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Introduction

We say a problem is solved by topological methods if the method of solution uses
topological information coming from a topological space associated to the problem.
Many combinatorial problems (for example, the the Ham Sandwich theorem, the
Kneser conjecture and evasiveness of graph properties), can be rephrased and put
into a “topological setting” which is suitable for applying results and tools from
algebraic topology. In many instances, we can identify a pattern in the solutions:

the configuration space/ test map (CS/TM) scheme.

In the CS/TM scheme we associate to the combinatorial problem a topological
space X . This topological space X, called the configuration space, codifies all poten-
tial solutions to the combinatorial problem. The next step in the CS/TM scheme
is to define a map f, called the test map, from X into a Euclidean space R™ and
we identify a special subspace A of R™. The map f codifies the required conditions
for a potential solution to be an actual solution to the problem and the subspace A
tests if a potential solution z € X is a true solution of the problem, in the sense that
x solves the combinatorial problem if and only if f(x) € A. Thus, our combinatorial
problem results to be equivalent to the affirmation that @m f N A # &. Then we
assume, on the contrary, that the image of f does not intersect A, so that we get
a map X — R™\ A. On the other hand, the combinatorial problem comes natu-

rally with certain group of symmetries G. All of the spaces involved in the CS/TM

IT
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scheme become G-spaces and the test map f becomes G-equivariant. Hence, one
faces the problem of proving that there are no G-equivariant maps X — R™\ A (a

standard problem in equivariant algebraic topology).

In some cases, we just study topological properties of the configuration space X
to solve the problem, but in general we have to study the configuration space as

well as the target of the test map.

One of the first places where these topological methods appeared is in Lovasz’s
solution of the Kneser conjecture ([32], 1978). The Kneser conjecture is the assertion
that the chromatic number of the Kneser graph KG,, ) is n — 2k + 2, where k£ > 0
and n > 2k — 1. In Lovasz’s solution of the Kneser conjecture, it is used a variation
of the Borsuk-Ulam theorem, namely the Lusternik-Schnirelman theorem. We recall
the statement of the Borsuk-Ulam theorem: for any continuous map f : S — RY,
there exists x € S¢ such that f(x) = f(—z). The Lusternik-Schnirelman theorem
says that if a collection of d + 1 subsets Ay, ..., Az of S? cover S where each A,
is either open or closed, then there exists € S an some A; such that z, —z € A,,

that is, some A; must contain a pair of antipodal points.

One important problem in geometrical and topological combinatorics is the topo-
logical Tverberg problem. We start with Radon’s theorem ([44], 1921): any set of
d+ 2 points in R? can be partitioned into two subsets A; and A, in such a way that
their convex hulls intersect, that is, conv A; Nconv Ay # @. One nice application of
Radon’s theorem is in the proof of Helly’s theorem (discovered by E. Helly in 1913),
which says that a collection of n convex subsets of R¢ with n > d have nonempty
intersection if subfamilies of size d 4+ 1 have nonempty intersections. The first pub-
lished proof of Helly’s theorem was by Radon in 1921 although Helly presented his

own proof in 1923.

H. Tverberg shows the following generalization of Radon’s theorem ([58], 1966):
for ¢ > 2 and d > 1, any collection of (¢—1)(d+1)+1 points in R? can be partitioned

into ¢ subsets Ay, ..., A, in such a way that the convex hulls {conv A;} have non-
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empty intersection. This result is known as the Tverberg theorem. Later, I. Barany,
S. Shlosman and A. Sziics ([5], 1981) propose the following problem: show that if
f: AN — R? is any continuous function, where N = (¢ — 1)(d + 1) and A" is the
N-dimensional simplex, then there are ¢ disjoint faces of AN, Fy, ... F, such that
the images f(F;) have a non-empty intersection. This is the topological Tverberg
problem. In [5], Barany et al prove that this is true when ¢ is a prime number (this
is apparently the first time G-equivariant maps and the CS/TM scheme appear

explicitly in the solution of a combinatorial problem).

M. Ozaydin, in an unpublished preprint [42], 1987, extended the result of [5] to
power primes ¢ = p¥. Several authors have given proofs of Ozaydin achievement:
A. Volovikov [59]; K. Sarkaria [53], based on characteristic classes; R. Zivaljevic,
[63], whose proof is based on the Fadell-Husseini index. Recently, F. Frick has given

counterexamples to the Tverberg problem in the non-prime-power case [18], 2015.

P. Conner and F. Floyd introduced the notion of numerical index and co-index
of G-spaces [12], 1960. The numerical index is a useful tool for solving combinato-
rial problems. A result of fundamental importance in this context is the following
theorem of A. Dold [I3]: for an n-connected G-space X and a free cell G-complex Y
of dimension at most n, there are no G-equivariant maps X — Y. Dold’s theorem

generalizes the Borsuk-Ulam theorem.

The work of K. Sarkaria, [50] (1990), [51] (1991), [52] (1991), [53] (2000), also
Barany et al ([5]), shows how naturally topological constructions as join of spaces
and simplicial complexes, deleted joins and deleted products, appear in many combi-
natorial problems as configuration spaces and how their topology helps to solve the

combinatorial problem.

R. Zivaljevi¢ noticed that there was a common pattern in the solutions all those
combinatorial problems. Zivaljevi¢ synthesizes this pattern into the CS /TM scheme
(see chapter 14 of [I4], [62] (1996), see also [7]). A very nice exposition of the CS/TM

scheme is found in J. Matousek’s book [35].
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We mention that there are also several variations of the indexes and there are
other tools from algebraic topology that have also many applications; for instance,
obstruction theory and characteristic classes have proved to be successful in several

combinatorial problems (see [8, 29, 31, [63]).

E. Fadell and S. Husseini introduced the ideal valued cohomological index using
equivariant cohomology [I5 [16]. They used it to study zero sets of equivariant maps,

Borsuk-Ulam and Bourgin-Yang type theorems and critical point theory.

For a G-space X, its index Indg rX is an ideal in the ring H*(BG; R), where
R is a commutative ring with unit. The important property of the ideal-valued
index is that it gives a necessary condition to the existence of a G-equivariant
map X — Y between G-spaces X and Y. In fact, if there is a G-equivariant map
X =Y, then Indg rY C IndgrX. This has proved to be very useful for proving
non-existence of equivariant maps between G-spaces when the action on the target
is not free (where Dold’s theorem does not apply). See [9, 10, 1T} 63] for nice
applications to combinatorial problems in which the fundamental tool used in the

solutions is the Fadell-Husseini index.

One combinatorial problem of interest is the evasiveness conjecture for graph
properties. A graph property P is a collection of graphs which is closed under
isomorphism of graphs. The complexity ¢(P) of a graph property P is the number
of questions of the form “is {i,j} an edge of G?7,” one is obligated to ask in the
worst case, in order to determine whether G belongs to P; P is called evasive if
¢(P) = n(n — 1)/2 (the largest possible), otherwise P is non-evasive. Examples
of non-evasive graph properties are very difficult to find. One of the most famous
examples of a non-evasive graph property is the property of being a skorpion graph

(see [6] 30]).

Monotone graph properties are those that are closed under removal of edges, and

nontrivial graph properties are those that are both nonempty and not the collection
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of all graphs. The evasiveness conjecture (or Karp’s conjecture) asserts that every

nontrivial monotone graph property is evasive.

In [49], it was conjectured that there is a constant e > 0 such that any nontrivial
monotone digraph property on n vertices has complexity at least en?. This state-
ment, known as the Aandreraa-Rosenberg conjecture, was proven in [48]. Karp’s

conjecture is a very strong version of this conjecture (see [49]).

Topological methods are used in the evasiveness conjecture by J. Kahn, M. Saks,
and D. Sturtevant in [27], 1984. They associate to each monotone graph property
a simplicial complex (this is the configuration space of the problem) and prove that
the complex associated to monotone non-evasive graph properties is collapsible. This
is the central result of the topological approach to evasiveness. Then, by combining
this topological approach with the theory of fixed points of actions of groups on
acyclic complexes, Kahn et al give a proof of Karp’s conjecture in the prime power
case. In particular, they use results of P. Smith [54] and R. Oliver [41]. They also

prove the six vertices case by using this topological approach.

Karp’s conjecture is proven in [61] by A. C.-C. Yao for bipartite graph properties.

Yao’s proof is based on this topological approach, too.

There are plenty of families of nontrivial monotone graphs properties which are
known to be evasive (see for example [24]), the techniques are based mainly on the

topological approach and in many cases discrete Morse theory is a useful tool (see

[17], [24]).

For background on the CS/TM scheme and how the topological methods
have been applied in many combinatorial problems see [7], also chapter 14 by
R. Zivaljevi¢ in [14] and J. Matousek’s book [35]. Applications of the numerical
G-index to combinatorial problems can be found in [35, 62]. Some applications
of the Fadell-Husseini index to combinatorial problems are found in [8], @, 10, 63].

For background on graph properties, the evasiveness conjecture and the topological
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approach of Kahn, Saks and Sturtevant, see [0l 27, 30, [3§].

Our work is divided into 3 chapters. Chapter 1 deals with graph properties
and the evasiveness conjecture. Chapters 2 and 3 treat cohomological indexes and

applications to some combinatorial problems. Chapter 1 can be taken independently.

In chapter 1 we show the topological approach to evasiveness and the proof of
the evasiveness conjecture for the prime power case given in [27]. Then we study
the sizes of automorphism groups of graphs on 2p vertices (p prime) and use this to
estimate the Euler characteristic of the simplicial complex associated to a nontrivial
monotone graph property P. If we add the condition of being non-evasive, then
the Euler characteristic of the associated simplicial complex is 1. Our estimates
for x(P) yield that P has to contain some classes of special graphs. We apply our
estimates to reproduce a proof of the evasiveness conjecture in the 6 vertices case.
Although our estimates reduces the problem, the use of Oliver groups is essential
to deal with the different cases that appear. We also apply our estimates to the 10
vertices case (not solved yet) and make a reduction of the problem. Unfortunately,
we do not complete the proof of Karp’s conjecture in the 10 vertices case. We end
with a description of potential counterexamples to the evasiveness conjecture in the

10 vertices case.

By using the action of some Oliver groups on the (contractible) simplicial
complex associated to a nontrivial monotone and non-evasive property of graphs,
we obtain lower bounds for the dimension of such simplicial complexes. In particular
we prove that if P is a nontrivial monotone and non-evasive graph property on
2p vertices, where p > 3 is a prime number, then the dimension of the associated
simplicial complex is at least 4p — 1. This improves, in the particular case of 2p
vertices, a general lower bound of Bjorner for the dimension of vertex-homogeneous

simplicial complexes with Euler characteristic equal to 1 (see [33]).
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In chapter 2 we treat ideal-valued index theories. They can be defined for coho-

mology theories in a similar way to the Fadell-Husseini index.

We compile some basic properties of the Fadell-Husseini index as well as some
tools of calculation such as the Serre spectral sequence of a fibration and formulas

for indexes of spheres, EyG-spaces and the configuration spaces F(R?, p).

We also show a sketch of Zivaljevié’s proof for the topological Tverberg theorem.
Then we change from equivariant cohomology to Morava K-theories to have an
ideal-valued cohomological index based on a different cohomology theory. We
reproduce the proof of the topological Tverberg theorem using this new ideal-valued
index. Our calculations of the new index are based totally on the willing to

reproduce a proof of the topological Tverberg theorem.

In chapter 3, we introduce the concept of r-reqular m-gons. We say that m
(distinct) points xg, 1, ..., Tmn_1 in a metric space (X, p) form a regular m-gon with
respect to p if p(zg, x1) = p(x1,22) = - -+ = p(m_1,x0); it is possible that an m-gon
is regular with respect to various metrics on M simultaneously, and so is that we

introduce r-regular m-gons.

Our main result is that if we have r metrics in R? that induce the Euclidean
topology of R?, p is a prime number and r < d, then there exists an r-regular p-gon
in R? with respect to the r given metrics. We appeal to the CS/TM scheme and
Fadell-Husseini index in our proof. Our result in the case d = 2, r = 1, p = 3,

reduces to Soibelman’s proof that the Borsuk number of R? is 3 (|55]).

In the paper of P. Blagojevi¢ and G. Ziegler [10], “Tetrahedra on deformed spheres
and integral group cohomology,” it is proved, by means of the CS/TM scheme and
Fadell-Husseini index, the following theorem: if f : S? — R3 is continuous and
injective, and p is a metric in R? that induces the Euclidean topology of R3, then
there are four distinct points yo, y1, y2, y3 in the image of f such that p(yo,y1) =
p(Y1,y2) = p(Y2,y3) = p(y3,yo) and p(yo,y2) = p(y1,ys). Based on this result, we

consider the problem of finding r-reqular m-gons on deformed spheres. Our main
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result here can be stated as follows: given a continuous injective map f : S¢ — R+!
and (p — 1)/2 metrics in R?, each metric inducing the Euclidean topology of R,
p > 3 prime, and if (p — 1)?/2 is not of the form jd + 1 for any j = 1,2,....p — 1,
then there are p distinct points o, v1, ..., yp—1 in the image of f such that

P (Yo, y;) = pi(Wj,y25) = i (Y25, y35) = -+ = pi(Yp-1)5> Yo),

for all j =1,2,...,(p — 1)/2. The subscripts are considered as the elements of the
finite field F,,.



CHAPTER 1

Evasiveness of Graph Properties

1.1 Graph properties and the evasiveness conjec-

ture

We consider only simple graphs on the fixed set of n vertices V' = {1,2,...,n}.
A graph G = (V, E) is thus determined by its edge set £ C (‘2/), which allows us
to identify G with E. Two graphs G = (V, E) and G’ = (V, E’) are isomorphic
if there is a permutation o of V (i.e.,, 0 € S,), such that {i,j} € F if and only
if {o(i),0(j)} € E'. A graph property P is a collection of graphs, or a family of

subsets of (‘2/), which is closed under isomorphism of graphs, namely a graph G is

in P if and only if any graph G’ isomorphic to G is also in P.

Consider the following game in which there are two players X and Y, a graph
property P that both players X and Y know and a graph G that only player Y
knows. The goal of player X is to determine whether the graph G is in P; player
X is allowed to ask Y questions of the form “is the edge {i,j} in G?”. Player YV
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answers yes or no to these questions. The game ends when player X has determined

if G is in P or not.

A strategy for the player X is an algorithm that, depending on the answer
player Y gives at each stage of the game, assigns an edge for asking the next
question, or if possible, gives one of the answers, “G is in P” or “G is not in
P”. The minimal number k for which there is a strategy for player X such that
regardless of the graph G and the answers of player Y, player X can always end the
game by asking at most k questions, is the complezity ¢(P) of the graph property
P; therefore, there is a strategy for X such that X can always reach his goal by
asking at most ¢(P) questions, but there is some extreme case in which exactly
¢(P) questions are required. We have that ¢(P) < (}). In the extreme case that

2

c(P) = (Z), we say that the property P is evasive, otherwise we say P is non-evasive.

For example, let us fix V' = {1,2,3}. There are three edges: e; = {1,2},e5 =
{1,3} and e3 = {2,3}. Let P be the property of “having exactly one edge”. This is

a graph property consisting of exactly three graphs (one isomorphism class).

The first question in our strategy can be “is e; in G7”, and suppose the answer
to this question is yes. At this point we know that the (unknown) graph G has at
least one edge, but it is impossible for us to know if any other edge is in G. We are
forced to ask, say, “is e5 in G7”. If the answer to this question is yes, then the game
ends. But let us think of the worst case, that is, the answer to that question is no.
Since we do not know if ez is in G, we are forced to ask the third edge. In fact, for
any strategy, there is some “worst case” in which all 3 questions have to be asked

in order to finish the game. Thus, this property P is evasive.

