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Este texto surgié de notas de clase del curso MATE-1105 que he dictado varias veces en la Uni-
versidad de los Andes, Bogotd. Es una clase dirigida a estudiantes de carreras diferentes de las
matematicas. A pesar de que no es un texto principalmente para matematicos, intenté dar prue-
bas para todos los teoremas, con motivaciones y explicaciones adicionales. Espero que las pruebas
ayuden a aclarar el porqué las cosas funcionan como funcionan. El texto también contiene muchos
ejemplos solucionados. Se le recomienda al estudiante revisarlos bien y producir sus propias solu-
ciones. Para entender bien los temas presentadas en el texto, es importante practicar los temas
de cada seccién con los ejercicios a final de cada seccién, y luego con los ejercicios al final de cada
capitulo. A lo largo del texto hay cajas con preguntas que tal vez van un poco més alld de un
ejercicio. Cada seccién termina con una lista de temas que el estudiante debe haber entendido al
finalizar la secciéon. Una buena practica de estudio puede ser redactar un breve resumen del material
presentado en cada seccion, tal vez con sus propios ejemplos.

Quiero agradecer a todos los estudiantes y colegas que me dieron retroalimentacion y me mostraron
errores e inconsistencias y dieron sugerencias valiosas sobre cémo mejorarlas. Agradazco especial-
mente el trabajo de M. Bahos quien ha leido todo el manuscrito y aporté muchos ejercicios que
seguramente son ttiles para los lectores.

Considero estas notas de clase todavia como work in progress. Si encuentra errores o tiene sugeren-
cias, por favor no dude en contactarme.

Bogoté, agosto de 2024.
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Chapter 1

Introduction

This chapter serves as an introduction to the main themes of linear algebra, namely the problem of
solving systems of linear equations for several unknowns. We are not only interested in an efficient
way to find their solutions, but we also wish to understand how the solutions could possibly look
and what we can say about their structure. For the latter, it will be crucial to find a geometric
interpretation of systems of linear equations. In this chapter we will use the “solve and insert”-
strategy for solving linear systems. A systematic and efficient formalism will be given in Chapter 3.

Everything we discuss in this chapter will appear again later on, so you may read it quickly or even
skip (parts of) it.

A linear system is a set of equations for a number of unknowns which have to be satisfied simul-
taneously and where the unknowns appear only linearly. If the number of equations is m and the
number of unknowns is n, then we call it an m x n linear system. Typically the unknowns are
called z,y,z or z1,25...,2,. The following is an example of a linear system of 3 equations for 5
unknowns:

r1+axo+x3s+xs+2a5=3, 201 +3r3—5r3+x4=1, 321 —8x5=0.
An example of a non-linear system is
T1xo+ T3+ x4 +25 =3, 221 +3x2—05x3+2x4=1, 31 —8x5=0

because in the first equation we have a product of two of the unknowns. Also expressions like x2,
&z, xyz, x/y or sinx make a system non-linear.

Now let us briefly discuss the simplest non-trivial case: A system consisting of one linear equation
for one unknown z. Its most general form is

ar=b (1.1)

where a and b are given constants and we want to find all € R which satisfy (1.1). Clearly, the
solution to this problem depends on the coefficients a and b. We have to distinguish several cases.

Case 1. a # 0. In this case, there is only one solution, namely x = b/a.
Case 2. a =0, b # 0. In this case, there is no solution because whatever value we choose for z,
the left hand side az will always be zero and therefore cannot be equal to b.
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8 1.1. Examples of systems of linear equations; coefficient matrices

Case 3. a =0, b = 0. In this case, there are infinitely many solutions. In fact, every z € R solves
the equation.

So we see that already in this simple case we have three very different types of solution of the
system (1.1): no solution, exactly one solution or infinitely many solutions.

Now let us look at a system of one linear equation for two unknowns x,y. Its most general form is
ar + by = c. (1.17)

Here, a,b, c are given constants and we want to find all pairs x, y so that the equation is satisfied.
For example, if a = b = 0 and ¢ # 0, then the system has no solution, whereas if for example a # 0,
then there are infinitely many solutions because no matter how we choose y, we can always satisfy
the system by taking x = %(c —y).

Question 1.1

Is it possible that the system has exactly one solution?
(Come back to this question again after you have studied Chapter 3.)

The general form of a system of two linear equations for one unknown is
a1xr = bl, asr — b2
and that of a system of two linear equations for two unknowns is
a11% + @12y = C1, A21T + A2y = C2

where a1, ag, b1, by, respectively aq1, aq2, a21, @22, 1, co are constants and z, respectively z, y are the
unknowns.

Question 1.2
Can you find examples for the coefficients such that the systems have

(i) no solution, (iii) exactly two solutions,

(ii) exactly one solution, (iv) infinitely many solutions?
Can you maybe even give a general rule for when which behaviour occurs?

(Come back to this question again after you have studied Chapter 3.)

Before we discuss general linear systems, we will discuss in this introductory chapter the special
case of a system of two linear equations with two unknowns. Although this is a very special type
of system, it exhibits many properties of general linear systems and they appear very often in
problems.

1.1 Examples of systems of linear equations; coefficient ma-
trices

Let us start with a few examples of systems of linear equations.
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Chapter 1. Introduction 9

Example 1.1. Assume that a car dealership sells motorcycles and cars. Altogether they have 25
vehicles in their shop with a total of 80 wheels. How many motorcycles and cars are in the shop?

Solution. First, we give names to the quantities we want to calculate. So let M = number of
motorcyles, C' = number of cars in the dealership. If we write the information given in the exercise
in formulas, we obtain

@ M+ C =25, (total number of vehicles)
® 2M +4C = 80, (total number of wheels)

since we assume that every motorcycle has 2 wheels and every car has 4 wheels. Equation (1) tells
us that M = 25 — C. If we insert this into equation (2), we find

80=2(25—-C)+4C=50-2C+4C=50+2C = 20=30 = C=15.

This implies that M = 25 — C' = 25 — 15 = 10. Note that in our calculations and arguments, all
the implication arrows go “from left to right”, so what we can conclude at this instance is that the
system has only one possible candidate for a solution and this candidate is M = 10, C = 15. We
have not (yet) shown that it really is a solution. However, inserting these numbers in the original
equation we see easily that our candidate is indeed a solution.

So the answer is: There are 10 motorcycles and 15 cars (and there is no other possibility). o

Let us put one more equation into the system.

Example 1.2. Assume that a car dealership sells motorcycles and cars. Altogether they have 25
vehicles in their shop with a total of 80 wheels. Moreover, the shop arranges them in 7 distinct areas
of the shop so that in each area there are either 3 cars or 5 motorcycles. How many motorcycles
and cars are in the shop?

Solution. Again, let M = number of motorcyles, C = number of cars. The information of the
exercise leads to the following system of equations:

@ M+ C=25 (total number of vehicles)
® 2M + 4C = 80, (total number of wheels)
® M/5+C/3= T. (total number of areas)

As in the previous exercise, we obtain from (1) and (2) that M = 10, C = 15. Clearly, this also
satisfies equation (3). So again the answer is: There are 10 motorcycles and 15 cars (and there is
no other possibility). o

Example 1.3. Assume that a car dealership sells motorcycles and cars. Altogether they have 25
vehicles in their shop with a total of 80 wheels. Moreover, the shop arranges them in 5 distinct areas
of the shop so that in each area there are either 3 cars or 5 motorcycles. How many motorcycles
and cars are in the shop?
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10 1.1. Examples of systems of linear equations; coefficient matrices

Solution. Again, let M = number of motorcycles, C' = number of cars. The information of the
exercise gives the following equations:

@ M+ C =25, (total number of vehicles)
® 2M 4+ 4C = 80, (total number of wheels)
® M/5+C/3= 5. (total number of areas)

As in the previous exercise, we obtain that M = 10, C = 15 using only equations (1) and (2).
However, this does not satisfy equation (3); so there is no way to choose M and C such that all
three equations are satisfied simultaneously. Therefore, a shop as in this example does not exist. ¢

Example 1.4. Assume that a zoo has birds and cats. The total count of legs of the animals is 60.
Feeding a bird takes 5 minutes, feeding a cat takes 10 minutes. The total time to feed the animals
is 150 minutes. How many birds and cats are in the zoo?

Solution. Let B = number of birds, C' = number of cats in the zoo. The information of the
exercise gives the following equations:

© 2B+ 4C = 60, (total number of legs)
@ 5B + 10C = 150, (total time for feeding)

The first equation gives B = 30 — 2C. Inserting this into the second equation, gives
150 = 5(30 — 2C') + 10C' = 150 — 10C + 10C = 150

which is always true, independently of the choice of B and C. Indeed, for instance B = 10, C' = 10
or B=14,C =8, or B=0, C' =15 are solutions. We conclude that the information given in the
exercise it no sufficient to calculate the number of animals in the zoo. o

Remark. The reason for this is that both equations (1) and (2) are basically the same equation.
If we divide the first one by 2 and the second one by 5, then we end up in both cases with the
equation B + 2C' = 30, so both equations contain exactly the same information.

Algebraically, the linear system has infinitely many solutions. But our variables represent animals
and the only come in nonnegativ integer quantities, so we have the 16 different solutions B = 30—2C'
where C € {0, 1, ..., 15}.

We give a few more examples.
Example 1.5. Find a polynomial P of degree at most 3 with

P0)=1, P(1)=7 P(0)=3, P(2) =23 (1.2)
Solution. A polynomial of degree at most 3 is known if we know its 4 coefficients. In this exercise,
the unknowns are the coefficients of the polynomial P. If we write P(x) = az® + Ba? + vz + 4,

then we have to find «, 3,7, d such that (1.2) is satisfied. Note that P'(z) = 3az?+ 28z +~. Hence
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Chapter 1. Introduction 11

(1.2) is equivalent to the following system of equations:

P(0)= 1, ® §= 1,
P(1) = _
=7, — @ a+ B+y+d= T,
P/(O): 37 @ Y = 3a
P'(2) = 23. @ 12a+48+~y =23

Clearly, 6 = 1 and v = 3. If we insert this in the remaining equations, we obtain a system of two
equations for the two unknowns «, 3:

@ a+ = 3,
12a + 43 = 20.

From (2) we obtain 3 = 3 — . If we insert this into (4), we get that 20 = 12a+4(3 — ) = 8a + 12,
that is, @« = (20 — 12)/8 = 1. So the only possible solution is

a=1 B=2 ~v=3, 6=1

It is easy to verify that the polynomial P(x) = 23 + 222 + 3x + 1 has all the desired properties. o

Example 1.6. A pole is 5 metres long and shall be coated with varnish. There are two types of
varnish available: The blue one adds 3g per 50 cm to the pole, the red one adds 6 g per meter to
the pole. Is it possible to coat the pole in a combination of the varnishes so that the total weight
added is

(a) 35g? (b) 30g?

Solution. (a) We denote by b the length of the pole which will be covered in blue and r the length
of the pole which will be covered in red. Then we obtain the system of equations

@ b+ r= 5 (total length)
® 6b + 6r = 35 (total weight)

The first equation gives r = 5 —b. Inserting into the second equation yields 35 = 6b+6(5 —b) = 30
which is a contradiction. This shows that there is no solution.

(b) As in (a), we obtain the system of equations

) b+ r=5 (total length)
® 6b + 6r = 30 (total weight)

Again, the first equation gives r = 5—b. Inserting into the second equation yields 30 = 6b+6(5—b) =
30 which is always true, independently of how we choose b and r as long as (1) is satisfied. This
means that in order to solve the system of equations, it is sufficient to solve only the first equation
since then the second one is automatically satisfied. So we have infinitely many solutions. Any pair
b, r such that b+ r = 5 gives a solution. So for any b that we choose, we only have to set r =5 —b
and we have a solution of the problem. Of course, we could also fix r and then choose b =5 —r to
obtain a solution.

For example, we could choose b = 1, then r = 4, or b = 0.00001, then r = 4.99999, or r = —2 then
b = 7. Clearly, the last example does not make sense for the problem at hand, but it still does
satisfy our system of equations. o
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12 1.1. Examples of systems of linear equations; coefficient matrices

Example 1.7. When octane reacts with oxigen, the result is carbon dioxide and water. Find the
equation for this reaction.

Solution. The chemical formulas for the substances are CgHig, Oz, COs and HyO. Hence the
reaction equation is

aCgHig + b0y — ¢COs 4+ dHy0O
with unkonwn integers a, b, c,d. Clearly the solution will not be unique since if we have one set
of numbers a, b, ¢, d which works and we multiply all of then by the same number, then we obtain
another solution. Let us write down the system of equations. To this end we note that the number
of atoms of each element has to be equal on both sides of the equation. We obtain:

@ 8a =c, (carbon)

® 18a = 2d, (hydrogen)

® 2b =2c+d, (oxygen)

or, if we put all the variables on the left hand side,

@ 8a — =0,
@ 18a —2d =0,
®@ 2b—2c— d=0.

Let us express all the unknowns in terms of a: (1) and (2) show that ¢ = 8a and d = 9a. Inserting
this in 3) we obtain 0 = 2b — 2 - 8a — 9a = 2b — 25a, hence b = 2—2561. If we want all coefficients to
be integers, we can choose a =2, b =25, ¢ = 16, d = 18 and the reaction equation becomes

2CgHig + 2509 — 16 CO5 + 18 H>O.. &

All the examples we discussed in this section are so-called systems of linear equations. Let us give
a precise definition of what we mean by this.

Definition 1.8 (Linear system). An mXn system of linear equations (or simply a linear system)
is a system of m linear equations for n unknowns of the form

a1+ air2+ o+ aiy, = b,
a1r1 + agr2 + -+ agpn = ba,
(1.3)
Am1Z1 + Am2Z2 + -+ AmpTn = bm
The unknowns are x1,..., 2z, while the numbers a;; and b; (i =1,...,m, j = 1,...,n) are given.
The numbers a;; are called the coefficients of the linear system and the numbers bq,...,b, are
called the right side of the linear system.
A solution of the system (1.3) is a tuple (z1, ..., z,) such that all m equations of (1.3) are satisfied

simultaneously. The system (1.3) is called consistent if it has at least one solution. It is called
inconsistent if it has no solution.

In the special case when all b; are equal to 0, the system is called a homogeneous system; otherwise
it is called inhomogeneous.
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Definition 1.9 (Coefficient matrix). The coefficient matriz A of the system is the collection of
all coeflicients a;; in an array as follows:

a1 ai2 e A1n
az1 a2 ... QG2p

A= ) ) . (1.4)
Am1 Am2 ... Qmn

The numbers a;; are called the entries or components of the matrix A.
The augmented coefficient matriz A of the system is the collection of all coefficients a;; and the
right hand side; it is denoted by

aill a12 e A1n b1
as1 a922 . agn bQ

(Ap) = | . - (1.5)
Am1  Gm2 - Qmp | by

The coefficient matrix is nothing else than the collection of the coefficients a;; ordered in some sort
of table or rectangle such that the place of the coefficient a;; is in the ith row of the jth column.
The augmented coefficient matrix contains additionally the constants from the right hand side.

Important observation. There is a one-to-one correspondence between linear systems and aug-
mented coefficient matrices: Given a linear system, it is easy to write down its augmented coefficient
matrix and vice versa.

Let us write down the coefficient matrices of our examples.

Example 1.1: This is a 2 x 2 system with coefficients a1; = 1, a12 = 1, as; = 2, ags = 4 and
right hand side b; = 25,0y = 80. The system has a unique solution. The coefficient matrix and the
augmented coefficient matrix are

1 1 1 1] 25
A=(3 1) @m=(3 il %)
Example 1.2: This is a 3 x 2 system with coefficients a11 = 1, a12 = 1, as1 = 2, ase = 4, az; = %,

ass = %, and right hand side by = 25,b, = 80, b3 = 7. The system has a unique solution. The
coeflicient matrix and the augmented coefficient matrix are

11 1 1]25
A=12 4|, (Ap)=12 4| 80|,

101 11 7

5 3 5 3

Example 1.3: This is a 3 x 2 system with coefficients a11 = 1, a12 = 1, as1 = 2, ase = 4, az; = %,
azs = %, and right hand side b; = 25,by = 80, bs = 7. The system has no solution. The coefficient
matrix is the same as in Example 1.2, the augmented coefficient matrix is

1 1125
(Alp)y=12 4| 80|,

1 1 5

5 3
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14 1.1. Examples of systems of linear equations; coefficient matrices

Example 1.5: This is a 4 x 4 system with coefficients a1; =0, a12 =0, a13 =0, a4 = 1, ag; = 1,
aze =1, a23 =1,a24 =1,0a31 =0, a32 =0,a33 =1, a34 =0, ag1 =12, ag0 = 4, au3 =1, ag4 = 0,
and right hand side by = 1,bs = 7, bg = 3, by = 23. The system has a unique solution. The
coeflicient matrix and the augmented coefficient matrix are

0 0 0 1 0 0 0 1(1

1 1 1 1 1 1 1 1 7

A= 0 0 1 0]’ (Afp) = 0O 0 1 of 3

12 4 1 0 12 4 1 0] 23
Example 1.7: This is a 3 x 4 homogeneous system with coefficients a;; = 8, a12 = 0, a13 = —1,
aig = 0, ag1 = 18, aga = 0, ag3 = 0, agq = =2, az1 =0, az2 = 2, azz = —2, azq4 = —1, and right

hand side by = 0,by = 0, b3 = 0. The system has a unique solution. The coefficient matrix and the
augmented coefficient matrix are

8 0 -1 0 8 0 -1 0]0
A=[18 0 0 -2|, (Ap=[18 0 0 —2]0
02 -2 -1 02 -2 —1]0

We saw that Examples 1.1, 1.2, 1.5, 1.6 (a) have unique solutions. In Examples 1.6 (b) and 1.7
the solution is not unique; they even have infinitely many solutions! Examples 1.3 and 1.6(a) do
not admit solutions. So given an m X n system of linear equations, two important questions arise
naturally:

e Existence: Does the system have a solution?

e Uniqueness: If the system has a solution, is it unique?

More generally, we would like to be able to say something about the structure of solutions of linear
systems. For example, is it possible that there is only one solution? That there are exactly two
solutions? That there are infinite solutions? That there is is no solution? Can we give criteria for
existence and/or uniqueness of solutions?
Can we give criteria for existence of infinitely many solutions? Is there an efficient way to calculate
all the solutions of a given linear system?

(Spoiler alert: A system of linear equations has either no or exactly one or infinitely many solutions.
It is not possible that it has, e.g., exactly 7 solutions. This will be discussed in detail in Chapter 3.)

Before answering these questions for general m X n systems in Chapter 3, we will have a closer look
at the special case of 2 x 2 systems in the next section.

You should now have understood

e what a linear system is,
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Chapter 1. Introduction 15

e what a coefficient matrix and an augmented coefficient matrix are,
e their relation with linear systems,
e that a linear system can have different types of solutions,

e etc.
You should now be able to

e pass easily from a linear m x n system to its (augmented) coefficient matrix and back,
e solve linear systems by the “solve and substitute”’-method,

o etc.

Ejercicios.

Para los siguientes sistemas de ecuaciones lineales, encuentre al menos una solucién (si la hay).
; Cuales tienen solucién unica?

(a) 4z —6y = 7, (¢) 3z—5y=0, (e) 4z + 14y = 23,
6z — 9y = 12, 15z — 9y =0, 6z + 21y = 30,
(b) x+42y—3z=—4, (d) 2z + 4y + 6z = 18, (f) 6z+ 8y=12,
2r+ y—3z= 4, 4z + by + 62 = 24, 15z + 20y = 30.

1.2 Linear 2 x 2 systems

Let us come back to the equation from Example 1.1. For convenience, we write now x instead of B
and y instead of C. Recall that the system of equations that we are interested in solving is

® z+ y= 60,

1.6
@ 2+ 4y = 200. (L6)

We want to give a geometric meaning to this system of equations. To this end we think of pairs
x,y as points (z,y) in the plane. Let us forget about the equation (2) for a moment and concentrate
only on (D). Clearly, it has infinitely many solutions. If we choose an arbitrary x, we can always
find y such that (1) satisfied (just take y = 60 — x). Similarly, if we choose any y, then we only have
to take = 60 — y and we obtain a solution of (D).

Where in the zy-plane lie all solutions of (1)? Clearly, (1) is equivalent to y = 60 — 2 which we easily
identify as the equation of the line L; in the xy-plane which passes through (0,60) and has slope
—1. In summary, a pair (z,y) is a solution of (1) if and only if it lies on the line L;, see Figure 1.1.

If we apply the same reasoning to (2), we find that a pair (x,y) satisfies 2) if and only if (x,y) lies
on the line Ly in the zy-plane given by y = %(200 — 2x) (this is the line in the zy-plane passing
through (0,50) with slope —%)

Now it is clear that a pair (z,y) satisfies both (D) and (2) if and only if it lies on both lines L; and
Ls. So finding the solution of our system (1.6) is the same as finding the intersection of the two
lines L; and Ls. From elementary geometry we know that there are exactly three possibilities for
their intersection:
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M M M
40 T 40\ 40\
\- 30 2M: +:4C =:80 \
20 M +iC-=25 20 20
10+ 10+ 104 (15,10)
t 1 t B C t 1 t C 1 B C
—10 10 20 \JQ -10 10 2\ 30 -10 10 2\\3Q
O o W . : 104 . : ] . :

FIGURE 1.1: Graphs of the lines L1, Lo which represent the equations from the system (1.6) (see also
Example 1.1). Their intersection represents the unique solution of the system.

(i) Ly and Lg are not parallel. Then they intersect in exactly one point.

(ii) Ly and Lo are parallel and not equal. Then they do not intersect.

(iii) Ly and Ly are parallel and equal. Then L; = Ly and they intersect in infinitely many points
(they intersect in every point of L1 = Lo).

In our example we know that the slope of L; is —1 and that the slope of Ly is —%, so they are not
parallel and therefore intersect in exactly one point. Consequently, the system (1.6) has exactly

one solution.

If we look again at Example 1.6, we see that in Case (a) we have to determine the intersection of

the lines

Li:y=5—u,

35

Ly:y=——u2x.

6

Both lines have slope —1 so they are parallel. Since the constant terms in both lines are not equal,
they intersect nowhere, showing that the system of equations has no solution, see Figure 1.2.
In Case (b), the two lines that we have to intersect are

Gi:y=5—uz,

Gy:y=5—u.

We see that G; = Ga, so every point on Gy (or G) is solution of the system and therefore we have

infinite solutions.

Important observation. If a linear 2 X 2 system has a unique solution or not, has nothing to
do with the right hand side of the system because this only depends on whether the two lines are
parallel or not, and this in turn depends only on the coefficients on the left hand side.

Now let us consider the general case.
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Li:y=5—=x
Lo:y=35/6—=x
FI1GURE 1.2: Example 1.6. Graphs of L1, Lo.
One linear equation with two unknowns‘
The general form of one linear equation with two unknowns is
azx + By = . (1.7)

For the set of solutions, there are three possibilities:

(i) The set of solutions forms a line. This happens if at least one of the coefficients « or § is
different from 0. If 5 # 0, then set of all solutions is equal to the line L : y = —% T+ % which

is a line with slope f%. If 8 =0 and « # 0, then the set of solutions of (1.7) is a line parallel
to the y-axis passing through (0, 1).

(ii) The set of solutions is all of the plane. This happens if « = § =~ = 0. In this case, clearly
every pair (z,y) is a solution of (1.7).

(iii) There is no solution. This happens if « = § = 0 and v # 0. In this case, no pair (z,y) is a
solution of (1.7) since the left hand side is always 0.

In the first two cases, (1.7) has infinitely many solutions, in the last case it has no solution.

Two linear equations with two unknowns‘

The general form of two linear equations with two unknowns is

O Az + By =U,

@ Cz+Dy=V. (18)

We are using the letters A, B, C, D instead of a11,a12,a21, a2 in order to make the calculations
more readable. If we interpret the system of equations as intersection of two geometrical objects,
in our case lines, we already know the there are exactly three possible types of solutions:

(i) A point if @) and (2) describe two non-parallel lines.
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18 1.2. Linear 2 X 2 systems

(ii) A line if @ and (2) describe the same line; or if one of the equations is a plane and the other
one is a line.

(iii) A plane if both equations describe a plane.

(iv) The empty set if the two equations describe parallel but different lines; or if one of the
equations has no solution.

In case (i), the system has exactly one solution, in cases (ii) and (iii) the system has infinitely many
solutions and in case (iv) the system has no solution.

In summary, we have the following very important observation.

Remark 1.10. The system (1.8) has either exactly one solution or infinitely many solutions or
no solution.

It is not possible to have for instance exactly 7 solutions.
Question 1.3
What is the geometric interpretation of

(i) a system of 3 linear equations for 2 unknowns?

(ii) a system of 2 linear equations for 3 unknowns?

What can be said about the structure of its solutions?

Algebraic proof of Remark 1.10. Now we want to prove the Remark 1.10 algebraically and we want
to find a criterion on A, B, C, D which allows us to decide easily how many solutions there are. Let
us look at the different cases.

’ Case 1. B #0. ‘ In this case we can solve (D) for y and obtain y = & (U — Az). Inserting 2) we find

Cx+ %(U — Az) = V. If we put all terms with z on one side and all other terms on the other side,
we obtain

@ (AD— BC)z = DU — BYV.

(i) If AD — BC #0 then there is at most one solution, namely x = gg:gg and consequently

Y= %(U — Ax) = ﬁg:gg. Inserting these expressions for x and y in our system of equations,
we see that they indeed solve the system (1.8), so that we have exactly one solution.

(ii) If AD — BC =0 then equation (2°) reduces to 0 = DU — BV. This equation has either no
solution (if DU — BV # 0) or it is true for every possible choice of x and y (if DU — BV = 0).
Since (1) has infinitely many solutions, it follows that the system (1.8) has either no solution
or infinitely many solutions.

’Case 2. D#0. ‘ This case is analogous to Case 1. In this case we can solve (2) for y and obtain
y = 5(V — Cz). Hence (D becomes Az + £(V — Cz) = U. If we put all terms with z on one side
and all other terms on the other side, we obtain

@ (AD - BC)z = DU — BYV.

We have the same subcases as before:

Last Change: So 24. Mai 00:08:43 CEST 2026
Linear Algebra, M. Winklmeier



Chapter 1. Introduction 19

(i) If AD — BC # 0 then there is exactly one solution, namely x = 2Y=BV and consequently

AD—BC
_ 1 _ AV-CU
y=5(V—-Cz)=45"56-

(ii) If AD — BC =0 then equation (1) reduces to 0 = DU — BV. This equation has either no
solution (if DU — BV # 0) or holds for every x and y (if DU — BV = 0). Since (2) has
infinitely many solutions, it follows that the system (1.8) has either no solution or infinitely
many solutions.

Case 3. B=0and D = 0. ‘ Observe that in this case AD — BC' = 0 . In this case the system (1.8)
reduces to

Az =U, Cz=V. (1.9)

We see that the system no longer depends on y. So, if the system (1.9) has at least one solution,
then we automatically have infinitely many solutions since we may choose y freely. If the system
(1.9) has no solution, then the original system (1.8) cannot have a solution either.

Note that there are no other possible cases for the coefficients. O

In summary, we proved the following theorem.

Theorem 1.11. Let us consider the linear system

Az + By = U,
@ Az + By (1.10)
® Cx+Dy=V.
(i) The system (1.10) has exactly one solution if and only if AD — BC #0 . In this case, the

solution is
DU — BV AV — CU

*Tap—Bc YT AD_BC

(1.11)
(ii) The system (1.10) has no solution or infinitely many solutions if and only if AD — BC' =0 .

Definition 1.12. The number | d = AD — BC | is called the determinant of the system (1.10).
In Chapter 4.1 we will generalise this concept to n X n systems for n > 3.

