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1 Abstract

We construct a different Batalin-Vilkovisky algebra structure on the Hochschild
cohomology of the algebra of truncated polynomials with coefficients in a field
of p elements with p prime. We accomplish this by transfering the Frobenius
form of the group ring of cyclic groups. We also explicitly calculate the Batalin-
Vilkovisky algebra structure of the Hochschild cohomology of the group rings
of cyclic groups of prime order. The algebra structure, even the Gesterhaber
structure has been calculated before, but the BV structure that we calculate is a
new one.

2 Introduction

The aim of these notes is to present the calculations of the Hochschild cohomol-
ogy of truncated polynomials and group rings of cyclic groups. The Hochschild
cohomology of truncated polynomials HH∗(K[x]/(xn);K[x]/(xn)) over commu-
tative rings has been studied extensively as well as the Hochschild cohomology of
group rings HH∗(K [G] ;K [G]). In this article we will concentrate on calculations
over Fp, the field with p elements for p a prime.

It is possible to endow with many algebraic structures the Hochschild co-
homology of an associative algebra A. It is a graded algebra given by the cup
product. In [9], Gerstenhaber proves that the cup product in Hochschild coho-
mology is graded commutative and even more that there exists a Lie bracket
that endows HH∗(A;A) with a structure of Lie algebra, these two structures sat-
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isfy some compatibility conditions that are now known to define a Gerstenhaber
algebra.

When the algebra A satisfies some sort of Poincaré duality the Hochschild
cohomology has a richer algebraic structure. Tradler in [19] proves that if A is
a symmetric algebra up to homotopy then HH∗(A;A) is a Batalin-Vilkovisky
algebra.

Menichi in [13] presents another proof for Tradler’s result for symmetric differ-
ential graded algebras (dga A with a degree d quasi-isomorphism of A-bimodules
Θ : A→ A∨). The idea is to use an isomorphism from the algebra to its dual to
transfer the Connes boundary operator on Hochschild homology to Hochschild
cohomology.

We are interested in the algebra structure and the BV-structure on the Hochs-
child cohomology of truncated polynomial rings because of the relation with string
topology.

Let M be a closed, connected, oriented manifold of dimension n. In [3],
Chas and Sullivan defined a Batalin-Vilkovisky algebra structure on the re-graded
homology of the loop space of M , H∗+n(LM). These algebraic operations were
defined at the level of chains using the intersection theory of the manifold and
the concatenation and rotation of loops.

In [6], Cohen and Jones reinterpreted these operations at the level of stable
homotopy theory and constructed an isomorphism of graded algebras between
the homology of the loop space and the Hochschild cohomology of the singular
cochains of the manifold

H∗+n(LM ;K)) ∼= HH∗(C∗(M ;K);C∗(M ;K))

for M a closed, simply connected manifold.
Given that both sides admit the structure of BV-algebras it was expected that

these BV-structures were isomorphic.
For spheres and complex projective spaces the algebra structure on the ho-

mology of the loop space was calculated in [5] by Cohen, Jones and Yan. In [22],
C. Westerland calculates the BV-structure of HH∗(C∗(Sn,F2);C

∗(Sn,F2)) and
HH∗(C∗(CPn;F2);C

∗(CPn;F2)).
In [15], Menichi calculates the BV-structures of HH∗(C∗(Sn,F2);C

∗(Sn,F2))
and H∗+2(LS

2;F2) and shows that the two BV-algebra structures are not isomor-
phic, even though the underlying Gesternhaber structures are isomorphic.

The calculations of Westerland and Menichi of HH∗(C∗(M), C∗(M)) for the
cochains of spheres and complex projective spaces are based on the fact that these
manifolds are formal and the cohomology rings are graded truncated polynomial
rings.
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According to Félix, Menichi and Thomas [7], when M is a formal manifold
over a field K, there is an isomorphism of Gerstenhaber algebras

HH∗(C∗(M,K);C∗(M,K)) ∼= HH∗(H∗(M ;K);H∗(M ;K))

And since we know that the cohomology of these spaces are truncated poly-
nomial rings

H∗(CPn;F2) ∼= F2[x]/(xn+1) with |x| = 2

H∗(Sn;F2) ∼= F2[x]/(x2) with |x| = n

we can use a periodic resolution for calculations ([11], [18]). In [20], Yang uses this
resolution to calculate the BV-structures of the Hochschild cohomology of trun-
cated polynomials over Fp. These BV-structures come from the Frobenius form
induced by Poincare duality ε (

∑n
i=0 αix

i) = αn and ε(a+ bx) = b respectively.
The Gesternhaber structure only depends on the algebra structure but the

BV-structure depends on the duality isomorphism, by using a different Frobenius
form coming from the group ring we get a different BV-structure with the same
underlying Gesternhaber algebra.

