x € U? so supp(f x g) C U2 Since y ¢ U? we conclude supp(Ly(f * g)) ¢ U2 This means
that supp(f * g) # supp(Ly(f * g)) which makes impossible that L,(f * g) = f * g. This
gives us the desired contradiction and proves the theorem. O

Finally we are able to prove the Gleason-Yamabe theorem for compact groups.

Theorem 4.23 (Gleason-Yamabe theorem for compact groups). Let G be a compact
Hausdorff group and let U be a neighborhood of the identity. Then there exists a compact
normal subgroup H contained in U such that G/H is isomorphic to a linear group.

Proof. Note that if U = G then we could take H = G and the result will be trivial.
Assume U C G and let ¢ € G\ U. By theorem 4.22 we can find a finite dimensional
invariant subspace V, C L%*(G) on which L, is different from the identity. Let us define
the continuous homomorphism

p: G+ L(V,) . flg) = Ly.

If we identify V, = C"s for some finite ng, the space L(V}) can be easily identified with
GLy,(C). Under this identification we can define a continuous homomorphism

pg: G — GLy,(C)

such that p,(g) is non trivial. Note that by the continuity of p, we can find an open
neighborhood Uy of g, where p, is non trivial.
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Since G is compact, so is G \ U, and we can find a finite family {g1,...,gx} such that
{Uy,}F_ | covers G\ U and for each g € G at least one of {pg,,...,pg } is non trivial.
Therefore we can construct the following function

k k
0:= @Pgi G — EBGLM.((C)
i=1 i=1

where GLy,(C) is an abbreviation of GLg, (C). Consider H = ker(p) which is always
a normal subgroup of G by the first isomorphism theorem and compact since is closed
(H = ¢071({0}) )in a compact space, and in this case is contained in U. And finally,
applying the first homomorphism theorem we get that G/H = o(G). By the continuity of
o we get that p(G) is compact and hence a closed subgroup of GLy,, 4...4n, (G). Furthermore
G/H is isomorphic to a linear group (hence a Lie group). O



Chapter 5

Building metrics on groups

In this chapter we will finally prove the Gleason-Yamabe theorem. We will use the tools
developed up to this point, namely the criterion for a Lie structure whenever we have
Gleason metric, the existence of a left Haar measure, and the compact case of the Gleason-
Yamabe theorem.

5.1 Construction of metrics from functions

Definition 5.1. Le G be a topological group, and let ¢ : G — R be a bounded non-
negative function. Then we define the pseudo-metric dy : G x G — R as

dy(g,h) == sup |Lgp(x) — Lpip()]
zeG

and the semi-norm
lglly = dy(g,e).

Proposition 5.2. Under the conditions of the previous definition we have the following
properties for any g, h,k € G:

(i) dy(g,h) >0 and if g = h then dy(g,h) =0,

(i) dy(g,h) = dy(h,g),

(iif) dy(g,h) < dy(g, k) + dy(k; h),

(iv) If ¢ € Cu(G), then dy is continuous,

(v) dy(g,h) < ||¢|le with equality holds if and only if g~'h & KK 1, where K = supp(v)),
)

(vi) dy(kg,kh) = dy(g,h).

54
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Proof. Clearly (i), (ii) and (iii) follow from the properties of the absolute value and supre-
mum in R.

To see (iv) it is enough to notice that translations and norm are continuous functions,
thus |Lgt(x) — Lptp(z)| is continuous. Consequently, if we write down

dy(g;h) = |[Lgt) — Lnt[lo

we see that the continuity of dy, came from the continuity of the supremum in the space of
continuous functions.

The property (v) is a consequence of the positivity of ¢). Notice that in ||Lgt) — Lpt|/so
we are just subtracting translates of a positive compactly supported function. In the worst
case scenario we could get that supp(Lgt)Nsupp(Lpy) = 0. Hence, we get ||Ly¢p—Lpth||oo =
1% ||c Which only occurs whenever hK NgK = () so g~ 'h ¢ KK~ 1.

The left invariance (vi) follows from a straight forward calculation

dy(kg, kh) = Slelg |Ligth(x) — Lgntp()|
= sup | Ly (k™' x) — Lo (k ')
zeG

= sup |Le(k™'z) — Lpy (k™ z)|
k—1lzeq@

= sup | Ly (y) — Lpib(y)|
yeG

— dy(g,h). O

Note. We define the following notation 9,1 := ¥(g~x) — (). Taking this into account
we can write down ||g||y = sup,eq [0q9 ().