Remark 1.13. Let us see how the determinant connects to our geometric interpretation of the
system of equations. Assume that B # 0 and D # 0. Then we can solve (1) and (2) for y to obtain
equations for a pair of lines

Ly: y:—%er%U, Ly : y:—%er%V.
The two lines intersect in exactly one point if and only if they have different slopes, i.e., if —% # —%.
After multiplication by —BD we see that this is the same as AD # BC, or in other words,
AD — BC #£0.
On the other hand, the lines are parallel (hence they are either equal or they have no intersection)
if —% = —%. This is the case if and only if AD = BC, or in other words, if AD — BC = 0.
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(5,3)
: L@+ 29 =11

Lo 304 4y =27

+ + + + + x
—pi L ig g 2\11\\
14

FIGURE 1.3: Example 1.14(a). Graphs of L, Ly and their intersection (5, 3).

Question 1.4

Consider the cases when B = 0 or D = 0 and make the connection between Theorem 1.11 and
the geometric interpretation of the system of equations.

Let us consider some more examples.

Examples 1.14. (a) ®© z+2y=11,

@ 3z+4y=27.
Clearly, the determinant is d =4 — 6 = —2 # 0. So the system has ezactly one solution.
We can check this easily: The first equation gives x = 11 — 2y. Inserting this into the second
equations leads to
311 —2y) 44y =27 = -2Yy=-6 — y=3 — x=11-2-3=5.
So the solution is x = 5,y = 3. (If we did not have Theorem 1.11, we would have to check

that this is not only a candidate for a solution, but indeed is one.)

Check that the formula (1.11) is satisfied.

®© z+2y=1,

@ 2z+4y=>5.
Here, the determinant is d = 4 — 4 = 0, so we expect either no solution or infinitely many
solutions. The first equations gives x = 1 — 2y. Inserting into the second equations gives
2(1 — 2y) + 4y = 5. We see that the terms with y cancel and we obtain 2 = 5 which is a
contradiction. Therefore, the system of equations has no solution.
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Li:z+2y=1 Li:z+2y=1

Lo:3x+4+4y =5 Loy :3x46y=3

FIGURE 1.4: Picture on the left: The lines Li, Lo from Example 1.14(b) are parallel and do not
intersect. Therefore the linear system has no solution.

Picture on the right: The lines L1, Lo from Example 1.14(c) are equal. Therefore the linear system
has infinitely many solutions.

(C) @ T+ 2y = ]-7
® 3z +6y=3.
The determinant is d = 6 — 6 = 0, so again we expect either no solution or infinitely many
solutions. The first equations gives z = 1 — 2y. Inserting into the second equations gives
3(1 — 2y) + 6y = 3. We see that the terms with y cancel and we obtain 3 = 3 which is true.
Therefore, the system of equations has infinitely many solutions given by x = 1 — 2y.

Remark. This was somewhat clear since we can obtain the second equation from the first one
by multiplying both sides by 3 which shows that both equations carry the same information
and we loose nothing if we simply forget about one of them.

Exercise 1.15. Find all k£ € R such that the system

@ kx+(15/2—k)y=1,
@ 4+ 2%y = 3

has exactly one solution.

Solution. We only need to calculate the determinant and find all k& such that it is different from
zero. So let us start by calculating

d=k-2k—(15/2 — k) -4 = 2k> + 4k — 30 = 2(k* + 2k — 15) = 2 [(k + 1)* — 16] .

Hence there are exactly two values for k where d = 0, namely k = —1 £ 4, that is k; = 3, ko = —5.
For all other k, we have that d # 0.
So the answer is: The system has exactly one solution if and only if k& € R\ {-5, 3}. o
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22 1.2. Linear 2 X 2 systems

Remark 1.16. (a) Note that the answer does not depend on the right hand side of the system
of the equation. Only the coefficients on the left hand side determine if there is exactly one
solution or not.

(b) If we wanted to, we could also calculate the solution z,y in the case k € R\ {-5,3}. We
could do it by hand or use (1.11). Either way, we find

1 5k —45/2 1 6k — 4

=-[2k-3(15/2 - k)] = —F7—"—— =l6k-4]= —— — .
r=4l W2=Ml= i m—s0 Y~ dl I = =30

Note that the denominators are equal to d and they are equal to 0 exactly for the “forbidden”

values of k = —5 or kK = 3.

(¢) What happens if k = —5 or k = 3? In both cases, d = 0, so we will either have no solution or
infinitely many solutions.

If k = —5, then the system becomes —5xz +25/2y =1, 4z — 10y = 3.
Multiplying the first equation by —4/5 and not changing the second equation, we obtain
4
4x—10y=—5, 4 — 10y =3

which clearly cannot be satisfied simultaneously.

If k = 3, then the system becomes 3z —9/2y =1, 4z + 6y = 3.
Multiplying the first equation by 4/3 and not changing the second equation, we obtain

4
4x—6y:§, dr — 6y =3

which clearly cannot be satisfied simultaneously.

In conclusion, if k = —5 or k = 3, then the linear system has no solution.

You should have understood
e the geometric interpretation of a linear m x 2 system and how it helps to understand the
qualitative structure of solutions,

e how the determinant helps to decide whether a linear 2 x 2 system has a unique solution or
not,

e that whether 2 x 2 system a unique solution depends only on the coefficients; it does not
depend on the right side of the equation (the actual values of the solutions of course do
depend on the right side of the equation),

e etc.
You should now be able to

e pass easily from a linear m x 2 system to its geometric interpretation and back,

e calculate the determinant of a linear 2 x 2 system,
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Chapter 1. Introduction 23

e determine if a linear 2 x 2 system has a unique, no or infinitely many solutions and calculate
them,

e give criteria for existence/uniqueness of solutions,

e etc.

Ejercicios.

1. Usando el criterio del determinante, diga cudles sistemas tienen solucion unica y encuéntrela.
En caso de que el determinante sea cero, especifique si el sistema posee infinitas soluciones o
ninguna solucién.

(a) 6x+y=3; —do —y =8 (d) 2z —8y=06; -3z + 12y =4
(b) bx4+2y=T7;2x+5y=4 (e) 22 — 8y =6; =3z + 12y = —9
(¢) 4o — 6y =0; 22 —3y =0 (f) 2y=4; 50 -3y =1

2. ;Para cudles valores de k se cortan las siguientes rectas exactamente en un punto?

k+3 2k -5
Yy = ;_:c+7rf\f2, Yy = 3 :c+\3/§.

3. (Para cudles valores de k se cortan las siguientes rectas exactamente en un punto?

(k +2)x — 3y = V2, Skx + (k—1)y=3—e?.

1.3 Summary

A linear system is a system of equations

1121 + @12%2 + -+ a1pTn = by

2121 + Ggoxs + -+ agpx, = by

U1 T1 + Qm2T2 + -+ G Tn = by

where 21,...,z, are the unknowns and the numbers a;; and b; (i = 1,...,m,j = 1,...,n) are
given. The numbers a;; are called the coefficients of the linear system and the numbers by,...,b,
are called the right side of the linear system.

In the special case when all b; are equal to 0, the system is called a homogeneous; otherwise it is
called inhomogeneous.

The coefficient matriz A and the augmented coefficient matriz (A|b) of the system is are

a a e.oa b
a1 aio L. a1n 11 12 1n bl
a a e a
as1 99 . aon 21 22 2n 2
A= | A=
am1 Am2 -.- Gmn Aml Am2 - Qmn | by
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1.4. Exercises

The general form of linear 2 x 2 system is

1121 + a12%2 = by (1.12)
G21%1 + a22%2 = by .

and its determinant is

d = ay1a22 — a21012.

The determinant tells us if the system (1.12) has a unique solution:

e If d # 0, then (1.12) has a unique solution.
e If d =0, then (1.12) has either no or infinitely many solutions (it depends on b; and by which

case prevails).

Observe that d does not depend on the right hand side of the linear system.

1.4 Exercises

1.

Encuentre el area del tridangulo que se encuentra en el primer cuadrante y que esta delimitado
por las rectas y = 2x — 4, y = —4z + 20.

Suponga que los puntos (1,5), (—1,3) y (0,1) estdn sobre la pardbola y = ax? + bx + c¢. Con
esta informacién, determine los valores de a, b, c.

Describa todas las pardbolas que pasan por los puntos (1,1) y (—1,4).

Encuentre todos los valores de ¢,k € R tal que el siguiente sistema sea consistente.

2z 4+ 8y = 4,
5r + 4ky = 20,
tr + 2y= 1.

De un nimero de tres cifras sabemos que sus tres digitos suman 11, y la suma del primer y
tercer digito es 5. Encuentre todos los niimeros que cumplen la propiedad anterior.

El duenio de una tienda vende comida para perros a 40$ y comida para gatos a 20$. Haciendo
cuentas de la semana observa que por concepto de comida de animales recibi6 640$ y que 22
clientes entraron esa semana a comprar comida de animales. Si se supone que cada cliente
tiene una unica mascota ;Cuantos clientes eran duenos de perros y cuantos de gatos?

La suma de la cifra de las decenas y la cifra de las unidades de un numero de dos digitos es
12, y si al namero se le resta 18, las cifras se invierten. Hallar el niimero.

Sabemos que la distancia entre Bogotd y Puerto Concordia es de 375 km aproximadamente
y la distancia entre Villavicencio y Puerto Concordia es de aproximadamente 261 km. Un
conductor A parte de Bogotd hacia Villavicencio con una velocidad constante de 57 km/h a
las 4:00 am y una hora despues, un conductor B parte de Puerto Concordia hacia Bogota a
una velocidad constante de 49 km/h. ;A qué hora llega el conductor A a Villavicencio? ;Los
conductores A y B se encuentran en carretera? ;A qué hora lo hacen?. Repita las preguntas
si suponemos que el conductor A se mueve a una velocidad de 19 km/h y el conductor B se
mueve a una velocidad de 70 km/h.

Last Change: So 24. Mai 00:08:43 CEST 2026
Linear Algebra, M. Winklmeier



Chapter 1. Introduction 25

Last Change: So 24. Mai 00:08:43 CEST 2026
Linear Algebra, M. Winklmeier
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Chapter 2

R? and R’

In this chapter we will introduce the vector spaces R?, R? and R?. We will define algebraic
operations in them and interpret them geometrically. Then we will add some additional structure
to these spaces, namely an inner product. This allows us to assign a norm (length) to a vector and
talk about the angle between two vectors; in particular, it gives us the concept of orthogonality. In
Section 2.3 we will define orthogonal projections in R? and we will give a formula for the orthogonal
projection of a vector onto another. This formula is easily generalised to projections onto a vector
in R™ with n > 3. Section 2.5 is dedicated to the special and very important case R3 since it is the
space that physicists use in classical mechanics to describe our world. In the last two sections we
study lines and planes in R™ and in R3. We will see how we can describe them in formulas and we
will learn how to calculate their intersections. This naturally leads to the question on how to solve
linear systems efficiently which will be addressed in the next chapter.

2.1 Vectors in R?

Recall that the zy-plane is the set of all pairs (x,%) with z,y € R. We will denote it by R2.
Maybe you already encountered vectors in a physics lecture. For instance velocities and forces are
described by vectors. The velocity of a particle says how fast it is and in which direction the particle
moves. Usually, the velocity is represented by an arrow which points in the direction in which the
particle moves and whose length is proportional to the magnitude of the velocity.

Similarly, a force has strength and a direction so it is represented by an arrow which points in the
direction in which it acts and with length proportional to its strength.

Observe that it is not important where in the space R? or R® we put the arrow. As long it points
in the same direction and has the same length, it is considered the same vector. We call two arrows
equivalent if they have the same direction and the same length. A wvector is the set of all arrows
which are equivalent to a given arrow. Each specific arrow in this set is called a representation of
the vector. A special representation is the arrow that starts in the origin (0,0). Vectors are usually
denoted by a small letter with an arrow on top, for example .
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28 2.1. Vectors in R?

Given two points P, @ in the xy-plane, we write P—Cj for
the vector which is represented by the arrow that starts Y
in P and ends in Q. For example, let P(2,1) and Q(4,4)
be points in the zy-plane. Then the arrow from P to @
is PG = @ Q
We can identify a point P(p1,p2) in the xy-plane with the
vector starting in the point (0,0) and ending in P. We de-

b1

note this vector by OP or <p or sometimes by (p1, p2)*
2

€T
in order to save space (the subscript * stands for “trans- OIS DT D /
posed”). py is called its z-coordinate or x-component and IR IR
po is called its y-coordinate or y-component. il R
a
.. b . F1GURE 2.1: The vector P—Q’ and several of
point in the zy-plane, namely the tip of the arrow which its representations. The green arrow is the
represents the given vector and starts in the origin. special representation whose initial point is
Clearly its coordinates are (a,b). Therefore we can iden- i the origin.

tify the set of all vectors in R? with R? itself.

On the other hand, every vector describes a unique

Observe that the slope of the arrow v = <Z> is 3 if a # 0. If a = 0, then the vector is parallel to
the y-axis.

For example, the vector ¥ = can be represented as an arrow whose initial point is in the origin

2
)
and its tip is at the point (2,5). If we put its initial point anywhere else, then we find the tip by
moving 2 units to the right (parallel to the z-axis) and 5 units up (parallel to the y-axis).

A very special vector is the zero vector (8) Is is usually denoted by 0.

We call numbers in R scalars in order to distinguish them from vectors.
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Algebra with vectors

If we think of a force and we double its strength then the
corresponding vector should be twice as long. If we multiply

the force by 5, then the length of the corresponding vector Y
should be 5 times as long, that is, if for instance a force F' = 25
(3,4)" is given, then 5F should be (5 -3, 5-4)" = (15,20)". H

...... b
In general, if a vector v = (Z) and a scalar c are given, then oo -
cl = (ZZ) . Note that the resulting vector is always parallel L

to the original one. If ¢ > 0, then the resulting vector points i
in the same direction as the original one, if ¢ < 0, then it

points in the opposite direction, see Figure 2.2. FIGURE 2.2: Multiplication of a

tor b, lar.
Given two points P(p1,p2), @Q(q1,q2) in the zy-plane. M G

—

Convince yourself that P_Cj =—QP.

How should we sum two vectors? Again, let us think of forces. Assume we have two forces ﬁl
and F> both acting on the same particle. Then we get the resulting force if we draw the arrow
representing F and attach to its end point the initial point of the arrow representing F,. The total
force is then represented by the arrow starting in the initial point of Fy and ending in the tip of F,.

Convince yourself that we obtain the same result if we start with F, and put the initial point of
Fy at the tip of Fs.

We could also think of the sum of velocities. For example, if a train moves with velocity ¢; and a
passenger on the train is moving with relative velocity v, then her total velocity with respect to
the ground is the vector sum of the two velocities.

Now assume that v = <Z) and W = <§ ) Algebraically,

we obtain the components of their sum by summing the Y
components: U+ W = at+p , see Figure 2.3. vtu
b+gq A @
w R

When you sum vector, you should always think of triangles
(or polygons if you sum more than two vectors).

Given two points P(p1,p2), @Q(q1,q2) in the zy-plane.
Convince yourself that OP + P_Q> = O_Cj and consequently
PQ =0Q — OP. . . .

How could you write QP in terms of OP and OQ? What
is its relation with PQ?

FIGURE 2.3: Sum of two vectors.

Our discussion of how the product of a vector and a scalar and how the sum of two vectors should
be, leads us to the following formal definition.
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Definition 2.1. Let 7 = (a) 0 = (2’) € R2, ¢ € R. Then:

b
S, >, - (O py_(a+p
Vector sum: U+w= (b) + (q) = (b+q>’
Product with a scalar: ci=c ay = ().
b cb

It is easy to see that the vector sum satisfies what one expects from a sum: (@4 )+ @ = @+ (T4 0)
(associativity) and 7+ @ = @ + ¢ (commutatlwty) Moreover, we have the distributivity laws
(a4 b)0 = at' + bV and a(V + W) = a¥ + aw. Let us verify for example associativity. To this end,

() - G () - (Gaze)
)= () (Gzi) = G+ [Go)+ ()

FIGURE 2.5: The picture illustrates associativity of the vector sum.

Draw pictures that illustrate the distributivity laws.

We can take these properties and define an abstract vector space. We shall call a set of things, called
vectors, with a “well-behaved” sum of its elements and a “well-behaved” product of its elements
with scalars a vector space. The precise definition is the following.
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Vector Space Axioms. Let V be a set together with two operations

vector sum +: VxV =V, (v,w) = v+w,

product of a scalar and a vector - : KxV =V, (A\v) — A-o.

Note that we will usually write Av instead of A - v. Then V is called an R-vector space and its
elements are called vectors if the following holds:

(a) Associativity: (u+v) +w =u+ (v + w) for every u,v,w € V.
(b) Commutativity: v +w = w + v for every v,w € V.

(c) Identity element of addition: There exists an element O € V', called the additive identity
such that for every v € V., we have O +v=v+ O = v.

Inverse element: For all v € V, we have an inverse element v’ such that v +v = O.
Identity element of multiplication by scalar: For every v € V, we have that 1lv = v.
Compatibility: For every v € V and A, u € R, we have that (Au)v = A(pw).
Distributivity laws: For all v,w € V and A\, u € R, we have

A+pv= +pv and Av+w)= I+ \w.

These axioms are fundamental for linear algebra and we will come back to them in Chapter 5.1.

Check that R? is a vector space, that its additive identity is © = 0 and that for every vector
¥ € R?, its additive inverse is —#.

It is important to note that there are vector spaces that do not look like R? and that we cannot
always write vectors as columns. For instance, the set of all polynomials form a vector space (the
sum and scalar multiple of polynomials is again polynomial, the sum is additive and commutative;
the additive identity is the zero polynomial and for every polynomial p, its additive inverse is the
polynomial —p; we can multiply polynomials with scalars and obtain another polynomial, etc.). The
vectors in this case are polynomials and it does not make sense to speak about its “components” or
“coordinates”. (We will however learn how to represent certain subspaces of the space of polynomials
as subspaces of some R"™ in Chapter 6.3.)

After this brief excursion about abstract vector spaces, let us return to R?. We know that it can
be identified with the xy-plane. This means that R? has more structure than only being a vector
space. For example, we can measure angles and lengths. Observe that these concepts do not appear
in the definition of a vector space. They are something in addition to the vector space properties.
Let us now look at some more geometric properties of vectors in R2. Clearly a vector is known if
we know its length and its angle with the z-axis. From the Pythagoras theorem it is clear that the

length of a vector 7 = (Z) is Va2 + b2.
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FIGURE 2.6: Angle of a vector with the z-axis.

<L

FIGURE 2.7: The angle of ¥ and —# with the z-axis. Clearly, ¢’ = ¢ + 7.

Definition 2.2 (Norm of a vector in R?). The length of ¥ = (a

b) € R? is denoted by ||7]|. Tt

is given by
7 = Va* + 0% .

Other names for the length of ¢ are magnitude of ¥ or norm of v.

As already mentioned earlier, the slope of vector v is % if a # 0. If ¢ is the angle of the vector ¢

us

with the z-axis then tanp = 3 ifa# 0. If a = 0, then p = —F or ¢ = 5. Recall that the range
of arctan is (=7 /2, m/2), so we cannot simply take arctan of the fraction § in order to obtain ¢.

Observe that arctang = arctan _—Z, but the vectors <Z> and _Z = - Z point in opposite

directions, so they do not have the same angle with the z-axis. In fact, their angles differ by 7, see
Figure 2.7. From elementary geometry, we find

arctan% if a > 0,

b 7 +arctanl ifa<0

tanp = — if a #0 and = a ’
L 7 7 /2 ifa=0, b>0,
—m/2 ifa=0, b<O.

Note that this formula gives angles with values in [—7/2, 37/2).
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Remark 2.3. In order to obtain angles with values in (—, 7], we can use the formula

o .
arceos ——— if b> 0,

P = —arccos == if b <0,
T ifa<0, b=0.

Proposition 2.4 (Properties of the norm). Let A € R and @, @ € R%2. Then the following is
true:

() ||7]] = 0 if and only if T = 0.
(if) [IAa] = AL,

(iil) |7+ || < |9l + |W||  (triangle inequality).
Proof. Let v = (a) , W= (2) € R? and A € R.

(i) Since ||7]| = Va2 + b? it follows that ||7]] = 0 if and only if a = 0 and b = 0. This is the case
if and only if ¥ = 0.

) = (5| = | ()| = Vo 0 = vt = v+ = .

(iii) We postpone the proof of the triangle inequality to Corollary 2.20 when we will have the
cosine theorem at our disposal. O

Geometrically, the triangle inequality says that in the plane
the shortest way to get from one point to the other is a
straight line. Figure 2.8 shows that it is shorter to go di-
rectly from the origin of the blue vector to its tip than taking
a detour along ¢ and @. In other words, ||v+w|| < ||T||+ |||

FIGURE 2.8: Triangle inequality.
Definition 2.5. A vector ¥ € R? is called a unit vector if ||| = 1.
Note that every vector 7 # 0 defines a unit vector pointing in the same direction as itself by ||7]|~1%.

Remark 2.6. (i) The tip of every unit vector lies on the unit circle, and, conversely, every vector
whose initial point is the origin and whose tip lies on the unit circle is a unit vector.

(ii) Every unit vector is of the form <z?§ ;‘2) where ¢ is its angle with the positive x-axis.
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FIGURE 2.9: Unit vectors.

Finally, we define two very special unit vectors:

() ool

Clearly, €; is parallel to the x-axis, € is parallel to the y-axis and ||&;] = ||&2]| = 1.

Remark 2.7. Every vector v = <Z

S 0 S .
= ()(0) o)

Remark 2.8. Another notation for €; and €5 is 1 and j.

> can be written as

You should have understood

e the concept of an abstract vector space and vectors,

o the vector space R? and how to calculate with vectors in R2,
o the difference between a point P(a,b) in R? and a vector ¢ = (Z) in R?,
e geometric concepts (angles, length of a vector),
e ctc.
You should now be able to

o perform algebraic operations in the vector space R? and visualise them in the plane,

calculate lengths and angles,

calculate unit vectors, scale vectors,
e perform simple abstract proofs (e.g., prove that R? is a vector space).

e etc.
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Ejercicios.

1. Sean P(2,3), Q(—1,4) puntos en R? y sea 7 = <_2

3) un vector en R2.

(a) Calcule ]@

(b) Caleule | PG]|.
(c) Calcule ]TC>2 + 7.
(d)

)

d
(e

2. (a) Determine con la suma vectorial si los puntos (1,1), (4,2), (2,4) y (—1,3) forman un
paralelogramo.

(b) Repita el ejercicio anterior con los puntos (1,—3), (2,0), (3,—2) y (0,4).

Encuentre el angulo que forma ¥ con el eje x.

Encuentre el angulo que forma ]@ con el eje x.

(c) Repita el ejercicio anterior con los puntos (1,1), (2,3), (3,2) y (4,4).

2.2 Inner product in R?

In this section we will explore further geometric properties of R? and we will introduce the so-called
inner product. Many of these properties carry over almost literally to R? and more generally, to
R™. Let us start with a definition.

Definition 2.9 (Inner product). Let ¥ = <Zl) LW = <Zl) be vectors in R%. The inner product
2 2
of ¥ and W is
<’l7, U7> = VW1 + Vows.
The inner product is also called scalar product or dot product and it can also be denoted by ¥ - w.
We usually prefer the notation (7, @) since this notation is used frequently in physics and extends
naturally to abstract vector spaces with an inner product. Moreover, the notation with the dot

seems to suggest that the dot product behaves like a usual product, whereas in reality it does not,
see Remark 2.12.

Before we give properties of the inner product and explore what it is good for, we first calculate a
few examples to familiarise ourselves with it.

Examples 2.10.

(i) <(§> ,(‘é)>2.(1)+3~52+1513.

2
(i) <(2> , <2>> =22+32=4+9=13. Observe that this is equal to

3 3

(5
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o () () (6)-0)-
o () ()

Proposition 2.11 (Properties of the inner product). Let i, 7,w € R? and A\ € R. Then the
following holds.

(i) (7,v) = ||7]>. In dot notation: ¥ - v = ||7]|°.

(i) (@,7) = (v, ). In dot notation: € -V =17-u.
(iil) (@, v+ W) = (@, 7) + (¥, ). In dot notation: @ - (V+ W) =uU- U+ - .
(iv) (\i,?) = X, V). In dot notation: (\@) -0 = A4 -7) .

Proof. Let 4 = (ul), U= (Ul> and W = (w1>.
U (%) w2

(i) (¥, 0) = v} +0f = |[7]]*.

(11) <17,’l7> = U1v1 —+ U2V2 = V11U —+ VU = <’l7,17>

(iii) (@,7 + W) = <(Z;) <Z§I$§>>

= ui(v1 + wi) + ua(v2 + w2) = u1v1 + U2 + Urwi + Ugwo

- <<Z;) (2» +<<Z;> (Z;» — (@, ) + (@, D).

(iv) (\i,?) = <(§Z;) , (Ul>> = Aujv1 + Augve = AMugvy + ugve) = N, 7). O

V2

Remark 2.12. Observe that the proposition shows that the inner product is commutative and
distributive, so it has some properties of the “usual product” that we are used to from the product
in R or C, but there are some properties that show that the inner product is not a product.

(a) The inner products takes two vectors and gives back a number, so it gives back an object that
is not of the same type as the two things we put in.

(b) In Example 2.10(iv) we saw that it may happen that @ # 0 and @ # 0 but still (7, @) = 0
which is impossible for a “decent” product.
(¢) Given a vector ¥ # 0 and a number ¢ € R, there are many solutions of the equation (7, %) = ¢

for the vector Z, in stark contrast to the usual product in R or C. Look for instance at
Example 2.10(i) and (ii). Therefore it makes no sense to write something like 771

(d) There is no such thing as a neutral element for scalar multiplication.
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Now let us see why the inner product is useful. In fact, it is related to the angle between two vectors
and it will help us to define orthogonal projections of one vector onto another. Let us start with a
definition.

Definition 2.13. Let ¥, @ be vectors in R?. The angle between @ and w0 is the smallest nonnegative
angle between them, see Figure 2.10. It is denoted by <(¥, W).

S
<L
g

<

FIGURE 2.10: Angle ¢ := <(¥, W) between two vectors ¥, w.

The following properties of the angle are easy to see.

Proposition 2.14. (i) <(7, @) € [0, 7] and <(¥, W) = <(w, V).
(ii) If A > 0, then <(\7, W) = <(v, ).

g

FIGURE 2.11: Angle between the vector & and the vectors ¥ and —v. ¢ = <(W, V), ¢ = (@, —v) =
T — <YW, 0) =7 — p.

Definition 2.15. (a) Two non-zero vectors ¢ and & are called parallel if <(¥,@) =0 or 7. In
this case we use the notation ¥ || .

(b) Two non-zero vectors ¢ and W are called orthogonal (or perpendicular) if <(v,w) = /2. In
this case we use the notation ¢’ L .

(¢) The vector 0 is parallel and perpendicular to every vector.

The following properties should be intuitively clear from geometry. A formal proof of (ii) and (iii)
can be given easily after Corollary 2.20. The proof of (i) will be given after Remark 2.24.

Proposition 2.16. Let ¥, be vectors in R2. Then:
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(i) If 7 || @ and @ # 0, then there exists X € R such that T = \b.
(i) If U || W and A\, pp € R, then also AT || pad.
(iii) If ¥ L @ and A\, u € R, then also AU L pd.
Remark 2.17. (i) Observe that (i) is wrong if we do not assume that i # 0 because if @ = 0,

then it is parallel to every vector ¥ in R?, but there is no A € R such that A& could ever
become different from 0.

(ii) Observe that the reverse direction in (ii) and (iii) is true only if A # 0 and p # 0.

Without proof, we state the following theorem which should be known.

Theorem 2.18 (Cosine Theorem). Let a,b,c be the
sides or a triangle and let ¢ be the angle between the c
sides a and b. Then

= a® + b* — 2abcos . (2.1)

Theorem 2.19. Let 7, € R? and let p = <(7,). Then

—

| (@, ) = | 9][|]| cos ¢

Proof.