For the cyclic group of order p, Z/pZ, we have that the group ring Fp [Z/pZ] =
Fp[σ]/(σp−1) is naturally isomorphic, as algebra, to a truncated polynomial ring
Fp[x]/(xp). By transferring the Frobenius form of the group ring to the truncated
polynomial ring we get the following Frobenius form

ε̃

(
p−1∑
i=0

αix
i

)
=

p−1∑
i=0

(−1)iαi

The new results in these notes are:

Theorem 2.1. Let A = Fp[x]/(xp) with p an odd prime and |x| = 0. Then
HH∗(A;A) has a BV-structure induced by the canonical Frobenius form of the
group ring defined as follows

HH∗(A;A) = Fp[x, v, t]/(xp, v2)

∆(tlxk) = 0

∆(tkvx2l) = 2ltkx2l−1 +

p−1∑
i=2l

(−1)i+1tkxi

∆(tkvx2l+1) = (2l + 1)tkx2l +

p−1∑
i=2l+1

(−1)itkxi

where x ∈ HH0(A;A), v ∈ HH1(A;A) and t ∈ HH2(A;A) with |x| = 0,
|v| = 1 and |t| = 2.
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Theorem 2.2. Let A = F2[x]/(x2) with |x| = 0. Then HH∗(A;A) has a BV-
structure induced by the canonical Frobenius form of the group ring defined as
follows

HH∗(A;A) = F2[x, v, t]/(x
2, v2 − t) ∼= Λ(x)⊗ F2[v]

∆(vkxl) = k(1 + x)vk−1

where x ∈ HH0(A;A), v ∈ HH1(A;A) with |x| = 0 and |v| = 1.

3 Hochschild (Co)homology

Definition 3.1. Let A be a graded commutativeR-algebra withR a commutative
ring, suppose that A = R〈e〉 ⊕ Ā. Let

T (sĀ) =
⊕
k≥0

(sĀ)⊗k

be the universal tensor algebra of sĀ, where we denote by sA the suspension of
A, i.e., (sA)i = Ai+1, so for x ∈ A we have |sx| = |x| − 1.

The two-sided normalized bar resolution of A is the differential graded (A,A)-
bimodule B̄(A) = A⊗ T (sĀ)⊗ A defined as follows

• For k ∈ N let
B̄k(A) := A⊗ (sĀ)⊗k ⊗ A

for an element a0 [a1| · · · |ak] ak+1 ∈ B̄k(A) of Hochschild degree k and total
degree

∑k+1
i=0 |ai|. We define the internal degree as |a0|+

∑k
i=1 |sai|+|ak+1| =∑k+1

i=0 |ai| − k for k ≥ 1 and we have

Internal degree = Total degree−Hochschild degree

We also define a [] a′ = a⊗ 1⊗ a′ ∈ A⊗R⊗ A for k = 0.

• The differential d : B̄∗(A)→ B̄∗−1(A) is defined by

dk : B̄k(A) −→ B̄k−1(A)

a0 [a1| · · · |ak] ak+1 7−→ (−1)|a0|a0a1 [a2| · · · |ak] ak+1

+
k∑
i=2

(−1)εia0 [a1| · · · |ai−1ai| · · · |ak] ak+1

− (−1)εka0 [a1| · · · |ak−1] akak+1

where εi = |a0|+
∑

j<i |saj|. This differential lowers the Hochschild degree
by one and preserves the total degree since A is a graded algebra.
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Definition 3.2. Denote by Aop the opposite algebra of A and by Ae the envelop-
ing algebra A ⊗ Aop. Recall that any (A,A)-bimodule can be considered as a
left (or right) Ae-module. Let M be a graded (A,A)-bimodule. The Hochschild
chain complex is the (graded) tensor product C∗(A;M) = M ⊗Ae B̄(A) with

Cn(A;M) =
⊕
p+q=n

Mp ⊗Ae B̄q(A)

and differential the (graded) tensor D = idM ⊗d. The Hochschild homology with
coefficients in M is the homology of the Hochschild chain complex

HH∗(A;M) := H(C∗(A;M), D)

The Hochschild cochain complex is the complex

C∗(A;M) = HomAe(B̄∗(A),M) = Hom(T (sĀ),M)

and differential D defined by Df = −(−1)|f |f ◦ d. Hom denotes the internal
Hom in the category of graded modules, i.e for U, V graded modules, the maps
from U to V of homogeneous degree k are:

Homk(U, V ) =
∏
m

Hom(Um, V m+k)

So,

Cn(A;M) =
⊕
k

∏
m

Hom(
(
sĀ⊗n

)m
,Mm+k)

The Hochschild cohomology of A with coefficients in M is the homology of the
Hochschild cochain complex

HH∗(A;M) := H(C∗(A;M), D)