Definition 5.3 (Weak strong Gleason metric). Let G be a topological group. A weak strong
Gleason metric is a left-invariant metric which generates the topology on G. Additionally
there exists some constant C' > 0 which obeys the following properties:

(i) For all n > 1 such that nl|g|| < & then ||g"|| > &nlg]|

(ii) For a sufficiently small open neighborhood U of the identity there exist that the exists
positive constants K, K such that

Killglv < llgll < Kallgllo

Remark. Observe that a strong Gleason metric is a weak strong Gleason which satisfies
additionally the commutator estimate

g, L1 < Cligllial

whenever [lg], [1]] < &

Theorem 5.4. Every weak strong Gleason metric is a strong Gleason metric.
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Proof. Let € > 0, and let ¢ € C.(G) be a non-negative function supported on the ball
Be(e). For instance we could use the following function

vt (111

This function is clearly Lipschitz since

el

() — ()| = ‘1 ]

_ iyl =[Nl _ d(,y)

€ € - €

Moreover, we can see that |0yl < [|g|| by the following calculation for every x €
supp(¢))

gz x Loz
1090 ()| = [[o(g ™" 2) — ()| < d(g”x,2) _ |le” gz|

€ €

(5.1)

To obtain the desired result it will be enough to show that ||z~ tgz| < ||g|| for x € Bc(e)
and g € G.

We can prove it by the following argument. Let g € G and n € N such that n||g|| < e.
The triangle inequality gives us ||g"| < n||g|| < € hence is we define g* = 2~ 1gz, we obtain
1(g®)™|| = lz7Lg"z|| < 2||z|| + |lg"|| < 3e. And, by property (ii) in definition 5.3 we get

1

HgIH < ||g$||B55(€) < m

Since whenever ||g|| < £ implies that ||z~ gz < %—i—l then we get that ||z~ !gz| < ||g]|
by theorem 3.13. Which finally gives us that

109 ()0 < lgll- (5:2)

Let p be the left-invariant Haar measure on GG. So we can define ¢ as the convolution
¢ := ¥x*1. In order to obtain that the Gleason weak metric on G is in fact a Gleason metric,
we need to prove the commutator estimate. We will begin with the following inequality

1990nlloc < IlglllIA] (5:3)

whenever h, g € B(e).
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Thanks to the left-invariance of the Haar measure we can write down

On(x) = O (¥ *9)(2)) = (& * ) (h ™ x) — (¢ *9)(z)

/¢ y ' hTr)dy — /¢ (y~ ') dy
:/Gwl 2)(z~thhz) d(h™ z—/C:zbyw(y‘lx)dy
:/1/}hlz Y(z ) dz—/w

/wh Y)Yy~ w) dy — /1/}

/G (B(hy) — b))y ) dy
- /G (O W)y~ ) dy.

We can do a similar calculation to prove the following result

OgOnd(x) = Opb(g~ ') — Opp ()
= / (On0) (W) (y g™ w) dy — / (Ont) ()0 (y ') dy
G G

= [ — i) dy

- /G(ahw)(y)(w(ylglyylx) — 1y~ 'x)) dy
= [y ) — o) dy
= [ @@y — i) dy
= [ @)@ ) dy

o7

where ¢g¥ := y~lgy. If h € Bc(e), then the integrand in the previous expression is different

from zero whenever y € By (e) because the support of v is contained in B(e).
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By the previous result and (5.1) we see that
0,0n0(2)] < /G [(O) ) | @) (y™"2) | dy
< [ |@po)a) dy by (5:2)

< |[[R][ [ sup|lg¥||dy
G yeG

<[]l sup [lg¥|l-
yEBa(€)

Until here we have proven that [|040n6||cc < [|g]l supyep,, (¢) [l9”]- So, the only remain-
ing claim to prove (5.3) is that if g € Be(e) and y € Bac(e) then
lg*ll < llgll-

We can achieve this by the following argument. For all natural numbers n such that
nllg|l < e then [|g"|| < nl|g|| < € which means that ||(g¥)"]| = [ly~'g"yll < 2[ly[+]lg"]| < 5e.
And, by property (ii) in definition 5.3 we get

1
n+1

19°11 < 9%l Bse () <

Since, whenever ||g]| < < implies that ||gY||

completes the proof of the inequality (5.3).