The vectors © and W define a triangle in R?, see
Figure 2.12. Now we apply the cosine theorem
with a = ||¥]|, b = |||, ¢ = || — w||. We obtain

17— @))* = |7 + [[]|* = 2|7l [| ] cos . (2.2)

FIGURE 2.12: Triangle given by ¢ and .
On the other hand,

6 — 12 = (5 — 0, — @) = (,5) — (7,@) — (@,8) + (&, = (7, 0) — 2(0,@) + (7, 7)
= [|4* - 2(, @) + ||| (2.3)
Comparison of (2.2) and (2.3) yields
15117 + [[0]1* = 2[|7) ]| cos = ||T]|* — 2(T, @) + |7 %,
which gives the claimed formula. O

A very important consequence of this theorem is that we can now determine if two vectors are
parallel or perpendicular to each other by simply calculating their inner product as can be seen
from the following corollary.

Corollary 2.20. Let 7, € R? and ¢ = <(¥, ). Then:
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(i

@ = 7] ld] = [(7, D).
i) v L <= (¢,d)=0.

(iii) Cauchy-Schwarz inequality: |(T,@)| < ||U]| ||7]|-

)
)
)
(iv) Triangle inequality:

17+ | < [|9]] + [ (2.4)

Proof. The claims are clear if one of the vectors is equal to 0 since the zero vector is parallel and
orthogonal to every vector in R?. So let us assume now that ' # 0 and @ # 0.

(i) From Theorem 2.19 we have that [(¢, )| = ||¥] ||&] if and only if |cos¢| = 1. This is the
case if and only if ¢ = 0 or 7, that is, if and only if ¥ and W are parallel.

(ii) From Theorem 2.19 we have that [(7, )| = 0 if and only if cos ¢ = 0. This is the case if and
only if ¢ = 7/2, that is, if and only if ¥ and @ are perpendicular.

(iii) By Theorem 2.19 we have that [(7', @)| = ||| ||@]| | cos | < ||9]| ||@]| since 0 < |cosp| < 1 for
v € [0, 7).

(iv) Consider the triangle whose sides are ¥, @ and
¥ 4+ @ and let ¢ be the angle opposite to the side
U+ (hence ¢ = m—<(¥,w)). The cosine theorem
gives

17+ @)1* = |91 + [|&]|* + 25| &]| cos
< 11 + 1)1 + 27| o]
= ([|a]] + [}])*.
Taking the square root on both sides gives us the desired inequality. O

Question 2.1

When does equality hold in the triangle inequality (2.4)? Draw a picture and prove your claim
using the calculations in the proof of (iv).

Exercise. Prove (ii) and (iii) of Proposition 2.16 using Corollary 2.20.

Exercise. (i) Prove Corollary 2.20 (iii) without the cosine theorem.
Hint. Start with the inequality 0 < H || @] T— ||7]| W H2 and expand the right hand side similar
as in the proof of Proposition 8.6. You will find that 0 < 2||||?||7]|? — 2((7, w))?.
(ii) Prove Corollary 2.20 (iv) without the cosine theorem.
Hint. Cf. the proof of the triangle inequality in C™ (Proposition 8.6).

We give a proof of (iii) and (iii) in Proposition 8.6 without the use of the cosine theorem which
works also in the complex case.
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Example 2.21. Theorem 2.19 allows us to easily calculate the angle of a given vector with the
x-axis and the y-axis (see Figure 2.13):

COS Py = &) COS (py, = v, &)
“ o elled” RGeS
If we now use that ||€1|| = ||€2]] = 1 and that (¥,&;) = v; and (¥,€) = vs, then we can simplify
the expressions to
V1 U2
COS Py = 57 COS(,O‘ = 7=
o ar ol
Y
ol Oy

\\H xT
T

FIGURE 2.13: Angle of ¢ with the axes.

You should have understood

e the concepts of being parallel and of being perpendicular,

e the relation of the inner product with the length of a vector and the angle between two
vectors,

e that the inner product is commutative and associative, but that it is not a product,

e etc.
You should now be able to

e calculate the inner product of two vectors,
e use the inner product to calculate angles between vectors
e use the inner product to determine if two vectors are parallel, perpendicular or neither,

e etc.

Ejercicios.

1. Sea ¥ = (g) € R2.

(a) Encuentre todos los vectores unitarios cuya direccién es opuesta a la de ¥.
(b) Encuentre todos los vectores de longitud 3 que tienen la misma direccién que 9.

(c) Encuentre todos los vectores que tienen la misma direccién que ¥ y que tienen doble
longitud de v.
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(d) Encuentre todos los vectores con norma 2 que son ortogonales a .

2. Para los siguientes vectores @ y ¥ decida si son ortogonales, paralelos o ninguno de los dos.
Calcule el coseno del angulo entre ellos. Si son paralelos, encuentre nimeros reales A y p tales

que U=\l y U = pv.

oY w0l
o) ()

3. (a) Para las siguientes parejas U y @ encuentre todos los a € R tal que ¥ y @ son paralelos:

o) (3) W (e (1)
o oo (3 () ()

(b) Para las siguientes parejas ' y @ encuentre todos los o € R tal que ¢ y w0 son perpen-

diculares:

(i) 7= (D,w=<o‘2), (i) 6:(2),@:(‘;), (iii) o= ((;)7@:(1;@)_
4. Sean @ = <§) yb= (_1)

(a) Encuentre todos los a € R tales que:
(i) afl b;
(i) @ L b;
(iii) el &ngulo entre @y bes F;
(iv) el éngulo entre @ y b es T;
51

(v) el d4ngulo entre @ y b es %

(b) {Hacfa donde tiende el dngulo entre @ y b cuando o — 00 6 o — —00?

Haga un dibujo de cada caso.

2.3 Orthogonal Projections in R?

Let ¥ and @ be vectors in R? and @ # 0. Geometrically, we have an intuition of what the orthogonal
projection of ¥ onto w should be and that we should be able to construct it as described in the
following procedure: We move ¢ such that its initial point coincides with that of w. Then we
extend w to a line and construct a line that passes through the tip of ¢ and is perpendicular to .
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The vector from the initial point to the intersection of the two lines should then be the orthogonal
projection of U onto w. see Figure 2.14

. 0]
U

SN

FIGURE 2.14: Some examples for the orthogonal projection of @ onto @ in RZ.

This procedure decomposes the vector ¢ in a part parallel to W and a part perpendicular to @ so
that their sum gives us back . The parallel part is the orthogonal projection of ¥ onto .

In the following theorem we give the precise meaning of the orthogonal projection, we show that
a decomposition as described above always exists and we even derive a formula for orthogonal
projection. A more general version of this theorem is Theorem 7.30.

Theorem 2.22 (Orthogonal projection). Let @ and @ be vectors in R? and & # 0. Then there
exist uniquely determined vectors U and vy (see Figure 2.15) such that

The vector v) is called the orthogonal projection of ¥ onto w and it is given by

(7, )

@. (2.6)

u =

Kaill

<
S
'_

o)

U = projz v
V|| = proj; v

FIGURE 2.15: Examples of decompositions of ¥ into ¥ = %) + ¥, with @) || @ and ¥, L @. Note that
by definition ¥ = proj;v.
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Proof. Assume we have vectors v and ¥ satisfying (2.5). Since ¥ and  are parallel by definition

and since @ # 0, there exists A € R such that U = A, so in order to find @) it is sufficient to
determine \. For this, we notice that ¢ = At + ¥, by (2.5). Taking the inner product on both
sides with 0 leads to

(@,0) = (M0 + T, @) = (M, @) + (F1, @) = (M, ) = N, @) = Al|a]?
= 0 since v, L W
(v, @)

— )\ = = .
[

So if a sum representation of ¥ as in (2.5) exists, then the only possibility is

—

v, W) L
J_—’U_UH—'U_

2

w and v, 1112) 0.

”|\=W=<

[ ]

This already proves uniqueness of the vectors ¥ and o . It remains to show that they indeed have
the desired properties. Clearly, by construction 9 is parallel to @ and ¢ = @) + v/, since we defined
v, =U— HH. It remains to verify that ¥/, is orthogonal to w. This follows from

(5L ,0) = <17— <q7’w>w,w> = (¥,0) — <<U’“7>uxu7> B R S GELL) g

]2 ][

where in the last step we used that (@, @) = ||||>. O
Notation 2.23. Instead of v} we often write proj; ¥, in particular when we want to emphasise
onto which vector we are projecting.
Remark 2.24. (i) proj,; ¢ depends only on the direction of «. It does not depend on its length.

(ii) For every ¢ € R, we have that proj;(ct)) = ¢proj; v.
(iii) As special cases of the above, we find proj;(—¥) = — proj; ¥ and proj_; ¥ = projz v.
(iv) || & = projgv="7.

v)

)

(vi) projg ¥ is the unique vector in R? such that

<y

1l = projwﬂ':ﬁ.

—~

(U —projz¥) LU and projgzv | .

Proof. (i): By our geometric intuition, this should be clear. Let us give a formal proof. Suppose
we want to project ¥ onto cw for some ¢ € R\ {0}. Then

o vy, o (T,W) .o
(cwW) = ——— (cW) = =W = projz v.
c?||w|? (Kail “

Projegs v =

Convince yourself graphically that it does not matter if we project ¥ on w or on 5w or on —%w;
only the direction of «J matters, not its length.
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(ii): Again, by geometric considerations, this should be clear. The corresponding calculation is

. _, cv, W) , cv,d) L
proi) = gl = Sl = cprois

(iii) follows directly from (i) and (ii).

(iv), (v) and (vi) follow from the uniqueness of the decomposisition of the vector ¥ as sum of a
vector parallel and a vector perpendicular to . O

Now the proof of Proposition 2.16 (i) follows easily.

Proof of Proposition 2.16 (i). We have to show that if @ || @ and if i # 0, then there exists A € R

such that @ = A¥. From Remark 2.24 (iv) it follows that ¥ = proj; ¢ = <H ‘> hence the claim

en
, W)

follows if we can choose \ = % O

We end this section with some examples.

Example 2.25. Let @ = 261 + 365, U = 46; — &5.

(i) proje, @ = {EH& = & = 281,
(i) proje, @ = {EHE = 58 = 3.
(iii) Similarly, we can calculate projs, ' = 4€, projs, v = —€>.
(6)-(3))
(iv) projgi= oW g o M\ N/ g 828 5 55, 5 (2)
o [l 22432 13 13\3
4 2
(v) projgit= B g MY A/ 828 5 5. 5 (4
e T A AR T e
Example 2.26 (Angle with coordinate axes). Let ¢ ( ) € R?\ {0}. Then cos<(7,&,) =
TaT €os <(V,8) = ﬁ hence
. a L, [ cos <t(U, € [ COS Py
7= (5) = e (S stme) < g (5
b cos (U, &) COS Py
and

projection of ¥' onto the z-axis = projz, v = ||]| cos <(,

)
)

€1) &1 = ||¥]| cos p, €1,
projection of ¥ onto the y-axis = projs, v = ||7]| cos <(¥, &) & = ||T]| cosp, €.
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Question 2.2
Let @ be a vector in R? \ {0}.

(i) Can you describe geometrically all the vectors ¥ whose projection onto & is equal to 07
(ii) Can you describe geometrically all the vectors ¥ whose projection onto w have length 27

(iii) Can you describe geometrically all the vectors ¥ whose projection onto w have length 3||||?

You should have understood

o the concept of orthogonal projections in R?,
e why the orthogonal projection of w onto @ does not depend on the length of j,

e etc.
You should now be able to

e calculate the projection of a given vector onto another vector,
e calculate vectors with a given projection onto another vector,

e etc.

Ejercicios.

L (1 ~ (5
1. Sean @ = (3) yb= (2>

(a) Calcule proj; @ y projz b.

(b) Encuentre todos los vectores o € R? tal que | proj;¥]| = 0. Describa este conjunto
geométricamente.

(c) Encuentre todos los vectores & € R? tal que | proj; 7| = 2. Describa este conjunto
geométricamente.

(d) ;Existe un vector & tal que proj, Z || b?
(Existe un vector & tal que projza || b?
(Existe un vector & tal que projzd = b?

2.4 Vectors in R"

In this section we extend our calculations from R? to R™. If n = 3, then we obtain R® which
usually serves as model for our everyday physical world and which you probably already are familiar
with from physics lectures. We will discuss R? and some of its peculiarities in more detail in the
Section 2.5.

First, let us define R™.
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46 2.4. Vectors in R"

Definition 2.27. For n € N we define the set

Z1
R" = D T1,...,Tn ER

Tn

Again we can think of vectors as arrows. As in R?, we can identify every point in R” with the arrow
that starts in the origin of coordinate system and ends in the given point. The set of all arrows

with the same length and the same direction is called a vector in R™. So every point P(p1,...,pn)
p1

defines a vector ¥ = | : | and vice versa. As before, we sometimes denote vectors as (pi, ..., )t
Pn

in order to save (vertical) space. The superscript ¢ stands for “transposed”.

R"™ becomes a vector space with the operations

U1 w1 v1 + wy CcU1
R*"xR" = R", ¥+w= | : | + : = ’ , RxR" = R" cv= : . (2.7)

Un Wy, Up + Wy CUp,

Exercise. Show that R™ is a vector space. That is, you have to show that the vector space
axioms on page 31 hold.

As in R?, we can define the norm of a vector, the angle between two vectors and an inner product.
Note that the definition of the angle between two vectors is not different from the one in R? since
when we are given two vectors, they always lie in a common plane which we can imagine as some
sort of rotated R2. Let us give now the formal definitions.

Cat w1
Definition 2.28 (Inner product; norm of a vector). For vectors ¥ = | ! | and @ =

U’n wn
the inner product (or scalar product or dot product) is defined as

U1 w1
<177117>_< s >_’Ulw1++vnwn
Up wp,
vy
The length of = [ : | € R" is denoted by ||7]| and it is given by
Un
1]l = /o + - 4o

Other names for the length of ¢ are magnitude of v or norm of v.
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As in R?, we have the following properties:

- =

(i) Symmetry of the inner product: For all vectors 0, w € R™, we have that (¥, ) = (&, v).

(ii) Bilinearity of the inner product: For all vectors @, v, € R™ and all ¢ € R, we have that
(@,0+ ey = (4@, 0) + (U, 7).

(iii) Relation of the inner product with the angle between vectors: Let U, € R™ and let ¢ =
<(0, ). Then
(7, d) = [[0]| || ]| cos .

In particular, we have (cf. Proposition 2.16):

(a) | @
(b) 1@

Remark 2.29. In abstract inner product spaces, the inner product is actually used to define
orthogonality.

<L

(0, @)] = IIUH [,

[

<>

|
(5,0 =

(iv) Relation of the inner product with the norm: For all vectors ¥ € R"™, we have ||7]|> = (7, 7).

(v) Properties of the norm: For all vectors U, w € R™ and scalars ¢ € R, we have that ||ct]| = |¢|||7]|
and |0+ || < [|7] + |||

(vi) Orthogonal projections of one vector onto another: For all vectors ¥, € R™ with & # 0 the
orthogonal projection of ¥ onto w is

@. (2.8)

1 0 0

0 1 :

é’1 = ) é’2 = . ) ) én = .
: 0

0 0 1

In the special case n = 3, the vectors €, € and €3 are sometimes denoted by 1,7, k.

For a given vector ¥ # 0, we can now easily determine its projections onto the n coordinate axes
and its angle with the coordinate axes. By (2.8), the projection onto the x;-axis is

projg, U = v;€;.
Let ¢; be the angle between ¢ and the x;-axis. Then

0.8) v,
= < - — = — = ——
#i = 0.8) 08 Pe = TSN~ el
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48 2.5. Vectors in R3 and the cross product

Cos p1
It follows that ' = ||¥]| : . Sometimes the notation
oS @,
COS 1
o= =lall |
V= 757 = ||V
gl
oS @,

—

is used for the unit vector pointing in the same direction as ¢. Clearly ||9]] = 1 because ||9] =
17| 17| = ||| ~1||¥]| = 1. Therefore © is indeed a unit vector pointing in the same direction as
the original vector ¥.

You should have understood

e the vector space R" and vectors in R,
e geometric concepts (angles, length of a vector) in R,
o that R? from chapter 2.1 is a special case of R™ from this section,
e ctc.
You should now be able to
e perform algebraic operations in the vector space R3 and, in the case n = 3, visualise them
in space,
e calculate lengths and angles,
e calculate unit vectors, scale vectors,

e perform simple abstract proofs (e.g., prove that R™ is a vector space).

e etc.
Ejercicios.
2 0
1 Seand=| 1| yo=|?]. catcutar:
. ean a = 0 Yy o= 5 . alcular:
3 1
(a) 4d+ 3b. (c) (@ — b+ 38 ,b— 58 + &).
(b) 3@ — 28] (d) proj;a.

2.5 Vectors in R? and the cross product

The space R? is very important since it is used in mechanics to model the space we live in. On
R3 we can define an additional operation with vectors, the so-called cross product. Another name
for it its vector product. It takes two vectors and gives back another vector. It does have several
properties which makes it look like a product, however we will see that it is not a product. Here
is its definition.
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U1 wq
Definition 2.30 (Cross product). Let @ = vy |, @ = | wa | € R®. Their cross product (or
V3 ws
vector product or wedge product) is
U1 w1 VW3 — V3W2
T X W= V9 X Wo = | V3w — V1W3
U3 w3 V1w — VW

Another notation for the cross product is ¥ A .

A way to remember this formula is as follows. Write the first and the second component of the
vectors underneath them, so that formally you get a column of 5 components. Then make crosses
as in the sketch below, starting with the cross consisting of a line from vy to w3 and then from wy
to v3. Each line represents a product of the corresponding components; if the line goes from top
left to bottom right then it is counted positive, if it goes from top right to bottom left then it is
counted negative.

VW3 — V3W2

U3wy — U1W3

V1W2 — V2Wy

The cross product is defined only in R3!

Before we collect some easy properties of the cross product, let us calculate a few examples.

1 5
Examples 2.31. Letu= |2 |, 7= |6
3 7
1 5 2:-7—3-6 14 — 18 —4
e ixT=[2|x|[6]|=[3-5—-1-7T]=]1-T7]|]= 81,
3 7 1-6—-2-5 6 — 10 —4
5 1 6-3—7-2 18— 14 4
e ixu=[6|x[2|=(7-1-5-3]=|T7-156|=|-8],
7 3 5.2—-6-1 10-6 4
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50 2.5. Vectors in R3 and the cross product

Proposition 2.32 (Properties of the cross product). Let i, 7w € R® and let c € R. Then:

\zuﬁxa, zuaxﬁ\

In other words: the vector U X W is orthogonal to both U and .
Proof. The proofs of the formulas (i) — (iv) are easy calculations (you should do them!).

(v) The implication “=" is easy to check. The other direction follows easily from Theorem 2.34
below. Or it can be seen as follows: Let us assume that @ x ¢ = 0. If ¥ = 0, then clearly
U || @. If ¥ # 0, then we write @ = @+ b where @ = projzw and b L v. We need to show that

b= 0. Using that 7 x @ = 0 (because they are parallel), we obtain that

v2bs — v3ba
O=17><u7:17><(&'—|—)=(17><6)+(17>< )ZﬁXb: ’U3b1—1}1b3
’Ulbg—vgbl

In addition we know that (v,b) = 0. So in total we have four linear equations for the three

components by, by, bg of b:
’Ugbg - 1}3b2 = O, 1)31)1 - ’Ulbg = 0, Ulbg - 1)21)1 == 0, Ulbl + Ugbg + U3l)3 =0.

Since @ # 0, at least one of its components is diffrerent from 0. Let as asssume that vy # 0.
Then we can solve for b and b3 in the second and third equation and obtain that by = %bl
and b3 = %bl' If we subsitute this in the last equation, we find that

2 2 —112
v3 U3 bi, o 2 2 1Kl
0= Ulbl + abl + abl = E(Ul +'U2 +'U3) = blT
Since U # 6, it follows that b; = 0, but then also by = %bl = 0 and b3 = %bl =0. In

summary, b = 0 as we wanted to show.
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(vi) The proof is a long but straightforward calculation:

Ul U1 w1 U1 VW3 — V3W2
Uz | 5, | V2| X | w2 = Uz | 5 | V3W1 — W3l
us U3 w3 us V1w — V2wq

= w1 (vowz — v3wa) + Uz (Vzwr — Viws) + ug(viwe — vown)

(i, 7 x )

= U1V2W3 — UIV3W2 + UV3W] — UV1W3 + UV1 W2 — UV2W]
= UV3W1 — U3V2W1 + UVIW2 — UIV3W2 + UIV2W3 — U2V W3
= (UQ’Ug — U31)2)w1 + (Ug’l]l — Ulvg)’wg -+ (ulvg — UQ’Ul)’UJg

= (U x U, ).
(vii) It follows from (vi) and (v) that

(@, @x0) = (@x@,0)=(0,0)=0 and (7,0 x70) =—(7,7xd)=0. O
Note that the cross product is distributive but it is neither commutative nor associative.

Exercise. Prove the formulas in (i) — (iv) and the implication “=" in (v).

A geometric interpretation of the number (@, ¢ x @) from (vi) will be given in Proposition 2.36.

Remark 2.33. The property (vii) explains why the cross product makes sense only in R?. Given
two non-parallel vectors ¢ and W, their cross product is a vector which is orthogonal to both of
them and whose length is ||9/]| ||| sin ¢ (see Theorem 2.34; ¢ = <((U,w)) and this should define the
result uniquely up to a factor +1. This factor has to do with the relative orientation of ¢ and W to
each other. However, if n # 3, then one of the following holds:

o If we were in R?, the problem is that “we do not have enough space” because then the only
vector orthogonal to @ and @ at the same time would be the zero vector 0 and it would not
make too much sense to define a product where the result is always 0.

e If we were in some R™ with n > 4, the problem is that “we have too many choices”. We will
see later in Chapter 7.3 that the orthogonal complement of the plane generated by ¢ and @
has dimension n — 2 and every vector in the orthogonal complement is orthogonal to both
¥ and w. For example, if we take ¢ = (1,0,0,0)" and @ = (0,1,0,0)*, then every vector of
the form @ = (0,0, z,y)? is perpendicular to both # and @ and it easy to find infinitely many
vectors of this form which in addition have norm ||7]| ||| sinp = 1 (@ = (0,0, sin¥, + cos 9)*
for arbitrary ¥ € R works).

Recall that for the inner product we proved the formula (¢, @) = ||0|| ||| cos ¢ where ¢ is the angle
between the two vectors, see Theorem 2.19. In the next theorem we will prove a similar relation

for the cross product.

Theorem 2.34. Let ¥,% be vectors in R® and let o be the angle between them. Then

(115 x @] = 7] ] sin o |
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52 2.5. Vectors in R3 and the cross product

Proof. A long, but straightforward calculation shows that ||7 x | = ||#]|?||@]|*> — (¥, w)2. Now it
follows from Theorem 2.19 that

17 % |* = &)1 |@]]* — (7, @)* = |7 [[]]* — [|]][|5]*(cos )
= [|7)*145]|* (1 — (cos ©)?) = [|5]*[|7]|* (sin ¢)*.
If we take the square root of both sides, we arrive at the claimed formula. (We do not need to
worry about taking the absolute value of sin ¢ because ¢ € [0, 7], hence sing > 0.) O

Exercise. Show that |7 x % = ||7]|?||@]|? — (¥, w)>.

Application: Area of a parallelogram and volume of a parelellepiped
Area of a parallelogram

Let @ and w be two vectors in R®. Then they define a parallelogram (if the vectors are parallel or
one of them is equal to 0, it is a degenerate parallelogram).

w
FIGURE 2.16: Parallelogram spanned by ¢ and .

Proposition 2.35 (Area of a parallelogram). The area of the parallelogram spanned by the
vectors U and W s

A =||7 x . (2.9)
Proof. The area of a parallelogram is the product of the length of its base with the height. We
can take W as base. Let ¢ be the angle between @ and ¢. Then we obtain that h = ||¥/]| sin¢ and
therefore, with the help of Theorem 2.34

A = @[k = |[][[|] sinp = |7 x @] O

Note that in the case when ¥ and  are parallel, this gives the right answer A = 0.

Volume of a paralellepiped

Any three vectors in R? define a parallelepiped.
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—

broj.

FI1GURE 2.17: Parallelepiped spanned by i, ¥/, .

Proposition 2.36 (Volume of a parallelepiped). The volume of the parallelepiped spanned by
the vectors U, U and W is

V= (@7 x @)|. (2.10)

Proof. The volume of a parallelepiped is the product of the area of its base with the height. Let us
take the parallelogram spanned by v, w as base. If ¥ and w are parallel or one or them is equal to
0, then (2.10) is true because V =0 and @ x @ = 0 in this case.

Now let us assume that they are not parallel. By Proposition 2.35 we already know that its base
has area A = ||’ X @||. The height is the length of the orthogonal projection of @ onto the normal
vector of the plane spanned by ¢ and w. We already know that ¢ x « is such a normal vector.
Hence we obtain that

. (@, % ) (@,7 x ) (@7 x )
b — ot [\ X W) 5 gl = WU X W)l
vt = | o o] = (e i o = MR 2
Therefore, the volume of the parallelepiped is
O
V:Ah:||ﬁxw||WZ|<a’,wa>|. O
U X W

Note that in the case when two of the vectors u, ¥ and w are parellel, the formula gives the right
answer that he volume of the parellelepiped is 0.

Corollary 2.37. Let i@, v,% € R3. Then
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Proof. The formula holds because each of the expressions describes the volume of the parallelepiped
spanned by the three given vectors since we can take any of the sides of the parallelogram as its
base. O

You should have understood

e the geometric interpretations of the cross product,
e why it exists only in R3

o etc.
You should now be able to

e calculate the cross product,

use it to say something about the angle between two vectors in R3,

use it calculate the area of a parallelogram and the volume of a parallelepiped,

e etc.

Ejercicios.

1. (a) Calcule el area del paralelogramo cuyos vértices adyacentes son A(1,2,3), B(2,3,4),
C(—1,2,-5) y calcule el cuarto vértice.
(b) Calcule el drea del tridngulo con los vértices A(1,2,3), B(2,3,4), C(-1,2,-5).
(¢) Encuentre un punto P tal que el drea del tridngulo con vértices B, C, P sea igual a 13.
; Cuantos tales puntos P hay? Describalos geométricamente.

2. Calcule el volumen del paralelepipedo determinado por los vectores

5 -1 1
u= |21, v= 4|, w=1[-2
1 3 7
3. Use el producto cruz para encontrar el seno del angulo formado por los vectores
2 -3
1)y | -2
-1 4
2
4. Encuentre todos los vectores @ € R3 tales que @ L | —1| ya L 0| ;Cuédntos de ellos
-3
1 8
tienen norma 17 ;Cudles tales @ satisfacen quea x | —1 | = [ -2 |?
2 -5

2.6 Lines and planes in R?

In this section we discuss lines and planes and how to describe them in formulas. In the next
section, we will calculate, e.g., intersections between them. We work mostly in R? and only give
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some hints on how the concepts discussed here generalise to R™ with n # 3. The special case n = 2
should be clear.

The formal definition of lines and planes will be given in Definition 5.57 because this requires the
concept of linear independence. (For the curious: a line is an (affine) one-dimensional subspace of
a vector space; a plane is an (affine) two-dimensional subspace of a vector space; a hyperplane is an
(affine) (n — 1)-dimensional subspace of an n-dimensional vector space). In this section we appeal
to our knowledge and intuition from elementary geometry.

Lines

Intuitively, it is clear what a line in R? should be. In order to describe a line in R? completely, it
is not necessary to know all its points. It is sufficient to know either

(a) two different points P, @ on the line
or

(b) one point P on the line and the direction of the line.

FIGURE 2.18: Line L given by: two points P, @ on L; or by a point P on L and the direction of L.

Clearly, both descriptions are equivalent because: If we have two different points P, Q) on the line
L, then its direction is given by the vector PQ If on the other hand we are given a point P on L
and a vector ¥ which is parallel to L, then we easily get another point Q on L by OQ OP + 7.