Few graph properties are known to be non-evasive. For example, the property
P consisting of all graphs on six vertices that are isomorphic to one of the graphs
shown in figure is non-evasive (see [30] for more examples). A famous example
of a non-evasive graph property is the property of being a scorpion graph (see

[6],[30]), defined for » > 5 and that has complexity < 6n — 13. For n > 11, the
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FiGURE 1.1

property of scorpion graphs is non-evasive.

We say a graph property P is monotone if it is closed under removal of edges.
This means that if G € P and H C GG, then H € P. A property P is called trivial if

it is either empty or is the family of all subsets of (‘2/), otherwise P is called nontrivial.

In the earlies seventies R. Karp proposed the following conjecture.

The evasiveness conjecture: every nontrivial monotone graph property is evasive.

In the following two sections we review the topological approach to evasiveness
of Kahn, Saks and Sturtevant. The last 5 sections of the chapter treat estimations
of Euler characteristic, graphs on p and 2p vertices, Oliver groups and lower bounds
for simplicial complexes associated to non-evasive monotone graph properties and

the application of our work to the cases of 6 and 10 vertices.

1.2 Simplicial Complexes

Let V' be a finite set. An (abstract) simplicial complez on V is a collection K of
subsets of V' such that (i) {v} € K for allv € V and (i7) A € K and B C A implies
Be K. If Ae K, Aisa face or a simplex of K. The dimension of Ais |A] —1 and
the dimension of K, dimK, is the maximum dimension of its faces. If the whole set

of vertices V' is a face of K we say that K is a simplex, that is, K consists of all
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subsets of V. If K has f; faces of dimension i, the Euler characteristic of K, x(K),
is defined by

X(K) =Y (-1)'f. (1.2.1)

i>0

The geometric realization of K, |K| is constructed as follows. If V' =
{v1,v9,...,v,}, we identify v; with the standard basis vector e; € R". Then, | K| is
the subspace of R™ obtained as the union of all convex hulls (A) = conv{e; : v; € A}

for A e K.

The automorphism group of K, Aut(K), is the collection of all permutations of
V' which leave K invariant. If I is a subgroup of Aut(K), then I' acts on |K| by
extending linearly the action on vertices, and we write | K| for the fixed points of

this action.

The space |K|' can be described in an abstract way as follows. Define K to be
the simplicial complex such that (i) the vertices of K' are the orbits of the action
of T on V that are also faces of K and (i7) if Ay, Ay, ..., A, are vertices of K' then
{A1, Ay, ... A} is aface of KU if Ay UAyU---UA, is a face of K.

If we identify each vertex A; of KT with the barycenter of |A;| in | K|, then the

geometric realization of K is just |K|'.

A free face of K is a nonempty face A of K such that A is not maximal under
inclusion in K, but it is contained in exactly one inclusion-maximal face B of K,
where we require that dimB = dimA + 1. An elementary collapse of K consists of
the removal from K of a free face along with the maximal face containing it. We
say that K collapses to a complex K’  and denote this by K N\, K’, if K’ can be
obtained from K by a sequence of elementary collapses and say that K is collapsible

if it collapses to a complex consisting of a single vertex (see figure |1.2)).

For a vertex v, the link of v, denoted lkx (v), is the simplicial complex on vertices

V\{v} given by lkx(v) = {A CV\{v}: AU{v} € K}. The deletion of v, delk(v),
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A 0\

F1GURE 1.2. Collapsing a simplicial complex to a vertex.

@x

The complex K Lk (7 delg (7)

FIGURE 1.3

is the simplicial complex on V' \ {v} given by delgx(v) = {A CV \ {v}: A€ K}.
The (Alexander) dual of K, K*, is the simplicial complex on V given by
K*={ACV: V\A¢K}.

1.3 The Topological Approach

Evasiveness can be defined for simplicial complexes as follows. There is a game,
two players X and Y, a simplicial complex K which is known to both X and Y,
and a subset A of V known only to Y. Player X has to determine if A is in K by
asking questions of the form “is the vertex v in A?” As before, we can define the
complexity of K and call K evasive if its complexity equals the size of V', otherwise,

call K non-evasive.

The dual of a non-evasive complex is again non-evasive, for determining whether

Ais in K is equivalent to determine whether V'\ A is not in K*.

We can regard a nonempty monotone graph property P on n vertices as an
abstract simplicial complex AP as follows. The set of vertices of AP is the set
of two-element subsets of V' = {1,2,...,n} (that is, the set of all possible edges
{i,7}, 1 <i < j < n), and the simplices of AP are the collections of such edges

that correspond to graphs belonging to P. Thus, simplices of AP of dimension k
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correspond to graphs in P having k + 1 edges. The two concepts of evasiveness

defined for properties of graphs P coincide.

The result that relates the complexity problem with topology is the following.

Theorem 1.3.1. (Kahn-Saks-Sturtevant, [27]) A non-evasive complex is col-
lapsible.

Proof. Let K be a non-evasive complex on a set of vertices V. Then, there is some
vertex vy in K such that for any A C V', asking “is vy € A?” as the first question will
always lead to determine whether A is in K without making the total of n = |V/|
questions. Determining whether A is in K is equivalent to determining whether
one of the following two holds: A\ {w} is in lkx(vy) or A\ {vo} is in del(vy).
Thus, we have that either of these two queries on A \ {vy} can be determined by
asking less than n — 1 questions, that is, both lkx(vg) and delk (vg) are non-evasive
complexes. An induction argument applies. Assuming that the theorem is true for
all non-evasive complexes on n—1 vertices, then lkx (vg) and delk (vg) are collapsible.
If a sequence of free faces A, A, ..., A, permits collapsing (kg (vg) to a vertex x,
then the sequence A; U{vp}, AoU{vp},..., An U{vo}, {vo} permits collapsing K to

delg (vy) and since delk (vg) is collapsible, so is K. O

Remark 1.3.2. In the proof of theorem we see that if K is non-evasive, then
there exists some vertex vy € V' such that both (kg (vy) and delk (vg) are non-evasive
complexes. This can be used to give an equivalent inductive definition of non-evasive
complex. Define a simplicial complex to be K non-evasive if it consists of a single
vertex or if there exists some vertex vy € V' such that both (kg (vo) and delk (vg)
are non-evasive. Theorem is true if we adopt this inductive definition of non-

evasive complex.

Corollary 1.3.3. A non-evasive complex is Z-acyclic.

The next ingredient for giving the proof of Karp’s conjecture in the prime power
case is the action of the group Aut(K). We use the following result of R. Oliver (see
[41]):
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Theorem 1.3.4. (Oliver) Let K be a simplicial complex, T be a finite subgroup of
Aut(K) and p be a fized prime. Assume that

i) | K| is Z/p-acyclic and

ii) T’ has a normal p-subgroup T'y such that the quotient T'/T'y is cyclic.

Then x(|K|") = 1. In particular, |K|' is nonempty.

We call a group I satisfying condition ii) in theorem an Oliwer group. For

example, all finite p-groups are Oliver groups.

Lemma 1.3.5. Let K be a nonempty Z-acyclic complex on V and T" be a vertex-

transitive subgroup of Aut(K). If T is an Oliver group, then K is a simple.

Proof. We claim that there is a face A of K which is invariant under I'. A face A is
invariant under I' if and only if, regarding I" acting on | K|, there is some point x in
the relative interior of |A| fixed by I'. Since I is an Oliver group, by theorem [1.3.4]
there is a point z in |K| fixed by T". Take A to be the unique face of K such that x
is in the relative interior of |A|. Since I' acts transitively on V, A =V and so K is

a simplex. O

Theorem 1.3.6. (Kahn-Saks-Sturtevant, [27]) The evasiveness conjecture is

true if |V| is a power of a prime.

Proof. Let |V| = p” be a prime power and P be a nonempty monotone and non-
evasive graph property on vertices V. We will see that P is trivial. Identify V
with the finite field GF(p") and consider the group I of all affine transformations
Gap : GF(p") — GF(p"), x — ax + b; for a,b GF(p"),a # 0. This group I' acts
doubly transitively on V', that is, I" acts transitively on the set of ordered pairs of
elements of V' and so I' acts transitively on the set of unordered pairs. We are just
saying that I is a vertex-transitive subgroup of Aut(AP). The group I' has a normal
p-subgroup I'y = {¢1 : b€ GF(p")} with quotient I'/T'y = GF(p")* (the nonzero
elements of GF'(p")), which is known to be cyclic. Thus, I is an Oliver group. By
Lemma , AP is a simplex. This means that the whole set of vertices (‘2/) belongs
to AP, in other words, the complete graph on V is in P and P is trivial. n
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1.4 FEuler Characteristic and Automorphisms of

Graphs

In what follows, we are going to use the notation for graphs of Harary [20].

For a graph G, V(G) is its vertex set and E(G) is its edge set. The complete graph
on n vertices is denoted by K,. A graph G is bipartite if its vertex set can be parti-
tioned into two disjoint subsets V; and V; so that each edge of G has the form {vy, v, },
where vy € Vi and vy € V. A complete bipartite graph K, ,, has |Vi| = n, |Va] =m
and edge set {{v1,v2} : v1 € Vi,ve € Vo}. An n-cycle graph is a graph G with
V = {v,v9,vs,...,05-1,0,} and E = {{vy, v}, {va,v3}, ..., {vn_1, 00}, {vn, v1}}.
An n-cycle graph is denoted by C,,.

For a graph G, its complement G has V(G) = V(G) and E(G) = (1) \ E(G).
For graphs G, and Gy with V(G;) N V(G1) = @, the union graph G; U G5 has
V(G1UGy) = V(G1)UV(Gy) and E(G1UGy) = E(G1)UE(Gs). EV(G1)NV(Gy) =
@, the join graph G; + Go has V(G1 + G2) = V(G1) UV (Gs) and E(Gy + Ga) =
E(G)UE(Gy)U{{v1,v2} : v1 € V(G1),v, € V(Gy)}. For instance, K, is the graph

on n vertices without edges and K, ,, = K, + K,.

If the graph G is the union of k£ connected components isomorphic to a graph

H, then G is denoted by kH.

The automorphism group of a graph G on n vertices, denoted Aut(G), is the
group of permutations of the set V(G) that preserve the set of edges E(G). For
instance, Aut(K,) = S,, Aut(C,) = D,, Aut(G) = Aut(G). If G is a connected
graph, then Aut(kG) = Aut(G) 1Sk (wreath product). If Gy and Go are disjoint and
connected non-isomorphic graphs, then Aut(G; U Go) = Aut(G;) x Aut(Gy). We
have that Aut(G; + Gy) = Aut(Gy) x Aut(Gy) if no component of G is isomorphic

to a component of Gs.

If P is a nonempty monotone and non-evasive graph property, then AP is

collapsible and this implies that x(AP) = 1. Therefore, if x(AP) # 1, then P,
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being monotone and nontrivial, is evasive. This is why we estimate the Euler

characteristic of AP where P is a monotone graph property.

For a graph G on n vertices, let [G] denote its isomorphism class and for any pair
of graphs G, H on n vertices, let us write [G] < [H] if and only if G is isomorphic
to some subgraph of H. We can write the Euler characteristic x(AP) as

X(AP) =) (=1 (G, (1.4.1)

[GIcP
where P is supposed to be nonempty and monotone, m¢ represents the number of
edges of G (so that G corresponds to a face of dimension mg — 1 of AP), |[G]| is the
size of the isomorphism class [G] and the sum is taken over all isomorphism classes

of graphs contained in P.

In many instances, there is a common divisor d > 1 of all the sizes |[G]| for
G € P. As a result, d divides x(AP) so that x(AP) # 1 and we can conclude that
P is evasive. Therefore, P is nontrivial monotone and non-evasive, then P must

contain some graphs G for which d is not a divisor of |[G]|.

In order to study the divisors of |[G]|, we observe that |[G]| = ‘A#(!G)'? SO we
investigate the divisors of |Aut(G)|. For the following basic result see [20], chapter
14.

Lemma 1.4.1. Let G be a graph on n vertices, then the group Aut(G) decomposes
as

Aut(GQ) = (Aut(G1) 1.Spy) X -+ X (Aut(Gs) 2 Sy,), (1.4.2)

where the G;’s are the distinct connected components of G and n; is the number
of components of G isomorphic to G;. If m; is the number of vertices of G;, then
n = nymy + namy + - -+ + ngms, Aut(G;) is isomorphic to a subgroup of S,,, and

|Aut(G)| divides [T, n;! - (m;!)™.
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Consider 2C3 = C5UC5. In|l.4.2)lwe have s = 1,m; = 3,n; = 2, then Aut(2C5) =
Aut(C3) 1Sy = S30.55. For the graph 3K, we have that Aut(3K;) = Aut(K,) 1S3 =
Sy 1S3, in particular |Aut(3K3)| = 3! - 23,

Lemma 1.4.2. Suppose that a graph G on n vertices has exactly k vertices of a fixed
degree v, where 0 < k < mn. Then Aut(G) is isomorphic to a subgroup of Sk X Sy_k.

In particular, () divides |[G]).

In fact, every element of Aut(G) preserves the set of vertices of degree r and
also preserves the set of vertices that are not of degree r. Then, |Aut(G)| divides

kl(n — k)! and gty divides [[G]].

A graph G is called regular if all of its vertices have the same degree. If such
degree is r, we say that G is r-regular. When studying the divisors of the size of the
automorphism group of a regular graph, the following result of N. Wormald is very

useful.

Theorem 1.4.3. (Wormald, [60]) Let G be a connected r-regular graph on n
vertices, where r > 0. Then |Aut(G)| divides

rn Hpﬂ (1.4.3)

where the product is taken over all prime numbers p < r — 1 and 3 is given by

3 V — QJ (1.4.4)

(67
p*<r—1 p

Corollary 1.4.4. In the hypothesis of theorem[1.4.3, if r < 3, then |Aut(G)| divides

rm.
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1.5 Graphs on p and 2p vertices

In this section we describe all graphs G on p vertices and also on 2p vertices for

which p is not a divisor of |[G]|. We assume that p is an odd prime.

First, we deal with graphs on p vertices. In the hypothesis of lemma we
have that (i) divides |[G]|. Since p is prime, p divides (i) for 0 < k < p. Then, the
only cases in which p may not be a divisor of |[G]| are k = p (G is a regular graph)
and k£ = 0 (there are no vertices of degree r in G). When we vary the degree r, we

conclude that if p does not divide |[G]|, then G is regular.

Lemma 1.5.1. If G is a graph on p vertices and p does not divide |[G]|, then G is

a regular graph.

Since |[G]] = m, we have that p does not divide |[G]] if and only if p divides
|Aut(G)|, which means that Aut(G) contains an element of order p. The elements
of order p in the symmetric group S, are precisely the p-cycles. We assume,
without lost of generality, that the p-cycle o = (01---p — 1) is an automorphism of

G, where the vertices 0,1,...,p—1 are regarded as the elements of the finite field [F,.

Let us suppose that G is not the graph Fp. If the edge {r, s} is in G where r < s,
reorder the p-cycle o if necessary to assume that » = 0. Thus, we can assume that the
edge {0, s} is in G. The (s—1)-th power of the p-cycle o, 05! = (0 s 2s5--- (p—1)s),
is again a p-cycle and an automorphism of G. We find that G contains the edges
{0,s},{s,2s},{2s,3s},...,{(p — 1)s,0}. These set of edges form a cycle graph of
length p that is a subgraph of G' and that we denote by C(s). With this notation
we have C(s) = C((p — 1)s). Remember that the vertices 0,1,...,p — 1 are the
elements of I, and since (p —1)s = —s = p — s, we get C(s) = C(p — s). In figure
1.4] we illustrate the example for p =7, s = 2, 0 = (0123456), C(2) = C(5).