Now we need to prove that the norms || - || and || - ||, are comparable if we are close
enough to the origin.

Take and g € B(e) and observe that

IN

n%rl, we get that ||¢¥]] < ||g||. This

lglls = sup |9,6(z)| < sup / 10,0 )] [y~ )| dy
zeG zeG JG
—1 _ —1
< sup /G loll [y~ )| dy = gl sup /G oy )| dy

< |lgl sup / dy < [l
Te <(e)

Note that here the compactness of the support of 7 is fundamental in order to assure
f Be(e) dy < oo.

On the other hand let n be a natural number such that n|g|ls < [|¢|l. Thus, by
the triangle inequality ||¢"||¢ < ||#]|cc, Which means that the functions ¢ and Lgn¢ have
overlapping supports. This can be asserted by (v) in proposition 5.2. Hence, g" € Byc(e)
and by the property (ii) in definition 5.3 we get that

1

< < —-.
lgll < llgllBee) < 5 -
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¢l

n

Then we get that whenever ||g|/4 <
desired.

From equation (5.3) and the previous comparison results we get that ||0y0n0| s <
llgll¢l|P|l¢ whenever g, h are small enough. Now we carry out the following calculation

implies [|g|| < 745. Thus, [lgll < [|glls as

11, M) lo = [ Lig,nP — ¢lloo = Slelg |Ligné(z) — o(x)|

= sup |p(g~'hgha) — ¢(z)|
zeG

= sup|p(g~"hy) — d(h gy
yeG

= ||L9Lh¢ - Lth¢HOO

=||[LgLnp — Lgp — Ln¢ + ¢ — LpLgd + Lo + Lgd — ¢l
= H89<Lh¢ —¢)— 8h(Lg¢ - ¢)Hoo

= [|0g(9n9) — On(0no) |l

< [104(0nd)llo + [10n(Ond)lloc < llglllIR]l-

And, since for g, h are sufficiently small, we get || [g, h] || < || [9, ] [0 < |lg|l||7]] Which
completes the prove that every weak Gleason metric is indeed a Gleason metric. ]

5.2 Groups with NSS property

The only remaining thing is to find the necessary condition we should impose on a topo-
logical group in order to get a metrizable group with a Gleason metric.

Definition 5.5 (No small subgroup property). A topological group G has the no small
subgroup property (abbreviated NSS) if there exists an open neighborhood U of the identity
which does not contain any subgroup of G different from the trivial subgroup.

We say that a group G is NSS if it has the NSS property as defined before.
Proposition 5.6. Any Lie group is NSS.

Proof. Recall that the exponential map exp : g — G is a local diffeomorphism. Thus,
there exists an open neighborhood U of the zero which is diffeomorphic to some open
neighborhood V' of the identity.

If G is not NSS, then every open neighborhood in the identity has a non-trivial sub-
group. Since G is locally compact, the identity has an open precompact neighborhood
V'. Consider W = V NV’ which is an open neighborhood of the identity, so it contains
a non-trivial subgroup H. Moreover, H C W, since H is closed subgroup of a Lie group.
Thus it is a Lie subgroup and by the diffeomorphism we get exp~!(H) is a Lie algebra.
Furthermore, exp™!(H) is a subspace of g contained in U.
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This last affirmation is a contradiction, because an open bounded neighborhood of the
identity cannot contain any subspace of g. Thus, G is NSS. O

Now we will proof a theorem which will help us to establish the local structure of G
trough the exp map and L(G). The following two theorems are needed to complete the
proof of theorem 3.22.

The proof of the next theorem was originally presented by Kuranishi and Gleason. But
the proof we give was given by | .

Theorem 5.7. Let G be a locally compact group with NSS, then there exists a neighborhood
V of e € G such that if x,y € V, with x* = y?, then x = y.