Now we want to give formulas for the line.

Vector equation of a line‘

Given two points P(p1, p2,p3) and Q(q1, g2, g3) with P # @, there is exactly one line L which passes
through both points. In formulas, this line is described as

. p1+ (@ —p1)t
:{op+tPQ;teR}: prt(ge—pa)t| teRY. (2.11)
p3 + (g3 — p3)t
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U1
If we are given a point P(p1,p2,p3) on L and a vector ¥ = | vy | # 0 parallel to L, then
U3

. 1+ it
L:{OP+t17:teR}: pytust| tERY. (2.12)
p3 + vzt
The formulas are easy to understand. They say: In order to trace the line, we first move to an
arbitrary point on the line (this is the term OP) and then we move an amount ¢ along the line.
With this procedure we can reach every point on the line, and on the other hand, if we do this,
then we are guaranteed to end up on the line.
The formulas (2.11) and (2.12) are called vector equation for the line L. Note that they are the
same if we set v1 = ¢1 — p1, V2 = g2 — P2, V3 = g3 — p3. We will mostly use the notation with the
v’s since it is shorter. The vector ¥ is called directional vector of the line L.

Question 2.3

Is it true that E passes through the origin if and only if OP =07

Remark 2.38. It is important to observe that a given line has many different parametrisations.

e The vector equation that we write down depends on the points we choose on L. Clearly, we
have infinitely many possibilities to do so.

e Any given line L has many directional vectors. Indeed, if ¥ is a directional vector for L, then
¢t is so too for every ¢ € R\ {0}. However, all possible directional vectors are parallel.

Exercise. Check that the following formulas all describe the same line:

1 6 1 12

() Ly=< (2] +t|5]:teR}, Gi)Ly={[2]+t|10]:ter},
3 4 3 8
13 6

(i) Ls={ [12]| +¢ 5] :teRr
11 4

Question 2.4

e How can you see easily if two given lines are parallel or perpendicular to each other?

e How would you define the angle between two lines? Do they have to intersect so that an
angle between them can be defined?

Parametric equation of a line

From the formula (2.12) it is clear that a point (x,y, z) belongs to L if and only if there exists t € R
such that

r=p+tvy, Yy=p2+tvs, z=p3+tus. (2.13)
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If we had started with (2.11), then we would have obtained
r=p1+ilq—p1), y=p2+ile2—p2), 2=ps+1i(gs—ps). (2.14)

The system of equations (2.13) or (2.14) are called the parametric equations of L. Here, t is the
parameter.

Symmetric equation of a line‘

Observe that for (z,y, z) € L, the three equations in (2.13) must hold for the same ¢. If we assume
that vy, vs,v3 # 0, then we can solve for ¢ and we obtain that

U1 U2 U3

r—pr  Y—p2 Z2—P3 (2.15)

If we use (2.14) then we obtain

r—pr  Y—p2  Z2—DP3 (2.16)

@i—p1 @—DP2  G3—Dp3

The system of equations (2.15) or (2.16) is called the symmetric equation of L.

If for instance, v; = 0 and v, v3 # 0, then the line is parallel to the yz-plane and its symmetric
equation is
Yy—p2 _ Z2—DP3

T = P1, =
U2 U3

If v1 = v = 0 and vz # 0, then the line is parallel to the z-axis and its symmetric equation is
r=p1, Yy=p2, z€R

Representations of lines in R".

In R"™, the vector form of a line is
L= {O_]5+t17:teR}
for fixed P € L and a directional vector ¢. Its parametric form is
1 =p1 +tvy, x2=p24+tva, ..., Tp=Dpy+1tUy, teR,
and, assuming that all v; are different from 0, its symmetric form is

Li—p1_Z2—pP2 Tn—Pn

U1 V2 Un

Last Change: So 24. Mai 00:54:14 CEST 2026
Linear Algebra, M. Winklmeier



58 2.6. Lines and planes in R?
1
R.
IL' .
¢ P
Pe Q =

(a) (b) ()

FIGURE 2.19: Plane E given by: (a) three points P,Q, R on E, (b) a point P on E and two vectors
¥, w parallel to E, (c) a point P on E and a vector 7 perpendicular to E.

Question 2.5. Normal form of a line.

In R?, there is also the normal form of a line:
L:ax+by=d (2.17)

where a,b and d are fixed numbers. This means that L consists of all the points (z,y) whose
coordinates satisfy the equation ax + by = d.

(i) Given a line in the form (2.17), find a vector representation.

(ii) Given a line in vector representation, find a normal form (that is, write it as (2.17)).
(iii) What is the geometric interpretation of a,b? (Hint: Draw the line L and the vector (Z) 2

(iv) Can this normal form be extended/generalised to lines in R3? If it is possible, how can it
be done? If it is not possible, explain why not.

Planes

In order to know a plane F in R3 completely, it is sufficient to know

(a) three points P, @, R on the plane that do not lie on a a common line,
or

(b) one point P on the plane and two non-parallel vectors ¢, @ which are both parallel the plane,
or

(¢) one point P on the plane and a vector 7 which is perpendicular to the plane,
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St

FIGURE 2.20: Plane F given with three points P, Q, R on E, two vectors ﬁé, PR parallel to F/, and a
vector 7i perpendicular to E. Note the 7 || PQ X PR.

First, let us see how we can pass from one description to another. Clearly, the descriptions (a) and
(b) are equivalent because given three points P, @, R on E which do not lie on a line, we can form
the vectors P—Q and PR. These vectors are then parallel to the plane E but are not parallel to each
other. (Of course, we also could have taken QR and QP or RP and R(Q).) If, on the other hand,
we have one point P on E and two vectors ¥ and W, parallel to E and ¥ || o, then we can easily get
two other points on E, for instance by OQ OP + @ and OR = OP + . Then the three points
P,Q, R lie on E and do not lie on a line.

‘Vector equation of a plane|

In formulas, we can now describe our plane E as

8

E=<(z,y,2): |y = OP + sv + tw for some s,t € R

W

As in the case of the vector equation of a line, it is easy to understand the formula. We first move
to an arbitrary point on the line (this is the term OP) and then we move parallel to the plane as
we please (this is the term s¥ + tw). With this procedure we can reach every point on the plane,
and on the other hand, if we do this, then we are guaranteed to end up on the plane.

Question 2.6

Is it true that E passes through the origin if and only if OP =07

‘Normal form of a plane

Now we want to use the normal vector of the plane to describe it. Assume that we are given a
point P on E and a vector 77 perpendicular to the plane. This means that every vector which is
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parallel to the plane F must be perpendicular to 7. If we take an arbitrary point Q(z,y,2) € R?,
then @) € FE if and only if PQ is parallel to E, that means that PQ is orthogonal to 7. Recall that
two vectors are perpendicular if and only if their inner product is 0, so @ € F if and only if

. ny T —p1
0=(n,PQ)= ng |, |y —Dp2 =ni(z — p1) +na(y — p2) +n3(z — p3)
n3 zZ—p3

= n1x + nay + N3z — (n1p1 + naps + n3p3)

If we set d = n1p1 + nopa + nsps, then it follows that a point Q(x,y, z) belongs to F if and only if
its coordinates satisfy
n1xT + nay + n3z = d. (2.18)

Equation (2.18) is called the normal form for the plane FE and 7 is called a normal vector of E.

Notation 2.39. In order to define E, we write F : nix + noy + n3z = d. As a set, we denote E as
E ={(z,y,2) : nqx + noy + n3z = d}.

Exercise. Show that F passes through the origin if and only if d = 0.

Remark 2.40. As before, note that the normal equation for a plane is not unique. For instance,
r+2y+32=5 and 2¢ + 4y + 62 =10

describe the same plane. The reason is that “the” normal vector of a plane is not unique. If 77 is
normal vector of the plane F, then every cri with ¢ € R\ {0} is also a normal vector to the plane.

Definition 2.41. The angle between two planes is the angle between their normal vectors.

Note that this definition is consistent with the fact that two planes are parallel if and only if their
normal vectors are parallel.

Remark 2.42. e Assume a plane is given as in (b) (that is, we know a point P on E and two
vectors ¥ and o parallel to E but with ¥ |f ). In order to find a description as in (c) (that is
one point on E and a normal vector), we only have to find a vector 7 that is perpendicular to
both ¥ and @. Proposition 2.32(vii) tells us how to do this: we only need to calculate ¢ x .
Another way to find an appropriate 7 is to find a solution of the linear 2 x 3 system given by
{(¥,7) =0, (¥,n) =0}.

e Assume a plane is given as in (c) (that is, we know a point P on E and a normal vector). In
order to find vectors ¢ and o as in (b), we can proceed in many ways:

— Find two solutions of (Z,7) = 0 which are not parallel.

— Find two points @, R on the plane such that P—Q H/P—Rt Then we can take ¢ = P—Cj and
@ = PR.

— Find one solution ¢ # 0 of (,7) = 0 which is usually easy to guess and then calculate
w = ¥ x 11. The vector @ is perpendicular to 77 and therefore it is parallel to the plane.
It is also perpendicular to ¢ and therefore it is not parallel to ¥. In total, this vector W
does what we need.
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Representations of planes in R™.

In R™, the vector form of plane is
E={OP +t7+s0:t R}

for fixed P € F and a two vectors v, w parallel to the plane but not parallel to each other.

Note that there is no normal form of a plane in R™ for n > 4. The reason it that for n > 4, there
are more than just one normal directions to a given plane, so a normal form of a plane F must
consist of more than one equations (more precisely, it must consist of n — 2 equations of the form
nixy + ... Npk, = d).

You should have understood

o the concept of lines and planes in R3,
e how they can be described in formulas,

e etc.
You should now be able to

e pass easily between the different descriptions of lines and planes,

e etc.

Ejercicios.

1. Mostrar que las siguientes ecuaciones describen la misma recta:

1 4 1 8 1 —4

21 +t(5 teR >, 21 +t110]) :teR,, 21+t -5 :teR,,
3 6 3 12 3 —6

5 4 c—1 y—2 2-3 243 y+3 243

7 t|5]:teRy, = = , - —

9 + 6 4 5 6 4 5 6

2. Dadas lineas Ly y Ly y el punto P,

(i) determine si Ly y Lo son paralelas,
(ii

)

) determine si Ly y Lo tienen un punto de interseccién,
(iii) determine si P pertenece a Lj y/o a Lo,

)

(iv) encuentre una recta paralela a Lo que pase por P.

3
(a) Ly : 7(t) = 451 +t| -1, Lo:zf=22=21 P(5211).
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2 1
) Ly:7t)=| 1| +t(2|, Ly:iaz=t+1, y=3t—4, z=—t+2, P(5,7,2).
-7 3

3. En R3 considere el plano E dado por E : 3z — 2y + 4z = 16.

Encuentre por lo menos tres puntos que pertenecen a F.

(a
(b
(¢

(d) Encuentre un punto en E y dos vectores @ y ben E cond L b.

Encuentre un punto en E y dos vectores ¥ y @ en E que no son paralelos entre si.

)
)
) Encuentre un punto en E y un vector 7i que es ortogonal a E.
)

4. Para los puntos P(1,1,1), Q(1,0,—1) y los siguientes planos F,

(i) encuentre la ecuacién del plano.
(ii) determine si P pertenece al plano.

(iii) encuentre una recta que esté ortogonal a E y que contenga al punto Q.

(a) F es el plano que contiene al punto A(1,0,1) y es paralelo a los vectores

1 3
v=\1]yud=12
0 1

(b) E es el plano que contiene los puntos A(1,0,1), B(2,3,4), C(3,2,4).

(c) E es el plano que contiene el punto A(1,0,1) y es ortogonal al vector 77 = | 2

2.7 Intersections of lines and planes in R?

‘ Intersection of lines ‘

Given two lines G and L in R3, there are three possibilities:
(a) The lines intersect in exactly one point. In this case, they cannot be parallel.

(b) The lines intersect in infinitely many points. In this case, the lines have to be equal. In
particular the have to be parallel.

(c) The lines do not intersect. Note that in contrast to the case in R?, the lines do not have to be
parallel for this to happen. For example, the line L : z = y = 1 is a line parallel to the z-axis
passing through (1,1,0), and G : x = 2z = 0 is a line parallel to the y-axis passing through
(0,0,0), The lines do not intersect and they are not parallel.
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Example 2.43. We consider four lines L; = {p; + t¥; : t € R} with

1 0 2 2

(1) Ul - 2 3 ﬁl - 0 ) (11) _’2 - 4 ) ﬁZ - 4 )
3 1 6 7
1 -1 1 3
(i) d3=(1]),p3=| 0|, (iv) tu=|1],pa=10
2 0 2 5

We will calculate their mutual intersections.

Proof. A point Q(z,y, z) belongs to L1 N Ly if and only if it belongs both to Ly and Ls. This means
that there must exist an s € R such that OQ = p1 + st and there must exist a ¢ € R such that
OQ = py +tvh. Note that s and ¢ are different parameters. So we are looking for s and ¢ such that

0 1 2 2
ﬁl + 8171 = p_'g + t'[fz, that iS 0 + s 2 = 4 + t 4 . (219)
1 3 7 6

Once we have solved (2.19) for s and ¢, we insert them into the equations for L; and Ly respectively,
in order to obtain (. Note that (2.19) in reality is a system of three equations: one equation for
each component of the vector equation. Writing it out and solving each equation for s, we obtain

0+ s=2+ 2t s =2+ 2t,
0+ 2s =4+ 4¢, = s =2+ 2t,
1435 =7+ 6t, s =24 2t.

This means that there are infinitely many solutions of (2.19). Given any point R on L, there is a
corresponding s € R such that OR = p1 + sv1. Now if we choose t = (s —2)/2, then OR = D2+t
holds, hence R € Ly too. If on the other hand we have a point R’ € Lo, then there is a corresponding
t € R such that OR' = p5 + t05. Now if we choose s = 2 + 2t, then OR’ = p; + t¢; holds, hence
R’ € Ly too. In summary, we showed that Ly = L. O

Remark 2.44. We could also have seen that the directional vectors of L, and Ly are parallel. In
fact, U5 = 2v7. It then suffices to show that L, and Ly have at least one point in common in order
to conclude that the lines are equal.

Lin Ly = {(1,2,4)}|

Proof. As before, we need to find s,t € R such that

0 1 -1 1
p1 + s = p3 + tUs, that is 0l +s|2] = 0] +¢t|1]. (2.20)
1 3 0 2
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We write this as a system of equations, we get

® 04 s=-1+ ¢ O s—- t=-1,
@ 0+4+2s= 0+ ¢t — @ 2s— t= 0,
® 1+3s= 0+2t ® 3s—2t=-1

From (@ it follows that s = ¢ — 1. Inserting in (2) gives 0 = 2(t — 1) —t =t — 2, hence ¢t = 2. From
(D we then obtain that s =2 — 1 = 1. Observe that so far we used only equations () and 2). In
order to see if we really found a solution, we must check if it is consistent with 3). Inserting our
candidates for s and ¢, we find that 31— 2-2 = —1 which is consistent with (3).

So L; and Lj intersect in exactly one point. In order to find it, we put s = 1 in the equation for

. 0 1 1
oQ=p1+1-v1=(0|+12]=1|2],
1 3 4

hence the intersection point is Q(1,2,4).

In order to check if this result is correct, we can put ¢ = 2 in the equation for L. The result must
be the same. The corresponding calculation is:

. -1 2 1
0 4 4
which confirms that the intersection point is Q(1,2,4). O
Proof. As before, we need to find s,t € R such that
0 1 3 1
P1 + sV = py + tis, that is O)+s|2]=10]+t1]. (2.21)
1 3 5
We write this as a system of equations and we get
® s=3+4+ t ® s— t=3
® 2s = t — @ 2s— t=0
® 14+3s=5+2t ® 3s—2t=5

From (@ it follows that s = t + 3. Inserting in (2) gives 0 = 2(t +3) — ¢t = t + 6, hence t = —6.
From (1) we then obtain that s = —6 + 3 = —3. Observe that so far we used only equations (1) and
(@. In order to see if we really found a solution, we must check if it is consistent with 3). Inserting
our candidates for s and ¢, we find that 3-(—3) — 2 - (—6) = 3 which is inconsistent with (3).
Therefore we conclude that there is no pair of real numbers s,t which satisfies all three equations
(D) simultaneously, so the two lines do not intersect. O

Exercise. Show that L3N Ly = @.
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‘Intersection of planes ‘

Given two planes E; and E, in R3, there are two possibilities:

(a) The planes intersect. In this case, they necessarily intersect in infinitely many points. Their
intersection is either a line (if F; and Es are not parallel) or a plane (if Eq = E3).

(b) The planes do not intersect. In this case, the planes must be parallel and not equal.

Example 2.45. We consider the following four planes:
Ey:x+y+22=3, Ey:2x+2y+4z=—-4, E3:2x+2y+42=6, E,:x+y—2z=5.

We will calculate their mutual intersections.

Proof. The set of all points Q(z,y, z) which belong both to E; and FEs is the set of all z, y, z which
simultaneously satisfy

© x4+ y+2z=3,
@ 2z+4+2y+4z=—4.

Now clearly, if z,y, z satisfies (1), then it cannot satisfy (2) (the right side would be 6). We can
see this more formally if we solve (1), e.g., for z and then insert into (2). We obtain from (D):
x =3 —y — 2z. Inserting into (2) leads to

—4=23-y—2z)+2y+4z =6,

which is absurd. O

1 2
This result was to be expected since the normal vectors of the planes are 77y = | 1 | and 7io = | 2
2 4

respectively. Since they are parallel, the planes are parallel and therefore they either are equal or
they have empty intersection. Now we see that for instance (3,0,0) € E; but (3,0,0) ¢ Fs, so the
planes cannot be equal. Therefore they have empty intersection.

Proof. The set of all points Q(z,y, z) which belong both to E; and Ej3 is the set of all x, y, z which
simultaneously satisfy

O 4+ y+22=3,
@ 2z+42y+4z=6.

Clearly, both equations are equivalent: if x,y, z satisfies (1), then it also satisfies (2) and vice versa.
Therefore, 1 = Ej. [
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66 2.7. Intersections of lines and planes in R?

FIGURE 2.21: The left figure shows E1 N E2 = @, the right figure shows E1 N E4 which is a line.

4 -1
E1 n E4 = 0] +¢ 1 :teR
1 0
2
1 1
Proof. First, we notice that the normal vectors 7y = | 1 | and 74 = 1| are not parallel, so we
2 —2

expect that the solution is a line in R3.
The set of all points Q(x,y,z) which belong both to E; and Ej is the set of all z,y, 2z which
simultaneously satisfy

O z+y+22=23,
® x+y-—22=5.

Equation (1) shows that x = 3 — y — 2z. Inserting into 2)leads to 5 =3 -y —2z+y —22 =3 —4z,
hence z = 4%. Putting this into (1), we find that z+y = 3—2z = 4. So in summary, the intersection
consists of all points (z,y, z) which satisfy

1
z:—i, r=4—y with y € R arbitrary,

in other words,

z 4—y 4 —y 4 -1
y| = = 0 + y| = 0 |+y 1 with y € R arbitrary. O
1 1 1
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‘Intersection of a line with a plane

Finally we want to calculate the intersection of a plane E with a line L. There are three possibilities:

(a) The plane and the line intersect in exactly one point. This happens if and only if L is not
parallel to F which is the case if and only if L is not perpendicular to the normal vector of F.

(b) The plane and the line do not intersect. In this case, the E and L must be parallel, that is,
L must be perpendicular to the normal vector of E.

(¢) The plane and the line intersect in infinitely many points. In this case, L lies in E, that is, F
and L must be parallel and they must share at least one point.

As an example we calculate Fq N Lo. Since Lo is clearly not parallel to E7, we expect that their
intersection consists of exactly one point.

Ei N Ly = {(1/9, 2/9, 4/3)} ]

Proof. The set of all points Q(z,y, z) which belong both to Fy and Lo is the set of all z,y, z which
simultaneously satisfy

r+y+2z2=3 and r=2+2t, y=4+4t,z =746t for some t € R.

Replacing the expression with ¢ from Ly into the equation of the plane E7, we obtain the following
equation for t:

3=(2420)+ (4 +4t) +2(7T+6t) =20+ 18t =  t=—17/18.

Replacing this ¢ into the equation for Ly gives the point of intersection Q(1/9, 2/9, 4/3).
In order to check our result, we insert the coordinates in the equation for E; and obtain x+y+2z =
1/94+2/9+2-4/3 =1/3 +8/3 = 3 which shows that Q € Ej. O

Let us calculate two more examples.

Example 2.46. We consider the plane E and the lines L, G given by

-2 -3 -1
E:x+2y—z=2 L:x—i—lzy:%. and G:x2 :yflzz .

Note that the normal vector of E and the directional vectors of L and G are

1 1 2
n= 2 y _’L == 1 and ’UG == 1
-1 3 4

Observe that @ L ¢, and @ L ¢g. Therefore L || E and G || E (but L |J G) and we expect for each
of the lines that it either does not intersect E or that it lies in E.

E N L = (| The parametric equations of L are

r=—-14+t y=t, z=2+3t.
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If we replace this in the formula for FE, we obtain
?
2=t—1+4+2t—(2+3t)=-7

which is absurd. Therefore £ and L do not have any point in common. In other words, they do
not intersect.

The parametric equations of G are
r=3+2t, y=2+t, z=>5+44t.
Replacing this in the formula for £ we obtain
?
2=3+2t+22+t)—(b+4t) =2

which is true for any ¢t € R. Therefore every point of G belongs also to E. In other words, G C FE
or ENG =G.

Remark. Recall that in the example above 7 | U, and @ L ¥. This means that L is parallel to
E, therefore it must either lies completely in E or it does not intersect £. The same is true for G.
So if we take an arbitrary point on L and this point belongs also to F, then the intersection £ N L
is not empty, but then we must have that £ N L = L. If that point does not belong to F, then F
and L cannot intersect (because otherwise L C E and the point would be in E too). For instance,
it is easy to see that the point P(—1,0,2) belongs to L (just take ¢ = 0 in its parametric equation).
Let us put the coordinates of P in the formula for E:

—142-0-2=-3+#2

Therefore P ¢ E and therefore £ N L = ().
On the other hand, if we choose Q(3,2,5), then we easily see that @ € G. Plugging its coordinates
in the formula for £ we find that

3+2-2-5=2,

therefore Q) € E' and consequently G C E.

Intersection of several lines and planes

If we wanted to intersect for instance, 5 planes in R3, then we would have to solve a system of 5
equations for 3 unknowns. Or if we wanted to intersect 7 lines in R?, then we had to solve a system
of 3 equations for 7 unknowns. If we solve them as we did here, the process could become quite
messy. So the next chapter is devoted to find a systematic and efficient way to solve a system of m
linear equations for n unknowns.

You should have understood

e what intersections of lines and planes can be geometrically and how they depends on their
relative orientation,

e the interpretation of a linear system with three unknowns as the intersection of planes in
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RB
e etc.

You should now be able to

e calculate the intersection of lines and planes,

o etc.

Ejercicios.
1. Considere el plano F :2x —y+3z=9ylarecta L:x=3t+ 1, y=—2t+ 3, z = 4t.

(a) Encuentre EN L.

(b) Encuentre una recta G que no interseque ni al plano E ni a la recta L. Pruebe su
afirmacién. ;Cuéantas rectas con esta propiedad hay?

2
2. Sea L la recta que pasa por el punto (1,1,1) y es paralela al vector | —1 |. Muestre que L
4
no interseca al plano F : x — 2y — z = 1.

3. Dado el plano E : 3z — 4y + 2z = 5, encuentre

a) un punto P € E cuya coordenada z es 2;

(a)
(b) un punto @ ¢ E cuya coordenada x es 2;
(c)

(d) una recta L perpendicular a F que pase por el punto (3,1,5);

una recta L paralela a E que pase por el punto (3,1,5);

4. Dadalarecta L:x=3t—2, y=2t+5, z =t + 3, encuentre o diga por qué no exsite

(a) un punto P € L cuya coordenada x es 2;

(b) un punto @ ¢ L cuya coordenada x es 2;

(¢) un plano E paralelo a L que pase por el punto (3,1, 5);

(d) un plano E perpendicular a L que pase por el punto (3,1,5);

(e) un plano E que contiene a la recta L y que pase por el punto (2, —5,1);

5. De dos planos E'y F en R? se sabe que no son paralelos y que los puntos A(1,2,3) y B(4,0, —3)
pertenecen a E'N F. Se puede concluir qué es E N F? Dé dos ejemplos de planos E y F con
la propiedad arriba.

6. Un caminante arranca en al tiempo ¢ = 0 en el punto (1,2) con velocidad ¥, = 1

un ciclista en el punto (12, —3) y un punto de refrigerios en el sitio (16, 7). El caminante y el
ciclista se mueven en lineas rectas ambos con velocidad constante.

3> . Hay

(a) Muestre que el caminante pasa por el punto de los refrigerios. (En cudl tiempo ¢ pasa
por este punto?
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2.8. Summary

(b) ¢(En cuél direccién se debe dirigir el ciclista para pasar también por el punto de los

refrigerios?

(¢) Supongamos que el ciclista arranca al mismo tiempo que el caminante. ;Cémo debe el
ciclista escoger su velocidad si quiere encontrarse con el caminante en el punto de los
refrigerios? ;Cémo la debe escoger si quiere pasar por el punto antes del caminante?

(d) Ahora supongamos que el ciclista se mueve con la velocidad @ =

3
75 Muestre que

el ciclista pasa por el punto de los refrigerios. ;En qué momento ¢ debe arrancar para

encontrarse con el caminante?

2.8 Summary

The vector space R™ is given by

€

R"™ tx1,..., 2y ER

Tn

For points P(p1,...,pn), Q(q1,---,¢n), the vector whose initial point is P and final point is @Q, is

g1 —P1 q1

P—Cj = and O—Cé =1 : where O denotes the origin.

dn — Pn qn

On R™, the sum and product with scalars are defined by

U1 w1y V1 + wy cUy
R" xR" - R", 4d+w= : + : = : , RxR" —R" U=
U Wp, Up + Wy CUp
The norm of a vector is
191l = ot + - 4 of.

If 7 = PQ, then ||7]| = || PQ|| = distance between P and Q.

For vectors ¥ and w € R™ their inner product is a real number defined by

U1 w1
<177117>:< s >:U1w1++vnwn
(Y

n wTL

Important formulas involving the inner product
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o (¥, @) = [|7]| || @] cos ¢,

o |T+ @ < |7 + || ‘Triangle inequality

o V1l W < (¥,wW)=0,
o (¥, 7) = ||7]*.

The cross product is defined only in R3. It is a vector defined by

V1 w1 V2W3 — V3W2
UXwW= vy | X |ws ]| = | v3wy —viw3
U3 w3 V1w2 — V2Wq

Important formulas involving the cross product

o UXU=—UX1,
U x (U4 W) = (4 x ) + (4 x W),
ctl) x U= c( X V),

[ ]
IS
<y
]
X
<y
Il
=]

[ )
=
X
&
I
=
&
=
B
©

Applications
e Area of a parallelogram spanned by @, € R*: A = ||/ x .

e Volume of a parallelepiped spanned by @, 7,w € R*: V = (i@, v x @)|.

Representations of lines

° ‘Vector equation| L= {O_P>+ to:te ]R}.
P is a point on the line, ¥ is called directional vector of L.

° ‘Parametric equation‘ Ty =p1 +tvy, ..., Ty =Dp +to,, tER.

Then P(p1, ..., py) is a point on L and ¢ = (vy, ..., v,)" is a directional vector of L.
. ‘Symmetric equation‘ IR = B2 = ... = Snbn,

Then P(p1, ..., py) is a point on L and ¢ = (vy, ..., v,)" is a directional vector of L.

If one or several of the v; are equal to 0, then the formula above has to be modified.
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2.8. Summary

Representations of planes

‘Vector equati0n| E= {O—ﬁ + 0+ s : s, t € R}.