Every element s € {1,2,...,(p — 1)/2} such that {0,s} € G determines a
cycle graph C(s) that is a subgraph of G. Suppose that {0, s}, {0,7} are in G,
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FIGURE 1.4. C(2), p=17, 0 = (0123456).

where s, € {1,2,...,(p —1)/2} and r # s. The cycles C(s) and C(r) have sets
of edges {0, s}, {s,2s},...,{(p—1)s,0} and {0,7},{r,2r},...,{(p — 1)r,0} respec-
tively. We claim that C(s) and C(r) have no common edges. In fact, if we have
{is,(i+1)s} = {jr, (j + 1)r}, then there are two options: (i) is = jr, is+s = jr+r
which implies that r = s and (ii) is = jr+r, is+s = jr, which implies s = —r = k—r

and this contradicts that s € {1,2,...,(p —1)/2}.

Therefore, the graph G can be decomposed as a union of disjoint cycle graphs of
length p,
G = C(Sl) U C(Sg) U---u C(Sl) (151)

where {0,s;} € G and s; € {1,2,...,(p—1)/2}. As a consequence, G is an [-regular
graph with Ip edges.

For a nonempty subset S = {s1,s9,...,8} C {1,2,...,(p — 1)/2}, C(S) or
C(s1,82...,5) will denote the graph C(s;)UC(s2)U---UC(s;). The notation C(2)
will denote the graph Fp. For the complement graph of a graph of the form C(S)

we have C(S) = C(9).

All the cycle graphs C(s) are isomorphic, in fact, given s € {1,2,...,(p—1)/2},

the map F, — IF, given by x — sx gives an isomorphism between C(1) and C(s).

Each cycle graph C(s;) in is fixed under the action of the p-cycle o =

(01---p—1) and as a consequence G remains fixed under the action of o, that is,

o € Aut(G). We have proved the following.
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0 0

c(1) Cc(2)

FIGURE 1.5

Lemma 1.5.2. If G is a graph on p vertices, then p does not divide ||G]| if and only
if G is isomorphic to a graph of the form C(S), where S C {1,2,...,(p—1)/2}.

Example 1.5.3. Let us show how combining lemma [1.5.2| and Euler characteristic
of monotone graph properties, we can give a proof of Karp’s conjecture in the case
of 5 vertices. The vertices of our graphs are going to be the elements of the field
Fs = {0,1,2,3,4}. By lemma the only graphs G' on 5 vertices such that 5
does not divide |Aut(G)| are K5,C(1) = C(2) = C5 and O(1,2) = Kj (see C(1) and
C(2) in figure [L.5]). For any graph G not isomorphic to one of these four graphs, we
have that 5 divides |[G]].

Let P be a nontrivial monotone and non-evasive graph property on 5 vertices.
Then, x(AP) = 1 and P must contain some of the 4 graphs for which 5 does not
divide the size of their automorphism group. Since the graph K represents the
empty simplex, K5 does not contribute to y(AP) = 1 and since P is nontrivial, P
does not contain the complete graph K. Then P must contain [Cs]. We know that
Aut(C5) = Ds and |[C5]| = 5!/10 = 12. The cycle Cs represents a face of dimension
4, s0 X(AP) has the form 5m+ 12, but 5m+ 12 can never be equal to 1. This proves

that such a property P cannot exist.

Remark 1.5.4. We have proved indeed that if P is any nontrivial monotone graph
property on 5 vertices that contains the 5-cycle Cs, then x(AP) has the form 5m +
2. In particular, AP is not Z-acyclic. This is also true for any other nontrivial

monotone graph property P on 5 vertices, because in those cases, x(AP) is divisible
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by 5 and in particular x(AP) # 1. As a result, the simplicial complex associated to

any nontrivial monotone graph property on 5 vertices is not Z-acyclic.

Now we go to graphs on 2p vertices. If G is a graph on 2p vertices (p an odd
prime) and G has exactly k vertices of a fixed degree r, then (2}5 ) divides |[G]| by

lemma [1.4.2l The only way p does not divide (2,5) = k!((;;’l!k)! is that p? divides

E!(2p — k)!, which occurs if and only if £ = p or k = 2p. Thus, we assume that p

does divide |[G]| and consider the following two cases.

Case 1. k = p. In this case there are exactly p vertices of degree r, say they are
ai,...,a,. The other p vertices, say b,...,b,, must have the same degree s, where
s # r. Each automorphism of G preserves the ajs and also preserves the b)s. The

group Aut(G) is isomorphic to a subgroup of Si,,3 X Sgp,;3 =5, X S,

Let Gy be the subgraph of G which is the subgraph induced by the vertices
ai,...,ap, Go be the subgraph of G induced by the vertices b;’s and let H be the
subgraph of G whose edges are all edges of G having the form {a;,b;} (see figure
IKG)

If p* divides the size of Aut(G), then Aut(G) contains a subgroup of order p?.

The subgroups of order p? in S, x S, have the form (c) x (1) where both o and 7
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have order p. Thus, Aut(G) C Sy, X Sgp,) contains a subgroup of the form (a) x (3)

where both elements o and § have order p (a and 3 are p-cycles).

Let t be the number of bg-s that are adjacent to a;. Then, for each i =1,2,...,p,
the number of bgs adjacent to a; is also t because automorphisms of G preserve the
adjacency and a x id acts transitively on the a;s while o x id fixes the b;’s. Thus,
the number of edges of H is my = pt. Similarly, if u is the number of a}s adjacent

to by, then my = pu. Hence, u = t.

If t = 0, then H has no edges. It results that G = G; U G5 and since
no component of (7 is isomorphic to a component of (G5, we have that
Aut(G) = Aut(Gy) x Aut(Gs). Therefore, p does not divide |[G]| if and
only if p divides both |Aut(G;)| and |Aut(G3)|. When we require that p divides
|Aut(G1)| and |Aut(Gs2)|, the conclusion is that G; and G, are isomorphic to graphs
of the form C(S) as in lemma . In particular, G; and G5 are regular graphs of
different degree.

If t > 0, the permutation id x 8 permutes transitively the b;’s and fixes a;; this
implies that t = p, H = K,,, and G = G; + G. Therefore, G = G; U Gy lies in the
case t = 0 above, so G; and G, and also G; and G4 are isomorphic to graphs of the

form C(9) as in lemma [1.5.2]

Case 2. k = 2p. In this case GG is a regular graph of degree r. When r = 0,
G = Ks,. We assume r > 0. By lemma m, the group Aut(G) decomposes as

Aut(G) = (Aut(G1) 1 Sny) X - -+ x (Aut(Gy) 1S,,),

where the GG;’s are the distinct connected components of G and n; is the number
of components of G isomorphic to G;. If m; is the number of vertices of G;, then

2p = nymy + name + - - - + ngms, Aut(G;) is isomorphic to a subgroup of S,,, and
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|Aut(G)| divides [[, n;! - (m;!)™. Since there are no isolated vertices in G, we have

that m,; > 2 for all 4.
We want to determine conditions under which p? divides [, n;! - (m;!)™.

If some n; > p, then 2p > n;m; > 2n; > 2p which implies s = 1, n; = p and
my = 2. It follows that G = pKj; besides, |Aut(G)| = p!2P is not divisible by p?.

If n; < p for all 7, then the only cases in which p? divides [, n;! - (m;!)"™ are the
following:
(i) m; = 2p for some 4. In this case G is a regular connected graph of degree r > 0.
(ii) m; = p and m; = p for i # j. In this case G is the union of two non-isomorphic
regular connected graphs on p vertices, both of degree r.
(iii) m; = p and n; = 2 for some i. G is the union of two copies of a regular connected

graph of degree r on p vertices.

In the case that G is regular and connected of degree r > 0 (case (i)), consider
G which is also regular of degree 2p — r — 1 and |Aut(G)| = |Aut(G)|. If G is also
connected, take the one between G and G that has fewer degree, so we can assume
that G is connected of degree r < Zp—;l. This condition on r is equivalent to r < p.
Then, we apply Wormald’s theorem (theorem to obtain that |Aut(G)| divides
r(2p) [T<r s q” and we see from this that p? is not a divisor of |Aut(G)| (although
p could be a divisor of |Aut(G)]).

On the other hand, if G is not connected and p? divides |Aut(G)| = |Aut(G),
then G lies in case (ii) or case (iii). Thus, G is the union of two regular graphs on

p vertices of the same degree, G =H,UH, and G = H, + H,.

We conclude that the only way that p? divides |Aut(G)|, where G is a regular
graph of degree r, is that G is of the form G LI Gy or G; + G5, where GG; and G5
have the form C(S) as in lemma [1.5.2]

We resume our classification in the following lemma:

Lemma 1.5.5. Let G be a graph on 2p vertices such that p* divides |Aut(G)|, or
equivalently that p does not divide |[G]|. Then, G is isomorphic to a graph of the
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form G UGy or to a graph of the form G1 + Gsy, where G and Gy are graphs on p
vertices isomorphic to graphs C(S) as in lemma . The graphs G1 and Gy are

allowed to be isomorphic.

Remark 1.5.6. To determine all graphs GG on 2p vertices such that p does not divide
|[G]], it suffices to determine all graphs H on p vertices such that p does not divide
[[H]| (lemma contains the precise description of such graphs H) and then take
unions G'; U G5 and joins G 4+ G5 of such graphs. Graphs of the form G, + G, are
obtained from those of the form G U G5 by the relation G; UGy = G + Gs.

1.6 Oliver groups and lower bounds for the dimen-

sion of non-evasive monotone graph properties

In this section we make use of some Oliver groups acting on the simplicial complex
associated to a nontrivial monotone and non-evasive graph property P to prove that
P must contain some special graphs. Such special graphs are the orbits of the Oliver
group acting on the two-element subsets of {1,2,...,n} (vertices of AP). This will

permit us to give lower bounds for the dimension of AP.

Let P be a nonempty monotone and non-evasive graph property. If ' is an Oliver
group acting on |AP|, then |AP|' # @ (theorem [1.3.4)). In the abstract version of
|AP|" we obtain that P' # @ and this means that there are some graphs in P that

are also (union of) orbits of the action of I on the set of two-element subsets of
{1,2,...,n}.

We will consider Oliver groups that are subgroups of S,, because they automat-
ically act on P giving automorphisms of AP. We will conclude that at least one
of the orbits of I" acting on the 2-element subsets of {1,2,...,n} must be a graph
belonging to P.

For the first example, suppose n = p" is a prime power and consider GF(p”), the

finite field of p” elements. For a,b GF(p"),a # 0 let ¢op : GF(p") — GF(p") be the
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affine linear map defined by ¢ 4(z) = az +b. If T'pr = {¢op 1 a,b GF(p"),a # 0},
then I'y» is an Oliver group. This group I'y- is the one used in the proof of theorem
[1.3.6] The normal p-subgroup with cyclic quotient is T'y = {¢1, : b € GF(p")}. The
group I')» acts doubly transitively on GF(p") which implies that there is just one
orbit of I')» acting on the two-element subsets of {1,2,...,p"}. This orbit is the
complete graph K.

Now suppose that n = p” + ¢ and consider the group I',r x Z/t where I',» acts
on the vertices 1,2,...,p" as above, while fixes the vertices p" +1,...,n. The factor
Z/t acts on 1,2, ..., p" trivially and acts on the remaining ¢ vertices p" +1,...,n by

permuting them cyclically.

We know that I',» has the normal p-subgroup I'y with cyclic quotient. Then, I'y
is also a normal p-subgroup of I' x Z/t with quotient isomorphic to (I'/T"y) x Z/t
which is cyclic when p” — 1 and ¢ are coprimes. Thus, the group I' x Z/t is an Oliver

group if p" — 1 and ¢ are coprimes.

The orbits of the action of I',r x Z/t on the two element subsets of {1,2,...,n}
are the complete graph on the vertices 1,2,...,p" with the remaining ¢ vertices
isolated, that is, K, LI K;; the complete bipartite graph K, ; and the orbits of the
form Fpr U G, where GG is one of the graphs on ¢ vertices p” 4+ 1,...,n that are fixed
under the action of Z/t.

Proposition 1.6.1. Any nonempty monotone and non-evasive graph property on
n = p" + t vertices, where (p" — 1,t) = 1, has to contain some of the following
graphs: Ky UK, Ky ; or one of the graphs of the form K, UG, where G is one of
the graphs on t vertices p" + 1,...,n that are fized under the action of Z/t.

Corollary 1.6.2. Any nonempty monotone and non-evasive property P of graphs
onn =p" + 1 vertices, where n > 3, has to contain one of the two graphs K, U K
or Ky 1. In particular, dim AP > n—2. Moreover, if P is nontrivial then P cannot

contain both Ky UKy and Ky ;.
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Proof. Applying proposition [I.6.1, P has to contain K, U K; or Ky ;. These two
graphs have p"(p" —1)/2 = (n — 1)(n — 2)/2 and p" = n — 1 edges respectively. In
any case dim P > n —2if n > 3. The two graphs A = K,» UK, and B = K, are
the only two orbits of the Oliver group I')r x {*} acting on the 2-element subsets
of 1,2,...,n. Thus, A and B represent the only two (potential) vertices of the
simplicial complex P> *{*}If both A and B belong to P, then A and B are
vertices of P'»*{*}. By theorem [1.3.4) x(|P'»*{*}|) = 1, which obligates P>}
to contain the simplex {A, B}. This means that K,, = AU B belongs to P which

implies that P is trivial. O

Another particular case of proposition [I.6.1] we can analyze is the case n = 2"+2.
Let P be any nonempty monotone and non-evasive property of graphs on 2" + 2
vertices. Proposition m gives us the three graphs A = Koy UKy, B= Ky UK,
and C' = Ky 5. The graph A already belongs to P because A is one of the vertices
of AP. We have that A is one vertex of AP and A is a fixed point of I" := I'yr X Z/2.

The transitivity of the group Aut(AP) permits to assume that, in the inductive
definition of non-evasive complexes, lkapA and delpp A are non-evasive. Since A is
a fixed point of I', I' acts on lkapA and delapA and theorem can be applied.
In particular, we have that (lkapA)t # @.

By the definition of the link we have that (lkapA)' = lkaprA. Then, at least
one of the two B or C' must be in lkxprA. Thus, P contains B or C. If P contains
both B and C, then B and C' belong to lkapr A, but the equation x(lkaprA) =1
obligates lkapr A to contain BUC = Ky + K, this is the complete graph on 2" + 2
vertices without one edge. Thus, we have that AP is isomorphic to the boundary
of the ((’;) — 1)—dimensional simplex: a sphere of dimension (’;) — 1. Therefore,

AP is not a collapsible simplicial complex. This contradiction proves that P cannot

contain both B and C.

If we assume that B € P, then the equation Y(AP'Y) = 1 implies that AUB € P
and dimAP > dim(AU B) = 2"71(2" — 1). Similarly, if C € P, then AUC € P
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and dimAP = dim(AUC) = 2"

The following two results are generalizations of the corresponding results for 6
vertices in [27]. In the proof of each result an Oliver group is used in combination
with theorem[I.3.4] Both results concern monotone non-evasive properties of graphs

on 2p vertices.

Proposition 1.6.3. Let P be a nontrivial monotone and non-evasive graph property

on 2p vertices, where p is prime. Then, all perfect matchings belong to P.

Proof. Let T' be the group generated by the permutations (1 p + 1),(2 p +
2),...,(p2p)and v =(12--- p)(p+1p+2---2p). The subgroup H of I" generated
by (1 p+1),(2p+2),...,(p2p) is a normal 2-subgroup with quotient isomorphic
to the subgroup of I' generated by «, which is cyclic. Then, I' is an Oliver group
and P # @.

We claim that every orbit of I' acting on the two-element subsets of {1,2,...,2p}
contains a perfect matching. One of such orbits is the set of edges {1,p},{2,p +
1}, ..., {p,2p} (a perfect matching!).