Remark 1. For an n-cochain φ ∈
∏

mHom(
(
sĀ⊗n

)m
,Mm+k), we say that the

internal degree is k, |φ| = k and we have |φ(a0 [a1| · · · |an] an+1)| = |φ| + internal
degree of a0 [a1| · · · |an] an+1, which is |φ|+

∑n+1
i=0 |ai|−n. The differential D raises

the Hochschild degree by one and since

|Dφ(a0 [a1| · · · |an+1] an+2)| = |φ(d((a0 [a1| · · · |an+1] an+2)|

this is |φ| + internal degree of d((a0 [a1| · · · |an+1] an+2) which is |φ| + total degree
d((a0 [a1| · · · |an+1] an+2) − n. Since d preserves the total degree, we have |φ| +
total degree a0 [a1| · · · |an+1] an+2 − n, so

|Dφ(a0 [a1| · · · |an+1] an+2)| = |φ|+
n+2∑
i=0

|ai| − n
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which shows that |Dφ| = |φ| + 1. We define the total degree of φ by |φ| − n;
therefore,

Total degree = Internal degree−Hochschild degree

and D preserves the total degree.

Remark 2. Hochschild (co)homology can also be defined as derived functors

HH∗(A;M) := TorA
e

∗ (M ;A)

HH∗(A;M) := Ext∗Ae(A;M)

If we takeM = A the Hochschild cohomologyHH∗(A;A) has a graded algebra
structure induced from the cup product

(φ ^ ψ)(a0 [a1| . . . |ak] ak+1) =
k∑
j=0

(−1)|ψ|εjφ(a0 [a1| . . . |aj] 1)ψ(1 [aj+1| . . . |ak] ak+1)

It also preserves the internal degree, i.e |φ ^ ψ| = |φ|+ |ψ|. For convenience we
will write φψ instead of φ ^ ψ.

In [9], Gerstenhaber proves that the cup product on Hochschild cohomology is
graded commutative and that there exists a Lie bracket that endows HH∗(A;A)
with a structure of Lie algebra.

The Gerstenhaber bracket on HH∗(A;A) is defined as follows

{φ, ψ} = φ ◦ ψ − (−1)(|φ|−1)(|ψ|−1)ψ ◦ φ

where ◦ is defined by

(φ ◦ ψ)(a0 [a1| . . . |ak] ak+1) =

|φ|−1∑
j=0

(−1)j(|ψ|−1)φ
(
a0
[
a1| . . . |aj|ψ(aj+1

[
aj+2| . . . |aj+|ψ|−1

]
aj+|ψ|)| . . . |ak

]
ak+1

)
The cup product and the Lie bracket satisfy the following compatibility con-

ditions.

Definition 3.3. A Gerstenhaber algebra is a graded commutative algebra A with
a linear map {−,−} : Ai ⊗ Aj → Ai+j−1 of degree −1 such that

1. The bracket {−,−} endows A with a structure of graded Lie algebra of
degree 1, i.e., for all a, b and c ∈ A

{a, b} = −(−1)(|a|+1)(|b|+1) {b, a}
{a, {b, c}} = {{a, b} , c}+ (−1)(|a|+1)(|b|+1) {b, {a, c}}
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2. The product and the Lie bracket satisfy the Poisson identity, i.e., for all a, b
and c ∈ A

{a, bc} = {a, b} c+ (−1)(|a|+1)|b|b {a, c}

If there is a differential of degree −1 of a Gerstenhaber algebra such that the
Gerstenhaber bracket is the obstruction of the operator to be a graded derivation,
then the Gerstenhaber algebra is called a Batalin-Vilkovisky algebra.

Definition 3.4. A Batalin-Vilkovisky algebra is a Gerstenhaber algebra A with
a linear map of degree −1, ∆ : Ai → Ai−1 such that ∆ ◦∆ = 0 and

{a, b} = (−1)|a|(∆(ab)−∆(a)b− (−1)|a|a∆(b))

for all a and b ∈ A.

The way to construct BV-structures on Hochschild cohomology is to dualize
the Connes operator on the Hochschild chains. Recall that the Hochschild ho-
mology is the homology of the complex A⊗Ae B̄(A) ∼= A⊗ T (sĀ). The Connes
boundary operator

B : A⊗ T (sĀ)→ A⊗ T (sĀ)

is defined on the n-chains, B : A⊗ (sĀ)⊗n → A⊗ (sĀ)⊗n+1, by

B(a0 ⊗ (a1, . . . , an)) =
n∑
i=0

(−1)
∑i−1

k=0
|sak|

∑n
k=i |sak|

1⊗ (ai, . . . , an, a0, a1, . . . , ai−1)

The dual of this operator, B∨ : Hom(A⊗ T (sĀ), R)→ Hom(A⊗ T (sĀ), R),
defines by adjunction an operator on Hom(T (sĀ), A∨) ∼= Hom(A⊗ T (sĀ), R).