Proof. Let Vo be the neighborhood of the identity in G given by the NSS property. By
proposition 2.1 in [ ] we can choose a compact symmetric neighborhood Vj if e € G
which is contained in Vp, thus Vj also fulfills NSS.
Let W be neighborhood of e € G with W2 C V{ and by the compactness of V; choose
a compact symmetric neighborhood V' of e such that V(¢~1Vg) C W for any g € V4.
Suppose z,y € V, such that 2> = y?> € V and = # y, define a = 2~ !y. Then,
a=x"teye € V(e 'Ve) C W since V(g~'Vg) C W for any g € V. Moreover, notice that

axra = x_ly:cx_ly = x_1y2 =z 1?2 = z,
so we have that a = 2~ 'a~'x € W. Notice that this implies that a™ = z~'a""x.
We are going to prove by induction that a,...,a™ € V; for every positive integer n.

Base cases: We have already proven that a € W C Vp, furthermore, a®> € W2 C V.
Induction hypothesis: Let us assume that a® € Vj for every k < n.
Inductive step: If n is even, then in particular for m := 5 we have a™ € Vp, so

a" =a® =z la T Mxa™ € V(e WVe) W C T

taking ¢ = a™ € .

On the other hand, if n is odd, define m = "T_l, Clearly a™ € Vy, we have already seen
that a®™ € V(c~'Ve¢) C W for ¢ = a™, thus a” = a?™*! = a?™a € W2 C V. The, we get
that o™ € V. Concluding the induction.

Hence a, ...,a"™ € Vj for every positive integer n, since Vj is symmetric then a,...,a" €
Vo for every integer n. But Vj was by construction a neighborhood of the identity which
fulfills NSS, this implies that a = e hence x = y as desired. O

An slightly different proof can be found in | ].

Theorem 5.8. Let G be a locally compact group with NSS then there exists a neighborhood
K of 0 € L(G) such that the map exp |k : K — exp(K) is injective.
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Proof. For any neighborhood U of 0 € L(G) we have by theorem 3.21 that exp(U) is a
neighborhood of e € G. By theorem 5.7 we know that there exists a neighborhood V' of the
identity in G such that if 22 = y? then o = y for all 2,y € V. Consider W = exp(U)N V.

Suppose that there exists 1-parameter subgruops ¢, exp ! (W) such that exp(¢) =
exp(¢) thus ¢(1) = (1). By the homomorphism property of ¢ and 1) we have that
¢(3)? = 1(3)?, which implies that ¢(3) = ¢(3) by theorem 5.7.

Inductively we get that (25(2%) = 1/1(2%) for any k € N, hence (ﬁ(%k)” = 1/1(2%)” for any
n, k € N which by the homomorphism property of ¢ and ¢ implies that ¢(55) = ¥(55) for
any n,k € N.

In other words, ¢ and ¢ agree on every dyadic rational which means that ¢ and
agree on every real number since the dyadic rationals are dense in R. This means that
¢ = 1 which implies that exp is an injective map restricted to the neighborhood K =
exp H(W). O

The previous theorem is the missing piece for the following result which allow us to
prove that G is locally euclidean and as in theorem 3.22 that in fact G is a Lie group.

Corollary 5.9. Let G be a locally compact group with NSS, then G is locally euclidean.

Proof. Theorem 5.8 asserts that there exists a neighborhood of 0 € L(G) such that exp
map is injective restricted to such neighborhood. Recall that exp is continuous by definition
3.18, and theorem 3.21 says that for every neighborhood of the 0 € L(G) its image under
exp is a neighborhood of the identity in G. So there exist a neighborhood of 0 € L(G) which
is homeomorphic to a neighborhood of e € GG. This last neighborhood can be continuously
translated to any point in G so the exp map give us a local homeomorphism between L(G)
and G. Which is the desired result since L(G) is isomorphic to some R¢ thanks to lemma
3.17 and theorem 3.5. 0

Proposition 5.10. Let G be a locally compact NSS group. For any neighborhood V of
the identity, there exists a positive integer N such that if g,¢°,...,gN € U, then g € V.
Where U is the open neighborhood which comes from the NSS property of G.

Proof. This affirmation can be restated as, for any sufficiently small (which fulfills that
NSS property and has compact closure) neighborhood U of the identity and for any other
neighborhood of the identity V', there exists an integer N € N such that for all g € G such
that g,...,gY € U then g € V.

By contradiction suppose that there exists a neighborhood U sufficiently small, as
explained before, and a neighborhood V' of the identity such that for every n € N there
exists an element g, € G such that g,,...,g9) € U and g, ¢ V.
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Note that for the previous construction we get that

g eU
92793 € U

2 3
93,935,935 €U

Ins---ygp €U

by hypothesis the closure of U is compact, so we get that the sequence {g, }, has a conver-
gent subsequence g, — h € U for k — oco. Note that since {gn}n ¢ V we get {gn, }x ¢ V.
Furthermore, limy_,o gn, = h € V which means that h cannot be the identity.