Let G be any other orbit and {r, s} € G. We can assume that r, s € {1,2,...,p},
for if » < p and s > p then s — p # r and the permutation (s — p s) sends {r, s}
to {r,s —p},and s —p € {1,2,...,p}. If r;s > p, then (r —p r)(s — p s) sends
{r,s} to {r—p,s—p} and both r—p,s—p € {1,2,...,p}. The orbit of {r, s} under
a is a cycle graph of length p with vertices {1,2,...,p} which is a subgraph of G.
Since o' sends 7 to 1, G contains an edge of the form {1,¢} with 1 < < p. Now,
(1 p) sends {1,t} to {p,t} and so {p,t} € G, then by considering the action of « on
{p,t}, we conclude that {p,t},{p+ 1,t +1},{p+2,t+2},...,{2p,t + p} € G (if
necessary, when ¢ + 7 > p we subtract p to obtain a value between 1 and p). This

set of edges is a perfect matching and this ends the proof of our claim.

Since P'' # @, at least one of the orbits of I' belongs to P and since P is
monotone, P contains a perfect matching. Then, P contains all perfect matchings,

for P is closed under isomorphism of graphs. O
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Proposition 1.6.4. Let P be a nontrivial monotone and non-evasive graph property

on 2p vertices, where p is and odd prime. Then at least one of 2C,, K, belongs to

P.

Proof. The set of 2p vertices is going to be the union of two disjoint copies of the finite
field F, = {0,1,...,p—1}, the second copy of I, will be labeled F, = {0, 1’,.. ., (p—
1)'}. Let T' be the group generated by the permutations a = (0 0)(1 1')---(p —
1(p—1)),6=(01---p—1),y = (01"---(p—1)"). The subgroup of I generated
by ( and ~ is a normal p-subgroup of I" whose quotient is cyclic isomorphic to ().

Thus, I is an Oliver group and P' # &.

We investigate the orbits of I acting on the two-element subsets of I, UF},. Note
that if G is one of such orbits, then for r, s € F,, {r,s} € G if and only if {1/, s'} € G

(because « sends {r,s} to {r’,s'}).

Let G be the orbit {0,0'}. The orbit of {0,0'} under § gives us all edges of the
form {z,0'} with # € F,,. Then, fixing € F,, the orbit of {z,0'} under v gives all
edges of the form {z,y'} with y' € F,. We conclude that all edges {z,'}, v € [,
y' € IF, are in Gy. The group I' preserves the set of edges {{z,y'} : v € F,, ¢y € F, },
so Go = {{z,y'} : v € F,,y € F,} (G is isomorphic to the complete bipartite graph
K

po)-

Let G be any orbit of I' different from G,. Then, G does not contain any edge
of the form {z,y'} with x € F,, y € F,. Let {r,s} € G, then r,s € F, or r,s € IF,,.
We can assume that r, s € F), since {r,s} € G if and only if {1, s’} € G. In order
to determine G, it suffices to determine the orbit of S acting on the two-element
subsets of F,,. If K represents the orbit of {r, s} under 3, then G = KUa(K). Now,
the permutation 87~" sends {r, s} to {0,s—r}. Let t = s—r # 0. The orbit of {0, ¢}
under J consists of the p edges {0,t},{1,t+1},{2,t+2},...,{p—1,t+p— 1}, this
set of edges is precisely K. We want to describe K in a more convenient way. The
permutation [ is also a generator of () and the orbit of {0,¢} under 8 is described
as the set of edges {0, ¢}, {t,2t},{2¢,3t},....{(p—2)t, (p — 1)t}, {(p — 1)¢,0}. This
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is K. In the notation of lemma [1.5.2] K = C(t). Thus, we have that G = C(t) U
a(C(1) = C(t) U C(F) (since o(C(1)) = C(F')).

There are (p + 1)/2 orbits of I', Gy = K,,, and C(t) U C(t') = 2C, for t =

1,2,....,(p—1)/2.
Since P! # @, at least one the orbits of I belongs to P and this ends the proof. [

Corollary 1.6.5. Let P be a nontrivial monotone and non-evasive graph property

on 2p vertices, where p > 3 is prime. Then, dimAP > 4p — 1.

Proof. By proposition [1.6.4] at least one of 2C,, K, belongs to P. If K, is in P,
then AP contains a face of dimension p* — 1. If P does not contain K, ,, then P
contains 2C,. Therefore, P contains all the graphs C'(t)UC(#') in the proof of lemma
[1.6.4] Since (p—1)/2 > 2, there are at least two orbits of the form C(t)UC(t'). By
theorem [1.3.4, x(JAPY| = 1, then P must contain a graph which is the union of two
of the orbits C'(t) UC(t'). This union has 4p edges and is a face of AP of dimension
4p — 1. Since p? — 1 > 4p — 1, we find that, in any case, dimAP > 4p — 1. m

Remark 1.6.6. A result of Bjorner establishes that that for a vertex homogeneous
simplicial complex K on a finite set of cardinality m with y(K) = 1, the dimension
of K satisfies dimK > M — 1, where M is the maximum prime power dividing
m (see [33]). Corollary says that for a nontrivial monotone and non-evasive
property P of graphs on 2p vertices, dimAP > 4p — 1; AP is a simplicial complex
on a vertex set of p(2p — 1) elements, thus Bjorner’s bound for the dimension gives

2p — 2 in the best case. The bound 4p — 1 is a better lower bound.

1.7 Evasiveness of Graph Properties on Six Vertices

In this section we show in detail a proof of the evasiveness conjecture for properties
of graphs on six vertices. The idea of estimating the Euler characteristic of the
simplicial complex associated to a graph property yields that a nontrivial monotone
and non-evasive graph property on 6 vertices contains exactly one of the two graphs

2K, K35 (this also follows from proposition [1.6.4)).
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FIGURE 1.7

The first step in the proof is to find all graphs G on 6 vertices for which
3 is not a divisor of |[G]|. Then, as for the 5 vertices case (example [1.5.3), P
has to contain some of these graphs in order to satisfy x(AP) = 1 and this
yields various cases for P, depending on which of those graphs P contains.
By considering the action of several Oliver groups, we show that none of the dif-

ferent cases that result can happen, reaching a contradiction and finishing the proof.

The classification of graphs G on 6 vertices for which 3 does not divide |[G]| is

the content of the following lemma.

Lemma 1.7.1. Let G be a graph on 6 vertices and suppose that 3 is not a divi-
sor of |[G]|. Then, G is isomorphic to one of the following 6 graphs: Kg, K L
Fg, 2K3, K373, K3 + Fg, K6 (366 ﬁgUT€ .

Proof. Apply lemma to p = 3 to find that the only graphs on 3 vertices
for which 3 is not a divisor of the size of the automorphism group are K5 and
K3 = C3 = C(1). Then, apply lemma to conclude that the graphs on 6

vertices for which 3 is not a divisor of the size of their automorphism group are

F6 = 73 I_IF?,, Kg |_| Fg, 2K3, Kg,g == 2_K3, Kg +F3 == Kg |_|73, KG == ?6 D
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Let P be a nontrivial monotone and non-evasive graph property on 6 vertices.
Then, P does not contain Kg, and the graph K¢ represents the empty simplex
which does not contribute to x(P). If none of the graphs K3 K3, 2K3, K33, K3+ K3
belongs to P, then for each G € P, 3 is a divisor of |[G]| and P cannot be non-evasive.

We must have that P contains some of the 4 graphs K5 U K3, 2K, Ks3, K3+ K.

The following table shows the automorphism group, the size of the isomorphism

class of these 4 graphs and the dimension of the faces that they represent in AP:

G Aut(G) | |[G]] | dimG
K3 UKy | S3x Sy | 20 2
2K S31Sy | 10 5
K33 S31Sy | 10 8
Ks+ K5 | S3xS;] 20 11

Lemma 1.7.2. If P is a nontrivial monotone and nonevasive graph property on 6
vertices, then P satisfies exactly one of the following:

1) From the 4 graphs K3 L K, 2K5, Ks3, K3 + K3, P just contains Kss.

2) From the 4 graphs Ks L F3,2K3,K373,K3 + K5, P just contains K3 U K5 and
2K3.

3) From the 4 graphs Kz U K3, 2K3, K33, K3 + K3, P just contains Ks 1 K3, K3
and Ks + K.

We will say that P is of type 1, 2 or 3 if P satisfies 1), 2) or 3) in lemma [1.7.2]
respectively. Note that if P is of type 4, then P* = {G : G ¢ P} is of type 3 — i.

Proof. We have the following relations: [K3 U K3 < [2K3],[Ks U K3 < [K3 +
K3),[K33] < [K3 + K3 that can be represented by the following poset:

[2K3] (K3 + K3
[Kg Llf3] [KS,S]

P could just contain any of the 15 nonempty subsets of the set {Kj U
K3, 2K3, Ky 5, K3+ K3}
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Note that P cannot just contain 2K3, for if 2K3 € P, then K31 K3 € P (since
P is monotone and [K3 LI K3] < [2K3]).

On the other hand P could just contain KLl K3, for example. If this is the case,
we estimate Y(AP). For all graphs G in P that are not isomorphic to K3 U K3, 3
is a divisor of |[G]], then y(AP) has the form 3m + 20 (K3 Ll K3 is a 2-dimensional
face of P, and |[K3 Ll K3]| = 20).

The following table shows all the possibilities of which nonempty subsets of
{K3 U K3,2K3, K33, K3 + K3} can be contained in P and the form that y(AP)

takes in each case:

P contains just X(AP)
KsUK, 3m + 20

K3 3m + 10

KU K4, 2K, 3m + 10
K3 U K3, K33 3m + 30
K3U K3,2K3, K33 3m + 20
K3UK3 K33, K3+ Kz | 3m+ 10

K3 U K3, 2K3, K33, K3 + K3 3m

The only cases in which y(AP) = 1 can happen are the cases in which y(AP) has
the form 3m + 10. This ends the proof. m

Up to this point, we have reduced the possibilities for P to be of type 1, 2 or 3.
This is as far as our estimations of Euler characteristic can help. To end the proof
of evasiveness in the six vertices case, we need to use Oliver groups as in [27]. We
will show that none of the three types can really happen. The ideas we are going
to show are already found in [27], but there are some results we can obtain directly
from lemma [I.7.2] For instance, notice that in any case, exactly one of the two
graphs 2K, K3 3 belongs to P.



CHAPTER 1. EVASIVENESS OF GRAPH PROPERTIES 26

[§ 1 6 1
. \ °
5e 2 5 o2
) .
4 3 4 3
A B
6 1 6 1
[ ]
5 ®2 5 2
4 3 4 3
C D

FIGURE 1.8. Orbits under the action of ((12), (3456), (35))

First, we want to show that P cannot be of type 1 nor 3. Assume that P is of
type 1. Then, P contains K3, but it does not contain K3 LI K3. Following [27],
consider the group I' = ((12), (3456), (35)) which is a 2-group (all its elements have
order equal to a power of 2) and therefore I' is an Oliver group. This group I" acts on
the vertices of the simplicial complex AP, and the orbits A, B, C, D of this action
of I" are shown in figure [I.8 Since all of the graphs A, B,C,AU B and AU C are
isomorphic to subgraphs of K33, they belong to P. We can check that the graph
AUD,BUD,CUD and BUC contain a copy of K3 K3 as a subgraph, so they
cannot be in P (as P is monotone and does not contain K3 LI K3). If D € P, then
Pl is a simplicial complex whose faces are @, A, B,C, D,{A, B}, {A,C}, but this
implies that y(P") = 2 which contradicts theorem [1.3.4 Hence, P' is a simplicial
complex with faces @, A, B, C,{A, B}, {A, C}.

As AP is a non-evasive complex, there is some vertex X of AP such that lkap(X)
and delap(X) are nonevasive. The transitivity of Aut(AP) (remember that being
a property of graphs implies that the group 5, acting in the natural way on the
vertices of the simplicial complex AP, is a subgroup of Aut(AP)) permits us to take
X = A. The vertex A of AP is fixed by T', so I acts on lkap(A) and theorem [1.3.4]
can be applied to conclude that x((lkap(A))Y) = 1.
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FIGURE 1.10. Orbits under the action of ((153624))

Now, (lkap(A))Y = lkapr(A) is a complex with just two vertices and no edges

(see figure[1.9)). Its Euler characteristic is 2, which contradicts x((lkap(A4))F) = 1.

This ends the proof that P cannot be of type 1.

If P is of type 3, then P~* is of type 1. The argument above applied to P* gives

that P* cannot be of type 1 and as consequence, P cannot be of type 3.

Now, we want to prove that P cannot be of type 2. In fact, suppose that P is of
type 2. In this case, P* is also of type 2. Both P and P* contain K3 U K5 and 2Kj,
but they do not contain K33 nor K3 + K.

Consider the group I' = ((153624)). The orbits A, B, C of I are in figure [1.10}
The group I' is an Oliver group ( I' is cyclic of order 6, so I'y can be taken as any

subgroup of order 3). By proposition [1.6.3] A € P. As P is of type 2, B € P too.

We claim that C is also in P. On the contrary, P’ has just two vertices A, B
and theorem implies that AU B € P, but C is isomorphic to a subgraph of
AUDB, so(Cisin P.
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This argument also applies to P* (as P* is also of type 2), so we have that
A, B,C € P*. By the definition of P*, A= BUC,B=AUC,C = AU B are not

in P, so P'' consists only of three vertices and this contradicts that y(P') = 1.

We have finished the proof that every nontrivial monotone graph property on 6

vertices has to be evasive.

Remark 1.7.3. The estimation of the Euler characteristic by means of divisors
of the sizes of isomorphism classes of graphs on n vertices is not enough to give
a proof of evasiveness. The use of another tool is necessary for completing the
proof (theorem , for instance). In fact, there are nontrivial monotone graphs
properties P satisfying x(P) = 1 (see [24], pp. 124, also see [33]). In [24], there
is an example of a monotone graph property on 6 vertices which is Q-acyclic and

therefore its Euler characteristic is 1. It is not Z-acyclic.

1.8 Evasiveness and graphs on Ten Vertices

In this section we consider graph nontrivial monotone graph properties P on 10
vertices and make a treatment similar to the case of 6 vertices. We will label the

ten vertices for our graphs as 0,1,2,3,4,0',1’,2", 3, 4.

First, we apply lemma to p = 5 to find all graphs G on the 5 vertices
0,1,2,3,4, such that 5 does not divide |[G]| (see example . They are K5, Cy =
C(1) = C(2) and K5 = C(1,2) (note that C'(2) = C(1)). Correspondingly, for the 5
vertices 0/,1',2",3,4’, we have the graphs C'(1') = C(2) and C(1,2').

Suppose that, for a graph G on 10 vertices, 5 does not divide |[G]| and apply
lemma, m Then, G is isomorphic to K19, Ky, or one of the 10 graphs G, G;,
i=1,2,3,4,5 shown in figure [I.T1]

If P does not contain any of the 10 graphs in figure [1.11] then 5 divides x(P)

and so P is evasive.

Let P be a nontrivial monotone and non-evasive graph property on ten vertices.

Then, P contains some of the graphs in figure [1.11} The following table contains
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the automorphism groups of G; for i = 1,2,3,4,5, also the sizes |[G;]| and the
contribution modulo 5 to x(AP) when G; € P, that is (—1)™c:~!{[G,]|(mod 5):

Gi | Aut(Gy) | |[Gi]] | (=1)"%7[Gi]|(mod 5)
Gy | Digx S5 | 24-3%.7 +4
Gy | Ssx S5 |22.32.7 -2
Gs | Ds1S, |2°-3%.7 -4
Gy | Ssx Dy | 24337 +4
Gs | Ss51Sy | 2-3%.7 -1

Note that if G is a graph on 10 vertices having m¢g edges, then G has mg =
45 — mg edges. The Hasse diagram of the isomorphism classes [G;]’s and [G]]’s is

the following:
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[Gi]

[Ga cs}

If P is non-evasive, then P contains some of the isomorphism classes [G], [G}].
The set of such isomorphism classes contained in P becomes an order ideal of the
poset above. Therefore, y(AP) is congruent modulo 5 to the sum of the numbers
(—1)mc=1[G]| where [G] belongs to that order ideal. We need to determine all the
order ideals of the the poset above and also determine which of them can make

X(AP) congruent to 1 mod 5. There are exactly 9 of these order ideals:

I = {[G5]}
I = {[G\], [G4], [G5]}
I = {[G1], [G3], [G5]}
I = {[G1], [Ga], [Gs], [G4], [G5]}
Is = {[G1], [G2], [Gs], [G4], [G5]}
Is = {[G1], [G3], [G3]. [G4], [G5]}
I; = {[G1], [G3], [G3], [G4], [Ga], [G], [G5]}
Iy = {[G1], [G3], [G3], [Ga), [Ga], [G], [G5]}
Iy = {[G1],[G], [G3], [Gal, [G1], [Ga), [G3], [G], [G5]}

In a similar way to lemma [I.7.2] we get that from the 10 isomorphism classes
[Gi],[Gy], i = 1,2,3,4,5, P contains exactly those isomorphism classes of graphs
belonging to a fixed set I, k = 1,...,9. We say that P is of type k if P contains
exactly Ix. P is of type k if and only if P* is of type 10 — k.