When the algebra A is a Poincaré duality algebra (for example a Frobenius
algebra) the non-degenerate bilinear form of A induces a chain complex isomor-
phism

Hom(T (sĀ), A) ∼= Hom(T (sĀ), A∨)

which defines a ∆ operator on the Hochschild cochains which gives a BV-structure
on HH∗(A;A).

Definition 3.5. Let K be a field. A Frobenius algebra is a K-algebra A of
finite dimension with a linear function ε : A → K called a Frobenius form (or
augmentation), such that its kernel does not have non trivial ideals.

In a Frobenius algebra A with Frobenius form ε, a non-degenerate associative
bilinear form, called pairing, is defined by

〈, 〉 : A⊗ A −→ K
a⊗ b 7−→ ε(ab)

which induces an isomorphism between A and its dual A∨.
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Definition 3.6. We say that a Frobenius algebra is symmetric if for every a, b ∈ A

〈a, b〉 = 〈b, a〉

equivalently if for every a, b ∈ A we have ε(ab) = ε(ba).

Example 1. If G is a finite group then the group ring K [G], with K a field, is
a symmetric Frobenius algebra with Frobenius form given by

ε : K[G]→ K, ε

(∑
g∈G

αgg

)
= αe

Definition 3.7. An augmented graded commutative algebra A is called a
Poincaré duality algebra of dimension N if there exists an R-module homomor-
phism ε : AN → R such that the induced bilinear forms 〈, 〉 : Ak ⊗ AN−k → R,
a ⊗ b 7→ ε(ab) are non-degenerate. If {a1, . . . , aN} is a homogeneous basis of A,
then the unique basis {a∨1 , . . . , a∨N} of A characterized by 〈ai, a∨j 〉 = δij is called
the Poincaré dual basis.

Example 2. Let M be a closed, connected, oriented manifold of finite dimension
n. The cohomology ring of M with coefficients in a field K is a Poincaré duality
algebra of dimension n. The augmentation is defined by

ε : H∗(M ;K)→ K
α 7→ α([M ])

where [M ] is the homological fundamental class of M . This augmentation induces
a pairing 〈, 〉 : H∗(M ;K)⊗H∗(M ;K)→ K defined by

〈α, β〉 = ε(α ^ β) = (α ^ β)([M ]) = α([M ] _ β)

Recall that Poincaré duality theorem gives us the following isomorphism

Φ : Hn−k(M ;K)
h−→ HomK(Hn−k(M ;K),K)

D∗−→ HomK(Hk(M ;K),K)

where h is the map induced by the evaluation of cochains on chains, and D∗ is
the dual of Poincaré duality. Then

Φ(α)(β) = α([M ] _ β)

and the pairings are non-degenerate.

In the case when A is a Poincaré duality algebra (Frobenius algebra), the
BV-operator, ∆, is defined as follows
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Proposition 3.1. The operator ∆ : Hom(T (sĀ)⊗n+1, A) → Hom(T (sĀ)⊗n, A)
is given by

∆(f)(a1, . . . , an) =
N∑
j=1

(−1)
|f |+|aj |

∑n

k=i
|sak|

n∑
i=0

(−1)
(|sa0|+

∑i−1

k=0
|sak|)

∑n

k=i
|sak|

〈1, f(ai, . . . , an, a
j, a1, . . . , ai−1)〉aj

∨

where {a1, . . . , aN} is a homogeneous basis of A.

The ∆ operator also lowers the Hochschild degree and also the internal degree
by 1, this is because 〈, 〉 : Ak ⊗ AN−k → R and |1| = 0 therefore the terms in
the sum are zero except when |f(ai, . . . , an, a

j, a1, . . . , ai−1)| = N but this is
equivalent to

|f |+
n∑
i=1

|ai| − n+ |aj| − 1 = N

since |aj∨| = N − |aj|, we have

|∆(f)(a1, . . . , an)| = N − |aj| = |f |+
n∑
i=1

|ai| − n− 1

which proves that |∆(f)| = |f | − 1.
In [14] Menichi proves that ∆ induces a BV-structure on HH∗(A;A), which

furthermore induces the Gerstenhaber structure of HH∗(A;A).

4 Truncated Polynomials over Fp
From example (2), the cohomology of spheres and complex projective spaces
with coefficients in Fp are Poincaré duality algebras. Moreover, these algebras
are truncated polynomial rings

H∗(Sn;Fp) = Fp[x]/(x2) ∼= Λ(x) with |x| = n

ε : H∗(Sn;Fp)→ Fp, ε(a+ bx) = b

and

H∗(CP n;Fp) = Fp[x]/(xn+1) with |x| = 2

ε : H∗(CP n;Fp)→ Fp, ε

(
n∑
i=0

αix
i

)
= αn
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Sometimes is convenient to grade negatively the cohomology groups so we will
consider the cases |x| = ±n.