By the continuity of the group operations we get that g,zlk — k2. In addition, since
{92}n>2 C U any subsequence satisfies {g2 }n,>2 C U and by the uniqueness of the limit
we get that h2 € U. This argument can be made for every n € N, so A" € U, and by
construction h # e which contradicts the NSS property of G. O

Lemma 5.11. Let G be a locally compact NSS group. For any two sufficiently small
neighborhoods U,V of the identity, we have

gl < llgllv < llglle

forall g € G.

Proof. By the symmetry of the result it will be enough to show the second inequality,
which is equivalent to prove that for every n € N such that g,...,¢"" € U implies that
g,...,g9" € V. But this result follows from an analogous argument to the one presented in
Theorem 5.10 modifying it: for any sufficiently small neighborhood U of the identity, for
any other neighborhood of the identity V and for all £ € N, there exists an integer N € N
such that for all ¢ € G with g,...,¢"N € U implies g,...,¢* € V.

A demonstration of the previous affirmation can be achieved by repeating the argument
in theorem 5.10 for every k. O

Proposition 5.12. (Approzimate triangle inequality) Let G be a locally compact NSS
group, and Uy be a sufficiently small open neighborhood of the identity. Then, for any n
and any g1,...,g9n € G we get

n
lgr -+ gnllvy < > llgillvn-
=1
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Proof. Since Uy is a neighborhood of the identity, we can find a symmetric neighborhood
contained in Uy which will be small enough too. So we can suppose that Uy is symmetric
itself.

Claim. We claim that if somehow we have a positive constant M independent of g1, ..., gn
such that
n
g1 -+~ gnllon < MY lgillus- (5.4)
i=1

From this M we can build up a better constant which will be independent of M. This inde-
pendence will we a crucial which later on will strongly used in the proof of the approximate
triangle inequality proposition..

Proof. Claim proof. Let us define a modified escape norm function || - ||, : G — RT as
follows

n
gl == inf{z lgilloy = 9= 91-~~9n} (5.5)
i=1

where the infimum ranges over all the possible finite decomposition of g in products of
elements of G.

By (5.4) for any fixed g € G we see 17||glluv, < >.7; [|gi]lv, and after taking the infimum
we get that 7||gllu, < ||gllv5- On the other hand since g is itself a decomposition g we
get |lgllv.v < llgll- In conclusion

1
l9llve < llglloo < llgllvs- (5.6)

Clearly by equation (5.5), for all g,h € G we have a triangular inequality for the
modified escape norm

lghll« v < llgll«vo + 12l 0 (5.7)

since every decomposition of g and every decomposition on h can be multiplied to obtain
a decomposition of gh.

By the symmetry of Uy we get that ||g||.u, = |lg
left invariant pseudo-metric d, on G as

“Hx.v,- Now we are able to define a

di(g,h) == |lg""'h

*Up -

Recall that the distance from a point g to a set A C G with respect to d, is defined by
d«(g, A) := infuea di(g,a). Furthermore, we define the function ¢ : G — RT by

P(x) = (1 = Md.(z,Up))+-
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Here it is crucially important to notice that the support of 1 is contained in Ug. We
want to show that

supp(yp) = {:c 2 dy(z,Up) < ]\14} c UZ.

If you take z € supp(¥), then infyery |27 yl«0, < 7. By inequality (5.6) we get that

1 1
— inf |lz7! < inf ||z! < .
M ylenUo Hx yHUo = yICPUo ”37 Yllz,Ug > M

Thus, infyep, |27 y[|u, < 1 and by definition of infimum we can find y € Uy such that
lz7tyllu, < 1. In particular 2~y € Uy and by symmetry y 1o € Uy so x = yy ta € U?
as desired.

Now as in the equation (5.1)we want to prove a bound of the form

|0g¢) ()| < M|gl|vr

forany g € Gand z € Ug . Here, since we can describe the support in terms independent of
M we will be able to show that the constant implied in this inequality is indeed independent
from M. This independence will be fundamental in the later development of the present
argument.