P is a point on the line, ¥ and W are vectors parallel to E with ¢ |} .

Normal form (only in R3!!) ‘ E:ax+by+cz=d.

a

The vector @ = [ b | formed by coefficients on the left hand side is perpendicular to F.
c

Moreover, E passes through the origin if and only if d = 0.

The parametrisations are not unique!! (One and the same line (or plane) has many different
parametrisations.)

The angle between two lines is the angle between their directional vectors.

Two lines are parallel if and only if their directional vectors are parallel.
Two lines are perpendicular if and only if their directional vectors are perpendicular.

The angle between two planes is the angle between their normal vectors.

Two planes are parallel if and only if their normal vectors are parallel.
Two planes are perpendicular if and only if their normal vectors are perpendicular.

A line is parallel to a plane if and only if its directional vector is perpendicular to the normal
vector of the plane.
A line is perpendicular to a plane if and only if its directional vector is parallel to the normal
vector of the plane.
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2.9 Exercises

1. Sean @ = (_?),) y b= (i) Encuentre vectores 4, w tal que cumplan todas las siguientes
condiciones:
(a) d=u+w
(b) @[l b.
(c) @ Lb.
2. Sea @ = <;) Encuentre b € R? tal que @ L by [|@] = ||b]|. Repita el ejercicio cuando
P 2 1 T
- 3 bl 4 I y .
1 . 1 N .
3.Sead=|-2]|yb= 2 |. Encuentre escalares xz,y tal que (zd + yb) L by xd + yb # 0.
3 —4

4. Sean d,b,c € R™. Responda si son falsas o verdaderas las siguientes afirmaciones. En caso
afirmativo demuéstrela y en caso negativo dé un contraejemplo.

—

(a) Si(@,b) = (@,d) y @+ 0, entonces b =
(b
(c

(d) Sin=3.Si(@,b) =0y dxb=0, entonces @ = 0 6 b = 0 (Haga una interpretacién
geométrica antes de intentar desarrollar este {tem).

Si existe un vector b con (@, b) = 0, entonces @ = 0.

Si (@,b) = 0 para todo vector b, entonces @ = 0.

)
)
)
)

1 0
5. Seand = | —-1] ¥y b= 3 |. Encuentre por lo menos 3 vectores ¢ distintos tales que el
2 —1

volumen del paralepipedo generado por @, 5, c'sea 1. jCudl es el lugar geométrico que describen
todos los vectores ¢ con esta propiedad?

6. En R3 demuestre que no existe un vector unitario cuyos angulos directores son 1700 5

7. Un cometa sale disparado del punto P(1,0,3) y se mueve con velocidad (3,5, —2)!, al mismo
tiempo un asteroide sale disparado del punto R(3,4,—1) y se mueve con vector velocidad
(2,3,0)t. Sisuponemos que ambos asteroides se desplazan en linea recta, a velocidad constante
y que ademds ningun objeto celeste perturba su trayectoria, responda las siguientes preguntas:

(a) 1. ;jCuéles son las ecuaciones vectoriales que describen las trayectorias del asteroide y
del cometa?
ii. ;Los dos asteroides colisionan? ;jEn que tiempo lo hacen?
iii. Si el cometa deja en su trayectoria una estela de hielo y el asteroide deja en su
recorrido una estela de polvo, el hielo del cometa y el polvo del asteroide se mezclan
en algtin punto del espacio?.
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(b) Repita las preguntas anteriores considerando que el asteroide parte de R(10,5,2) a ve-
locidad (3,15, 7).

*

R
P

8. Considere una pared inclinada que esta dada por la ecuacién E : 2x — 3y 4+ 0.5z = 4.

(a) Demuestre que el punto Q(4,2,4) pertenece a la pared.

(b) En el punto P(2,0,1) hay un laser. ;En cudl direccién debe apuntar para marcar en
punto @ en la pared?

(¢) {Cudl punto en la pared marcard el laser del literal anterior si apunta en la direccién
2/3
117
3

9. Una empresa fabrica bultos de peso. Hay tres materiales con los que puede llenar los bultos:
Material A tiene una densidad de 1 kg/l, material B tiene una densidad de 2 kg/l y material
C tiene una densidad de 3 kg/l. Cada bulto debe pesar 20 kg.

(a) Interprete la informacién dada en el ejercicio como un plano en R? donde los ejes repre-
sentan la cantidad de cada material.

(b) Si en un bulto ya se encuentran 51 del material A y 31 del material B, jcudntos litros del
material C se deba agregar para completar el bulto?

(¢) {Cémo se pueden armar los bultos si se quiere adicionalmente que el volumen de cada
bulto es 1317 ;Cuantas posibilidades de hacerlo hay? Interprete sus cédlculos como
interseccién de dos planos.

(d) En un bulto ya se encuentran 21 del material A, 51 del material B y 11 del material C.
La empresa lo quiere completar con un mezcla de los tres materiales en la que 20% son
del material A, 50% son del material B, 30% son del material C. ;Cuédntos litros de
esta mezcla hay que agregar para que el bulto pese 20 kg? Interprete sus cédlculos como
interseccién de un plano con una recta.

10. En R? sea F un plano y L una recta.
(a) Muestre que F, L se cortan en exactamente un punto si el vector director de L y el vector
normal de F no son perpendiculares.

(b) Muestre que E, L no se cortan si el vector director de L es perpendicular al normal de
FE y F no contiene ningin punto de L.

(¢) Muestre que L estd contenida en E si el vector director de L es perpendicular al normal
de E y E contiene al menos un punto de L.
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11. Encontrar la ecuacién vectorial de las rectas que satisfacen:

(a) Contiene a (7, 1, 3) (-1, =2, -3).
(b) Contiene a (—2, 3, —2) y es paralela a 4€5.
(c) Contiene a (-2, 3, 7) y es perpendicular a 26;.
(d) Contiene a (4, 1, —4) y es paralela a la recta dada por *32 = % = =3,
12. (a) En R? considere la recta L : ax + by = ¢ y un punto P(xy,y;) exterior a L. Demuestre

que la distancia d de P a L viene dada por la férmula:

d= lazy + by — ¢|
va? + b2

a) en la recta L. Usar proyec-

(Hint: Recuerde el significado geométrico del vector ( b

ciones.)

(b) En R? considere el plano F : ax + by + cz = d y un punto P(z1.y1,21) exterior a E.
Demuestre que la distancia d de P a E viene dada por la férmula:

lazy + by1 + cz1 — d|

va?Z +b% 4 c?

(Hint: Es el mismo razonamiento del inciso anterior.)

d=

13. En R? considere en forma vectorial la recta L = O? + tv.

(a) Encuentre la distancia de la recta L al origen. (Hint. Encuentre ¢t € R con (ﬁﬂﬁ 17)

(b) Use el ejercicio anterior para encontrar la distancia entre la recta L y el origen donde L

€es:
4 1
3l+tl2], ter
7 0

14. Sea E el plano 3z +y+2z = 1y P(—6,4,4). El siguiente ejercicio pretende encontrar el punto
més cercano a P dentro de F.
(a) Verifique que P ¢ E.
(b) Encuentre la ecuacién de la recta L que es paralela al vector normal de FE y pasa por P.
(c) Obtenga el punto de interseccién entre E'y L, lldmelo Q.
(d) Verifique que el valor de la distancia entre el punto obtenido y P da lo mismo que la
distancia de P al plano E (Ejercicio 12. parte (b)).

(e) Justifique el porqué @ es el punto més cercano a P que estd dentro de E.
15. Sean @,b € R? con @ # 0.
(a) Demuestre que || projz b|| < |||

(b) ;Qué deben cumplir @ y b para que | proj; b| = ||b]| ?
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(c) ;Es cierto que || projzal| < 16|

1 1
16. Sea L= 2| +t|1
3 1

(a) Muestre que (2, 3, 5) no pertenece a L.

(b) Encuentre un plano que contenga a L y pase por (2, 3, 5). ;Cuédntos planos que cumplen
la condicién anterior existen?

17. Sean
1:+3_ z+2

2 Y 7
y Lo dada por sus ecuaciones paramétricas:

Ll =

r=-3+s
y=2—4s
z=1+46s

(a) iL1 y Lo se intersecan?
(b) Encuentre un plano F' que sea perpendicular a L; y que pase por (3, 2, 1).

(¢) Encuentre la ecuaciéon normal de un plano E que sea paralelo tanto a Ly como a Lo y
que pase por el origen. ;Cudntos planos con esta propiedad hay?

(d) ¢{Existe algin plano que contenga simultdneamente a las rectas Ly, Lo? En caso de que la
respuesta sea negativa, jcuales condiciones deberian cumplir dos rectas para que exista
un plano que las contenga a ambas?

18. En R? considere el plano E dado por E : 3z — 2y + 4z = 16.

2 2 2
(a) Demuestre que los vectores @ = 1], b= 1|5 y ¥ = | 3| son paralelos al plano E.
-1 1 0

(b) Encuentre ntimeros A, 1 € R tal que @ + pb = .
1
(c) Demuestre que el vector ¢ = [ 1 | no es paralelo al plano £ y encuentre vectores ¢ y
1
c, tal que c es paralelo a F, ¢, es ortogonal a E'y ¢ = e+ e

19. Sea E un plano en R? y sean d, b vectores paralelos a F. Demuestre que para todo A\, p € R,
el vector A\d + ub es paralelo al plano.

20. Sea V un espacio vectorial. Demuestre lo siguiente:

(a) El elemento neutral es dnico.
(b) Ov = O para todo v € V.
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(¢) AO = O para todo A € R.
(d) Dado v € V, su inverso ¥ es Unico.

(e) Dado v € V, su inverso v cumple v = (—1)v.

21. De todos los siguientes conjuntos decida si es un espacio vectorial con su suma y producto
usual.

(a) V{(Z) :aER},
o v={(5) 3}

(¢) V es el conjunto de todas las funciones continuas R — R.

(d) V es el conjunto de todas las funciones f continuas R — R con f(4) = 0.
1

(e) V es el conjunto de todas las funciones f continuas R — R con f(4) =
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Chapter 3

Linear Systems and Matrices

We will rewrite linear systems as matrix equations in order to solve them systematically and effi-
ciently. We will interpret matrices as linear maps from R™ to R™ which then allows us to define
algebraic operations with matrices, specifically we will define the sum and the composition (=mul-
tiplication) of matrices which then leads naturally to the concept of the inverse of a matrix. We
can interpret a matrix as a system which takes some input (the variables x1,...,z,) and gives us
back as output bq,...,b,, via AT = b. Sometimes we are given the input and we want to find
the b;; and sometimes we are given de output by, ..., b, and we want to find the input z1,...,2,
which produces the desired output. The latter question is usually the harder one. We will see that
a unique input for any given output exists if and only if the matrix is invertible. We can refine
the concept of invertibility of a matrix. We say that A has a left inverse if for any b the equation
A% = b has at most one solution and we say that it has a right inverse A% = b has at least one
solution for any b.

We will discuss in detail the Gaufl and Gauf-Jordan elimination which helps us to find solutions
of a given linear system and the inverse of a matrix if it exists. In Section 3.7 we define the trans-
position of matrices and we have a first look at symmetric matrices. They will become important
in Chapter 8. We will also see the interplay of transposing a matrix and the inner product. In the
last section of this chapter we define the so-called elementary matrices which can be seen as the
building blocks of invertible matrices. We will use them in Chapter 4 to prove important properties
of the determinant.

3.1 Linear systems and Gaufl and Gauf3-Jordan elimination
We start with a linear system as in Definition 1.8:
a1171 + @122 + -+ ATy = by,

2121 + ATz + -+ apTy = by,
(3.1)

Am1T1 + GmaX2 + ++ + AppTn = bm

Last Change: So 24. Mai 01:45:20 CEST 2026
Linear Algebra, M. Winklmeier



80 3.1. Linear systems and Gaufl and GaufB-Jordan elimination

Recall that the system is called consistent if it has at least one solution; otherwise it is called
inconsistent. According to (1.4) and (1.5) its associated coefficient matriz and augmented coefficient
matrices are

ai ai12 e A1n
a1 Az ... Q2n
A= | , (3.2)
am1 Am2 ... Qmn
and
ai ai12 e A1n bl
a1 Az ... QG2n ba
(Ap) = | . : |- (3.3)
Am1 Am2 -+ G | by

Definition 3.1. The set of all matrices with m rows and n columns is denoted by M (m x n). If we
want to emphasise that the matrix has only real entries, then we write M (m x n,R) or Mg(m x n).
Another frequently used notation is M,,x,. A matrix A is called a square matriz if its number of
rows is equal to its number of columns.

In order to solve (3.1), we could use the first equation, solve for x; and insert this in all the other
equations. This gives us a new system with m — 1 equations for n — 1 unknowns. Then we solve
the next equation for xo, insert it in the other equations, and we continue like this until we have
only one equation left. This of course will fail if for example a;; = 0 because in this case we cannot
solve the first equation for z1. We could save our algorithm by saying: we solve the first equation
for the first unknown whose coefficient is different from 0 (or we could take an equation where the
coefficient of x is different from 0 and declare this one to be our first equation. After all, we can
order the equations as we please). Even with this modification, the process of solving and replacing
is error prone.

Another idea is to manipulate the equations. The question is: Which changes to the equations
are allowed without changing the information contained in the system? We don’t want to destroy
information (thus potentially allowing for more solutions) nor introduce more information (thus
potentially eliminating solutions). Or, in more mathematical terms, what changes to the given
system of equations result in an equivalent system? Here we call two systems equivalent if they
have the same set of solutions.

We can check if the new system is equivalent to the original one, if there is a way to restore the
original one.

For example, if we exchange the first and the second row, then nothing really happened and we end
up with an equivalent system. We can come back to the original equation by simply exchanging
again the first and the second row.

If we multiply both sides of the first equation on both sides by some factor, let’s say, by 2, then
again nothing changes. Assume for example that the first equation is = + 3y = 7. If we multiply
both sides by 2, we obtain 2z + 6y = 14. Clearly, if a pair (z,y) satisfies the first equation, then
it satisfies also the second one an vice versa. Given the new equation 3z + 6y = 14, we can easily
restore the old one by simply dividing both sides by 2.
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Chapter 3. Linear Systems and Matrices 81

If we take an equation and multiply both of its sides by 0, then we destroy information because we
end up with 0 = 0 and there is no way to get back the information that was stored in the original
equation. So this is not an allowed operation.

Show that squaring both sides of an equation in general does not give an equivalent equation.
Are there cases, when it does?

Squaring an equation or taking the logarithm on both sides or other such things usually are not
interesting to us because the resulting equation will no longer be a linear equation.

Let us denote the jth row of our linear system (3.1) by R;. The following table contains the so-
called called elementary row operations. They are the “allowed” operations because they do not
alter the information contained in a given linear system since they are reversible.

The first column describes the operation in words, the second introduces their shorthand notation
and in the last row we give the inverse operation which allows us to get back to the original system.

Elementary operation Notation Inverse Operation
(D Swap rows j and k. R; < Ry, R; < Ry,
(@ Multiply row j by some A # 0. R; = AR; R; — %Rj

(3 Replace row k by the sum of row k and A times | Ry — Ry + AR; | R — Ry — AR;
R; and leave row j unchanged (j # k).

Exercise. Show that the operation in the third column reverses the operation from the second
column.

Exercise. Show that instead of the operation (3) it suffices to take @: R, — Ry + R; because
() can be written and as a composition of operations of the form (2) and @ Show how this can
be done.

Exercise. Show that in reality (1) is not necessary since it can be achieved by a composition of
operations of the form (2) and ®) (or 2) and (3))). Show how this can be done.

Let us see in an example how this works.

Example 3.2.

xr1 + 1‘271’3:1 I1+I27I3:1 xr1 + T — 173:1
21 + 319+ ay =3 p T2fam2Ra, To 43wy =14 Hsfs—dla, To 4+ 3x3=1
drog +23=17 dro + 23=7 —1lz3 =3
T+ 29 — I3 = 1
R3—>—%R3
I2+3l‘3: 1
x5 = —3/11.

Last Change: So 24. Mai 01:45:20 CEST 2026
Linear Algebra, M. Winklmeier



82 3.1. Linear systems and Gaufl and GaufB-Jordan elimination

Here we can stop because it is already quite easy to read off the solution. Proceeding from the
bottom to the top, we obtain

.’E3:—3/11, $2:1—3$5:20/11, (E1:1+{E3—SIJ2:—12/11

Note that we could continue our row manipulations to clean up the system even more:

1 +ax9— wx3=1 Tl +29— T3 = 1
- — To + 3%3:1 RS—>_—1/11R3> $2+3$3: 1
—1lzs =3 w3 = —3/11
T+ X — T3 = 1 T1 + T = 8/11
Eicmal SN zy = 20/11y Iaftf, zo+ = 20/11
w3 = —3/11 v = —3/11
o+ =-12/11
BimRi— R, z0 = 20/11
x5 = —3/11

Our strategy was to apply manipulations that successively eliminate the unknowns in the lower

equations and we aimed to get to a form of the system of equations where the last one contains the
least number of unknowns possible.

Convince yourself that the first step of our reduction process is equivalent to solve the first
equation for x; and insert it in the other equations in order to eliminate it there. The next step

in the reduction is equivalent to solve the new second equation for x5 and insert it into the third
equation.

It is important to note that there are infinitely many different routes leading to the final result,
but usually some are quicker than others.

Let us analyse what we did. We looked at the coefficients of the system and we applied trans-
formations such that they become 0 because this results in removing the corresponding unknowns
from the equations. So in the example above we could just as well delete all the x;, keep only the
augmented coefficient matrix and perform the line operations in the matrix. Of course, we have
to remember that the numbers in the first columns are the coefficients of z1, those in the second
column are the coefficients of x4, etc. Then our calculations are translated into the following:

1 1 1|1 1 1 1 1 1 111
2 3 1| 3] fezfe2R [ 1 5| | Be2BsdRe [ 311
0 4 1|7 0 4 1|7 0 0 —-111( 3
R3——1/11R 1 1
Lﬁ; 01 3 1
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If we translate this back into a linear system, we get

1+ 2o+ 3= 1,
T + 31’3 = 3,
T3 = —3/11,

which can be easily solved from the bottom up.

We did exactly the same calculations as we did with the system of equations but it looks much
tidier in matrix notation since we do not have to write down the unknowns all the time.

If we want to solve a linear system we write it as an augmented matrix and then we perform row
operations until we reach a “nice” form where we can read off the solutions if there are any.

But what is a “nice” form? Remember that if a coefficient is 0, then the corresponding unknown
does not show up in the equation.

e All rows with only zeros should be at the bottom.

e In the first non-zero equation from the bottom, we want as few unknowns as possible and we
want them to be the last unknowns. So as last row we want one that has only zeros in it
or one that starts with zeros, until finally we get a non-zero number say in column k. This
non-zero number can always be made equal to 1 by dividing the row by it. Now we know
how the unknowns xy, ..., z, are related. Note that all the other unknowns x1,...,xx_1 have
disappeared from the equation since their coefficients are 0.

If kK = n as in our example above, then we there is only one solution for x,.

e The second non-zero row from the bottom should also start with zeros until we get to a column,
say column [, with non-zero entry which we always can make equal to 1. This column should
be to the left of the column k (that is we want [ < k). Because now we can use what we
know from the last row about the unknowns xy, . .., z, to say something about the unknowns
LlyeooyTh—1-

e We continue like this until all rows are as we want them.

Note that the form of such a “nice” matrix looks a bit like it had a triangle consisting of only zeros
in its lower left part. There may be zeros in the upper right part. If a matrix has the form we just
described, we say it is in row echelon form. Let us give a precise definition.

Definition 3.3 (Row echelon form). We say that a matrix A € M(m x n) is in row echelon
form if:

e All its zero rows are the last rows.
e The first non-zero entry in a row is 1. It is called the pivot of the row.

e The pivot of any row is strictly to the right of that of the row above.

Definition 3.4 (Reduced row echelon form). We say that a matrix A € M (m xn) is in reduced
row echelon form if:

e A is in row echelon form.
e All the entries in A which are above a pivot are equal to 0.
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84 3.1. Linear systems and Gaufl and GaufB-Jordan elimination

Let us quickly see some examples.

Examples 3.5.

(a) The following matrices are in reduced row echelon form. The pivots are highlighted.

(b) The following matrices are in row echelon form but not in reduced row echelon form. The
pivots are highlighted.

1 6.3 1 |
| STA 1 050
1.6 31 0 0@ 4 1.6 10 1.0.2 0 011.0 0
0 0l 000l {57071 1) o0t 1) [o0i1 o
00 01 0000 7" ) o 0 0 0@
a 0000 1 &
(¢) The following matrices are not in row echelon form:
1 6 00
0 0 01
L6 00 00170 0 011 0 3 11 0 01 0
2 010, 0 0.0 11, 16 0 1)’ 1.0 0 0)° 01 .0 0
3 0 01 0 0 0 O 100 0
0 6 0 0
Exercise. e Say why the matrices in (b) are not in reduced row echelon form and use ele-

mentary row operations to transform them into a matrix in reduced row echelon form.

e Say why the matrices in (c) are not in row echelon form and use elementary row operations
to transform them into a matrix in row echelon form. Transform them further to obtain a
matrix in reduced row echelon form.

Question 3.1

If we interchange two rows in a matrix this corresponds to writing down the given equations in a
different order. What is the effect on a linear system if we interchange two columns?

Remember: if we translate a linear system to an augmented coefficient matrix (A|b), perform the
row operations to arrive at a (reduced) row echelon form (A’|b'), and translate back to a linear
system, then this new system contains exactly the same information as the original one but it is
“tidied up” and it is easy to determine its solution.

The natural question now is: Can we always transform a matrix into one in (reduced) row echelon
form? The answer is that this is always possible and we can even give an algorithm for it.
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Gauflian elimination. Let A € M(m x n) and assume that A is not the zero matrix. GauBian
elimination is an algorithm that transforms A into a row echelon form. The steps are as follows:

e Find the first column which does not consist entirely of zeros. Interchange rows appropiately
such that the entry in that column in the first row is different from zero.

e Multiply the first row by an appropriate number so that its first non-zero entry is 1.
e Use the first row to eliminate all coefficients below its pivot.

e Now our matrix looks like

0o 0@*-----*
. 0
0
0 00

where * are arbitrary numbers and A’ is a matrix with fewer columns than A and m — 1 rows.
Now repeat the process for A’. Note that in doing so the first columns do not change since
we are only manipulating zeros.

GauB3-Jordan elimination. Let A € M(m x n). The GauB-Jordan elimination is an algorithm
that transforms A into a reduced row echelon form. The steps are as follows:

e Use the GauBl elimination to obtain a row echelon form of A.

e Use the pivots to eliminate the non-zero coefficients which are columns above a pivot.

Of course, if we do a reduction by hand, then we do not have to follow the steps of the algorithm
strictly if it makes calculations easier. However, these algorithms always work and therefore can be
programmed so that a computer can perform them.

Definition 3.6. Two m x n matrices A and B are called row equivalent if there are elementary
row operations that transform A into B. (Clearly then B can be transformed by row operations
into A.)
Remark. Let A be an m X n matrix.

e A can be transformed into infinitely many different row echelon forms.

e There is only one reduced row echelon form that A can be transformed into.

Prove the assertions above.

Before we give examples, we note that from the row echelon form we can immediately tell how
many solutions the corresponding linear system has.

Theorem 3.7. Let (A|b) be the augmented coefficient matriz of a linear m X n system and let
(A'|b) be a row reduced form.
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86 3.1. Linear systems and Gaufl and GaufB-Jordan elimination

(1) If there is a row of the form (0---0|8) with B # 0, then the system has no solution.
(2) If there is no row of the form (0---0|8) with 8 # 0, then one of the following holds:

(2.1) If there is a pivot in every column of A’ then the system has exactly one solution.

(2.2) If there is a column in A’ without a pivot, then the system has infinitely many solutions.
Proof. (1) If (A’'|t') has a row of the form (0---0|3) with 8 # 0, then the corresponding equation
is 01 4 - -+ 4+ Ox,, = B which clearly has no solution.

(2) Now assume that (A’|b’) has no row of the form (0---0|8) with 8 # 0. In case (2.1), the
transformed matrix is then of the form

! / ! /

L ayy ajg A1pn by

! / / /

01 ay A2n by

P ; <
1

: : 3.4
} a/(n—l)n bil—l ( )

1| b

5 o

: 0

0 ................................... O O

Note that the last zero rows appear only if n < m. This system clearly has the unique solution
Ty = b;L, Tp—1 = b/n—l — a(n_l)nxn, ceey xr1 = bll — ATy — - — A12T2.

In case (2.2), the transformed matrix is then of the form

Qe 0: T sk e * bll

0 «___77777073 T sk e * /2

Q 77777707‘:;}7% ........................ )!( é
: | (3.5)

0 0,1 x * | by,

0|0

() ettt 0lo

where the stars stand for numbers. (If we continue the reduction until we get to the reduced
row echelon form, then the numbers over the 1’s must be zeros.) Note that we can choose the
unknowns which correspond to the columns without a pivot arbitrarily. The unknowns which
correspond to the columns with pivots can then always be chosen in a unique way such that
the system is satisfied. O
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Definition 3.8. The variables which correspond to columns without pivots are called free variables.

We will come back to this theorem later on page 114 (the theorem is stated again in the coloured
box).

From the above theorem we get as an immediate consequence the following.

Theorem 3.9. A linear system has either no, exactly one or infinitely many solutions.

Now let us see some examples.

Example 3.10 (Example with a unique solution (no free variables)). We consider the
linear system

2z + 322 + z3 =12,
—x1 + 229 + 323 = 15, (3.6)
3x1 — x3= 1.

Solution. We form the augmented matrix and perform row reduction.

2 3 1] 12 0 7 71 42 0 7 7142
—1 2 3| 15| Lz, g o 3| g5 | fezfeBSe, f 49 3 g5
3 0 —1 1 3 0 -1 1 0 6 8| 46
-1 2 3] 15 gljigl 1 -2 -3 —15
el o o7 742 =22 (o 1 1| 6
0 6 8| 46 0O 6 8 46
1 -2 -3 —15 RslR 1 -2 -3| —15
R3—R3—6R> 0 1 1 6 37733 0 1 1 6
0 0 2 10 0o o0 1 5
This shows that the system (3.6) is equivalent to the system
Tr1 — 25[:2 — 31‘3 = —157
o+ x3= 6, (3.7)
T3 = 5
whose solution is easy to write down:
r3="5 x9=6-—x3=1, x1=—-154 229+ 3x3=2. o

Remark. If we continue the reduction process until we reach the reduced row echelon form, then
we obtain

-2 -3| —-15

1 1 -2 —3| -15 1 -2 0]o0

o 1 1 6| fezferfs, g 1 o 1| B2EEs LG g o)1

0 0 1 5 0 0 1 5 0 0 1|5
10 0]2
fmfit2le, g 1 o] 1
00 1|5
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88 3.1. Linear systems and Gaufl and GaufB-Jordan elimination

Therefore the system (3.6) is equivalent to the system
1 = 2,
T2 = 1,
T3 = 5.

whose solution can be read off immediately to be

5133:5, 3;‘2:1, .23122.

Example 3.11 (Example with two free variables). We consider the linear system

3x1 — 2x9 + 323 + 334 = 3,
211 + 629 + 223 — 91y = 2, (3.8)
Ty + 2x3 + x3 — 314 = 1.

Solution. We form the augmented matrix and perform row reduction.