From now on, we assume that A is Fp[x]/(xp) with |x| = n ∈ Z. Let

P (y, z) = yp−1 + yp−2z + · · ·+ zp−1 ∈ A⊗ A = R[y, z]/(yp, zp)

with |y| = |z| = |x|. Note that P (y, z)(y − z) = yp − zp. Since the Hochschild
(co)homology of an algebra can be calculated using projective Ae-resolutions and
the bar construction is not convenient to make explicit calculations, we are going
to use the following 2-periodical resolution [18], [11]. For |x| = 0, see [12] exercise
E.4.1.8.

Proposition 4.1. The following is a Ae-projective resolution of A

P∗(A) : · · · → A⊗ A P (y,z)−−−→ A⊗ A y−z−−→ A⊗ A µ−→ A→ 0

with
d2k(a⊗ b) = yp−1a⊗ b+ yp−2a⊗ zb+ · · ·+ a⊗ zp−1b

and
d2k+1(a⊗ b) = ya⊗ b− a⊗ zb

For |x| = n with n ∈ Z the graded version is the following, see [20],[21].

Proposition 4.2. The following is a Ae-projective resolution of A

P∗(A) : · · · → Σnp(A⊗ A)
P (y,z)−−−→ Σn(A⊗ A)

y−z−−→ A⊗ A µ−→ A→ 0

with P2k(A) = Σknp(A⊗A), d2k(a⊗ b) = yp−1a⊗ b+ yp−2a⊗ zb+ · · ·+ a⊗ zp−1b
and P2k+1(A) = Σnkp+n(A⊗ A), d2k+1(a⊗ b) = ya⊗ b− a⊗ zb.

Where we denote by ΣA the de-suspension of A (the inverse functor of s),
i.e., (ΣA)i = Ai−1 so for x ∈ A we have |Σx| = |x| + 1. With this regrading,
the differential is of degree zero, since d2k+1 : Σnkp+n(A⊗A)→ Σknp(A⊗A) and
d2k+1(a⊗ b) = ya⊗ b− a⊗ zb with |y| = |z| = n. and similarly with d2k.

Taking HomAe( , A) of P∗(A), we get the following 2-periodical cochain com-
plex

P ∗(A) : 0→ A
0−→ A

pxp−1

−−−→ A
0−→ A

pxp−1

−−−→ · · · (1)

To calculate the algebra structure of HH∗(A;A), we use a chain map between
P∗(A) and the bar construction B̄(A)

ϕ∗ : P∗(A)→ B̄(A)
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for |x| = 0, ϕ2k : A⊗ A→ A⊗ (sĀ)⊗2k ⊗ A is defined by

ϕ2k(1⊗ 1) =
∑

1
[
xp−a1−1|x|xp−a2−1|x| · · · |xp−ak−1|x

]
x

∑k
k=1 ak

and ϕ2k+1 : A⊗ A→ A⊗ (sĀ)⊗2k+1 ⊗ A is defined by

ϕ2k+1(1⊗ 1) =
∑

1
[
x|xp−a1−1|x|xp−a2−1|x| · · · |xp−ak−1|x

]
x

∑k
k=1 ak

where the sum is taken over 0 ≤ a1, . . . , ak < p− 1 and
∑k

k=1 ak ≤ p− 1.
With the same formulas for |x| = n with n ∈ Z, we define

ϕ∗ : P∗(A)→ B̄(A)

where
ϕ2k : Σnkp(A⊗ A)→ A⊗ (sĀ)⊗2k ⊗ A

and
ϕ2k+1 : Σnkp+n(A⊗ A)→ A⊗ (sĀ)⊗2k+1 ⊗ A

By a direct computation we have,

Lemma 4.3 (Lemma 3.3 [20]). ϕ∗ = HomAe(ϕ,A) : C∗(A;A) → P ∗(A) is a
cochain map.

Using ϕ we can give the algebra structure of HH∗(A;A).

Proposition 4.4 (Yang). Let A = Fp[x]/(xp) with p an odd prime and |x| = n
with n ∈ Z. Then HH∗(A;A) as an algebra is

HH∗(A;A) = Fp[x, v, t]/(xp, v2)

where x ∈ HH0(A;A), v ∈ HH1(A;A) and t ∈ HH2(A;A) with |x| = n, |v| =
1− n and |t| = −np+ 2.