By expanding the partial symbol, we get

090 (2)| = |9~ a) —P(x)| = |1 = Md.(g™ 2, Up) — 1+ Mds(z, Up)|
=M ’d*(I, Up) — d(g 'z, U0)| .

Recall that by the triangle inequality we get for any =,y € G and H C G
So we get that

9y0(e)| = M |du(, Up) — (g™, Up)| < Mdu(e,g~) = Mz~ ga

*Up -

To complete this inequality we only need to proof that ||z~ gz||..0, < ||gllu,-
Thanks to (5.6) it suffices to see that |2~ gz, < ||gllv, because

Hx_lgx”*,Uo < ”x_lgl'HUo < HQHUO'

Moreover, for every n € N such that ||g|ly, < T}rl we conclude g¢,...,¢" € Up and

since x € Ug we get gz, ..., x " g"x € Ug. And, calculating its escape norm we see

H:I:_lg:cHUg < n%rl So, whenever ||g||y, < we get that ||a:_1gx\|U§ < 1 which implies

1
n+17 n+1

that [z~ gz|lys < llgllu,-
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Moreover, since the escape norm functions are comparable for small neighborhoods of
the identity, we get that

lz™ gzl < llz ™ gzllyg < llgllvn

as desired. In this last expression it is very important to notice that the implied constants
do not depend on M in any way. They only depend on the open neighborhood Uy and its
powers.

To emulate the proof of the preceding theorem we will need to convolve v with another
function. In this case we will use the following function n : G — [0, 1] defined as

(o) i [P0 {1 —iige U{UO} x € ULU,
0 z & ULU,

for any natural number L independent of M and an open neighborhood of the identity
Uy C Uy. Notice that we can choose U; sufficiently small depending on L and Uy such that
ULUy C U2 and indeed supp(n) C UZ.

Note that by definition 7 is a simple function, which means that it has finite range.
And, clearly for any z € G and g € U; we get the bound

Oyn(a)] <
if x & UlLUO then in the worst case ¢ 'z € UILUO \ UlLfon and then we get the result.
On the other hand, if z € U{Up, then there exist some j = 0,..., L such that = € Ung \
Uf_on. But in this case g~ 'z € Uf_on or g lx € UfHUO; in either case we get that
W(g_lx) - 1/1(9:)’ < 1. Finally if z € Up then in the worst case scenario g~'z € U1Up \ Uy
but then the result is obvious.

Since the functions ¢ and n are compactly supported, bounded and Borel measurable
(¢ is continuous and 7 is simple), we can form their convolution ¢ := 1 % n. Indeed,
supp(¢) C U§. It is also important to notice that we have a lower bound for |¢||~. Note
that

16llso > e / By )y > p(supp(®)) > p(Uo) > 1.

The last inequality can be achieved by choosing a suitable multiple of the measure p. So,
the implied constant will depend only on p and Uyp.

Moreover as in the proof of the previous theorem, for every n such that nl|g|ls < [|¢|
implies [|¢"||¢ < [|¢|loc- This last inequality implies that ¢ and Lg¢ have overlapping
supports (otherw1se we will have the equality [g"[|y = [|¢|lc). Hence, g" € U§ which
suggest [|gllys < i

Since, whenever lglls < l[¢lloc/n implies [|g|lys < 1/n+ 1, thus

lgllvs < llglly
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and by the comparison of the functions || - HUg and || - ||y, we get

lglloe < llgll-

The converse inequality can be seen as

9lle = |049llcc = [104( % 1) ||oo = |(Og¥) * Nl 0
< sup / 950()| |1(g~)]| dy
xeG JG
< M|gllv, Sup/ In(g~ )| dy
zeG JG

(supp(n))M||gllv,

<
< w(U)M|lgllvn-

i
o
Since the p(UZ) does not depend on M we get

lglle < Mlgllv,-

Finally we see

l9lle < llglly < Mllglluy- (5.8)
Recall that for any g,h € G we have
0,0n0ta) = | Dbty e) dy
Notice that if h € Uy then the term 9p2(y) has support in the set Ug, so the integral
vanishes unless y € US’ .
By the continuity of the conjugation function ()Y : G — G, we can find a small

neighborhood of the identity Us C Uy such that ¢g¥ € Uy if g € Uy and y € U3. Moreover,
for h € Uy and g € Uy we get