3 -2 3 3|3 3 —2 3 3|3 0 -8 0 120
2 6 2 —9|2| L2l g 9 g 3| B2 (g 2 0 —3]0
1 21 =3|1 1 21 =31 1 21 =3|1
1 21 =3]1 121 3|1
ool o 2 0 —3| o) fzf g 2 0 3]0
0 -8 0 120 000 0]0
101 01
fzizfe, fo 2 0 =30
000 0]0

The 3rd and the 4th column do not have pivots and we see that the system (3.8) is equivalent to
the system
I — I3 = ].,
i) + x4 = 0.
Clearly we can choose x3 and x4 (the unknowns corresponding to the columns without a pivot)
arbitrarily. We will always be able to adjust x; and x4 such that the system is satisfied. In order

to make it clear that x3 and x4 are our free variables, we sometimes call them z3 =t and x4 = s.
Then every solution of the system (3.8) is of the form

ry =14t x9=-s, x3=1t, x4=s, forarbitrary s,t€R. o

In vector form we can write the solution as follows. . A tuple (z1, z2,x3,24) is a solution of (3.8)
if and only if the corresponding vector is of the form

1 1+t 1 1 0
x| | —=s | _|O 0 -1
o | = y =0 +t 1 + s 0 for some s,t € R.
Ty s 0 0 1
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Geometrically, the set of all solutions is an affine plane in R

Remark 3.12. The solutions of an inhomogeneous system of linear equations in vector notation
is always of the form
=72y +t1y1 + - + tiUg.

This will become important in Theorem 3.22.
In the example above, k = 2 and

1 1 0
. 0 . 0 . -1
o= 1o T (1] 27| o

0 0 1

Example 3.13 (Example with no solution). We consider the linear system

201 + x9— x3=17,
3x1 4+ 229 — 223 =17, (39)
—x1 + 31’2 — 3%5 = 2.

Solution. We form the augmented matrix and perform row reduction.

2 1 —1]7 07 —7]11 0o 7 7|11

3 2 —of| 7| BB g o o 7| BemBedSRs g9y 19 13

1 3 —3|2 1 3 -3]| 2 1 3 -3| 2
1 3 -3 2 . 1 3 -3 2

Eiii N I PR TR N 8 i mciiins LN YIS PR P T

0o 7 =711 0 0 01 30

The last line tells us immediately that the system (3.9) has no solution because there is no choice
of x1,x2, 3 such that 0xy + O0xs 4+ 0z3 = 30. o

You should now have understood

e what it means that two linear systems are equivalent,

e which row operations transform a given system into an equivalent one and why this is so,
e when a matrix is in row echelon and a reduced row echelon form,

e why the linear system associated to a matrix in (reduced) echelon form is easy to solve,
e what the Gauf- and Gauf-Jordan elimination do and why they always work,

e that the Gau- and Gaufl-Jordan elimination is nothing very magical; essentially it is the
same as solving for variables and replacing in the remaining equations. It only does so in a
systematic way,
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90 3.1. Linear systems and Gaufl and GaufB-Jordan elimination

e why a given matrix can be transformed into may different row echelon forms, but in only
one reduced row echelon form,

e why a linear system always has either no, exactly one or infinitely many solutions,

e etc.

You should now be able to

identify if a matrix is in row echelon or a reduced row echelon form,

use the Gau$3- or Gaufl-Jordan elimination to solve linear systems,
e say if a system has no, exactly one or infinitely many solutions if you know its echelon form,

o etc.

Ejercicios.

1. Por medio de operaciones elementales, lleve las siguientes matrices aumentadas a sus formas
escalonadas reducidas y encuentre todas las soluciones del sistema de ecuaciones asociado a
cada matriz:

1 2 3] -2 51 5] 1 00 1]-3
(&) (2 -1 —1| 1> 4 42 2|4 @ 02 1] 1
W1 10 3] 2 32 1] 7
=3 14l 123 4| 1
24 0)-1 1 23 0|-2
M [ 45 6| 2 Lo1s -1 2\ ™|, 55 ol ]
2 7 12| 1 e [ o 2 1] 0 L oo ol 2
2 -1 4 113
1000 1
6 2| 4 0 2 3|1 2100 -3
@ |1 —2]-4 2 -6 7|3 D152 1 0| 2
1 1] 2 1 -2 52 432 1| 5

2. Encontrar condiciones sobre a, b, ¢ tal que el siguiente sistema tenga solucién:

r+3y—2z2=a+ 1,
3r— y+ z=b+ 6,
5r — by + 4z = c+ 11.

3. Encuentre un polinomio de grado a lo mas 2 que pase por los puntos (—1,—6), (1,0), (2,0).
;, Cuantos polinomios con esta propiedad hay?

4. (a) jExiste un polinomio de grado 1 que pase por los tres puntos del Ejercicio 3.7 ;Cuéntos
tales polinomios hay?

(b) ;Existe un polinomio de grado 3 que pase por los tres puntos del Ejercicio 3.7 ;Cuéntos
tales polinomios hay? Dé por lo menos dos polinomios de grado 3.
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5. Un rolo hace un pequeno tour por Colombia y revisando sus cuentas nota que: En hostales
gast6 $30.000 diarios en Medellin, $20.000 diarios en Villavicencio y $20.000 diarios en Yopal,
en alimentacién gasté $20.000 diarios en Medellin, $30.000 diarios en Villavicencio y $20.000
diarios en Yopal y finalmente en desplazamientos gasté en promedio $10.000 diariamente en
cada ciudad. Si se sabe que durante todo el tour gasté $340.000 en hostales, $320.000 en
alimentacién y $140.000 en desplazamientos, calcule el niimero de dias que estuvo el rolo en
cada ciudad.

6. Un criadero del llano tiene chiguiros, conejos y ratones arroceros. Cada chiguiro consume
cada semana en promedio un kilo de frutas, un kilo de hierbas y dos kilos de arroz, cada
conejo consume semanalmente en promedio tres kilos de frutas, cuatro kilos del hierbas y
cinco kilos de arroz y cada ratén arrocero consume cada semana en promedio dos kilos de
frutas, un kilo de hierbas y cinco kilos de arroz. Cada semana se proporcionan 25.000 kilos
de frutas, 20.000 de hierbas y 55.000 de arroz. Si las tres especies de roedores se comen todo
el alimento ;Cuantos roedores de cada tipo pueden vivir en el criadero?

3.2 Homogeneous linear systems

In this short section we deal with the special case of homogeneous linear systems. Recall that a
linear system (3.1) is called homogeneous if by = --- = b, = 0. Such a system has always at least
one solution, the so-called trivial solution x1 = --- = x,, = 0. This also clear from Theorem 3.7
since no matter what row operations we perform, the right side will always remain equal to 0. Note
that if we perform Gaufl or Gauf-Jordan elimination, there is no need to write down the right hand
side since it always will be 0.

If we adapt Theorem 3.7 to the special case of a homogeneous system, we obtain the following.

Theorem 3.14. Let A be the coefficient matriz of a homogeneous linear m x n system and let A’
be a row reduced form.

(i) If there is a pivot in every column then the system has exactly one solution, namely the trivial
solution.

(ii) If there is a column ith without a pivot, then the system has infinitely many solutions.
Corollary 3.15. A homogeneous linear system has either exactly one or infinitely many solutions.
Let us see an example.

Example 3.16 (Example of a homogeneous system with infinitely many solutions). We
consider the linear system

r1+ 229 — 23 =0,
2%1 + 31’2 - 21’3 = 0, (310)
3561 — T2 — 31‘3 = 0
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92 3.2. Homogeneous linear systems

Solution. We perform row reduction on the associated matrix.

1 2 -1 1 2 -1 1 2 -1
9 3 _o| BemRe2R [ 4 o| BszoRs=3Ra, [ 4 0
3 -1 -3 3 -1 -3 0o -7 0

use R to clear —1

1 1 0
the 2nd column 0 —1 0 Ra——R> 0 1 0
0 0 0 0

We see that the third variable is free, so we set x3 = t. The solution is
r1 =t x2=0, x3=t for teR,
or, in vector form

1
zo | =t |0 for t € R. o
T3 1

Example 3.17 (Example of a homogeneous system with exactly one solution). We con-
sider the linear system

1 + 229 =0,
2x1 + 3x2 =0, (3.11)
3x1 + 529 = 0.

Solution. We perform row reduction on the associated matrix.

1 2 use R; to clear 1 2 use Ra to clear 1 1 0
2 3 the 1st column 0 -1 the 2nd column 0 -1 Ro——Ro 0 1
3 5 0 —1 0 0 0 0
So the only possible solution is 1 = 0 and x5 = 0. o

In the next section we will see the connection between the set of solutions of a linear system and
the corresponding homogeneous linear system.

You should now have understood

e why a homogeneous linear system always has either one or infinitely many solutions,

e etc.
You should now be able to

o use the Gau3- or GauB-Jordan elimination to solve homogeneous linear systems,

e etc.
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Ejercicios.

1. Encuentre todas las soluciones de los sistemas homogéneos asociados a las matrices del Ejer-
cicio 1. de la Seccion 3.1.

2. Determine el conjunto de soluciones de los siguientes sistemas homogéneos:

(a) x+2y—32=0 b)) z4+ y+ z4+w=0 (¢) 22— 8y=0
20 +4y —62=0 —xr+ 5z — 3w =0 —x+ 4y =0
-3z —-6y+92=0 2z 4+ 3y + 8z =0 3r—12y =0

z+2y+ 7z—w=0

3. Encuentre todos los r € R tal que el siguiente sistema tenga solucién inica:

24+r)z—2y=0
20+ (1—r)y=0

3.3 Matrices and linear systems

So far we were given a linear system with a specific right hand side and we asked ourselves which
z; do we have to feed into the system in order to obtain the given right hand side. Problems of
this type are called inverse problems since we are given an output (the right hand of the system;
the “state” that we want to achieve) and we have to find a suitable input in order to obtain the
desired output.

Now we change our perspective a bit and we ask ourselves: If we put certain x1,...,x, into the
system, what do we get as a result on the right hand side? To investigate this question, it is very
useful to write the system (3.1) in a short form. First note that we can view it as an equality of
the two vectors with m components each:

1171 + Q12T2 + -+ A1pTy by
a21T1 + G22%2 + -+ A2pTyp ba
=1 . 1. (3.12)
Am1T1 + Gm2T2 + - -+ Amnn b
Let A be the coefficient matrix and Z the vector whose components are 1, ..., x,. Then we write
the left hand side of (3.12) as
a11T1 + a12T2 + -+ A1pTn
Z1 a21x1 + Q22T2 + -+ a2pTy
AT=A| | == ) ) . (3.13)
. : :

Am1%1 + AmaT2 + - + AppTn
With this notation, the linear system (3.1) can be written very short as

Az =b
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94 3.3. Matrices and linear systems

by
with b = :
bm
A way to remember the formula for the multiplication of a matrix and a vector is that we “multiply

each row of the matrix by the column vector”, so we calculate “row by column”. For example, the
jth component of AZ is “(jth row of A) by (column Z)”.

ai; a2 ... Qip Gj1T1 +aj2%2 + -+ QjnTy
T o
i) .
AZ = a1 Gj2 ... G . = Gj1%1 + Q222 + -+ GQjnTn . (314)
In .
aml Am2 ... (mn Am1T1 + AGm2Z2 + +++ + AmnTn

Definition 3.18. The formula in (3.13) is called the multiplication of a matriz and a vector.

An m x n matrix A takes a vector with n components and gives us back a vector with m compo-
nents.

Observe that something like A does not make sense!
Remark 3.19. Formula (3.13) can be interpreted as follows. If A is an m x n matrix and & is

a vector in R™, then AZ is the vector in R which is the sum of the columns of A weighted with
coefficients given by & since

a11T1 + @122 + -+ A1aTy a11T1 A1nTn
- (2171 + G22%2 + -+ A2pTp (2171 G2n Ty
Ax = ] ) — ) T
Am1T1 + Am2T2 + -+ AmnTn Am1T1 AmnTn
(3.15)
a11 A1n
a21 a2n
A1 Amn

Remark 3.20. Recall that €; is the vector which has a 1 as its jth component and has zeros

everywhere else. Formula (3.13) shows that for every j =1,...,n
a1j
A€; =] 1 | = jth column of A. (3.16)
Amj

Let us prove some easy properties.

Proposition 3.21. Let A be an m x n matriz, Z,j € R™ and ¢ € R. Then
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(i) A(cZ) = cAz,
(i) A(Z+y) = Az + Ay,
(iii) A0 =0

Proof. The proofs are not difficult. They follow by using the definitions and carrying out some
straightforward calculations as follows.

a11¢x1 + -+ A1pCTy 1121 + -+ A1pTn
cx
! agrcxy + -+ agpcay agx1 + -+ agnTy
(i) A(c)=A| @ | = =c = cAZ
CTy,
Am1CT1 + -+ AmnCTn Am1T1 + -+ AmnTn
ari(z1+y1) + -+ an(zn +yn)

T+
(i) A@+y)=A4 : =
Tpn + Yn

asi(z1 +y1) + -+ aon(@n +Yn)

aml(ml + yl) + -+ amn(zn + yn)
1171+ -+ ainTn a1y + -+ ainlYn
2171+ -+ a2y a21y1 + -+ Q2nYn
= P = AT + Af.
Am1T1 + -+ ATy am1Y1 TGN AmnYn

(iii) To show that A0 = 0, we could simply do the calculation (which is very easy!) or we can use

(i):

-,

A0 = A(00) = 0A0 = 0. O

Note that in (iii) the 0 on the left hand side is the zero vector in R™ whereas the 0 on the right
hand side is the zero vector in R™.

Proposition 3.21 gives an important insight into the structure of solutions of linear systems. See
also Remark 3.12.

Theorem 3.22. (i) Let & and § be solutions of the linear system (3.1). Then T —§ is a solution
of the associated homogeneous linear system.

(ii) Let & be a solution of the linear system (3.1), let Z' be a solution of the associated homogeneous
linear system and let A\ € R. Then T + \Z is solution of the system (3.1).

Proof. Assume that Z and ¢ are solutions of the (3.1), that is
AZ=0b and Aj=0b.
By Proposition 3.21 (i) and (ii) we have

AF—§) = AT+ A(—)) = AT— Af=b—-b=0
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which shows that Z — ¢/ solves the homogeneous equation A7 = 0. Hence (i) is proved
In order to show (ii), we proceed similarly. If & solves the inhomogeneous system (3.1) and 2’ solves
the associated homogeneous system, then

AZ=1b and AZ=0.
Now (ii) follows from
AF+ A7) = AT+ ANT = AT+ AAZ=b+ A0 =b. O
Corollary 3.23. Let & be an arbitrary solution of the inhomogeneous system (3.1). Then the set
of all solutions of (3.1) is

{Z+Z:2 is solution of the associated homogeneous system}.

This means that in order to find all solutions of an inhomogeneous system it suffices to find one
particular solution and all solutions of the corresponding homogeneous system.

We will show later that the set of all solutions of a homogeneous system is a vector space. When you
study the set of all solutions of linear differential equations, you will encounter the same structure.

Example 3.24. Let us consider the system

21 +2x9 — 3= 3,
2x1 + 3x0 — 23 = 3, (3.107)
3x1 — xo—3z3 = —12.

Solution. We form the augmented matrix and perform row reduction.

1 2 -1 3 1 2 -1 3 use Ro to clear 1 0 -1 -3
) 3 _92 3 Ra— R2—2R; 0 —1 0 -3 the 2nd column 0 —1 0 -3
3 -1 -3 —12) M7 \g 7 o] —21 0 0 of o
1 0 -1 -3
foocla g1 of 3
0 0 0 0
It follows that o = 3 and x1 = —3 + z3. If we take x3 as parameter, the general solution of the
system in vector form is
X -3 1
|l = 3 | +t]0 for teR.
T3 0 1

Note that the left hand side of the system (3.10°) is the same as that of the homogeneous system
(3.10) in Example 3.16 which has the general solution

T 1
zo | =t |0 for teR.
I3 1
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This shows that indeed we obtain all solutions of the inhomogenous equation as sum of the particular
solution (0,3,0)* and all solutions of the corresponding homegenous system. o

You should now have understood

e that an m X n matrix can be viewed as a function that takes vectors in R™ and returns a
vector in R™,

e the structure of the set of all solutions of a given linear system,

e etc.
You should now be able to

e calculate expressions like AT,

e relate the solutions of an inhomogeneous system with those of the corresponding homoge-

neous one,
e ctc.
Ejercicios.
1 2 -1 3
1. Sea A = 1 3 0 2 ). Para cada uno de los siguientes vectores, verifique si es una
-1 2 1 3

solucién del sistema homogéneo Ax = 0:

5 1 10 3
-3 2 -6 0 -1
ON e EEN N © (.l @ @]
2 4 20 -1 1

Posteriormente, encuentre todas las soluciones del sistema homogéneo. ;Existe una solucién
del sistema anterior tal que alguna de sus componentes sea cero pero no sea la solucién trivial?

2. En cada item, escriba el sistema de ecuaciones lineales correspondiente y obtenga todas sus

soluciones:

2 -1 1 3

1 1 3 2 7 3 1 -2 -2

(a) 2 -1 0 4|7=18 (b) 1 -1 1|2= 7

0 3 6 0 8 1 5 7 13

1 -7 -5 12

2 1 1 2 3 1 0 2 6

(c) 1 1 =2|1Z=13 (d) 21 -1 0|Z=1(3

1 1 1 1 1 1 1 1 6
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3. Escriba el siguiente sistema de ecuaciones de la forma AZ = b:

r+3y+z2=3
2v4+Ty+22=5
22 + 6y + (a® — 2)z = a + 4.

Luego, determine todos los a € R tal que el sistema

(a) tenga unica solucién,
(b) tenga infinitas soluciones 6

(¢) no tenga solucidn.

3.4 DMatrices as functions from R"” to R™; composition of
matrices

In the previous section we saw that a matrix A € M(m x n) takes a vector & € R™ and returns
a vector AT in R™. This allows us to view A as a function from R™ to R™, and therefore we can
define the sum and composition of two matrices. Before we do this, let us see a few examples of
such matrices. As examples we work with 2 x 2 matrices because their action on R? can be sketched
in the plane.

1 0

Example 3.25. Let us consider A = (0 1

). This defines a function T4 from R? to R? by

Ty :R? 5 R, Tud= A7

Remark. We write T4 to denote the function induced by A, but sometimes we will write simply
A :R? — R? when it is clear that we consider the matrix A as a function.

We calculate easily

W0 (-() me 5()-(2)

So we see that T4 represents the reflection of a vector Z about the x-axis.
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T

Sy
)
o
oL

FIGURE 3.1: Reflection on the z-axis.

0 0

Example 3.26. Let us consider B = (O 1

). This defines a function 75 from R2 to R? by

Ts :R?> - R?, Tgi = BZ.

We calculate easily

(o) = @) (=) e n (5)= ()

So we see that Ts represents the projection of a vector & onto the y-axis.

g

Tty = (” )

> x T
/ ]
= \ 4 =
_______ Tew

FIGURE 3.2: Orthogonal projection onto the y-axis.

0 —1

Example 3.27. Let us consider C' = (1 0

>. This defines a function T¢ from R? to R? by
Tc :R? - R2, TeoZ=CZ.
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We calculate easily

()= (- wme ()

So we see that T represents the rotation of a vector Z about 90° counterclockwise.

Y e

Teow

FIGURE 3.3: Rotation about /2 counterclockwise.

Just as with other functions, we can sum them or compose them. Remember from your calculus
classes, that functions are summed “pointwise”. That means, if we have two functions f,g: R — R,
then the sum f 4+ g is a new function which is defined by

fH9:R=R, (f+9)(z) = f(z) +g(2). (3.17)

The multiplication of a function f with a number ¢ gives the new function cf defined by

cf :R=R, (cf)(z) =c(f(2)). (3.18)

The composition of functions if defined as

feg:R—=R, (fog)(z)=f(g(x)) (3.19)

Matrix sum

Let us see how this looks like in the case of matrices. Let A and B be matrices. First note that
they both must depart from the same space R™ because we want to apply them to the same &, that
is, both AZ and B must be defined. Therefore A and B must have the same number of columns.
They also must have the same number of rows because we want to be able to sum AZ and BZ. So
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let A, B € M(m xn) and let & € R. Then, by definition of the sum of two functions, we have

a11 ai2 - Qln 1 b11 bia -+ bin x1
. . N a2 Q22 -+ G2p T2 R R T2
(A+ B)Z := A%+ BZ¥ = . . . N
Am1 Am?2 o Omn Tn bml bm2 e bmn Tn
a1171 + a12T2 + - + A1 Th bi171 + biowo + - - + bipTy
a21T1 + a22%T2 + -+ + A2, Ty ba1x1 + bagxa + - - - + bapxy
= . + .
Am1T1 + Am2T2 + -+ AmnTn bmlwl + bm2$2 + -+ bmnxn

a1171 + a12T2 + -+ + A1 Ty + b1171 + b12T2 + - - + b1p T,
a21%1 + A22%2 + - -+ + A2p Ty + 2171 + booTo + -+ - 4+ bapTy,

Am1T1 + Am2T2 +--+ AmnTn + bmlml + bm2m2 T bmnxn

(@11 + b))z + (a12 + bi2)ze + -+ + (G1n + bin)Zn
(a21 + bi1)z1 + (ag2 + bi2)xs + -+ - + (G2n + bin)Zn

(@m1 +b11)z1 + (Amz + bi2)xa + - - + (@mn + i) Tn

ain +bii ai2+biz - A by T
ao1 +bii a2 +biz - agn + by T2
Gm1 +011 @2 +biza o amn + b Tn

We see that A + B is again a matrix of the same size and that the components of this new matrix
are just the sum of the corresponding components of the matrices A and B.

Multiplication of a matrix by a scalar

Now let ¢ be a number and let A € M (m x n). Then we have

a1 a2 -+ Qin T 1121 + -+ A1p Ty
(cA)T = c(AZ) = ¢ : : : : =c
Am1 Am2 tee Amn Tn Am1T1 +--F Amndn
Ca11T1 + -+ Cca1pTy cai1 caip -+ Caip T
CAm1T1 + -+ + CQpmnTn CAm1 CAm2 - Chmn Tn

We see that cA is again a matrix and that the components of this new matrix are just the product
of the corresponding components of the matrix A with c.
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102 3.4. Matrices as functions from R™ to R™; composition of matrices

Proposition 3.28. Let A,B,C € M(m x n) let O be the matriz whose entries are all 0 and let
A € R. Moreover, let A be the matrixz whose entries are the negative entries of A. Then the
following is true.

(i) Associativity of the matrix sum: (A+ B)+C=A+ (B+C).

(i) Commutativity of the matrix sum: A+ B = B + A.

(iii) Additive identity: A+ O = A.

(iv) Additive inverse A+ A= 0.

(v) 1A= A.

(vi) A+ u)A=AA+ uA and N(A+ B) = A\A+ AB.

(vil) (Au)A = A(uA).

Proof. The claims of the proposition can be proved by straightforward calculations. O

Prove Proposition 3.28.
From the proposition we obtain immediately the following theorem.

Theorem 3.29. M (m x n) is a vector space.

Composition of two matrices

Now let us calculate the composition of two matrices. This is also called the product of the matrices.
Assume we have A € M(m x n) and we want to calculate AB for some matrix B. Note that A
describes a function from R™ — R™. In order for AB to make sense, we need that B goes from
some R¥ to R", that means that B € M(n x k). The resulting function AB will then be a map
from R¥ to R™.

ph B e A o
\/
AB

So let B € M(nx k). Then, by the definition of the composition of two functions, we have for every
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7 eRF
bir b1z - bik T1 biizi + bioxa + -+ - + birxk
bar b2z -+ bog T2 ba1x1 + baox2 + - - - 4 borTk
(AB)Z = A(BZ) = A _ _
bni bpn2 - bak Tk bnix1 + bpaxa + - - + bprTk
a1 a2 - Gk biixy + biox2 + - - - 4+ binTr
ag1 Gz - G2k ba1x1 + baoxa + - - - + barxk
Gnl  Gn2 -  Gnk br1z1 + brox2 + - - + bpri

aii[biizy + biawa + - - + bigwr] + ara[b21z1 + bazxe + - - 4 bapxk] + - + arn[bn1z1 + bnaze + - 4 bupxy)
a21[b1121 + b2z + + - - + bigxr] + a22[b2121 + b2 + -+ - + bapxr] + - - - + G2n[bn1x1 + b2z + - + bppxi)

ami[b11z1 + b2z + -+ + b1rTi] + ama[ba1z1 + baoza + - -+ + bar@r]| + - - + Amn[bniz1 + bnazz + -+ + bnrTk]

[a11b11 + a12b21 + - - - + @1nbni]x1 + [@11b12 + a12b22 + -+ - + @1nbn2]T2 + -+ - + [a11b1k + a12b2k + - - - + a1nbnk]TE
[a21b11 + a22b21 + -+ - + a2nbni]x1 + [a21bi2 + a22baz + - - - + aspbpa]xe + -+ - + [a21bik + a22bor + - - + a2nbnk]Ti

[amlbll + C1/'/77.21721 +---+ amnbnl]xl + [am1b12 + am2b22 +---+ amnan]xQ +---+ [amlblk + am2b2k +---+ amnbnk}xk

a11bi1 + a12bo1 + - -+ + @1nbnr a11bi2 + a12ba2 + - - - + a1nbno e a11b1x + a12bor + - - - + a1nbnk T
a21b11 + a22b21 + -+ - + a2nbny a21b12 + a22boz + - - + aznbn2 -+ a21bix + as2bor + - + a2nbuk T2
Am1b11 + @m2b21 + - - + Gmnbn1  Gmibiz + amaboe + - -+ Gmnbr2 - Gmibik + amabor + -+ Gmnbnk Tk

We see that AB is a matrix of the size m X k as was to be expected since the composition function
goes from R* to R™. The component j/ of the new matrix (the entry in lines j and column /) is

n
Cjv = E ajrbrﬂ-
r=1

So in order to calculate this entry we need from A only its jth row and from B we only need its
/th column and we multiply them component by component. You can memorise this again as “row
by column”, more precisely:

¢;j¢ = component in row j and column /¢ of AB = (row j of A) x (column /¢ of B) (3.20)

as in the case of multiplication of a vector by a matrix. Actually, a vector in R™ can be seen as an
n X 1 matrix (a matrix with n rows and one column), hence (3.13) can be viewed as a special case
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104 3.4. Matrices as functions from R™ to R™; composition of matrices

of (3.20).
all ai2 A1n b11 blg blk C11 C1y C1k
bgl N b% N bgk
AB = a1 Qj2 ... Qjp : - o : = Cj1 .. Gy N
Am1 Am2  --- Gmp b1 ... bpe ... bpg Cmi -+ Cm2 .- Cmk

with ¢ =aj b + a2 boy + -+ ajnbnf-

1 2 3 7 1 2 3
Example 3.30. Let A = and B=|[2 0 1 4. Then
8 6 4
2 6 -3 0
7T 1 2 3
ABz(élg ?5 i) 2 0 1 4
2 6 -3 0

(17 +2-243-2 1-1+2-0+3-6 1-24+2-143-(-3) 1-3+2-4+3-0
C\8:7+6-24+4-2 8:-1+6-0+4-6 8:246-1+4-(-3) 8:3+6-4+4-0

(17 19 =5 11
T \76 32 10 48)°
Let us see some properties of the algebraic operations for matrices that we just introduced.

Proposition 3.31. Let A € M(m xn), B,C € M(kxm), S, T € M(n xk) and R € M(k x ).
Then the following is true.

(i) Associativity of the matrix product: A(RS) = (AR)S.
(ii) Distributivity: A(S+T) = AS + AT and (B+C)A=BA+ CA.
Proof. The claims of the proposition can be proved by straightforward calculations. O

Prove Proposition 3.31.

Very important remark.

The matrix multiplication is not commutative, that is, in general

AB # BA.

That matrix multiplication is not commutative is to be expected since it is the composition of two
functions (think of functions that you know from your calculus classes. For example, it does make
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a difference if you first square a variable and then take the arctan or if you first calculate its arctan
and then square the result).