Proof. The assertion follows from the 2-periodical resolution and the cochain map
ϕ∗ between C∗(A;A) and P ∗(A). Recall that P ∗(A) is (1)

0→ A
0−→ A

0−→ A
0−→ A

0−→ A
0−→ · · ·

where A ∼= HomAe(Ae, A). Consider the following elements

x ∈ P 0(A), x(1) = x,

v ∈ P 1(A), v(1) = 1,

t ∈ P 2(A), t(1) = 1,
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Via ϕ∗, these elements correspond to Hochschild cochains,

x̄ ∈ Hom(Fp, A) = A, x̄(1) = x,

v̄ ∈ Hom(sĀ, A) = A, v̄(xi) = ixi−1,

t̄ ∈ Hom(sĀ⊗2, A) = A, t̄(xi, xj) = xi+j−p,

Note that the internal degree of 1 ∈ Fp is 0 and the degree of x ∈ A is n, so
|x| = n. The internal degree of xi ∈ sĀ is ni − 1 and the degree of ixi−1 ∈ A
is n(i − 1), so |v| = n(i − 1) − (ni − 1) = 1 − n, and the internal degree of
xi ⊗ xj ∈ sĀ⊗2 is ni+ nj − 2 and the degree of xi+j−p ∈ A is n(i+ j − p) which
gives |t| = n(i+ j − p)− (ni+ nj − 2) = −np+ 2.

See [20] for the proof that these elements generate and give the desired iso-
morphism.

In particular for |x| = 0, we have

Proposition 4.5. Let A = Fp[x]/(xp) with p an odd prime and |x| = 0. Then
HH∗(A;A) as an algebra is

HH∗(A;A) = Fp[x, v, t]/(xp, v2)

where x ∈ HH0(A;A), v ∈ HH1(A;A) and t ∈ HH2(A;A) with |x| = 0, |v| = 1
and |t| = 2.

Proof. The proof is the same, note only that now the internal degree of 1 ∈ Fp
is 0 and the degree of x ∈ A is 0, so |x| = 0. The internal degree of xi ∈ sĀ
is −1 and the degree of ixi−1 ∈ A is 0, so |v| = 1, and the internal degree of
xi ⊗ xj ∈ sĀ⊗2 is −2 and the degree of xi+j−p ∈ A is 0 which gives |t| = 2.

For p = 2 similarly we have,

Proposition 4.6. Let A = F2[x]/(x2) with |x| = n ∈ Z. Then HH∗(A;A) as an
algebra is

HH∗(A;A) = F2[x, v]/(x2) ∼= Λ(x)⊗ F2[v]

where x ∈ HH0(A;A), v ∈ HH1(A;A), |x| = n and |v| = 1− n.

5 Group Ring of Prime Cyclic Groups over Fp
It is well-known that group cohomology and Hochschild cohomology are related
by Eckmann-Shapiro lemma [2]. From this lemma it can be proved directly that

HH∗(K [G] ;M) ∼= H∗(G; χM)
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for G a finite group, K a commutative ring and M a G-module. Here χM denotes
the left G-module with conjugation action g · x = gxg−1. In particular, for
M = K [G] with G abelian Cibils and Solotar in [4] prove that this isomorphism
is an isomorphism of algebras

HH∗(K [G] ;K [G]) ∼= H∗(G; χK [G]) ∼= K [G]⊗H∗(G;K)

Also, for groups not necessary abelian, they define the product formula using
conjugation classes and establish the conjecture that the isomorphism

HH∗(K [G] ;K [G]) ∼= H∗(G; χK [G])

is an isomorphism of algebras for any finite group. Siegel and Witherspoon in [17]
prove this conjecture using the product formula defined by Cibils and Solotar.
In [16] Sánchez-Flores transfers the Gerstenhaber structure of the Hochschild
cohomology to the group cohomology of cyclic groups and proves that is highly
non-trivial over fields of positive characteristic.

For the cyclic group of order p, Z/pZ, we have Fp [Z/pZ] = Fp[σ]/(σp−1) and

H∗(Z/pZ;Fp) ∼= Fp[v, t]/(v2) ∼= Λ(v)⊗ Fp[t] with |v| = 1, |t| = 2

Over Fp there is a natural isomorphism of algebras between the truncated
polynomial ring and the group ring of a cyclic group of prime order p

ψ : Fp[x]/(xp) −→ Fp[σ]/(σp − 1)

x 7−→ σ − 1

Putting together all these, Fp [Z/pZ]⊗H∗(Z/pZ;Fp) ∼= Fp[x]/(xp)⊗Fp[v, t]/(v2),
we have another proof of

Proposition 5.1. Let A = Fp[x]/(xp) with p an odd prime and |x| = 0. Then
HH∗(A;A) as an algebra is

HH∗(A;A) = Fp[x, v, t]/(xp, v2) ∼= Fp[x]/(xp)⊗ Fp[v, t]/(v2)

where x ∈ HH0(A;A), v ∈ HH1(A;A) and t ∈ HH2(A;A) with |x| = 0, |v| = 1
and |t| = 2.