10,0n6(x)] < / Ot ()] |Ogom(y~")| dy
G
= [ il [opnty~2)] dy
< MJh|lo, / 0,y 2)| dy
U

1 M
<Ml [ dy =Wl )
0



5.2. GROUPS WITH NSS PROPERTY 67

Since Uy is independent of M, we get that |9,0,6(x)| < 2£|h|v,-
Now the following calculation

Z 8g891¢(:n) = Z ag((ﬁ(g_ix) —¢(x))
i=0 '
= Z $lg~"'x) — o9~ ') — P97 "x) + ¢()

—Xﬁ‘ﬂl 69 ™) — By ()

= —¢($) ¢(g~"x) — ndyo(x)
= agn¢($) — nag¢(x)

shows us that Oyn¢ = ndyp + 315 940, ¢. Taking norm and supremum we get

Zaa ()

=0

<llg"lle + Z Sug |040,5(x))|

nllglle = llg" [l + sup

zeG

<llg"lls + Z Sup - HgHuO

10$

Hg H¢+n HgHuo

= [|¢lloc +n— HgHuo
Thus, we get

1 M
Hg”(b < n + ngHuO'

This is not yet enough. We need to construct a better constant. We want to prove that
there exists a positive constant K for all M, L such that

M
oo < & (7 +1) sl

Note that by the choosing of the quantifiers we require K to be independent of M.
We will prov]\e4 that for all n € N such that ||g[ly, < L implies [|g]ly < £ + Z{g]luo-
Then, |lglls < (7 +1) llgllv,
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Proceeding by contradiction we will get for every K > 0 the exists some Mg, Lx and
gi such that

Mg
loacllo 2 K (2 +1) el

Since ||gk|l¢ < ||@|loo, We see that there exists a positive constant R such that 1 < [|¢|loc <
R and ||g||¢ < R. Moreover, we obtain

R 1 1
lgxllvn < = <

K(¥+1) K(He+1) " (K)1(3+1))

By hypothesis we obtain

mengn(g«+QJ+¥fme°
< 1K n My 1
T )] B (s )
+ M R(1+ 4
S e ) ()]
Thus,
R (1 - Jfg)

My
> >K|—+1
L%JL(AK;{{ N l)J = HQKHd) = (LK + > HQKHUO

and clearly

K < ! < ! :
LI (3 +1)) ~ ELEJL(R 1)) LKL 1))

We can repeat this procedure infinitely many times and get

lgxllvy <

1
()]

Since K is arbitrary, we can choose K > R. In this case we get that ||gx|y, — 0 as
m — oo. But this is a contradiction since the gx # e and G is NSS so the only group
element with escape norm equal to zero is the identity.

lgxllue <
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This previous result allows us to write [|g||¢ < (4 + 1) ||g[lv, where the implied con-
stant does not depend on M. Note that since dg(-,-) is a pseudo-metric, we have the
following triangular inequality

n
lgr - gnlls <> llgills
=1

an combining this with the previous result and (5.8) we get

n n

M

lov-anll < lor-+-aullo < 3 Il < (3 +1) - Il
=1 =1

Here note that we can consider any arbitrarily large L, and % — 0 as L — oo since the M
was fixed at the beginning of the proof. Moreover, the constants implied in the < symbol
were always constructed independent of M which gives us the claim

n
91+ gnllue < llgillvy- m
i=1

Proof of proposition 5.12 The previous construction depends on the existence of a
positive constant M. But, we are not sure of the existence of such constant. So we will
consider a slight modification of the function || - ||t -

Recall that during the above argument we used only some properties of || - ||¢7, namely:
that they are comparable for small enough open sets, the symmetry of the function for a
symmetric open Uy and that it is, in fact, a bounded function. Fix any € > 0 and consider
the function

|-G —R*
9+ llglloe +e.

Notice that €[|g1 - -- gn||* is bounded since ||g1 - - gnllv, < 1. Analogously we get that
S 1 (lgill + €) > € so it is bounded below and we get the following result:

llgr - gnlls +) _ g
Yoici(lgillog +€)

for some constant S. Thus,
n

S
lgr -~ gull” < — Z lgsl ™
=1
Since the function || - [|* is also comparable for small enough open sets, symmetric for a
symmetric open Uy and t bounded. We can apply the previous result taking M = g and

we get that
* M = *
lov-anll” < 4 (F +1) Yl
=1
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where the constant A is independent of M. Moreover, we can again take L — oo and get

n
g+ gnll* < A llgill*
i=1
which can be written as

n
lgs -+ gnllve + € < A (lgillo + ).
i=1
Here it is crucially important (as we remark before) that the constant A is independent
of M = g which in particular makes A independent of e. Thus, we can take ¢ — 0 and get
the desired result

n
lgr - gullvg < A llgillve- -
=1

Theorem 5.13. Every locally compact NSS group admits a weak Gleason metric.