We will consider some Oliver groups to show that types 1, 3, 7 and 9 cannot

happen. The first result is the following lemma.
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FIGURE 1.12. Orbits of ((00')(11/)(22')(33')(44’), (01234), (0'1'2'3'4’))

First we show that P cannot be of type 3 nor 7. Proposition implies that
P contains one of the 2, K55 = G5 or 205 = G5. The corresponding Oliver group
is I' = ((00")(11)(22')(33')(44"), (01234), (0'1'2'3'4")). The orbits of I', A = G5, B =
G3,C = (5 are shown in figure By theorem [1.3.4] x(P) = 1.

If P is of type 3 or 7, then G3,Gs € P. Thus, we have that A, B,C € P and
since x(PT) = 1, the graphs AU B =2 AU C are in P. We have that AU B = Gj,
but G'3 does not belong to P (see the order ideals I3 and I; above).

To show that P cannot be of type 1 nor 9, we need the following result of P. A.
Smith [54].
Theorem 1.8.1. If ' is a p-group acting on a Z/p-acyclic complex K, then |K|'

is also Z/p-acyclic.

Suppose that P is of type 1 and let I' = ((00'), (12341'2'3'4")). Then, I' is a
2-group. The (potential) vertices of PT are the orbits of I acting on the vertices of

the simplicial complex P. These orbits are shown in figure [1.13]

Since P is of type 1, P contains G5 but does not contain G. The graphs in the

following list are in PP because each of them is isomorphic to a subgraph of Gs:
A B,C D E;AUB,AUC,AUD,AUFE,BUD. (1.8.1)

The graphs in the following list are not in P because each of them contains a

subgraph isomorphic to Gfi:

BUC,BUE,BUF,CUD,CUF,DUE,DUF,EUF. (1.8.2)
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FIGURE 1.13. Orbits of ((00'), (12341/2'3'4’))

Observe that the graphs F, AU F and C'U E are not in these lists.

Now, A is one of the vertices of the simplicial complex AP and A is also one
of the fixed points of I'. Therefore, I' acts on lkap(A). Moreover lkap(A) is a
non-evasive complex. The fixed point set of the action of I" on lkap(A) is given by

lkap(A) = lkapr(A).

From we see that B, C, D, E are vertices of lkap(A)". Since lkap(A) is Z/2-
acyclic, lkap(A)T is Z/2-acyclic by theorem [1.8.1] Then, lkap(A)" is connected.

The graph F cannot be a vertex of the simplicial complex lkap(A)' because,
on the contrary, F' would be an isolated vertex of lkap(A)". Thus, lkap(A)l has
precisely the vertices B,C, D, E. The only other faces of lkap(A)! can be {B, D}
and {C, F}. In any case lkap(A)" results to be non-connected. This contradiction

proves that P cannot be of type 1.

If P is of type 9, then P* is of type 1 and the argument above applies to P* to
conclude that P* cannot be of type 1. Thus, P cannot be of type 9.

Remark 1.8.2. We have not found the appropriate Oliver groups to use in order
to discard the 5 remaining possible types for P. If a nontrivial monotone and non-
evasive graph property on 10 vertices P exists, then it must contain one of the
order ideals I for k = 2,4,5,6,8. The first thing we can do is to test the property

generated by I in order to know whether the associated simplicial complex is Z-
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acyclic. This could be done by using a computer program.
Another option is to study a commod divisor of the sizes of automorphism groups

of graphs, other than 5, to get more conditions on the graphs that belong to P.
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Ideal-valued cohomological index

2.1 Ideal-Valued Cohomological Index Theories

Cohomology theories

Acohomology theory h* (on the appropriate category T of topological pairs (X, A)
and maps of pairs) is a sequence of contravariant functors h? : T — A, where A is the
category of abelian groups and homomorphisms, along with natural transformations
89 :hio R — h?™' q € Z (R is the functor that sends pair (X, A) to the pair (A, @)
and a map f : (X, A) — (Y, B) to f|A). These natural transformations are called
the connecting homomorphisms. It is customary to write f* instead of h?(f) for a
map f: (X, A) = (Y, B). The following axioms are required:

Homotopy: If fy ~ f1 : (X, A) — (Y, B), then f; = f{ : h%(Y,B) — hi(X, A) for
all ¢ € Z.

Excision: For every pair (X, A) and a subset U C A satisfying U C Int A, the
inclusion j : (X \ U, A\ U) — (X, A) induces an isomorphism h?(X, A) = h?(X \
U, A\ U), for all ¢ € Z.

34
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Exactness: For every pair (X, A), there is a long exact sequence

§a-1

S RUX,A) S hI(X) L h1(A) 2 heY (X A) — -

where i : (X,0) — (X,A) and j : (4,0) — (X,0) are the inclusions, and h?(X)
means h9(X,0).

The cohomology theory h* is multiplicative if it has products

hP(X, A) @ h(X, B) — h"™1(X, AU B)

for any pairs (X, A) and (X, B) with {A, B} excisive and any p, q € Z.

When we want to compute h*(X) for (a CW-complex) X we have the Atiyah-
Hirzebruch spectral sequence (AHSS): a (cohomological type) spectral sequence
{E¥**,d.} that (under suitable conditions) converges to h*(X) and that has Ey-page
given by

Byt = H*(X; h(pt)), (2.1.1)

the singular cohomology of X with coefficients in A*(pt) (pt represents the one-point
space), see [57].

The Borel construction and equivariant cohomology

For each (finite) group G there exists the associated classifying space BG and the
universal G-bundle FG — BG (see [39] for a construction of the universal G-
bundle). The space EG is characterized as a contractible cell G-complex with a free
action of G and BG is the associated quotient FG/G. The “universality” means
that for any free cell G-complex X and the associated G-bundle X — X/G, there
is a homotopically unique map ax : X/G — BG such that the bundle X — X/G
is isomorphic to the pull back of EG — BG along ay.
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If X is a free cell G-complex, one good way to define its equivariant cohomology
H{ (X5 R) is as the singular cohomology of the quotient X/G. This “does not work”
when X is not free. In that case, the equivariant cohomology H/ (X; R) is defined
as the singular cohomology of the homotopy quotient, or Borel construction, Xg.
For any G-space X one defines the homotopy quotient Xq := FG xXg X, where G
acts on EG x X diagonally. When X is free, X is (weakly) homotopy equivalent
to X/G. The equivariant cohomology of X is defined by Hj:(X; R) := H*(X¢g; R).

The equivariant cohomology of a point pt, H(pt; R), is the singular co-
homology of BG, H*(BG;R). For example, Hj ,(pt;F2) = H*(BZ/2;F,) =

H*(RP>;Fy) = Fy[t], where ¢t has degree 1. If p is an odd prime number, then

HZ@(W? F,) = H*(BZ/p;F,) = F,[a, b]/(a?), where a has degree 1 and b has degree
2.

Ideal-valued cohomological index for cohomology theories

Based on the definition of the Fadell-Husseini index, we can define ideal-valued

cohomological index using a cohomology theory h* ([15], [L6], [63]).

For a G-space X there is a (unique) map X — *. Then we have a map FGx X —
EG and by passing to quotients, we get ¢x : Xg¢ — BG. For a cohomology theory
h*, we denote hf(X) := h*(Xg); for a pair (X, A), hi(X, A) == h*(Xe, Ag), where

A is an invariant subspace of X.

We have a map q% : hi(pt) = h*(BG) — h{(X) induced by ¢x : X¢ — BG.
From this, h§(X) becomes an hf,(pt)-module by defining A - z := ¢ (\)z, for A €
h(pt) and x € hi(X).

We define the index of X with respect to h*, denoted Ind% X, as the kernel of
0y he(pt) — he(X): Indy X = ker ¢%. The index Ind X depends on the action

of G on X. The following are called the azioms for an indez-valued cohomological

index theory (see [15] [16], 28, [63]):
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Monotonicity: If there is a G-equivariant map f : X — Y between G-spaces X
and Y then
IndgY C IndgX.

Additivity: If {X = X; U X, X, Xo} is excisive, where X; and X5 are G-invariant
subspaces of X, then
Indg X, - Indg X5 C Ind X.

Continuity: If A is a closed G-invariant subspace of X, then there is a G-invariant

neighborhood U of A in X such that
]ndG A= Ind(; U.

Index theorem: If f : X — Y is G-equivariant, B C Y a closed G-invariant

subspace and A := f~1(B), then

Remark 2.1.1. The monotonicity axiom gives a necessary condition for the exis-
tence equivariant maps between G-spaces. In fact, if there is some equivariant map

f: X — Y, the commutative diagram

f

NS

*

X

Y

induces the following commutative diagram in cohomomolgy

he;(X)

he(Y)

@ %

h*(BG)
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from which we obtain Indg Y C Indg X.
The axiom of additivity is satisfied if A* is multiplicative with unit. Monotonicity

and additivity are the two axioms we are going to need in our work.

The continuity axiom is satisfied if A* is assumed to be continuous (for any pair
(X, A) with A closed in X, h*(A) = lim h*(U) where the direct limit is taken over
all neighborhoods U of A in X and the isomorphism is induced by the inclusions).

The index theorem is a direct consequence of the other 3 axioms.

The cohomology theories we are interested in satisfy to be multiplicative and
continuous, namely singular cohomology with coefficients in a field and Morava K-

theories although continuity is not that important in our work.

For references, see [16], 28].

2.2 The Fadell-Husseini Index

The ideal-valued cohomological index we obtain by using equivariant cohomology
with coefficients in R (a commutative ring with unit) is the well known Fadell-
Husseini index (see for example |15, [I6, [63]), which we denote Indg g X to include
the coefficient ring R. The Fadell-Husseini index satisfies the axioms for an ideal-

valued cohomological index theory (under suitable conditions, see [15] [16]).

In the CS/TM scheme one wants to prove that there is no equivariant map
X — Y between two G-spaces X and Y arising from a combinatorial problem. The
space Y is frequently the unit sphere S(W) of a G-representation W and its ideal-
valued index is a principal ideal (u) C H*(BG, R). If there is some equivariant map
X — Y, the monotonicity axiom of the index theory implies that u lives in the ideal-
valued index of X. One tries to prove on the other hand that the element u really
does not belong to the index of X. That is why we need formulas for computing
indexes of spheres and tools to determine that a given element in H*(BG, R) does

not belong to Indg rX.
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We want to list some of the properties of the Fadell-Husseini index and some

tools of calculations.

The Serre spectral sequence and Fadell-Husseini index

For the following theorem see [34], also see [21] and [57].

Theorem 2.2.1. Let R be a commutative ring with unit. For a fibration ' — E —
B with B path-connected and F' connected, there is a first quadrant spectral sequence

{E¥*,d,}, converging to H*(E; R) (as an algebra), with
ET = HP(B; H(F; R)),

the cohomology of the base space B with local coefficients in the cohomology of the
fiber F.

The map gx : X¢ — BG is a fibration with fiber X. There is a spectral
sequence {E** d,.} with EY? = HP(BG;HY(X; R)) where H(X; R) is a system of
local coeflicients, this local coefficient system is determined by the action of G =
m1(BG) on H*(X; R). Therefore, the Ey-page of the spectral sequence is interpreted
as the cohomology of the group G with coefficients in the G-module H*(X, R) (see
for example [I], 9]),

EY? = HP(G; HY(X; R)). (2.2.1)

The map ¢ : H*(BG,R) — H*(Xg, R) can be represented as the composition
(known as the edge homomorphism)

H*(BG;R) - E3° - E° - B} - ... - E*° C H*(X¢; R). (2.2.2)

Remark 2.2.2. We will use the Serre spectral sequence of the fibration
X — X¢ — BG to show that a given element u € E;"O = H*(BG; R) does not

belong to IndgrX. What we will do is to check that u survives forever in the
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spectral sequence.

Products

If X is a G-space and Y an H-space, then X x Y is a G x H-space. The map
axxy : (X XY)axny — B(Gx H) can be identified with the map ¢x xqy : Xgx Yy —
BG x BH and the map ¢%,y can be identified with

7x ® gy H*(BG;K) ® H*(BH;K) — HA(X;K) ® Hy (Y; K),

where K is a field. The kernel of this map can be expressed as follows.

Lemma 2.2.3. ker ¢y ® ¢5 = kergy ® H*(BH;K) + H*(BG;K) ® ker g5, that is
IndGXH’KX XY = [ndGJK X H*(BH,K) -+ H*(BG, K) ® IndHyKY.

Corollary 2.2.4. If Y = pt in lemma[2.2.5, then

IndeH,KX = I?’LdG,KX ® H*(BH, K)

Corollary 2.2.5. If H*(BG;K) = Klzy,...,z,], H*(BH;K) = Kly1,...,Yml,
IndgxX = (f1,..., fr) and IndgxY = (g1,...,9s), then

IndGXH,KX xY = <f17-"7fragla"'7gs> QK[xlw"axnayla"'aym]-

The above results on the index of products can be consulted in [15].

Remark 2.2.6. The central idea of the proof of these results is the Kiinneth
isomorphism. When we wanted to have similar formulas for the index of a product,
using other cohomology theories, we found that (in some sense) the singular
cohomology with coefficients in a field and the Morava K-theories are essentially
the unique cohomology theories that have Kiinneth isomorphisms (see [45]). That

is one of the reasons we are going to treat ideal-valued index for Morava K-theories
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(section 2.3 below).

Spheres, F,G-spaces and the configuration space F(R?, p)

A free G-space X is an E,G-space if it is an (n — 1)-connected, n-dimensional
CW-complex equipped with a G-invariant CW-structure. FE, G-spaces exist; in fact,
the join G*("*1) of n+1 copies of the group G, where G is regarded as a 0-dimensional

simplicial complex, is an E,G-space.
The following properties of the Fadell-Husseini index can be found in [63].

Proposition 2.2.7. i) For the antipodal 7 /2-action on a sphere S™, we have that
IndZ/Q,FzS” = <tn+1> - ]:FQ [t]
In general, if X is an E,7Z/2-space, then

[ndZ/27F2X = <tn+1> g H*(BZ/2,F2) = ]Fz[t]

i) For an odd prime p, we have H*(BZ/p,F,) = F,la,b]/{a®), where deg(a) = 1
and deg(b) = 2. The unit sphere S*"~1 C C" is a Z/p-space where Z/p is seen as

the subgroup of S' of p-th roots of 1. S' acts on S?"~! by complex multiplication
and so does Z/p. Then

Indgpr,S*" " = (V") C Fpla,b]/(a®).
If X is an Es, 1Z/p, then

Indg,r, X = (b") C Fyla, bl/(a?).

iii) For an Fy,Z/p-space X, we have that

Indzp5,X = (ab") C Fyla, b]/{a®).
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i) For a finite group G and an E,G-space X, we have

IndexX € P HY(BG;K),

d>n

that is, for every (homogeneous) element x € IndeX C H*(BG;K), deg(z) > n.

v) Let U,V be two G-representations and S(U),S(V') be the associated unit G-
spheres. Assume that the vector bundles U — Ug — BG and V — Vg — BG
are orientable over K. If IndecxS(U) = (f) € H*(BG;K) and IndgxS(V) =
(g) € H*(BG;K), then

IndgxS(U V) =(f-g) € H(BG;K).

vi) Let V = C be the 1-dimensional complex (Z/p)k-representation associated with
the vector (o, ..., an) € Fyy (If w; is the generator of the i' copy of Z/p in (Z/p)",
then the wector o is characterized by the equality w; - v = (*v where ¢ = *™/P,

veVandi=1,...,n). Then
Indpyn g, S(V) = {a1by + -+ apbp) CFplby,...,by] C H*(B(Z/p)"; Fy).