Let us see an example. Let B be the matrix from Example 3.26 and C' be the matrix from
Example 3.27. Recall that B represents the orthogonal projection onto the y-axis and that C
represents counterclockwise rotation by 90°. If we take € (the unit vector in z-direction), and we
first rotate and then project, we get the vector €. If however we project first and rotate then, we
get 0. That means, BC@, # CBg;, therefore BC # CB. Let us calculate the products:

0 0\ /0 -1 0 0 . o
BC = <0 1> <1 0) = (1 0) first rotation, then projection,

0 -1\ /0 O 0 —1 o ’
¢h= (1 0) (0 1) - <o 0) first projection, then rotation.

Let A be the matrix from Example 3.25, B be the matrix from Example 3.26 and C' the matrix
from Example 3.27. Verify that AB # BA and AC # C'A and understand this result geometrically
by following for example where the unit vectors get mapped to.

Note also that usually, when AB is defined, the expression BA is not defined because in general
the number of columns of B will be different from the number of rows of A.

We finish this section with the definition of the so-called identity matrix.

Definition 3.32. Let n € N. Then the n x n identity matrix is the matrix which has 1s on its
diagonal and has zero everywhere else:

= . (3.21)

As notation for the identity matrix, the following symbols are used in the literature: E,,id,, Id,,
I,, 1,, 1,,. The subscript n can be omitted if the size of the matrix is clear.

Remark 3.33. It can be easily verified that
Aid, =A, id,B=B, id,z=*7

for every A € M(m x n), for every B € M(n x k) and for every & € R™.
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106 3.4. Matrices as functions from R™ to R™; composition of matrices

You should now have understood

e what the sum and the composition of two matrices is and where the formulas come from,
e why the composition of matrices is not commutative,
e that M(m x n) is a vector space,

o etc.
You should now be able to

e calculate the sum and product (composition) of two matrices,

e ctc.
Ejercicios.
1 3 -2 0 -1 1
1. Para A = 2 5|,B= 1 4)yC= 4 6], calcular:
-1 2 -7 5 -7 3

(a) 24,

(b) 3C —2A4,
(c) A+ B+C,
(d) 24A—-3B+5C,

(e) una matriz D tal que A+ 2B —3C + D es la matriz de solo ceros.

2. Realice los siguientes cdlculos (antes de hacer la multiplicacién indicada, especifique cudl serd
el tamafio de la matriz resultante al hacer el producto):

2 -3 5 1 4 6 1
(@ |1 0 6]|-2 3 5], (@ | 3]0 -2 5),
2 31 1 0 4 —1
1 -1
(b) @é_i)(g ;}) (@ 321 —2\[4 3
—6 4 310 5|
s 2 0
2 4 1 6
e enal i) o216 2
-2 3 -2 3

3. Verifique la ley asociativa de la multiplicacién para las matrices

1 -1 2 16
A:(i’ *(1) _‘D,B: 2 0 -1|yC=(-1 4
-3 -2 0 -2 3

4. Encuentre A € M(2 x 2) tal que A (? _g> = ids.
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3 -1 -5 2 6 10 .
5. Sean A = 4 9 1 0) y C = (3 2>. Encuentre por lo menos una matriz B tal

que AB = C'. ;Cuéntas soluciones a la ecuacién matricial AX = C existen?

6. En R?, encuentre la matriz (2 x 2) que rota el plano cierto dngulo 9.

Hint. Plantee la matriz Cy = (Z Z) y calcule Cyei y Cyes para encontrar a, b, ¢, d.

A

01962 (72

11

7. SiA(O 1

> y B = <i Z), encuentre condiciones sobre a, b, ¢, d tal que AB = BA.

8. Sean A, B € M(n x n):

(a) ;Se cumple la igualdad A% — B? = (A — B)(A+ B)? Si su respuesta es negativa, ;cudles
condiciones sobre A, B puede dar para que se cumpla la igualdad?

(b) Lo mismo del inciso anterior para la igualdad (A + B)? = A? + 2AB + B2,

3.5 Inverses of matrices

We will give two motivations why we are interested in inverses of matrices before we give the formal
definition.

Inverse of a matrix as a function

The inverse of a given matrix is a matrix that “undoes” what the original matrix did. We will
review the matrices from the Examples 3.25, 3.26 and 3.27.

e Assume we are given the matrix A from Example 3.25 which represents reflection on the
z-axis and we want to find a matrix that restores a vector after we applied A to it. Clearly,
we have to reflect again on the z-axis: reflecting an arbitrary vector & twice on the z-axis
leaves the vector where it was. Let us check:

1 0\/1 O 10 .
Ad = (o 1) (0 1> - <o 1) = id;.
That means that for every ¥ € R?, we have that A2% = &, hence A is its own inverse.
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108 3.5. Inverses of matrices

e Assume we are given the matrix C from Example 3.27 which represents counterclockwise
rotation by 90° and we want to find a matrix that restores a vector after we applied C to it.
Clearly, we have to rotate clockwise by 90°. Let us assume that there exists a matrix which
represents this rotation and let us call it C_ggo. By Remark 3.19 it is enough to know how it
acts on €, and € in order to write it down. Clearly C_ggo€; = —65 and C'_ggo€> = €1, hence

C,goo = (—62‘61)
Let us check:

0 1 0 -1 1 .

owc= (1 o) (I 70)= (o 1)

0 -1 0 1 1 .

o= (Y Y on

which was to be expected because rotating first 90° clockwise and then 90° counterclockwise,
leaves any vector where it is.

—_ O

and

= O

e Assume we are given the matrix B from Example 3.26 which represents projection onto the
y-axis. In this case, we cannot restore a vector & after we projected it onto the y-axis. For

(2)) , then & could have been (g) or (;) or any other vector

in R? whose second component is equal to 2. This shows that B does not have an inverse.

example, if we know that BZ = <

Inverse of a matrix for solving a linear system

Let us consider the following situation. A grocery sells two different packages of fruits. Type A
contains 1 peach and 3 mangos and type B contains 2 peaches and 1 mango. We can ask two
different type of questions:

(i) Given a certain number of packages of type A and of type B, how many peaches and how
many mangos do we get?

(i) How many packages of each type do we need in order to obtain a given number of peaches
and mangos?

The first question is quite easy to answer. Let us write down the information that we are given. If

a = number of packages of type A, p = number of peaches
b = number of packages of type B, m = number of mangos.

then

p=1la+2b

3.22
m = 3a + 1b. ( )

Using vectors and matrices, we can rewrite this as

(2)=G ) 6)
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1 2

LetA:(3 1

). Then the above becomes simply

(2)-4()

If we know a and b (that is, we know how many packages of each type we bought), then we can
find the values of p and m by simply evaluating A({) which is relatively easy.

Example 3.34. Assume that we buy 1 package of type A and 3 packages of type B, then we

calculate @ > _4 (;) = @ ?) <:1),) - <g> ’

which shows that we have 9 peaches and 7 mangos.

If on the other hand, we know p and m and we are asked find a and b such that (3.22) holds, we
have to solve a linear system which is much more cumbersome. Of course, we can solve (3.23) using
the Gaufl or GauB-Jordan elimination process, but if we were asked to do this for several pairs p
and m, then it would become long quickly. However, if we had a matrix A’ such that A’A = ids,
then this task would be quite easy since in this case we could manipulate (3.23) as follows:

()=2G) = 2()=r()=()= ()

If in addition we knew that AA’ = idsy, then we have that

Gj@) =4 <Z) =F <fl> = (Z) : (3.24)

The task to find a and b again reduces to perform a matrix multiplication. The matrix A’, if it
exists, is called the inverse of A and we will dedicate the rest of this section to give criteria for its
existence, investigate its properties and give a recipe for finding it.

Exercise. Check that A’ = % <_1 2) satisfies A’A = id,.

3 -1
Example 3.35. Assume that we want to buy 5 peaches and 5 mangos. Then we calculate

6)-2() -5 DE)-0)

which shows that we have to by 1 package of type A and 2 packages of type B.

Now let us give the precise definition of the inverse of a matrix.

Definition 3.36. A matrix A € M (nxn) is called invertible if there exists a matrix A’ € M (n xn)
such that
AA =id, and A'A=id,.
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110 3.5. Inverses of matrices

In this case A’ is called the inverse of A and it is denoted by A~!. If A is not invertible then it is
called non-invertible or singular.

The reason why in the definition we only admit square matrices (matrices with the same number
or rows and columns) is explained in the following remark.

Remark 3.37. (i) Let A € M(mxn) and assume that there is a matrix B such that BA =
This means that if for some b € R™ the equation A¥ = b has a solution, then it is unique
because
AZ=b = BAZ=Bb = & =Bb.

From the above it is clear that A € M(m x n) can have an inverse only if for every beR™
the equation A¥ = b has at most one solution. We know that if A has more columns than
rows, then the number of columns will be larger than the number of pivots. Therefore,
AZ = b has either no or infinitely many solutions (see Theorem 3.7). Hence a matrix A with
more columns than rows cannot have an inverse.

(ii) Again, let A € M(m x n) and assume that there is a matrix B such that AB = id,,. This
means that for every b € R™ the equation A% = b is solved by & = Bb because

- —

idnb=b = ABb=b =—> A(Bb)=b.

From the above it is clear that A € M (m x n) can have an inverse only if for every b € R™
the equation AZ = b has at least one solution. Assume that A ha§ more rows than columns.
If we apply Gaussian elimination to the augmented matrix (A|d) then the last row of the
row-echelon form has to be (0 --- 0|3,). If we chose b such that after the reduction 3, # 0,
then A7 = b does not have a solution. Such a b is easy to find: We only need to take €,
(the mth unit vector) and do the steps from the Gauf} elimination backwards. If we take
this vector as right hand side of our system, then the last row after the reduction will be
(0 ... 0|1). Therefore, a matrix A with more rows than columns cannot have an inverse
because there will always be some b such that the equation AZ = b has no solution.

In conlusion we showed that we must have m = n if A ought to have an inverse matrix.

If A€ M(m xn) with n # m, then it does not make sense to speak of an inverse of A as explained
above. However, we can define the left inverse and the right inverse.

Definition 3.38. Let A € M(m x n).
(i) A matrix C' is called a left inverse of A if CA =id,
(ii) A matrix D is called a right inverse of A if AD = id,,.

Note that C' and D must be n x m matrices. The following examples show that the left- and right
inverses do not need to exist, and if they do, they are not unique.

Examples 3.39. (i) A= (O O) has neither left- nor right inverse.

0 0
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1 0

(i) A =

10
(ii) A = 0 has no left inverse and has right inverse D = | 0 1
010
0 0
1 0
z,y € R the matrix | 0 1] is a right inverse of A.
Ty
10 10
0 1] has no right inverse and has left inverse C = (0 1
0 0

z,y € R the matrix ((1) 1

Z) is a left inverse of A.

. In fact, for every

8) In fact, for every

Remark 3.40. We will show in Theorem 3.45 that a matrix A € M (n x n) is invertible if and only

if it has a left- and a right inverse.

Examples 3.41.

0 14 (1 0
_1> = A _A_<O _1>,

~1 4 (01
o) = = (4)

e From the examples at the beginning of this section we have:

B= (8 (1)> = B is not invertible.
4 0 00 1/4 0
10 5 00 . 1 0 1/5
o Let A= 00 -3 ol Then we can easily guess that A= = 0 0
00 0 2 0 0

is an inverse of A. It is easy to check that the product of these matrices gives idy.

0
0

~1/3

e Let A € M(n x n) and assume that the kth row of A consists of only zeros. Then A is not
invertible because for any matrix B € M (n X n), the kth row of the product matrix AB will

be zero, no matter how we choose B. So there is no matrix B such that AB = id,,.

o Let A € M(n x n) and assume that the kth column of A consists of only zeros. Then A is
not invertible because for any matrix B € M(n x n), the kth column of the product matrix
BA will be zero, no matter how we choose B. So there is no matrix B such that BA = id,.

Now let us prove some theorems about inverse matrices. Recall that A € M(n x n) is invertible if
and only if there exists a matrix A’ € M(n x n) such that AA" = A’A = id,,.
First we will show that the inverse matrix, if it exists, is unique.

Theorem 3.42. Let A,B € M(n x n).

(i) If A is invertible, then its inverse is unique.
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(ii) If A is invertible, then its inverse A~! is invertible and its inverse is A.

(iii) If A and B are invertible, then their product AB is invertible and (AB)~1 = B~tA~L,

Proof. (i) Assume that A is invertible and that A’ and A" are inverses of A. Note that this
means that
AA = A'A=id, and AA” = A"A—id,. (3.25)

We have to show that A’ = A”. This follows from (3.25) and from the associativity of the
matrix multiplication because

A = Aid, = A/(AA") = (A A)A" =id, A" = A”.

(ii) Assume that A is invertible and let A~! be its inverse. In order to show that A~! is invertible,
we need a matrix C such that CA™! = A~'C = id,,. This matrix C is then the inverse of
A~L. Clearly, C = A does the trick. Therefore A~1 is invertible and (A~1)~! = A.

(iii) Assume that A and B are invertible. In order to show that AB is invertible and (AB)~! =
B71A~!, we only need to verify that B~'A"1(AB) = (AB)B~'A~! =id,,. We see that this
is true using the associativity of the matrix product:

B7'A7Y(AB) =B Y(A7'A)B=B"'id, B= B 'B =id,,
(AB)B™'A™' = ABB HA ' =A4"'id, A=A4"1A=id,. O

Note that in the proof we guessed the formula for (AB)~! and then we verified that it indeed is the
inverse of AB. We can also calculate it as follows. Assume that C' is a left inverse of AB. Then

C(AB)=id, <+= (CAB=id, <= CA=id,B'=B"'! < C=B'4"'2
If D is a right inverse of AB then
(AB)D =id,, <= A(BD)=id, <= BD=A'id,=A4"' < D=B'A"1

Since C = D, this is the inverse of AB.

Remark 3.43. In general, the sum of invertible matrices is not invertible. For example, both id,
and —id,, are invertible, but their sum is the zero matrix which is not invertible.

Theorem 3.44 in the next section will show us how to find the inverse of a invertible matrix; see in
particular the section on page 115.

You should now have understood
e what invertibility of a matrix means and why it does not make sense to speak of the invert-
ibility of a matrix which is not a square matrix,

e that invertibility of matrix of n X n-matrix is equivalent to the fact that for every beR™
the associated linear system AZ = b has exactly one solution.

e etc.
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You should now be able to

e guess the inverse of simple invertible matrices, for example of matrices which have a clear
geometric interpretation, or of diagonal matrices,

e verify if two given matrices are inverse to each other,
e give examples of invertible and of non-invertible matrices,

e etc.

Ejercicios.

1. Diga cudles de las siguientes matrices con mutualmente inversas.

6 ) e ()0 e (3

-1 0 0
2. Muestre que 0 —1 0] essu propia inversa.
-2 —4 1
13 12 3
3. Verifique que 0 0 | es una inversa a derecha de la matriz A = (1 3 4> y usela para
-1 1

encontrar una solucién particular al sistema AZ = b.

4. Sea A = (i ;) i Es A invertible? Hint. Suponga que AB = ids para alguna matriz

B e M(2 x 2). ;Cémo se ve la primer columna si uno evalua el producto AB?

3.6 Matrices and linear systems

Let us recall from Theorem 3.7:
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For A € M(m x n) and b € R™ consider the equation

AT =b. (3.26)
Then the following is true:
(1) Equation (3.26) has no <= The reduced row echelon form of the augmented
solution. system (A|b) has a row of the form (0 - - 0|3) with
some [ # 0.
(2) Equation (3.26) has at least <= The reduced row echelon form of the augmented
one solution. system (A|b) has no row of the form (0---0|5)

with some S # 0.
In case (2), we have the following two sub-cases:

(2.1) Equation (3.26) has exactly one solution. <= #pivots = #F#columns.
(2.2) Equation (3.26) has infinitely many solutions. <  #pivots < #columns.

Observe that the case (1), no solution, cannot occur for homogeneous systems.
The next theorem connects the above to invertibility of the matrix representing the system.

Theorem 3.44. Let A € M(n x n). Then the following is equivalent:
(i) A is invertible.
(i) For every b € R™, the equation AZ = b has ezactly one solution.
(iit) The equation AT =0 has ezactly one solution.
(iv) Every row-reduced echelon form of A has n pivots.
)

(v) A is row-equivalent to id,,.

We will complete this theorem with one more item in Chapter 4 (Theorem 4.11).

Proof. (i) = (iii) follows if we choose b = 0.

(iii) = (iv) If AZ = 0 has only one solution, then, by the Case (2.1) above (or by the Case (2.1) in
Theorem 3.7), the number of pivots is equal to n (the number of columns of A) in every row-reduced
echelon form of A.

(iv) = (v) is clear.

(v) = (ii) follows from case (2.1) above (or by Theorem 3.7(2.1)) because no row-reduced form of
A can have a row consisting of only zeros.

So far we have shown that (ii) - (v) are equivalent. Now we have to connect them to (i).

(i) = (ii) Assume that A is invertible and let b € R”. Then AZ = b <= # = A~1b which shows
existence and uniqueness of the solution.

(ii) = (i) Assume that (ii) holds. We will construct A~! as follows (this also tells us how we can
calculate A~1 if it exists). Recall that we need a matrix C' such that AC = id,. This C will
then be our candidate for A=! (we still would have to check that CA = id,,). Let us denote the
columns of C by ¢ for j =1,...,n, so that C = (¢]---|¢,). Recall that the kth column of AC is
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A(kth column of C') and that the columns of id,, are exactly the unit vectors €5 (the vector with a
1 as kth component and zeros everywhere else). Then AC = id,, can be written as

(Ac|---|AGy) = (&1 -+ [&n).

By (ii) we know that equations of the form AZ = €; have a unique solution. So we only need
to set ¢; = unique solution of the equation A¥ = €;. With this choice we then have indeed that
AC =id,.

It remains to show that CA = id,,. To this end, note that

A=id,A = A=ACA —A-ACA=0 = A(id,—-CA)=0.

This means that A(id, —CA)Z = 0 for every & € R”. Since by (ii) the equation A7 = 0 has the
unique solution § = 0, it follows that (id, —CA)Z = 0 for every € R™. But this means that
T = CAT for every &, hence CA must be equal to id,. O

Theorem 3.45. Let A € M(n x n).

(i) If A has a left inverse C (that is, if CA =1id,,), then A is invertible and A= = C.

(ii) If A has a right inverse D (that is, if AD =id,,), then A is invertible and A=1 = D.

Proof. (i) By Theorem 3.44 it suffices to show that AZ = 0 has a the unique solution 0. So
assume that # € R” satisfies AZ = 0. Then ¥ = id, Z = (CA)Z = C(AZ) = C0 = 0. This
shows that A is invertible. Moreover, C = C(id,,) = C(AA™!) = (CA)A™! =id, A= = A1,
hence C = A1,

(ii) By (i) applied to D, it follows that D has an inverse and that D~! = A, so by Theo-
rem 3.42 (ii), A is invertible and A=! = (D~Y)~! = D. O

Calculation of the inverse of a given square matrix

Let A be a square matrix. The proof of Theorem 3.44 tells us how to find its inverse if it exists.
We only need to solve AZ = € for £k = 1,...,n. This might be cumbersome and long, but we
already know that if these equations have solutions, then we can find them with the Gauf-Jordan
elimination. We only need to form the augmented matrix (A|€)), apply row operations until we get
to (id, |¢x). Then & is the solution of AZ = &, and we obtain the matrix A~! as the matrix whose
columns are the vectors ¢, ..., ¢,. If it is not possible to reduce A to the identity matrix, then it
is not invertible.

Note that the steps that we have to perform to reduce A to the identiy matrix depend only on
the coefficients in A and not on the right hand side. So we can calculate the n vectors ¢y, ... &,
with only one (big) GauB-Jordan elimination if we augment our given matrix A by the n vectors
€1,...,8,. But the matrix (&|---|€,) is nothing else than the identity matrix id,. So if we take
(A|id,,) and apply the GauB-Jordan elimination and if we can reduce A to the identity matrix,
then the columns on the right are the columns of the inverse matrix A~!. If we cannot get to the
identity matrix, then A is not invertible.
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1 2

Examples 3.46. (i) Let A = 3 4

). Let us show that A is invertible by reducing the aug-

mented matrix (A]idg):

. o 1 2 1 0 Ro—Rs—3R, 1 2 1 O Ri1—Ri1+R> 1 0 2 1
(A|1d2)_<3 4‘0 1) ><0 —2‘—3 1) 5(0 —2‘—3 1>

Rz—)—%R2 1 0 -2 1
"\o 1|32 —1/2)

-2 1
. . . _1 _
Hence A is invertible and A= = <3/2 _1/2>.

We can check your result by calculating
1 2\ /-2 1 _(-243 1-1\ (1 0
3 4)\3/2 -1/2) \-6+46 3—-2) \0 1
—2 1 1 2\ [ =2+3 —4+44\ (1 0
3/2 —-1/2)\3 4) \3/2-3/2 3-2)  \0 1)°

>. Let us show that A is not invertible by reducing the augmented matrix
1 2

(i) =y 2 1)

Since there is a zero row in the left matrix, we conclude that A is not invertible.

and

1 2

(ii) Let A= 9 4

(A]idy):

0 1 0 0

1 0> Ro—R2+4+2R; (]. 2

1 1 1
(iii) Let A= [0 2 3]. Let us show that A is invertible by reducing the augmented matrix
5 5 1
1 1 1)1 0 0 11 1 100
(Alidg)= [0 2 3]0 1 o] B2l 1g 2 3 0 1 0
5 5 1[0 0 1 0 0 -4] -5 01
1 1 1 00 4 4 0 -1 0 1
Toodlatsis, 1o 8 0| —15 4 3| =t g 8 o | —15 4 3
0 0 4] -5 0 1 0 0 -4 =5 0 1
0 O 13 -4 -1
faz2limRe [ g ol =15 4
00 -4 =5 0 1
1 0 0 13/8 —-1/2 -1/8
— |0 1 0| -15/8 1/2  3/8
0 0 1 5/4 0 —-1/4
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13/8 —1/2 —1/8 13 —4 -1
Hence A is invertible and A=' = | =15/8  1/2  3/8| =4 |[-15 4 3
5/4 0 —1/4 0 0 2

We can check your result by calculating

1 1 1 13/8 —-1/2 -1/8 1 00
0 2 3 —15/8 1/2 3/8l =---=10 1 0
5 5 1 5/4 0 —1/4 0 0 1
and
13/8 —-1/2 -1/8 1 1 1 1 0 0
—15/8 1/2 3/8 0 2 3|=---=10 1 0
5/4 0 —1/4 5 5 1 0 0 1

Special case: Inverse of a 2 x 2 matrix

a b
Let A = (c d
linear system has exactly one solution. By Theorem 1.11 this is the case if and only if det A # 0.

Recall that det A = ad — be. So let us assume here that det A # 0.

1 0
—C a

v _fa b1 0\ Ri—aR:—cRi_[a b
(A|ld2)_<c d| 0 1) <O ad — bc

>. We already know that A is invertible if and only if its associated homogeneous

Ri—>Ri——Y R be __ab ad __ab
Bl (o 0 | 14t gt o (¢ 0 | @t —atw
0 ad—bcl —c a 0 ad—bc[ —c a
__b _d_ __b
BB ad*bCR2; <1 OI ad—be adbc>
C a *
0 1 I " ad—bc ad—bce

It follows that

o1 (d -b
At=—— (5 ). (3.27)

Since 0 # det A = ad — bc = be in this case, it follows that ¢ # 0 and calculations

as above again lead to formula (3.27).

You should now have understood

e the relation between the invertibility of a square matrix A and the existence and uniqueness
of solution of AZ = b,

e that inverting a matrix is the same as solving a linear system,

e etc.

You should now be able to
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e calculate the inverse of a square matrix if it exists,
e use the inverse of a square matrix if it exists to solve the associated linear system,

o etc.

Ejercicios.

1. Determine la inversa (si es posible) de las siguientes matrices:

b2 1 Lo o Loro1
(d) 0 2 2 (e) -3 0 0 ()
0 0 -1 4 3 1 b=t 21
1 3 3 2
1 11 1 0 0
() 1 2 2 (h) 0 =5 0
0 3 3 0 0 3
De los siguientes sistemas de ecuaciones lineales, jcudl tiene una solucién no trivial?
2 +y — 2z =0, r—y—2=0,
i) z—-2y—3z=0, ii) 2r4+y+22=0,
—3x—y—=2z=0. —2x 4+ 5y + 6z =0.
Determine todos los valores de a tal que
1 4 a
A=1|1 0 ©0
1 2 2
es invertible. En dicho caso hallar A~1.
. Calcular la inversa de la matriz de rotacion Cy = C(.)Sﬂ —sinv . ;Coémo se interpreta
sin cos v

geométricamente C 12 (ver Seccién 3.4, Ejercicio 6.).

Calcular la inversa de
1 0 0

0 costd —sind
0 sind cos?

Sea A € M(n x n) no invertible. Demuestre que existe B € M(n x n), B # O tal que
AB = O. (Hint: considere el sistema homogéneo AZ = 0).

Sean B € M(6 x5) y C € M(5 x 6). Muestre que BC no puede ser una matriz invertible.

(Hint: considere el sistema homogéneo CZ = 0).
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3.7 The transpose of a matrix

Definition 3.47. Let

ail Q12 - Qin
a21 QA2 -+ A2p
A= (aij)i=1,...m = : : : € M(m x n).
j=1,....,n . . .
Am1 Am2 - Omn

Then its transpose A! is the n x m matrix whose columns are the rows of A and whose rows are
the columns of A, that is,

ailr a1 - Gml
a1z Q2 A2
At =1 ; o | € M(n xm).
Ainp A2 ctr Qmn
If we denote A" = (@;;)i=1,...n, then a;; = aj; fori=1,...,nand j=1,...,m.

1 2 1 2 3
a=(5 3) 2=(i 3 5) o=

SUREN TGN
\CIEN IS IS
ORI NR S

are
L3 1 4 1 47 3
At(2 4), Bt=|2 5|, ct=|(2 5 7 2
3 6 36 7 4

Proposition 3.49. Let A,B € M(m x n). Then (A")' = A and (A+ B)! = A" + B*.
Proof. Clear. O
Theorem 3.50. Let A€ M(m xn) and B € M(n x k). Then (AB) = BtAt.

Proof. Note that both (AB)! and B'A! are m x k matrices. In order to show that they are equal,
we only need to show that they are equal in every entry. Let ¢ € {1, ..., m} and j € {1, ..., k}.
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Then
component ij of (AB)" = component ji of AB
= [row j of A] x [column 7 of B]
= [column j of A’] x [row i of BY]
= [row i of B*] x [column j of A']
= component ij of B'A". O

Theorem 3.51. Let A € M(n xn). Then A is invertible if and only if At is invertible. In this
case, (AH)~t = (A71)t.

Proof. Assume that A is invertible. Then AA~! = id. Taking the transpose on both sides, we find
id =1id" = (447 = (A71)T AL

This shows that A! is invertible and its inverse is (A~!)!, see Theorem 3.45. Now assume that
At is invertible. From what we just showed, it follows that then also its transpose (A%)! = A is
invertible. 0

Next we show an important relation between transposition of a matrix and the inner product on
R™.
Theorem 3.52. Let A€ M(m x n).

(i) (AZ,9) = (&, A'Y) for all T € R"™ and all § € R™.

(ii) If (AZ,y) = (¥, By) for all Z € R" and all § € R™, then B = A'.

Proof. Let A = (a;j)i=1,...m and B = (b;;) i=1,....n -

j=1,....,n j=1,....m

i) Observe that the kth component of AT is (A%), = >+, ax,;z;. and that the fth coordinate
j=1 @kjLj
of Alyis (Alg)e=> ;.":1 a;¢y;. Then

(AT, ) = > (AT)ryr = DY argagye =y > wjangy, =y x(Ag); = (7, A'9).
k=1 k=1j=1 j=1k=1 j=1

(ii) We have to show: For all ¢ = 1,...,m and j = 1,...,n we have that a;; = b;;. Take
Z=2¢€; € R" and y = & € R™. If we take the inner product of A€; with €;, then we obtain
the 7th component of A€;. Recall that A€; is the jth column of A, hence

<Aé} ;€i> = aij.