Proof. Let Uy be a sufficiently small open neighborhood of the identity such that Up is
pre-compact and fulfills the NSS property. By (5.6) the escape norm and the modified
escape norms are comparable.

In addition to this we have already seen that d, is a left invariant pseudo-metric.
Moreover, since G is NSS then ||g71h||«p, = 0 if di(g,h) = 0 which implies that

n
O—inf{Zugiqu : g-lh—gl---gn}
i=1

> inf{|lgi gnlluy : g Th=g1-"gn}-

Thus, one can find g1, , g, such that |lg1 - gnllv, < 0 and g7'h = g1 ---g,. But
since G is NSS the only element with escape norm equal to zero is the identity, so g~ 'h =
g1+ gn = e and clearly h = g. This implies that d, is a genuine metric.

Now we claim that d, generates the topology of G. Thank to the left invariance of d,
it is enough to prove that any open neighborhood of the identity contains a ball around
the identity and conversely.

Let U be a neighborhood of the identity and consider U’ C U a smaller neighborhood
of the identity. From (5.6) and theorem 5.6 follows that || - ||;# is comparable to || - ||«u;-
Furthermore, the ball B, (e) C U's if z € B}, (e) then ||z]l.y, = du(z,€) < ;. Thus,

1

2l < lzllve < llzflw <

so we get that there is a constant A such that

A
lzflor < — <
n

[n/A]
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which implies that g, ..., gl"/4) € U’ as desired.

In the other hand, if we take the ball B (e) then for any positive integer m we can find
an open neighborhood U, such that U] C Up. This implies that that for any g € Uy,
we get ||gllv, < #H since ¢" € U]' C Up. Thus a a sufficiently large m we get that
Upm C By(e), since

<T.
m—+ 1 "

Finally we need to verify that d, fulfills the conditions in Definition 5.3. First of
all we need to verify that for all ¢ € G and n > 1 such that n||g|l.u, < €, we obtain
g™ |«,00 > nllgllsv,- If g = e the claim is trivial. Assume that g # e. We get that there
must exist some natural number m such that ¢™ ¢ Uy and g,...,¢m ! € Uy so,

d«(g,€) = llgll«vo < llgllo <

1
”g”*lfo > HgHUo > m

Take now U; a symmetric neighborhood of the identity small enough such that UZ C Uy
and choose and € > 0 such that B}(e) C Uj.

We have that ||g%||«u, < illgll«ve < nllgllsv, < € for all 1 < i < n. Moreover, g* € Uy
because g' € Bf(e) C Uj. Furthermore, this implies that n < m because otherwise it
contradicts ¢ & Uy.

Now, let m + j be the first multiple of n which is larger than m. Thus we can write
m + j = kn for some natural number k. Also j can be made such that 1 < j < n. Notice
that g™/ = gk" = (¢™)* & Uy, because if g™*7 € Uy then g™ = ¢™+ig=7 € U? C Uy which
is a contradiction.

Then ||¢g"|v, > § > g since g™t ¢ Uy. Notice that since j < n and n < m, thus

n n
- > —
m+j = 2m

which means that
n n
m+j m

which lead us to

n n n
19" 10 = llg™ lloo | < 19" 00 < > =nllgllvg 2 5 l9lkve-

m—+)
Finally notice that the property (ii) in the Definition 5.3 comes directly from the in-
equality (5.6). O
Theorem 5.14. Every NSS locally compact group G is isomorphic to a Lie group.

Proof. Since every locally compact group admits a weak Gleason metric by Theorem 5.13,
G admits a Gleason metric. Moreover, G is isomorphic to a Lie group by the results in
Chapter 3. 0
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Corollary 5.15. A locally compact group is NSS if and only if is isomorphic to a Lie
group.

Proof. The proof follows immediately from Theorems 5.6 and Theorem 5.13. O
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