For the following result see [11].

Proposition 2.2.8. Let G be a finite group and V' an n-dimensional complex G-

representation. Then
IndgzS(V) = (c,(Ve)) C H(BG; Z),
where ¢, (Vi) is the n-th Chern class of the bundle V- — EG x¢V — BG.

If G = Z/n, the cyclic group of orden n, and U = C? is the Z/n-representation
in which the generator of Z/n acts by multiplication by e*™/" then H*(BZ/n;Z) =
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Z[u]/({nu), where u = ¢;(Uyg/y,) is the first Chern class of the vector bundle U —
Uzjn — BZ/n (see [3]). The cohomology class u is a generator of H*(Z/n;Z). We
have that

Indgnz25(U) = (u) C Zu]/{nu). (2.2.3)

The configuration space of n distinct points in the topological space X is the
space

F(X,n) ={(x1,2q,...,2,) € X" : x; # x; for alli # j}. (2.2.4)

The symmetric group S, acts on F'(X,n) by permuting coordinates; the cyclic group
Z/n acts on F(X,n) by restricting the action of S,,. The following result is found
in [9] (Theorem 6.1):

Proposition 2.2.9. Let p be a prime and d > 1. Then

(td=DE-D)+1) ¢ Fy[t], forp=2,
]ndZ/p,FpF<Rd7p) =

<ab(d_1)2(p_l),b(d_1>2(p_l)+1> C F,la, b}/<a2>, for p odd.

The topological Tverberg theorem

We are going to sketch the proof of the topological Tverberg theorem given by

Zivaljevié in [63], where Fadell-Husseini index is used.

Theorem 2.2.10. (Topological Tverberg theorem) If ¢ = p* is a prime power and
d > 1, then for any continuous map f : A=) S R there exist ¢ disjoint faces

of AU=DEHY "By [y o F, such that

fE) N f(F) N0 f(F,) # 2.

The symmetric group S, acts on C? by permuting the coordinates; this S,-
representation is the sum of a trivial S -representation, {(z,...,2z) : z € C},

and the representation We(1,q) = {(z1,...,2¢) : 21+ -+ + 2 = 0}. The S,
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representation We(1,¢q) is called the standard (complex) S,-representation. Let

We(m, q) == We(1,q)®0™. The standard real S,-representation is defined similarly.

Let N = (¢ —1)(d+ 1), X an EnS,;-space and Wgr(d + 1,q) the corresponding
standard real S, -representation. The CS/TM scheme yields that the topological
Tveberg theorem is true for ¢ > 2 and d > 1, if there is no S,-equivariant map

X — S(Wr(d+1,q)).

It suffices to consider the case in which d + 1 is even. If this is the case, then

Wr(d+1,q) and We((d +1)/2,q) are isomorphic S,-representations (see [31, 53]).

When ¢ = p”, the restriction of the action of S, on C? to the subgroup (Z/p)*,
gives a (Z/p)*-representation that is isomorphic to the regular representation of

(Z/p)*, C[(Z/p)¥], which decomposes as (see [19], [63]):

C' = C[(Z/p)"] = P Ve (2.2.5)

a€Fk

Therefore, We (1, q) decomposes (as (Z/p)*-representation) as follows:

Well,g)= P Ve (2.2.6)

a€FE\{0}
The idea is to prove that there is no (Z/p)*-equivariant map X — S(We((d +
1)/2,q)). To show this, Fadell-Husseini index with coeflicients in F, is used (we
assume for simplicity that p is odd). If there exist such an equivariant map, we

must have

Indz/pyep, SWe((d+1)/2,q)) € Ind g5, X. (2.2.7)

Since X is an Ex(Z/p)k-space, if a cohomology class belongs to Ind g pkw, X,
then that class must have degree greater than N. On the other hand, by [2.2.6]
and proposition v) and vi), Indz,rr,S(We(l,q)) is the principal ideal in
F,[bi, ..., bg] generated by Hang\{o}(albl 4 agby).

By proposition V), Indgpp ]FPS(WC(d;Ll,q)) is the principal ideal in
F,[b1, ..., by generated by the polynomial ], e]Fk\{o}(Oélbl o+ agby) @72 which
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is a cohomology class of degree (¢ — 1)(d +1)/2 = N. By this cohomology

class must belong to Indz,,rF, X. This contradiction ends the proof.

Remark 2.2.11. Our calculations of the ideal-valued cohomological index for
Morava K-theories are going to be based on the willing of reproducing this proof of
the topological Tverberg theorem. In particular, we will need to make use of results
on the Morava K-theories of some classifying spaces, the Kiinneth isomorphisms
and the Atiyah-Hirzebruch spectral sequence that for Morava K-theories converges

to the desire object.

What we need essentially to give a proof of the topological Tverberg

theorem by means of ideal-valued index using a cohomology theory h*

Once the ideal-valued index Ind}, X is defined, it satisfies (with suitable conditions
on h* as being multiplicative and continuous) the axioms of monotonicity, additivity,
continuity and the index theorem of an ideal-valued cohomological index theory.
In the proof of the topological Tverberg theorem (using Fadell-Husseini index) we
only used the axioms of monotonicity and additivity. We are going to show a list of
properties that h* and Ind% X satisfy that are sufficient for proving the topological

Tverberg theorem. This is done by following Zivaljevié’s proof.

P1. Monotonicity axiom of the index. The monotonicity property of the ideal-
valued index Ind X is the basic property we have in order to prove the there are

no (Z/p)*-equivariant maps
X = S(We((d+1)/2,q)),

where X is an Ey(Z/p)*-space.

P2. Additivity axiom of the index. We use it to prove that for G-representations
U and V,
Indy S(U) - Indk S(V) C Indt S(U V).
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P3. Index of Eyx(BZ/p)*-spaces. If X is an Ey(BZ/p)"-space and z € Indl X,
we need that deg(z) # N.

P4. Kiinneth isomorphisms for A*. With Kiinneth isomorphisms we can prove

the analog to lemma [2.2.3}
Indl, y X xY = Ind X @ h*(BH) + h*(BG) @ Ind}, Y,
and the analog to corollary [2.2.4}

Indl, X = Indl X @ h*(BH).

P5. Index of S(V,). We need to know the index of S' with the action of Z/p as
p-th roots of 1. Then, with the use of the formula Ind, ;X = Indy X ® h*(BH)
as above, the index of the unit sphere of the Il-dimensional complex (Z/p)k-
representation associated to (1,0,...,0) can be computed. Then, with the
appropriate automorphism of (Z/p)* we can compute the index of the unit sphere

S(V,). Here, we hope that the index [ nd?z*(p)kS (VL) contains an element u of degree
2.

The argument continues as follows: by combining P5 with P2 we get that
Ind% S(U) - Indk S(V) C Indk S(U & V), so we can compute the index of the
unit sphere S(W¢(1,q)) of the standard complex representation, and the index of
S(We(1,q)®@+1/2). We hope to end with an element in Ind?Z*/p)kS(WC(l, q)®ld+1/2)
of degree N = (¢ — 1)(d + 1). Once this is done, the assumption of the existence of
a (Z/p)*-equivariant map X — S(We((d + 1)/2,q)) yields that Indl X contains

an element of degree N, the contradiction that ends the proof of the topological

Tverberg theorem by using ideal-valued cohomological index for h*.
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In section we are going to verify that properties P1 — P5 are satisfied for

Morava K-theories, so that we will have a proof of the topological Tverberg theorem

using the ideal-valued index in Morava K-theories. We will have a proof only for

odd-prime powers.

2.3 Morava K-theories and ideal-valued index

We present Morava K-theories in an axiomatic way by listing relevant properties

that they satisfy (see |22, 23], 25], 45 146]).

Given a prime number p, there exist a sequence of multiplicative cohomology the-

ories called Morava K-theories and denoted K (n)*, n > 0. The following properties

are satisfied:

1.

2.

K(0)"(X) = H"(X, Q).

(Coefficients). For n > 1, the coefficient ring of K (n)* is given by
K(n)*(pt) = Fplvg, v, '], (2.3.1)

where the degree of v, is 2(p" — 1).

. Every graded module over K (n)*(pt) is free (that is, K(n)*(pt) is a graded

field). Also, K(n)*(X) is a module over K (n)*(pt).
(Periodicity). For n > 1, K(n) is 2(p™ — 1)-periodic. Multiplication by wv,,
induces isomorphisms

K(n)'(X) = K(n) ™+ -1 (X)), (2.3.2)

for any space X and i € Z.

K(1)*(X) is one of the p — 1 (isomorphic) summands of the mod. p complex
K-theory of X.
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6. (Kunneth isomorphism). For spaces X and Y,

Kn)"(X xY) = K(n)"(X) @km=@) Kn)(Y). (2.3.3)

7. (Complex oriented). There exists an element x € K (n)?(CP>) such that =
restricts to a generator of K(n)?(CP') under the inclusion CP* ¢ CP*. For
the space CP>,

K (n)*(CP®) = K(n)*(pt)[a]]. (2:3.4)

8. For the classifying space BZ/p" (p odd),

ni

K(n)"(BZy) = K(n)*(pt)[z]/(«""). (2.3.5)

9. (AHSS). For a space X, the Atiyah-Hirzebruch spectral sequence of

K(n)*(X), that is, the spectral sequence having Es-page given by
Ey' = H*(X; K (n)'(pt)), (2.3.6)

converges to K (n)*(X) (see [47]).

Let F**' = ker{K(n)*"(X) — K(n)*™(X* 1)} (assuming X is a CW-
complex with skeletons X*). Then, for the E-page we have ES! = Fstt /F*H
The only nonzero rows of this spectral sequence occur when ¢ is an inte-

ger multiple of 2(p” — 1). In particular, if 0 < s+ ¢ < 2(p™ — 1), then

E&S—l't — E;és+t_1 — .. = Eg(—)&-t—l,l =0 and
K(n)*"'(X) = Fst' = Fstt = ... = F5i. (2.3.7)

The ideal-valued index for Morava K-theories

Recall that for a G-space X we have the corresponding map ¢x : X¢ — BG, where
X is the homotopy quotient Xg = EG xg X. We assume n > 1. There is an
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induced map K(n)*(BG) — K(n)*(X¢g) whose kernel is defined to be the index of
the G-space X and that we will denote by Znd@X:

IndgX = ker (¢ : K(n)*(BG) — K(n)"(Xg)) . (2.3.8)

The index Znd X satisfy the axioms of monotonicity, additivity, continuity and
the index theorem for ideal-valued index theories. In particular properties P1, P2
and P4 are satisfied automatically by Morava K-theories and the corresponding

ideal-valued index theories.

In order to reproduce a proof of the topological Tverberg theorem, we study
the index of some particular type of G-spaces: En(Z/p)*-spaces and (Z/p)*-

representation spheres, where p is an odd prime.

En(Z/p)k-spaces

We verify property P3. Assume that p is an odd prime number and n > 1. If X is
an EnG-space, then X can be completed to a space Y of type EG by adding only
free G-cells of dimension at least N + 1. With this model for EG, the quotient Y/G
is a model for BG whose N-skeleton is precisely X/G. Since X is free, there is a
homotopy equivalence X ~ X/G and the map ¢% : K(n)*(BG) — K(n)*(X/G)
can be interpreted as the induced by the inclusion X/G < Y/G. Thus, Znd}X is
the kernel of the map K(n)*(BG) — K(n)*(X/G) induced by the inclusion of the
N-skeleton X/G of Y/G.

Let LY be the N-skeleton of the classifying space BZ/p (if N is odd, LY is a lens
space). Let F5t = ker{K(n)*™(BZ/p) — K(n)**'(L*')}. The Atiyah-Hirzebruch

spectral sequence of K(n)*(BZ/p) has Ey-page

Ey' = H*(BZ/p; K (n)'(pt)), (2.3.9)
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converges to K*(BZ/p) and on the E,-page, B3 = F5t /FoH

The mod. p cohomology of BZ/p is given by H*(BZ/p;F,) = F,[a,b]/{a?),
where deg(a) = 1 and deg(b) = 2. The Atiyah-Hirzebruch spectral sequence of
K(n)*(BZ/p) has just one non-trivial differential, namely ds,»_;, acting on a and b

by dopn_1(a) = 0" and dapn_1(b) = 0 (see [23], [45]). We have

n

K(n)"(BZ,) = K(n)"(pt)[b]/(b""). (2.3.10)
For 0 < s+t < 2(p" — 1), we have E25Tt = plsti=l — ... = psti=L1 — () thus,
K(n)s+t<BZ/p) — F(.)Sth — Flert — ... = F;—itt'

If s+t is odd, then K (n)**/(BZ/p) = 0. We also have E57"° = 0 and we conclude

that F2 = F2f) =0, that is, ker{K (n)*™(BZ/p) — K(n)*T(L**")} = 0.
If s+t is even, then 2} = K(n)**'(BZ/p) = b+)/2F,. We have F2l/ /F5fE | =~

B0 = beHIRF, Thus, FifY, = 0, that is, ker{K(n)*"(BZ/p) —
K(n) (L)} =0,

We have proved that if 0 < N < 2(p" — 1), then
ker{K(n)(BZ/p) — K(n)" (L")} =0. (2.3.11)

The Kiinneth isomorphism implies that

(2 (0

K(n)"(B(Z/p)*) = K(n)"(pt)[br, .., b /B, B ), (2.3.12)
where each b; has degree 2. For the AHSS of K(n)*((BZ/p)*) we must have that
B30 = 0and K (n)**((BZ/p)*) = 0 when 0 < s+t < 2(p"—1) and s+t is odd; and
B0 = K(n)**((BZ/p)*¥) = {elements of degree s + t}, when 0 < s+t < 2(p"—1)

and s+t is even. If LV denotes the N-skeleton of (BZ/p)* we obtain, with a similar

argument as above that if 0 < N < 2(p" — 1), then

ker{K(n)N((BZ/p)*) — K(n)"(L™)} = 0. (2.3.13)
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This result translated in terms of the ideal-valued index of an Ey(BZ)*-space gives

us the following:

Proposition 2.3.1. Let X be an Ex(BZ/p)k. If z is in Ind(py,, X, then deg(z) #
N.

Representation spheres

It only remains to treat property P5. The group Z/p seen as the group of p-th roots
of unity, acts on S C C by complex multiplication. This action is free and S*/Z/p
is identified with S*. The mod p cohomology of S! is given by

. Fp, i=0,1,
Hi(S',F,) = (2.3.14)

0, otherwise.

The AHSS for K(n)*(S') collapses at the second page and we find that K(n)*(S!)
has no elements in degree 2. Since K(n)*(BZ/p) = K(n)*(pt)[b]/(b*") where the
degree of b is 2, K(n)*(BZ,) is concentrated in even degrees. Therefore, the map

K(n)*(BZ/p) — K(n)*(S'/Z/p) maps x to zero.

Lemma 2.3.2. Tndy, S = (b)/(t"") C K (n)* (pt)[8]/(t7").

Let V = C be the 1-dimensional complex representation of the abelian group

(Z/p)* associated to the vector (an, ..., o) € F.