Notice that the BV-operator, ∆, strongly depends on the Frobenius structure
of the algebra. So, it is natural to study what happens with ∆ if we change the
Frobenius form of the algebra.
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According to Yang, when we consider the Frobenius structure given by the
Frobenius form that takes the coefficient αp−1

ε : Fp[x]/(xp) −→ Fp ε

(
p−1∑
i=0

αix
i

)
= αp−1

we have,

Theorem 5.2. [20] Let A = Fp[x]/(xp) with p an odd prime and |x| = n with
n ∈ Z. Then as BV-algebra

HH∗(Fp[x]/(xp);Fp[x]/(xp)) = Fp[x, v, t]/(xp, v2)
∆(tkxl) = 0 (2)

∆(tkvxl) = ltkxl−1

where x ∈ HH0(A;A), v ∈ HH1(A;A) and t ∈ HH2(A;A) with with |x| = n,
|v| = 1− n and |t| = −np+ 2.

Similarly for p = 2,

Theorem 5.3. Let A = F2[x]/(x2) with |x| = n. Then as a BV-algebra,

HH∗(A;A) = F2[x, v, t]/(x
2, v2 − t) ∼= Λ(x)⊗ F2[v]

∆(vk) = 0 (3)

∆(xvk) = kvk−1

where x ∈ HH0(A;A), v ∈ HH1(A;A) with |x| = n and |v| = 1− n.

By using the formality of spheres, we have the following result

Theorem 5.4 (Westerland). As BV-algebras,

HH∗(C∗(Sn,F2);C
∗(Sn,F2)) ∼= F2[x, v]/(x2)

∆(xkvl) = klxk−1vl−1

where the topological dimensions of x and v are −n and n− 1, respectively.

We want to define a new Frobenius form over the truncated polynomial ring
by pulling-back the natural Frobenius form of the group ring

ε0 : Fp[σ]/(σp − 1) −→ Fp ε0

(
p−1∑
i=0

αiσ
i

)
= α0
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By doing this, we get a new Frobenius form on the truncated polynomial ring,

ε̃ : Fp[x]/(xp) −→ Fp ε̃

(
p−1∑
i=0

αix
i

)
=

p−1∑
i=0

(−1)iαi (4)

To calculate the new BV-structure over the Hochschild cohomology of
Fp[x]/(xp), we need to find the dual basis with respect to the new pairing 〈a, b〉 =
ε̃(ab). By taking the set {1, x, . . . , xp−1} as a basis for Fp[x]/(xp), the matrices
that represent the pairing and its inverse are

[〈, 〉] =


1 −1 · · · −1 1
−1 1 · · · 1
...

...
...

−1 1 0
1

 [〈, 〉]−1 =



1

0 1 1
... 1

1
...

1 1 0


Therefore, the dual basis is the set {xp−1, xp−1 + xp−2, xp−2 + xp−3, . . . , x+ 1}.

Theorem 5.5. Let A = Fp[x]/(xp) with p an odd prime and |x| = 0. Then
HH∗(A;A) has a BV-structure induced by the canonical Frobenius form of the
group ring defined as follows

HH∗(A;A) = Fp[x, v, t]/(xp, v2)

∆(tlxk) = 0

∆(tkvx2l) = 2ltkx2l−1 +

p−1∑
i=2l

(−1)i+1tkxi

∆(tkvx2l+1) = (2l + 1)tkx2l +

p−1∑
i=2l+1

(−1)itkxi

where x ∈ HH0(A;A), v ∈ HH1(A;A) and t ∈ HH2(A;A) with |x| = 0,
|v| = 1 and |t| = 2.

Proof. According to Yang [20] (with a sign correction on the last equation)
HH∗(A;A), as a Gerstenhaber algebra, is

HH∗(A;A) = Fp[x, v, t]/(xp, v2)
{tk1xl1 , tk2xl2} = 0 (5)

{tk1xl1 , tk2vxl2} = l1t
k1+k2xl1+l2−1

{tk1vxl1 , tk2vxl2} = (l1 − l2)tk1+k2vxl1+l2−1
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Since in a BV-algebra, we have the following equations

∆(ab) = ∆(a)b+ (−1)|a|a∆(b) + (−1)|a|{a, b} (6)

and

∆(abc) = ∆(ab)c+ (−1)|a|a∆(bc) + (−1)(|a|−1)|b|b∆(ac) (7)

−∆(a)bc− (−1)|a|a∆(b)c− (−1)|a|+|b|ab∆(c)

We only need to calculate ∆(x), ∆(v), ∆(t) ∆(tx) and ∆(vx). Taking
{1, x, . . . , xp−1} as a basis for A and {xp−1, xp−1 +xp−2, xp−2 +xp−3, . . . , x+ 1} as
the dual basis induced by the new Frobenius form (4), we have

∆(x) = 0 by degree.

