Talk 6: Totaro’s spectral sequence

Andrés Angel

ABSTRACT. The main source for this talk is [2]. The goal was the study of
a spectral sequence that abuts to the cohomology of the configuration spaces
F(X,n) of a space X, where F(X,n) is the set of n distinct points in X.

The spectral sequence is the Leray spectral sequence for the inclusion
F(X,n) C X™. For orientable manifolds the E term and the first non-trivial
differential can be explicitely identified.

In the case of a projective algebraic variety, the spectral sequence has only
one non-trivial differential if the coefficients are taken in a field of characteristic
zero and we can determine from the spectral sequence the rational cohomology
ring of the configuration space of n-tuples of distinct points in X. The answer
depends only on the cohomology ring of X.

In this talk I described the paper of Burt Totaro “Configuration spaces of
algebraic varieties”, where the Leray spectral sequence for the inclusion F(X,n) C
X™ is studied. This spectral sequence converges to the cohomology of the ordered
configuration spaces with integral coefficients. It was described earlier by Cohen
and Taylor in [1] algebraically by a filtration of a dga that calculates the cohomology
of the configuration spaces. Taking field coeflicients,

THEOREM 1. Let X be an oriented manifold. Then there is a spectral sequence
of Sp-algebras converging to H*(F(X,n);K). The Ey term is the quotient of the
graded-commutative K-algebra

H (X" K)[Agp] forl<a#b<n

where HY(X™,K) has degree (i,0) and the Aqp are of degree (0,m — 1), subject to
the relations,

(0.1) Aap = (=1)"Apa

(0.2) A, =0

(0.3) AgpAac+ ApcApg + Acalepy = 0 fork<j<i

(0.4) pa(®)Agr = pp(x)Aayp for a #b,x € H (X;K)
(0.5)

The first non-trivial differential is given by
dAap = Py (L)
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where A € H™(X?%,K) is the diagonal class. The action of S, is induced from the
action on H*(X™;K) and 0Aup = Ag(a),o(b)-

(n—1)(m—1) H(X)®Z HY(X)®Z HY(X)®Z
(n=2)(m—-1) | QH'(Xj)oZ>  QH' (X)L - QHI(X]) LY
J J J
rim—1) | @QH (X))eZY @QH (X;)®LY - QH(X] )L
J J J
(m—1) EJBHO(XSH) EJBHI(X?”) EJBHP(XSH)
0 HO(X™) HY(X™) e HP(X™)
0 1 p

The Leray spectral sequence associated to a continuous map f: X — Y, can
be seen as a special case of the Grothendieck spectral sequence for the derived
functor of the composition of two left exact functors. The global section functors

I and the direct image f., Sheaves(X) 15 Sheaves(Y) L Abelian. In our case for
the inclusion F(X,n) C X™, and the locally constant sheaf Z on F(X,n), it is a
spectral sequence,
HP(X"; R95,Z) = HPT(F(X,n),Z)
converging to the cohomology of the configuration space. The E5'? is the cohomol-
ogy of the n-fold product with coefficients in the higher direct images of the locally
constant sheaf Z under the inclusion j : FI(X,n) C X™.
The higher direct image sheaf R?j5,Z is the sheafication of the presheaf

U — HY(U N F(X,n); Z)

and then when X is a manifold, we use the local structure of X to calculate the
stalk. For x € X" suppose (after permutation of indices) that = has the form
x=(z1,...,%1,...,Ts,...,Ts) With z1,...,25 € X and ) i; = n, then the stalk
at x of the higher direct image sheaf R?j,Z is,

HYF(Ty, X,i1) X ... X F(Ty, X ,i5); Z)
and therefore we are led to the study of the cohomology of products of ordered
configuration spaces of euclidean spaces. To state the main results let us introduce

some notation, recall that a partition I of a set {1,...,n} is a non-empty collection
of subsets of {1,...,n} that are disjoint and whose union is {1,...,n}.

DEFINITION 2. To a partition I into k blocks, (|I| = k), we associate the
diagonal subspace X }“ c X",

X¥:={(x1,...,2,) € X" | x; = x; if 4, j are in the same block of I }
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DEFINITION 3. We say that a partition J refines a partition I (J < I) if for
every A € J there exists B € I with A C B.

By the results of Cohen we know that the cohomology algebra of ordered con-
figuration spaces of n points in R™ is concentrated on multiples of m — 1 and the
top dimensional cohomology group is equal to Z(™~Y" in dimension(n — 1)(m — 1),
similarly for a product of the form

F(R™,i1) x --+- x F(R™, i)

the cohomology is zero except in dimensions divisible by m — 1. Each factor
F(R™,is) has top non-zero cohomology in dimension (is — 1)(m — 1) and there-
fore for the product F(R™,i1) X -+ x F(R™, 1) the top non-zero cohomology is in
dimension

D (is=1)(m—1) = (n—k)(m—1)

S
and is Z where, c; := [[4;(|A] = 1)! = [[,(is — 1)! Suppose that I is a parti-
tion with k blocks of sizes i1,...,4x, and J a refinement of I with blocks of sizes
15 .-+ Jn—r- We have a natural restriction map,

k n—r
[[F&x i) = T F(X.45)
By adding the induced maps on cohomology over all refinements,

LEMMA 4. For 0 <r <n — k we have an isomorphism,

P H T TIER™, j1)x X F(R™, jop); Z) = H D (F(R™,iy) x- - -x F(R™,iy,); Z)
J

where the sum is over all partitions of J of {1,...,n} with n — r blocks such that
J < 1.

This lemma shows that the r(m — 1) dimensional classes are pulled back from
classes that are top dimensional for some refinement of I. For example, a basis for
H"(m=1D(F(R™,n); Z) is given by monomials,

Aai by Aarpryan <o <apand by <a;,1 <s<r
and we can define a partition J of {1,...,n} with n — r blocks by,

as ~ by
then it is clear that the element A, 3, - - Aq, 5, lies in the image of the map
H M= D(F(R™, j1) % - x F(R™, jo_p); Z) — H ™D (F(R™, n); Z)

From this lemma follows that the higher direct images sheaves are sums of locally
constant sheaves supported on the diagonals and if we assume that X is oriented
we have an isomorphism of sheaves,

r(m—1) : ~ c
R ]*Z = Z ZX]‘?—T

|J|=n—7r

Since H (X ™; Z?{’?,T) >~ H'(X"™";7Z) and cohomology commutes with direct sums,

we obtain the following description of the E; term of the Leray spectral sequence



4 ANDRES ANGEL

with Z coefficients.
By = (Y HP(XY ) @ 7
J
To describe the first non-trivial differential note that the E5 term is generated
as an algebra by the first row and the the group in the position (1,m — 1). The
differential d,, is zero on the bottom row, by dimensional reasons. Therefore it is
determined by the map

dn: @ H(X}42)— H™(X™Z)
|J|=n—1

which is the sum of the Gysin maps in cohomology associated to the inclusion
Xptcxn

(n—1)(m —1) HY(X)®Z HY(X)®Z H"(X)®Z
(n—2)(m—1) E?HO(Xg) ® Z°7 E?Hl(xﬁ) ®Z .- @Hm(xﬁ) ® Z°7
rim—1)  @QH(X} ez @QH'(X;)ezv - QH™(X);)®Lv
J J J

(m —1) G?H’”(XTl)

For X smooth projective variety of complex dimension I, when we take the
coeflicients to be a field of characteristic zero, this is the only non-trivial differential
of the spectral sequence. Even more the cohomology of the configuration space
F(X,n) is isomorphic to the cohomology of the dga Fs ® Q with the differential
doy.
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