First, for the action corresponding to the vector (1,0,...,0) € F’;, we can identify

the map E(Z/p)* Xz, S(V) = B(Z/p)* with
B(Z/p)*~' x (EZ/p Xz, S(V)) — B(Z/p)*~' x BZ/p. (2.3.15)
From this, the kernel of the map

K(n)* (B(Z/p)) = K(n) (EZ/p) Xz S(V)) (2.3.16)
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is the ideal in K (n)*(B(Z/p)*) = K(n)*[by,...,be]/ (80", ... b)) generated by b
(see lemma and corollary [2.2.4]).

Lemma 2.3.3. Znd},, S(V) = (b)) /(0" ... ")

(Z/p)*

For the action associated to the vector (aq,. .., ax), assume without loss of gen-
erality that a; # 0 and consider the automorphism 7' : (Z/p)* — (Z/p)* that is

represented by the standard matrix

a1 Qg Qg -+ O
0 1 0 0
o 0 1 --- 0 (2.3.17)
0 0 0 1
regarding the domain of 7" with the action corresponding to (aq,...,a;) and its

target with the action corresponding to (1,0, ...,0).

We examine the induced map T* : K(n)*(B(Z/p)*) — K(n)*(B(Z/p)*). 1If
i+ ZJp — (Z/p)* is the inclusion of the i-th copy and m; : (Z/p)* — Z/p the
projection on the j-th copy, then the map

Z)p—= (Z/p)* — > (Z/p)* ——~Z/p (2.3.18)

is just multiplication by 7j;, the ji-entry of the matrix representing 7', and this

induces a map K (n)*(BZ/p) — K(n)*(BZ/p).

We look at the Es-page of the AHSS for K (n)*(BZ) and find that the induced
map Ey° — Ey® is multiplication by T}, for r = 1,2, multiplication by 77, for r = 3,4
and so on; all these maps commute with differentials in the spectral sequence. When
we pass to the 3-page, the resulting induced map E5”° — E3* is multiplication by Tj;
for r =1,2, by TJQZ for r = 3,4 and so on. Continuing this process, for the E.-page
the induced map E7° — E’7 is the identity for r = 0, is multiplication by 7Tj; for

r=1,2, by T} for r = 3,4 and so on.
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We find that the generator b; of K(n)"(BZ/p) = K(n)*[bj]/(bﬁn) goes

(o

to T;b; € K(n)"(BZ/p) = K(n)*[b;]/(0} ). Hence, for the induced map

T : Kn)*(B(Z/p)k) — K(n)*(B(Z/p)*), considering K(n)*(B(Z/p)*) =
K(n) by, ..., bg)/ (B0, ...,B7"), we have that

T*(b1> = Z(Ll o1 o Wl)*(bl) = ZTsz = Z Oélbz (2319)
Lemma 2.3.4. For the representation V of Z/p* associated to (ay,...,qy), the
index of the sphere S(V') is given by

Indf, o S(V) = (anby + -+ + b)) /(... b} ).
For a complex representation V = &;V; of (Z/p)*, where V; is 1-dimensional

corresponding to the vector (af,..., al) € F% , we have that the element Hj(a{bl +

-+ afby) modulo (b7, ..., b)) belongs to Ind g, S(V).

Since the standard complex representation of (Z/p)*, We(1,p*) = {(z1,. .., 2pr)
21 + -ooze = 0} decomposes as Wc(l,p*) = @QEF’;\{O} Va, the element
[Tozo(@1br+- -+ agby) modulo ", ..., b"") belongs to Ind?z/p)kS(W@(l,pk)). For
a sum We(1, pF)®(™) we have that the element [Tozo(eaby + -+ + agby)™ modulo
S(We(1, pF)em).

@, ... 00" lives in Znd”

(Z/p)*

Topological Tverberg theorem for ¢ and odd-prime power using Morava

K-theory indexes

We have all we need on order to reproduce the proof of the topological Tverberg
theorem in the case of odd-prime powers. Recall that for proving the topological
Tverberg theorem for ¢ = p* (p odd prime) and d > 1 it suffices to prove that for
d odd, there is no (Z/p)*-equivariant map X — S(We(1,¢)®@*1/2) where X in an
En(Z/p)k-space, N = (¢ — 1)(d + 1).
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We assume that there exists such an equivariant map X — S(W¢(1, q)®@+1/2),

then the monotonicity axiom of the ideal-valued index theory implies

Indpy S (We(l, )2 C Tndp, ) X. (2.3.20)

First, the element [[,_,(c1by + - -+ aby) 72 modulo (B, ..., b2") represents
a class of degree N = (p — 1)(d + 1) living in Znd®,, .S(We(1,q)®@+)/2) so by

(Z/p)®
2.3.20 we have that [, q(aib + -+ arby) D72 modulo (87", ..., b2") belongs to
Ind?z/p)kX.

On the other hand, proposition says that if a class z belongs to an?z /p)kX ,
then its degree is not N. We have not reached a contradiction yet because the class
[Toso(caby + -+ agbg) D2 modulo (b7, ..., b7") could be zero. This problem is
avoided by choosing n big enough so that (p* — 1)(d + 1)/2 < p". Now we have a

contradiction, which ends the proof.



CHAPTER 3

Regular m-gons

3.1 Regular m-gons, equilateral sets, and the topo-

logical Borsuk problem

In this section we introduce the concept of r-regular m-gons. Our ideas are based
mainly in the paper of Y. Soibelman [55], in which the topological Borsuk number
of R? is calculated by means of topological methods and the paper of P. Blagojevi¢
and G. Ziegler [I0] where Fadell-Husseini index is used in a problem related to the

Borsuk problem for R3.

First of all, we review the topological Borsuk problem (see [55]). Let (X, p) be a
metric space. For a compact subset K of X, bx ) (/) denotes the Borsuk number
of K, that is, the minimal number of parts of K of smaller diameter necessary to
partition K. The Borsuk number of (X, p) is defined to be B(X, p) = maxy bx ,(K).
If Q(p) denotes the set of metrics on X equivalent to p, then the topological Borsuk
number of (X, p) is defined by B(X) = min,cq(,) B(X,7) The topological Borsuk

problem consists of estimating B(R™) for the Euclidean metric (see [55]). In partic-

95
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ular, one wants to know if B(R") > n+1. Soibelman proved in [55] that B(R?) = 3,
but it is not known if B(R3) > 4.

A nonempty subset S of (X, p) is called equilateral with respect to p or p-
equilateral, or just equilateral, if there is some positive real number ¢ such that
p(x,y) =cfor all z,y € S, x # y. In order to prove that B(X) > m, it suffices to
show that for any metric 7 € Q(p) there exists some 7-equilateral subset S C X of

size m (see [55]). The following result can be found in [43].

Theorem 3.1.1. (Petty) Every equilateral set of size 3 in a finite dimensional

normed space of dimension at least 3, can be extended to an equilateral set of size 4.

Theorem is another instance of a problem solved by topological methods
(see [43]).

Theorem implies that for any metric p on R? induced by a norm we have
B(R? p) > 4. In fact, restrict p to a 2-plane X in R® and apply the result of
Soibelman that the Borsuk number of R? is 3 to obtain a p-equilateral set in X of
size 3. This equilateral set in X is also an equilateral set of size 3 in (R3, p), so
apply theorem to extend it to a p-equilateral set of size 4. Thus, B(R*, p) > 4.

This gives us a partial answer to the Borsuk problem for R3.

An m-gon in X is an m-cycle graph G whose vertices are m distinct elements
in X. If G has vertices xg, 21, ..., %,—1 and edges {z;, z;41} for i =0,1,...,m —1
(where x,, = x¢), we say that G is a regular m-gon in (X, p), or a regular m-gon
with respect to p, if there is some constant ¢ > 0 such that p(z;, z;11) = c for all
1=20,1,...,m — 1. Given r metrics on X, pq,...,p., we say that G is an r-reqular

m-gon (with respect to py,...,p.) if it is a regular m-gon for each metric p;.

Let Z/m = (w| w™ = 1). Given an m-gon G with vertices z, z1, ..., 2,1 and
edges {z;,x;41} for i =0,1,...,m — 1 (where z,,, = xg), Z/m acts naturally on the
set of vertices of G by w - x; = x;11, and this induces an action of Z/m on the set
of edges of G: w - {z;, i1} ={w- -z, w-zi1}

If K,, denotes the complete graph on vertices xg,...,z,,_1, then the action of
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) xo ) x0
T4 Tr1 T4 Tl
3 1 T3 1
xs3 xr2 T3 T2
9 x2
(a) Orbits of Z/4 on K4 (b) Orbits of Z/5 on Ks

FIGURE 3.1. Orbits of Z/m acting on K,

Z/m on xg,x1,...,T,_1 induces an action on the edges of K,,. The set of edges
of K,, decomposes as a union of disjoint orbits, some of these orbits represents
m-gons, some other n-gons for some n < m and some other orbits are not even
n-gons for any n (see figure (a)). But, if m = p is an odd prime number,
then each orbit of Z/p acting on the set of edges of K, is actually a p-gon, and
there are (p — 1)/2 of them (see figure (b)). If the subscripts of the x;’s are
thought as the elements of the finite field I, then these (p — 2)/2 p-gons, that

we will denote by C1,Cs,...,C_1)2, can be described as follows: C}; has edges

p—
{x0,$t},{$t,x2t},...,{x( l)taxot}-

3.2 r-regular p-gons in R?

Now we make precise the problem we want to solve that involves r-regular p-gons.
We restrict to p and odd prime because the orbits of the action of Z/p on the edges
of the complete graph K, (as above) gives us actual p-gons. We will also have
free actions of Z/p on the spaces that appear in the CS/TM scheme. Although we
obtain that there exist r-regular p-gons in R? whenever r < d, our main result is

more general and technical.

The problem
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We want conditions on p (odd prime number), » > 1 and d > 1 such that given
r metrics py, p2,...,pr on RY (where each metric is equivalent to the Euclidean
metric of RY), and a sequence {ti,to,...,t.}, t; € {1,2,...,(p — 1)/2}, there exist
p distinet points xg, 21 ..., 2,1 in R? such that the p-gon C;, (as described above)

is p;-regular, 1 =1,2,...,7.

The problem in the CS/TM scheme

The configuration space for our problem is the configuration space of p distinct
points in RY, F(RY, p) = {(xo,21,...,2p-1) € (RN : x; # x;,i # j}. Consider
Z/p = (w| wP = 1) acting on (R?)? by

W (2o, 1,y Tpo1) = (1, T2, ..., Tp_1, To). (3.2.1)

The group Z/p acts freely on F(RY,p).

We define V = RP x --- x RP, the product of r copies of R? and define our test
map f = (fhf?) . 'af?") : F(Rdap) -V where

fi(an s >xp—1) = (pi(xO’ xti)7 pi(xtw Jj?ti)» cee ,Pi(x(p—l)t“ xﬂ)) (3'2'2)

The group Z/p acts on R? by W - (y07y1a s >yp—1) = (yhy?: s ayp—lvyO) and Z/p
acts on V diagonally. The map f : F'(R?% p) — V becomes Z/p-equivariant.

The existence of p distinct points xg,21...,2,1 in R? such that
Cy, is p;-regular for any ¢ is equivalent to the existence of an element
(zo,...,2p-1) € F(R? p) such that for each i = 1,...,r, fi(zo,...,2p_1) € A,
where A = {(t,t,...,t) € R?:t € R}. This is equivalent to say that im fNA" # @.

We assume that im f N A" = o&; thus, we get a Z/p-equivariant map
f: F(RYp) — V \ A". Note that the action of Z/p on R? \ A is free and so is the
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action of Z/p on V'\ A".

The results

Lemma 3.2.1. Let p be an odd prime number, d > 1 and r > 1. If d > r, then

there is no Z/p-equivariant map F(RY p) — V \ A",

Proof. We have an Z/p-equivariant map g : V '\ A” — S((A")*) (projecting and
normalizing). Assume that there is a Z/p-equivariant map h : F(R? p) — V \ A".
The composition g o h gives a Z/p-equivariant map F(R? p) — S((A")1). The
actions of Z/p on F(RY,p) and S((A")*) are free.

Since A" is an r-dimensional subspace of V = (RP)", we have that (A")* is

an 7(p — 1)-dimensional subspace of V. Thus, S((A")*) is a sphere of dimension
rp—1)—1.

We calculate Fadell-Husseini indexes. By proposition [2.2.7] ii),

Indzps,S((A")) = (b"7D72) C Fyla, b]/(a?)

and by proposition [2.2.9]
Indy s, F(RY, p) = (bl V@02 pld=D0=D2H) C F la, 5]/ {a?).

The existence of a Z/p-equivariant map F(R? p) — S((A")') yields the inclusion
Indzpr,S((AT)Y) C Indg),r, F(RY, p). From this we deduce that r(p — 1) > (d —
1)(p — 1), that is, r > d — 1. This ends the proof. O

By lemma(3.2.1} the map f : F(R% p) — V\ A" above must satisfy im fNA" # @.

Hence, we have proved our main result:

Theorem 3.2.2. Let p be an odd prime number, p1, ps, . .., pr be T metrics on R? that

are equivalent to the Euclidean metric of R? and fix a sequence {t|,ts, ..., t,}, where
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ti€{1,2,...,(p—1)/2}. If d > r, then there are p distinct points xo,x1 ..., Tp_1 in

R? such each p-gon Cy, is p;-reqular, i =1,2,...,r.

Remark 3.2.3. The continuity of the map f = (f1, f2, ..., f») follows from the fact
that a metric p : R x R — R that induces the usual topology of R? is a symmetric
and continuous function. Nothing else about the r metrics is used in the proof
of theorem [3.2.2] So, in theorem [3.2.2) we can take r symmetric continuous maps
pi : R4 x RY — R; with this generality, the conclusion of theorem is that for

each i € {1,2,...,7} there is some ¢; € R (not necessarily positive) such that
pi(xo’ xti) = pi(wtw x2t¢) =...= pi(x(Pfl)tm :UO) = G (3'2'3)

Corollary 3.2.4. Let p be an odd prime number and p1, pa, ..., pp-1)/2 be (p—1)/2
metrics on R that are equivalent to the Euclidean metric of RY. If d > (p —
1)/2 , then there are p distinct points xg, 1, ..., T,—1 in R? such that for each t €
{1,2,...,(p—1)/2}, the p-gon Cy is pi-reqular.

Proof. In theorem [3.2.2 put r = (p — 1)/2 and take the sequence {1,2,...,(p —

1)/2}. O

Corollary 3.2.5. Let p be an odd prime number and p be a metric on R? that is
equivalent to the Euclidean metric of R:. If d > (p —1)/2, then there are p distinct
points T, T1, . .., Tp_1 in RY such that for each t =1,2,...,(p—1)/2, the p-gon C,

15 reqular with respect to p.

Proof. In theorem m put 7 = (p —1)/2, p1 = p2 = --- = pp-1)/2 and take the
sequence {1,2,...,(p—1)/2}. O
Corollary 3.2.6. Let p be an odd prime number and py, pa, ..., pr be r metrics on

R? that are equivalent to the Euclidean metric of RY. If d > r, then there exists an

r-reqular p-gon with respect to py, pa, ..., Pr-
Proof. In theorem take the constant sequence {1,1,...,1}. O

Corollary 3.2.7. The Borsuk number of R? is 3.
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Proof. In theorem take d = 2, r = 1 and p = 3. Note that a regular 3-gon is

the same as an equilateral set of size 3. O

Remark 3.2.8. Soibelman proves in [55] that the Borsuk number of R? is 3 by the
same method (the case d = 2,7 = 1,p = 3). He remarks that for the topological
Borsuk problem in R”, n > 2, there is an S,,,1-equivariant map (R?)"*! — R?(+1)/2,
As in the CS/TM scheme shown above, we get an equivariant map between spheres,
but the actions of various subgroups of 5,11 are not free on the target, so Dold’s
theorem cannot be applied in the same way. Our results are based on the idea of
having actual free actions of some groups (i. e. Z/p) on the unit sphere of some

convenient spaces on the target. We do not get equilateral sets, but r-regular p-gons.