∆(v)(1) =

p−1∑
i=0

−〈1, v(xi)〉(xp−i + xp−i−1) =

p−1∑
i=0

−〈1, ixi−1〉(xp−i + xp−i−1)

=

p−1∑
i=0

−(−1)i−1i(xp−i + xp−i−1) =

p−1∑
i=1

(−1)ixp−i − 1

∆(v) =

p−1∑
i=0

(−1)i+1xi

∆(vx)(1) =

p−1∑
i=0

−〈1, vx(xi)〉(xp−i + xp−i−1) =

p−1∑
i=0

−〈1, ixi〉(xp−i + xp−i−1)

=

p−1∑
i=0

−(−1)ii(xp−i + xp−i−1)

∆(vx) =

p−1∑
i=0

(−1)ixi

∆(t)(xk) =

p−1∑
i=0

〈1, t(xi, xk)〉(xp−i + xp−i−1)−
p−1∑
i=0

〈1, t(xk, xi)〉(xp−i + xp−i−1)

∆(t) = 0

∆(tx)(xk) =

p−1∑
i=0

〈1, tx(xi, xk)〉(xp−i + xp−i−1)−
p−1∑
i=0

〈1, tx(xk, xi)〉(xp−i + xp−i−1)

∆(tx) = 0
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Note that if we calculate ∆(t2) and ∆(tv) then ∆ will be totally determined
using equation (7) and induction on powers of x and t. From equation (6) and
the bracket, we obtain that

∆(t2) = ∆(t)t+ t∆(t) + {t, t}

∆(t2) = 0

∆(tv) = ∆(t)v + t∆(v) + {t, v}

∆(tv) =

p−1∑
i=0

(−1)i+1txi

Therefore, the new BV-algebra structure on the Hochschild cohomology of A is

∆(tlxk) = 0

∆(tkvx2l) = 2ltkx2l−1 +

p−1∑
i=2l

(−1)i+1tkxi

∆(tkvx2l+1) = (2l + 1)tkx2l +

p−1∑
i=2l+1

(−1)itkxi

Using equation (6), a straightforward calculation shows that this new BV struc-
ture gives the Gerstenhaber structure calculated by Yang.

Similarly, for p = 2,

Theorem 5.6. Let A = F2[x]/(x2) with |x| = 0. Then as a BV-algebra,

HH∗(A;A) = F2[x, v, t]/(x
2, v2 − t) ∼= Λ(x)⊗ F2[v]

∆(vkxl) = k(1 + x)vk−1

where x ∈ HH0(A;A), v ∈ HH1(A;A) with |x| = 0 and |v| = 1.

Proof. In the special case when p = 2, as a Gerstenhaber algebra the Hochschild
cohomology of A is

HH∗(A;A) = F2[x, v, t]/(x
2, v2 − t) ∼= Λ(x)⊗ F2[v]

{vk,vl} = 0 {xvk, vl} = lvk+l−1 {xvk, xvl} = (k − l)xvk+l−1

Following the same idea as in the case p an odd prime, we only need to
calculate ∆(x), ∆(v), ∆(vx) and ∆(v2). Taking {1, x} as a basis for A and
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{x, x+ 1} as the dual basis induced by the new Frobenius form (4)

∆(x) = 0 by degree

∆(v)(1) = 〈1, v(1)〉x+ 〈1, v(x)〉(x+ 1) = x+ 1

∆(vx)(1) = 〈1, vx(1)〉x+ 〈1, vx(x)〉(x+ 1) = x+ 1

∆(v2)(xi) = 〈1, v2(1, xi)〉x+ 〈1, v2(x, xi)〉(x+ 1)

+〈1, v2(xi, 1)〉x+ 〈1, v2(xi, x)〉(x+ 1) = 0

Now, using equation (7) and induction, the new BV-algebra structure of the
Hochschild cohomology of A is

∆(v2k) = 0 and ∆(v2k+1) = (1 + x)v2k

∆(xv2k) = 0 and ∆(xv2k+1) = (1 + x)v2k

Using the formula that relates the Gerstenhaber structure and the BV-structure
(6), it can be checked that this new BV-structure preserves the Gerstenhaber
structure

{v2k, v2l} = 0 {v2k, v2l+1} = 0

{xv2k, v2l} = 0 = 2lv2k+2l−1 {xv2k+1, v2l} = 0 = 2lv2k+2l

{xv2k, v2l+1} = v2k+2l = (2l + 1)v2k+2l

{xv2k+1, v2l+1} = v2k+2l+1 = (2l + 1)v2k+2l+1

{xv2k, xv2l} = 0 = 2(k − l)xv2k+2l−1

{xv2k+1, xv2l+1} = 0 = 2(k − l)xv2k+2l+1

{xv2k, xv2l+1} = xv2k+2l = (2(k − l)− 1)xv2k+2l

{xv2k+1, xv2l} = xv2k+2l = (2(k − l) + 1)xv2k+2l
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