Example 3.2.9. Bi-equilateral triangles do not always exist in R%. Theorem m
(more accurately, corollary ensures that there exist bi-equilateral triangles
(that is, 2-regular triangles) for any pair of given metrics p; and p, in R whenever
d > 2. We will exhibit two metrics in R? for which there are no bi-equilateral
triangles.

Consider the Euclidean norm ||(z, y)[2 = /2% + 32 and the taxicab norm ||(z, y)||, =
|z|+|y|. By regarding R? as the field of complex numbers C, for the Euclidean norm,
we can assume, without lost of generality, that all equilateral triangles have their
vertices living in the unit circle {z € C : |z| = 1}. Let 2, 21, 22 be the cubic roots
of 1: zg =1, 20 = cos(2m/3) 4+ isin(27/3), z2 = cos(4m/3) + isin(4r/3). Now we can
describe all Euclidean equilateral triangles with their vertices in the unit circle. In

fact, for 0 < 6 < 2, the 3 complex numbers

(

20(0) = cosf +isinb,
z1(0) = cos(0 + 27/3) + isin(6 + 27/3),

29(0) = cos(0 + 4w /3) + isin(f + 47/3)

\

are the vertices of an equilateral triangle. It suffices to consider 0 < 6 < 27/3 for

obtaining all equilateral triangles with their vertices in the unit circle.
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Now we calculate the length of the edges of such triangles using the taxicab norm:

'd01(9) = ||21(0) — 20(0)]|1 = | cos(0 + 27 /3) — cos | + | sin(0 + 27/3) — sin b,
do2(0) = 1|22(0) — 20(8)]|1 = | cos(0 + 47/3) — cos @] + | sin(# + 47 /3) — sin b,
dia(0) = [[22(0) — 21(0) 1

= |cos(0 + 47/3) — cos(0 + 27w /3)| + | sin(f + 47/3) — sin(0 + 27/3)|,

these expressions reduce to

.

do1(0) = /3| sin(6 + 7/3)| + /3| cos( + 7/3)],
doa(0) = /3| sin(6 + 27/3)| + /3| cos(0 + 27/3)|,

\dlg(é) = /3| sin(f + 7)| + V3| cos(d + ).

There is no 6 between 0 and 27/3 such that dy;(0) = do2(0) = di2(6). In fact, for
0 < 6 < 27/3, the equality dop1(0) = dp2(0) holds only for § = 0,7/4,7/2. The
common values do () = dp2(0) are ‘/75(1 +/3),3v2/2, \/T?:(l + v/3) respectively;
but, the respective values of d5(f) are \/3, \/6, V/3. This shows that there are no
equilateral triangle with respect to the Euclidean metric that is also equilateral with
respect to the taxicab metric in R?. Note that the three triangles found are indeed
isosceles triangles with respect to the taxicab norm. In fact, a gereral result (see
[36]) shows that given a circle with two distance functions on it, d; and dy, where dy
is the restricted distance coming from a smooth embedding of S* into a Riemannian
manifold, and d, is symmetric and continuous, then there are three points in S?

forming a di-equilateral triangle and, at the same time, a “dy-isosceles” triangle.

3.3 Regular p-gons on deformed spheres

Theorem shows the existence of regular p-gons in (R¢, p) for p prime if p < d;
it does not apply to m-gons when m is not prime, in particular it does not apply

to reqular quadrilaterals. For proving the existence of regular quadrilaterals, Fadell-
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Husseini index with integer coefficients is needed. In fact, we have the following

result of Blagojevi¢ and Ziegler (see [10]):

Theorem 3.3.1. For every injective continuous map f : S* — R3, there are four

distinct points yo, Y1, Y2, Y3 in the image of f such that

d(yo, yl) = d(y17?/2) = d(yz,y?,) = d(?/sa yo)

and

d(yo, yz) = d(yh y3)~

Here, d is the Euclidean metric of R®. The result is still true if we change d by any

metric p equivalent to d.

From this theorem, the existence of regular quadrilaterals follows for any metric
pin R? (take f as the inclusion S? < R?). The proof of this theorem relies on the
use of Fadell-Husseini index with integer coefficients (It is shown in [I0] that the use
of mod. 2 coefficients is not enough). This theorem is related Borsuk problem for

R3 and also to the square peg problem (see [10, 37]).

It is interesting to look for the existence of certain symmetries in the im-
age of continuous maps f : S¢ — R That is the reason why we are going

to analyze r-regular p-gons in the image of continuous injective maps f : S — R4*!.

Admissible pairs (d, p)

Let p be an odd prime and d > 1. We call the pair (d,p) admissible if given any
continuous injective map f : S¢ — R and (p — 1)/2 metrics py, ..., pp-1)/2 on
R, each metric equivalent to the Euclidean metric of R%*!, there can be found p

distinct points in the image of f, f(x¢),..., f(z,-1), such that

pi(f (o), [(25)) = pi(f(2;), f(225)) = -+ = p;(f(2p-1);), f(20)); (3.3.1)

forall j =1,2,...,(p—1)/2.
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We want conditions on d and p such that the pair (d,p) is admissible. We will

prove the following:
Theorem 3.3.2. If p < 2d + 1 and (p — 1)?/2 is not of the form jd + 1 for any
j=1,2,....,p—1, then the pair (d,p) is admissible.
A direct consequence of this theorem is:
Corollary 3.3.3. If p < 2d+ 1 and d is even, then (d,p) is admissible.

Example 3.3.4. Corollary implies that (2, 5) is an admissible pair. In particu-
lar, taking the Euclidean metric d of R® an a continuous injective map f : S? — R3,

there are 5 distinct points o, y1, Y2, y3, Y4 in the image of f such that

d(y07 yl) = d(yh y2) = d(@/%?/:s) = d(y?n y4) = d(y4, yo)
and
d(yo, yz) = d(y27 ?/4) = d(y4,y1) = d(?Jl, y3) = d(?/?n yo)

(compare with theorem [3.3.1]).

Example 3.3.5. The triplet (3, 5) is admissible. In fact we have that (p—1)?/2 =8
and for j = 1,2, 3,4, jd + 1 gives the values 4, 7,10, 13.
Thus, for any continuous and injective map f : S — R%, two metrics p; and p,

that induce the usual topology of R*, there are 5 distinct points in the image of f,
Yo = f(wo0),y1 = f(21),42 = f(22),y3 = f(3),ya = f(24), such that

1Yo, v1) = p1(v1,y2) = p1(Y2, y3) = p1(ys, ya) = p1(Ya, o),

p2(Y0s Y2) = p2(Ya, ya) = p2(ya, y1) = p2(y1, y3) = p2(ys, v1)-

Admissible pairs in the CS/TM scheme
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Consider the map F = (fi, fo,....f,) : (89 — (RP)P=D/2 where
fi(xo,x1,. .., 2p_1) equals
(pi(f(20)s F(@1))s 2 (F(23), F(w23))s - 3 (F(@ip1yg)s f(20)), (33.2)

for (zo,x1,...,0p-1) € (SN, j=1,2,...,(p—1)/2. Let L = {(x,...,z) € (SY)P:
z€ S and A={(t,...,t) e R?: t € R}. Let us restrict F' to X4, = (S%)P\ L. We
assume that im F N AP~D/2 = g 5o that we can consider F as a map F : X4, —
Y, = (RP)(P=D/2\ AP=D/2 The group Z/p acts on these spaces by permuting
coordinates and making the map F' equivariant. Since projecting and normalizing

are equivariant, we get an equivariant map Y, — S(A®-1D/2)L 2= gp-1)2/1-1

Proposition 3.3.6. The pair (d, p) is admissible if there is no Z/p-equivariant map
Xd7p — S(A(p—l)/Q)L.

Proof. If there is no Z/p-equivariant map X4, — S(A®P=Y/2)L then for the map
F: Xy, =(SYP\L — (RP)P~D/2 we have im FNAP~D/2 £ & that is, there exists

(0,21, ..,2p—1) € Xg, such that for every j =1,2,...,(p—1)/2,

pi(f (o), f(x5)) = pi(f(25), [(29;)) = - = i (f (@ p-1);): [ (20))-

It only remains to show that zg,z1,...,2,-1 are distinct. In fact, if z, = z, for

some 1, s, then there are j € {1,2,...,(p — 1)/2} and ¢t € F, such that r = ¢j and
s = (t+1)j. Then, p;(f(x¢;), f(@41);)) = 0 and

pi(f(xo), () = p;(f(x5), f(x2;)) = - .. = pi(f(2(p-1);), [ (w0)) = 0,
which implies that f(zo) = f(z1) = --- = f(xp_1), and since f is injective, zy =
ry = --- = x,_1, which contradicts that (zo,z1,...,2,-1) € X4,. Thus, the points
To,T1, ..., Ty € ST are distinct. H

Theorem follows from proposition [3.3.6| once we have proved that there is

no Z/p-equivariant map Xz, — S(A®1/2)L Thus, we are interested in finding
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conditions on d and p such that there is no equivariant map X,, — S(A®P~D/2)L,

For doing this, we are going to compare the Fadell-Husseini index with coefficients

in F, of the Z/p-spaces X, and S(AP~D/2)L,

We are going to consider the following problem, which is more general: to
find conditions on a triplet (d,r,p) such that there is no Z/p-equivariant map

Xd,p — S(AT)J‘

The index of the sphere S(A"™)+

The unit sphere S(A")* is a sphere of dimension 7(p — 1) — 1 with a free action of

Z/p, in fact it is an Es,_17Z/p-space with n = r(p — 1)/2). Then we have

Indypp, S(A"): = (b"®~D/2) C F,la,b]/(a?) = H*(BZ/p;F,). (3.3.3)

We are not going to compute explicitly the index of X, ,, but rather we are go-
ing to give conditions on d,r,p such that the element b"?~V/2 ¢ H*(BZ/p;F,)
does not belong to the index of Xy,. We do this by using the Serre spectral
sequence of the fibration Xy, — (Xap)z, — BZ/p to show that the element
b'®P-1/2 ¢ g*(BZ/p;F,) = E3° survives forever. This means that 5"®?~1/2 is not in

Indz/pﬁ‘p Xd,p .

The Es-page of the Serre spectral sequence of the fibration Xgq, = (Xap)z/p —
BZ/p, Ey' = H*(BZ/p; H(X4,;F,)) has to be understood as the cohomology of
the group Z/p with coeflicients in the Z/p-module H*(X,,;F,).

The cohomology H*(X,,;Z/p) as a Z/p-module

We will use Lefschetz duality (see [40], theorem 70.2, page 415):
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Theorem 3.3.7. If (X, A) is a compact triangulated relative homology n-manifold

which 1s orientable, then there are isomorphisms
for all G.

We apply theorem to ((S?)P, L) and G = Z/p to have
H* (Xagi 2/p) = H (S L3 Z/p) = Hpa (S, L Z/p). (3:3.4

To compute the homology H.((S)?, L;Z/p) we are going to use the long exact
sequence of the pair ((S%)?,L). Since L = S H;(L;Z/p) = Z/p if i = 0,d and
H;(L;Z/p) = 0 otherwise.

An induction argument using the the Kiinneth isomorphism yields that
H;((SY?;Z/p) # 0 only for i = 0,d,2d,...,pd, and that H;q((S?)?;Z/p) is the
direct sum of all terms of the form A4; ® Ay ®---® A,, where j of the A;’s are equal
to Hy(S% Z/p) and the remaining A;’s are equal to Hy(S% Z/p). If N := (Z/p)®®)
with the action of Z/p given by permuting the p copies of Z/p in the obvious way,
then we have

(

Z[p, i =0,pd,
Hi((SYY:2/p) = N®(Ja), i =d,2d,...,(p— 1)d, (3.3.5)
0, otherwise.

\

The long exact sequence in homology of the pair ((S?)P, L) gives isomorphisms

H;q((S%P, Ly Z/p) = H;a((S*)"; Z/p) (3.3.6)
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for  =2,3,...,p, and an exact sequence
0 — Hy1((SYP, L) — Hy(L) 2 Hy((SYP) — Ha((SY)P, L) — 0, (3.3.7)

where ¢, is the map induced by the inclusion L < (S%)P?. We have that
H;((SYP, L;Z/p) = 0 in any other case. If z is the generator of Hy(L;Z/p) and
x; the generator of Hy((S%)P;Z/p) carried by the i-th copy of S% in (S%)?, then we
have that ¢,(z) = 21 + -+ + x,. Thus, ¢, is injective, Hq1((S%)?, L; Z/p) = 0 and

Ha((S*), L) = Ha((S*))/im ¢

=(x1,...,xp) [(T1 4+ -+ xp)

=: M.
Thus, we have that
.
M, 1=d,
NE D) i =2d,. . (p—1)d,
Hi((SY L, Z) = (3.3.8)
Z]p, i = pd,
0, otherwise.

and by theorem [3.3.7}

Z/pa 1= O’
| N® (), i=d,...,(p—2)d,
(X 7) = (3.3.9)
M, t=(p—1),
0, otherwise.

(note that (if’d) = (p_’;/d)).
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The Serre spectral sequence of the fibration X, — (Xqp)z,, = BZ/p

The E,-page of the Serre spectral sequence of the fibration Xq, — (Xqp)z/, — BZ/p
is given by:

Eyt = H(Z/p; H(X4,;Z/p)). (3.3.10)

We have that H*(X,,;F,) # 0 only for t = 0,d,2d,...,(p — 1)d. For t = 0,
H(X4,;Z/p) = Z/p so that E3° = H*(Z/p;Z/p) = Z/pla,b]/(a®). Tt can be
proved that
Z/p, s=0,
H(Z/p; N) = (3.3.11)
0, s> 0.

Fort =d,2d,...,(p— 2)d we have

3=

(tpp) S =
Bt = H3(Z)p; NO3 (b)) = /2>, . (3.3.12)

0, s> 0.

We also have By = H5(Z/p; M). Otherwise, ES* = 0. The Ej-term of the

spectral sequence is shown in figure [3.2]
The element b"®=D/2 lives in E}*~° = H™®"=1(7/p: Z,/p). With our description
(p_1)70

of E3™ we see that there are only two differentials that might hit elements in E; ,

that are d,-1) : ES”"(p’l)*l N E;(pﬂ),o and dip_1yas1 : Eérfd)(pfl)*lyd(pfl) _

E;‘(p—l),o_

Proposition 3.3.8. If the two differentials dy_1y : Ey"® 070 = B3P0 and

: Eér_d)(p_l)_l’d(p_l) — E;(p_l)’o are zero, then b"®~1/2 does not belong to

d(p-1)a+1
Indz,r,Xap, that is, _f7”Lch/p7]FPS(AT)L ¢ Indz/p Xap. In particular, there is no

Z/p-equivariant map Xq, — S(A")*.

If r < d, then E D@ D7140=0 — g Op the other hand, Ev"® V™' = 0
implies that r(p — 1) — 1 = jd for some j = 1,2,...,p — 1. The result is that
if r < d and r(p — 1) is not of the form jd + 1 for any 7 = 1,2,...,p — 1, then
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(p—1)d| E0 o 2o eI g g E':%”,@Hﬁ
p—2d| 25+ 0 0 0 0 0
2d |yt 0O 0 0 0 0
d N 0 0 0 0 0
0 | (M) (e B (ab) (P )
0 1 2 3 4 re—1)

FIGURE 3.2. FEs-page of the Serre spectral sequence

the two differentials above are zero. This implies that b"®—1/2

Indyzp7/pXap. Thus we have:

is not in the index

Proposition 3.3.9. If r < d and r(p — 1) is not of the form jd + 1 for any j =

1,2,...,p— 1, then there is no Z/p-equivariant map X4, — S(A")*.

Theorem follows from proposition [3.3.6| and proposition by taking

r=(p-1)/2
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