Similarly if we take the inner product of B€; with €;, then we obtain the jth component of
Bé&;. Since BE; is the jth column of B it follows that

By assumption (A€ ,€;) = (€;, B€;), hence it follows that a;; = b;;, hence B = A". O
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Definition 3.53. Let A = (a;;)}';_; € M(n x n) be a square matrix.
(i) A is called upper triangular if a;; =0 if ¢ > j.
(if) A is called lower triangular if a;; =0 if ¢ < j.
(iii) A is called diagonal if a;; = 0 if i # j. Diagonal matrices are sometimes denoted by

diag(cy, ..., ¢,) where the ¢y, ..., ¢, are the numbers on the diagonal of the matrix.

That means that for an upper triangular matrix all entries below the diagonal are zero, for a lower
triangular matrix all entries above the diagonal are zero and for a diagonal matrix, all entries except
the ones on the diagonal must be zero. These matrices look as follows:

a11 a11 ai1

- o -

upper triangular matrix, lower triangular matrix, diagonal matrix
diag(ai1, ..., ann)

Remark 3.54. A matrix is both upper and lower triangular if and only if it is diagonal.

Examples 3.55.

1 2 4 gggg gggg 2.0 0 00 0

A=|0 2 5|, B= - — . D=(0 3 0o|l,E=]0 0 0

00 3 00 0gP 3 419 0 00 8 00 0
000 0 5 00 1

The matrices A, B, D, E are upper triangular, C, D, E are lower triangular, D, E are diagonal.

Definition 3.56. (i) A matrix A € M(n x n) is called symmetric if A® = A. The set of all
symmetric n X n matrices is denoted by Mgy, (n x n).

(i) A matrix A € M(n x n) is called antisymmetric if A = —A. The set of all antisymmetric
n x n matrices is denoted by Masym (n x n).

Examples 3.57.

1 7 4 3 0 4 02 -5 00 8
A=1|7 2 5|, B=|0o 4 0|, c=[-2 0 -3], D=0 3 0O
4 5 3 40 1 53 0 2.0 0

The matrices A and B are symmetric, C' is antisymmetric and D is neither.
Clearly, every diagonal matrix is symmetric.
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122 3.7. The transpose of a matrix

Exercise 3.58. e Let A € M(n xn). Show that A + A’ is symmetric and that A — A’ is
antisymmetric.

e Show that every matrix A € M(n X n) can be written as the sum of symmetric and an
antisymmetric matrix.

Question 3.2

How many possibilities are there to express a given matrix A € M (n x n) as sum of a symmetric
and an antisymmetric matrix?

Exercise 3.59. Show that the diagonal entries of an antisymmetric matrix are 0.

You should now have understood

e why (AB)! = BtA?,
e what the transpose of a matrix has to do with the inner product,

e etc.
You should now be able to

e calculate the transpose of a given matrix,
e check if a matrix is symmetric, antisymmetric or none,

o etc.

Ejercicios.

1. (a) Encuentre las transpuestas de las siguientes matrices:

0
1 3
-1 4 2 -1 1 5 -1
@ () o1z e 8 @l
4 5
3
(b) Para cada una de las matrices del punto anterior, verifique la igualdad (AZ,y) =
(x, Aly).
1 B+5 a+28-2
2. Encuentre «, 8 tales que [ a+28 —1 2 es una matriz simétrica.

200+ 3 2 4

3. {Cuales de las siguientes matrices son antisimétricas?

3 -3 -3 0 1 -1
2 =7 0 -1
O o BN () BN LR ) BN S
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4. Si A, B € Mgym(n x n), muestre que (AB)* = BA. ;Se puede concluir que AB es simétrica?.

5. Sean v1,v3, U3 € R? tales que (v;,v;) =0sii#jy (v;,v;) =1sii=j. Sea A= [v] U3 V3]
la matiz cuyas columnas son los vectores dados. Muestre que AA! = id3 (ver Seccién 3.6,
Ejercicio 5.).

6. Muestre que la suma de dos matrices simétricas (antisimétricas) de tamano n x n da como
resultado una matriz simétrica (antisimétrica).

7. (a) Muestre que una matriz triangular superior (inferior) es invertible si y solo si todas las
entradas de la diagonal principal son distintas de 0.

(b) Sea D € M(n x n) una matriz diagonal. Determine cuando D es invertible y halle su
inversa

3.8 Elementary matrices

In this section we study three special types of matrices. They are called elementary matrices. Let
us define them.

Definition 3.60. For n € N we define the following matrices in M(n x n):

1
(i) Sj(c) = ¢ for j=1,...,n and ¢ # 0. All entries outside the diagonal are 0.
1
column k
1 l
--Z-=-=-C---%-rowW jJ
(i) Qjrlc) = ‘ for j,k=1,...,n with j # k and ¢ € R. The number c is
!

col. k col. j
]_ | |
o !
- == O ****** 1--- row k
e |
(iii) Pjr = i i for j,k = 1,...,n. This matrix is obtained from the
| |
-=- i—————:t)——— TOW j
l u
I I 1

identity matrix by swapping rows j and k (or, equivalently, by swapping columuns j and k).
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Examples 3.61. Let us see some examples for n = 2.

Si(5) = ((5) (1)>, @21(3) = (3 1

Some examples for n = 3:

1 0 O
Ss(-2)=[0 1 0
0 0 -2

1 0

want to calculate EA where E is an elementary matrix.

1»
o Si(c)A=
1 .
N
o Qjr(c)A= §
1.
0 .
[ ] Pj},,?A = ’
1

) e

1 0 0 0 0 1 01 0
, Qas(4)=(0 1 4], Py =101 0], Pyr=(1 0 0
0 0 1 1 0 0 0 0 1
Let us see how these matrices act on other n x n matrices. Let A = (a;;)';—; € M(n x n). We
air a1 - a1n A11 @1 -eeees ain
51 G52 -nene- Qjn Caj1 CAj2 ------ CQjn
1 anl Ap2 -+ Ann Apl Ap2 ------- QApn
a11 QA1 ------- A1n ail A wrrrrmmnnnnennns A1n
c a1 Aj2 e G jm, a1+ cag1r Qjo + capg - Qjn + Caknp
. A1 A2 - (779 a1 QgD wrevremnernnennns Afn
1 : : : : : :
anl Gp2 - QAnn anl (g2 weeemeennenennns Apn
ailr a1 - A1n air a1 --ee-- A1n
1 a1 A52 .- Qjn ar1 Qg ------ Akn
. 0 ap1 QR - Qln ajl ajg ....... ajn
1 Al QAp2 - Unn nl Apg - Gnn

In summary, we see that

Proposition 3.62.

o S;(c) multiplies the jth row of A by c.

o Q,i(c) sums c times the kth row to the jth row of A.

o Pj. swaps the kth

and the jth row of A.

These are exactly the row operations from the Gaufl or Gauf3-Jordan elimination! So we see that
every row operation can be achieved by multiplying from the left by an appropriate elementary

matrix.
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Remark 3.63. The form of the elementary matrices is quite easy to remember if you recall that
FEid,, = E for every matrix E, in particular for an elementary matrix. So, if you want to remember
e.g. how the 5 x 5 matrix looks like which sums 3 times the 2nd row to the 4th, just remember
that this matrix is

E = Eids = (take id5 and sum 3 times its 2nd row to its 4th row) =

S oo o
SO W oo
oSO = OO
o= O OO
o O o O

which is Q42(3).

Question 3.3

How do elementary matrices act on other matrices if we multiply them from the right?

Hint. There are two ways to find the answer. One is to carry out the matrix multiplication as we
did on page 124. Or you could use that AE = [(AE)!]" = [E'A']'. If E is an elementary matrix,
then so is E?, see Proposition 3.65. Since you know how E?A? looks like, you can then deduce
how its transpose looks like.

Since the action of an elementary matrix can be “undone” (since the corresponding row operation
can be undone), we expect them to be invertible. The next proposition shows that they indeed are
and that their inverse is again an elementary matrix of the same type.

Proposition 3.64. FEvery elementary n x n matriz is invertible. More precisely, for j,k=1,...,n
with j # k the following holds:

(i) (Sj(c))~' = S;(c™t) for ¢ #0.
(i) (Qjk(e))~! = Qjr(—c).
(iif) (Pjr)~" = Pj.
Proof. Straightforward calculations. -

Show that Proposition 3.64 is true. Convince yourself that it is true using their interpretation as
row operations.

Proposition 3.65. The transpose of an elementary n X n matriz is again an elementary matriz.
More precisely, for j,k=1,...,n with j # k the following holds:

(i) (Sj(e)) = S;(c) for c#0.
(i) (Qjr(e))" = Quj(c).
(iii) (Pjr)" = Pjr-
Proof. Straightforward calculations. O
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Exercise 3.66. Show that Q;x(c) = Sk(c™')Q;k(1)Sk(c) for ¢ # 0. Interpret the formula in
terms of row operations.

Exercise. Show that P;; can be written as product of matrices of the form Q;x(c) and S;(c).

Let us come back to the relation of elementary matrices and the Gauf}-Jordan elimination process.

Proposition 3.67. Let A € M(n x n) and let A" be a row echelon form of A. Then there exist
elementary matrices E1, ..., Ey such that

A=EEy-- E A

Proof. We know that we can arrive at A’ by applying suitable row operations to A. By Propo-
sition 3.62 they correspond to multiplication of A from the left by suitable elementary matrices
Fk,Fk—l, ey FQ, Fl, that is

A =FF_1--FF A

We know that all the F}; are invertible, hence their product is invertible and we obtain
A= [FFyy BB A =F ' B FTAL

We know that the inverse of every elementary matrix F} is again an elementary matrix, so if we set
E; = Fj_1 for j =1,...,k, the proposition is proved. O

Corollary 3.68. Let A € M(n x n). Then there exist elementary matrices F1,...,Ey and an
upper triangular matriz U such that

A=FE\Es---E,U.

Proof. This follows immediately from Proposition 3.67 if we recall that every row reduced echelon
form of A is an upper triangular matrix. [

The next theorem shows that every invertible matrix is “composed” of elementary matrices.

Theorem 3.69. Let A € M(n xn). Then A is invertible if and only if it can be written as product
of elementary matrices.

Proof. Assume that A is invertible. Then the reduced row echelon form of A is id,,. Therefore,
by Proposition 3.67, there exist elementary matrices Fq, ..., Ey such that A = E;--- Eyid, =
Ey - Eg.

If, on the other hand, we know that A is the product of elementary matrices, say, A = F} - - - Fy, then
clearly A is invertible since each elementary matrix F} is invertible and the product of invertible
matrices is invertible. O

We finish this section with an exercise where we write an invertible 2 x 2 matrix as product of
elementary matrices. Notice that there are infinitely many ways to write it as product of elementary
matrices just as there are infinitely many ways of performing row reduction to get to the identity
matrix.
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Example 3.70. Write the matrix A = (é i) as product of elementary matrices.

Solution. We use the idea of the proof of Theorem 3.44: we apply the Gauf-Jordan elimination
process and write the corresponding row transformations as elementary matrices.

1 2\ Ry—R.-3R, [1 2\ Ri—Ri+R 1 0 Ry——1Rs 1 0
e ST, — 5
3 4 Q21(=3) 0 -2 Q12(1) 0 =2 S2(—3) 0 1
—_——— —_——— —_——
=Q21(—3)A =Q12(1)Q21(—-3)A =855(—3)Q12(1)Q21(—3)A

So we obtain that

idy = S5(—3)Q12(1)Q21(—3)A. (3.28)

Since the elementary matrices are invertible, we can solve for A and obtain

A =[52(—%)Q12(1)Q21(—3)] "t idy = [S2(—3)Q12(1) Q21 (=3)] *
= [Qa21(=3)] M [Qu2(1)] 1 [Sa(=5)) 7"
= Q21(3)Q12(—1)52(—2). o

Note that from (3.28) we get the factorisation for A~ for free. Clearly, we must have

A7 = S5(—3)Q12(1) Q21 (—3). (3.29)

If we wanted to we could now use (3.29) to calculate A=!. Tt is by no means a surprise that we
actually get first the factorisation of A~! because the GauB-Jordan elimination leads to the inverse
of A. So A~! is the composition of the matrices which leads from A to the identity matrix. (To
get from the identity matrix to A, we need to reverse these steps.)

You should now have understood

e the relation of the elementary matrices with the Gau-Jordan process,
e why a matrix is invertible if and only if it is the product of elementary matrices,

o etc.
You should now be able to

e express an invertible matrix as product of elementary matrices,

e ctc.
Ejercicios.
1. Determine cuéles de las siguientes son matrices elementales:
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—_—0o 0o S~
—
o
NI
7N
|
O W=
W= o
~_

01 0
@ |0 01 (e)
1 0 O

[}
O = = O
OO = O
= =0 O
_ o o O

2. Muestre que cada una de las siguientes matrices es invertible y factoricela como un producto
de matrices elementales:

> 1 2 0 4 Y 3

(a) , () {o 1 1), (o . @ (o2 4

32 5 11 00 -2 1 00 1
00 01

3. Escriba cada matriz como producto de matrices elementales y una matriz triangular superior:
2 =2 0 0

4. En los siguientes problemas, encuentre una matriz elemental F tal que FA = B:

— O N
Ocl»JH
N — W
_— o O
w o o

1
, () [ 5
—2

1 2 12
(a)A—(i ;),B:<i’ g) b A= (3 4|, B=[3 4],
5 6 1 -2
1 4 7 8 1 -2 53 -3 0 5 -5
(c) A=[5 6|, B=|5 6], (d A=[|2 -1 04],B=( 2 -1 0 4
7 8 1 4 5 1 -32 5 1 -3 2
5 1 2 0 11 2
(e) A:(i ?),B—(? ?) (f) A=|-1 3 4|,B=[-1 3 4
1 -2 0 1 -2 0

5. (a) Sea A € M(3 x 3) una matriz triangular superior (inferior) tal que las entradas de su
diagonal son todas distintas de 0. Muestre que A se factoriza como producto de a lo mas
seis matrices elementales.

(b) Sean A, B € M (3 x 3) matrices triangulares superiores (inferiores). Muestre que AB es
una matriz triangular superior (inferior).

(c) Sea A € M(3 x 3) una matriz triangular superior (inferior) tal que las entradas de su
diagonal son todas distintas de 0. Muestre que A~ es triangular superior (inferior).
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3.9 Summary

Elementary row operations (= operations which lead to an equivalent system) for
solving a linear system.

Elementary operation Notation Inverse Operation
@ Swap rows j and k. R; <> Ry, R; <+ Ry,
(2 Multiply row j by some A € R\ {0} R; — AR; R; = 1R;

(® Replace row k by the sum of row k and A times | Ry — Ry + AR; | Ry — Rr — AR;
R; and keep row j unchanged (j # k)

On the solutions of a linear system.

e A linear system has either no, exactly one or infinitely many solutions.

If the system is homogeneous, then it has either exactly one or infinitely many solutions. It
always has at least one solution, namely the trivial one.

The set of all solutions of a homogeneous linear equations is a vector space.

The set of all solutions of a inhomogeneous linear equations is an affine vector space.

For A € M(m x n) and b € R™ consider the equation AZ = b. Then the following is true:

(1) No solution <=  The reduced row echelon form of the augmented
system (A|b) has a row of the form (0 - - 0|3) with
some 3 # 0.

(2) At least one solution <= The reduced row echelon form of the augmented

-

system (A|b) has no row of the form (0---0|5)
with some 3 # 0.

In case (2), we have the following two sub-cases:

(2.1) Exactly one solution <=  # pivots= # columns.
(2.2) Infinitely many solutions <=  # pivots< # columns.

Algebra with matrices and vectors

A matrix A € M(m X n) can be viewed as a function A : R™ — R™.

Definition.
a1 a2 - Qip T 1121 + @122 + -+ G1pTy
. G21 Qg2 d2p T2 a21%1 + GA22%2 + -+ A2nTy
AZ = - ,
Am1 Am2 tee Amn Tn Am1T1 + Am2T2 + -+ AmnTn
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aii a2 - Qln b11 b2 bin
a21 a2 -+ G2n ba1 bao ban
A+ B= +
Aml Am2 - Qmn bmi  bma bimn
a1 +bi1 app+biz - ay +bin
a1 + bay agy +bao - agn 4 boy
Am1 + bml Am2 + bm2 o Omn + bmn
a11 @12 -t Gln b11 b1z bin
az1 Gy - Q2p ba1 22 ban
AB =
Am1 Am?2 e Amn bml me bmn
a11b11 + a12b21 + -+ apbn a11b1x + arobog + - - + a1pbuk
a21b11 + azaba1 + -+ - + azpbpy a21b1y + asobog + - - + aspbpk
Am1b11 + amabor + - - 4 Amnbna Am1bik + amabor + - - + Amnbnk
= (cje)je
with

n
Cje = E a;nbpe.
h=1

e Sum of matrices: componentwise,

e Product of matrices with vector or matrix with matrix: “multiply row by column’.

Properties. Let A1, A2, Ay € M(m xn), B € M(n x k), C € M(k x r) be matrices, &,y € R",
ZeRF and c € K.

o Ay + Ay = Ay + Ay,

o (A1 +Ax)+ A3 =A1 + (A2 + A3),

(AB)C =

A(BC),

in general, AB # BA,
A(Z + ) = AT + cAY,
(Al + CAQ)f = Alf+ CAQf,

(AB)Z = A(B?),
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Transposition of matrices

om €EM(nxm)

Let A = (a;j)i=1,..,m € M(m xn). Then its transpose is the matrix A* = (@;;)i=1
=1l...,n j=l...m

<

with @;; = aj;.

For A,B € M(m xn) and C € M(n X k) we have
o (ANt = A,
o (A+ B)t = At + B,
o (AC)t = CtAY,

(AT, 7) = (&, A'g) for all Z € R" and § € R™.

A matrix A is called symmetric if A® = A and antisymmetric if A' = —A. Note that only square
matrices can be symmetric.
A matrix A = (aij)ij=1,..n € M(n x n) is called

o upper triangular if a;; = 0 whenever i > j,

o lower triangular if a;; = 0 whenever ¢ < j,

e diagonal if a;; = 0 whenever i # j.
Clearly, a matrix is diagonal if and only if it is upper and lower triangular. The transpose of an
upper triangular matrix is lower triangular and vice verse. Every diagonal matrix is symmetric.

Invertibility of matrices

A matrix A € M(n x n) is called invertible if there exists a matrix B € M(n x n) such that
AB = BA = id,,. In this case B is called the inverse of A and it is denoted by A~!. If A is not
invertible, then it is called singular.

e The inverse of an invertible matrix A is unique.

e If A is invertible, then so is A=! and (A~ 1)~! = A.

e If A is invertible, then so is A* and (A*)~t = (A~1)%.
If A and B are invertible, then so is AB and (AB)~! = B~1A~L

Theorem. Let A € M(n x n). Then the following is equivalent:

(i) A is invertible.

(ii) For every be R™, the equation AT = b has exactly one solution.

)

)
(iii) The equation AZ =0 has exactly one solution.
(iv) Every row-reduced echelon form of A has n pivots.
)

(v) A is row-equivalent to id,,.

Calculation of A~! using Gauf3-Jordan elimination

Let A € M(n x n). Form the augmented matrix (A|id,) and use the Gau-Jordan elimination to
reduce A to its reduced row echelon form A’: (4|id,) — --- — (4'|B). If A’ = id,, then A is
invertible and A=! = B. If A’ # id,,, then A is not invertible.
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Inverse of a 2 x 2 matrix

Let A = (CCL 2) Then det A = ad — be. If det A = 0, then A is not invertible. If det A # 0, then
. . 1 1 d b
A is invertible and A7 = =~ e a )

Elementary matrices

We have the following three types of elementary matrices:

o Si(c) = (Sik)ik=1...n for ¢ # 0 where s;;, =0if ¢ # k, sp, = 1 for k # j and s;; = ¢,

o Qiix(c) = (qie)ig=1...n for j # k, where qjz = ¢, gqoe = 1 for all £ = 1,...,n and all other
coefficients equal to zero,

® ik = (pif)i,l:l...,n for ] 7& ka where Pee = 1 for all £ € {1a o ,TL} \ {Jak}7 Pjk = Pkj = 1 and
all other coeflicients equal to zero.

col. k col. k
column k 1 ) : :
| M '
1 1 : --=0------ 1--- row k
. C---1- rowj : :
Sjle) = c » Qir(c) = . Pi= A
. ! .
1 1 T 0---| rowj
I o,
l C1
Relation Elementary matrix - Elemntary row operation
Elementary matrix | Elementary operation Notation
1P Swap rows j with row k R; < Ry,
Si(e), c#0 Multiply row j by ¢ R; — cRy,
Q)i #k Sum c times row k to row j | Ry — Ry + cR;

3.10 Exercises

1. Vuelva al Capitulo 1 y haga los ejercicios otra vez utilizando los conocimientos adquiridos en
este capitulo.

2% — 4z + 14

2. Encuentre las fracciones parciales de
z(x — 2)?
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3. Encuentre un sistema lineal 2 x 3 cuya solucion sea

1 4
214+tl5], teR.
3 6

JExisten sistemas 3 X 3 y 4 x 3 con las mismas soluciones? Dé ejemplos o diga por qué no
existen.

Existe un sistema 4 x 3 con las mismas soluciones? Dé ejemplos o diga por qué no existen.

4. Encuentre un sistema lineal 4 x 4 cuya solucion sea

7

+s +t . s teR.

KRR N

1
2
3
4

=N W

5. Considere el sistema lineal

r1 + 229 + 33 = by,
3x1 — xo+ 2x3 = ba,
4xy + x9 +x3 = b3.

Encuentre todo los posibles by, by, b3, o diga por qué no hay, para que el sistema tenga

(a) exactamente una solucién,
(b) ninguna solucién,

(¢) infinitas soluciones.

6. Calcule todas las posibles combinaciones “matriz por vector”:

1 0 3 6 i g 1 3 6 1 97
A:48107B:1470:410,D:(322),
1 4 4 3 5 4 1 4 3
1
L 4 4 1
Ao L (2 S | 3 L (-3 B
- 3 9 v = 3 9 w = 9 Tr = 5 9 y_ 5 ’ Z =
6 5 -1
-1
2 6 —1 . 17 .
7.Sean A= |1 -2 2] y b= | 6 |. Encuentre todos los vectores & € R3 tal que AT = b.
1 2 =2 4
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10.

11.

12.

1 1
Sea M = (1 3>

(a) Demuestre que no existe § # 0 tal que My L 3.

(b) Encuentre todos los vectores T # 0 tal que MZ||Z. Para cada tal Z, encuentre A € R tal
que MZ = \Z.

Calcule todas las posibles combinaciones (matriz)(matriz):

103 6 18 1 36
A=[4 8 1 o), B=|] || Cc=(41 0],
1 4 4 3 I 1 4 3

-1 2 7 10
p=(3 % 3) #=(6)
Determine si las matrices son invertibles. Si lo son, encuentre su matriz inversa.
1 3 6 1 4 6
A:G 72), B:<1124 _2118>, D=4 1 0], E=[2 1 5
1 4 3 3 5 11

Determine si las siguientes matrices son invertibles. Si lo son, encuentre su matriz inversa y
escribelas como producto de matrices elementales.

1
10 5 2 4 10
A(3 6)’ B_<8 6>’ C(G 15)’ b= ‘11

Una tienda vende dos tipos de cajitas de dulces:
Tipo A contiene 1 chocolate y 3 mentas, Tipo B contiene 2 chocolates y 1 menta.

3 6
1 0
4 3

(a) Dé una ecuacién de la forma AT = b que describe lo de arriba. Diga que significan los
vectores & y b.

(b) Calcule, usando el resultado de (a), cuantos chocolates y cuantas mentas contienen:

(i) 1 caja de tipo A y 3 de tipo B, (iii) 2 caja de tipo A y 6 de tipo B,
(ii) 4 cajas de tipo A y 2 de tipo B, (iv) 3 cajas de tipo A y 5 de tipo B.

(c¢) Determine si es posible conseguir

(i) 5 chocolates y 15 mentas, (iii) 21 chocolates y 23 mentas,
(ii) 2 chocolates y 11 mentas, (iv) 14 chocolates y 19 mentas.

comprando cajitas de dulces en la tienda. Si es posible, diga cuantos de cada tipo se
necesitan.
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13.

14.

15.

16.

17.

18.

19.

20.

Sea Ay = (; 2) y considere la ecuacién

Ay = (8) . (+)

(a) Encuentre todos los k € R tal que () tiene exactamente una solucién para &.
(b) Encuentre todos los k € R tal que () tiene infinitas soluciones para Z.

(¢) Encuentre todos los k € R tal que () tiene ninguna solucién para Z.

(d) Haga lo mismo para Ap@ = <§> en vez de (x).

(e) Haga los mismo para A% = <bl> en vez de (x) donde (bl

b2 b2
.. 0
distinto de <0>

Escriba las matrices invertibles de los Ejercicios 10. y 11. como producto de matrices elemen-
tales.

) es un vector arbitrario

Para las siguientes matrices encuentre matrices elementales Fy, ..., E, tal que F1-Es5-...-E, A
es de la forma triangular superior.
) 1 4 —4 1 2 3
A:<35>, B=|21 0}, C=1|1 220
3 5 3 2 4 3
Sea A € M(m xn)ysean &,y € R", A € R. Demuestre que A(Z + A\y) = AT + M\Ay.

Demuestre que el espacio M (m xn) es un espacio vectorial con la suma de matrices y producto
con A € R usual.

Sea A € M(n xmn).

(a) Demuestre que (AZ, 7)) = (Z, A'y) para todo ¥ € R".
(b) Demuestre que (AA'Z, Z) > 0 para todo ¥ € R™.

Sea A = (aij) i=1,...n. € M(mxn)y sea € el k-ésimo vector unitario en R™ (es decir, el vector
Jj=1,...m
en R™ cuya k-ésima entrada es 1 y las demds son cero). Calcule A8y para todo k =1,...,n

y describa en palabras la relacién del resultado con la matriz A.

(a) Sea A € M(m x n) y suponga que AZ = 0 para todo Z € R". Demuestre que A =0 (la
matriz cuyas entradas son 0).
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21.

22.

23.

24.

25.

26.
27.
28.

(b) Sea z € R™ y suponga que AT = 0 para todo A € M (n x n). Demuestre que & = 0.
(c) Encuentre una matriz A € M(2 x 2) y @ € R?, ambos distintos de cero, tal que A7 = 0.
(d) Encuentre matrices A, B € M (2 x 2) tal que AB =0y BA #0.

. (4 L (-1
Seanv(5>yw< 3>.

(a) Encuentre una matriz A € M (2 x 2) que mapea el vector &, a ¥ y el vector & a .

(b) Encuentre una matriz B € M (2 x 2) que mapea el vector ¢ a &, y el vector i a €.

Sean A € M(m,n), B,C € M(n,k), D € M(k,l).

(a) Demuestre que A(B+C) = AB+ AC.
(b) Demuestre que A(BD) = (AB)D.

Sean R,S € M(n,n) matrices invertibles. Demuestre que

RS=SR <= R 'S '=8"1R1

1 1 0 2 9 6 .
Sean A = (1 2), B = <2 O> y C = (_7 11). Encuentre X € M (2 x 2) que satisface

la ecuaciéon
AX +3X -B=C.

(Falso o verdadero? Pruebe sus respuestas.

Si A es una matriz simétrica invertible, entonces A~! es simetrica.
Si A, B son matrices simétricas, entonces AB es simetrica.

Si AB es una matriz simétrica, entonces A, B son matrices simétricas.

Si A + B es una matriz simétrica, entonces A, B son matrices simétricas.

(d) Si A, B son matrices simétricas, entonces A + B es simetrica.
) Si A es una matriz simétrica, entonces A’ es simetrica.

AAT = ATA.
Sea A € M(m x n). Demuestre que AA* y A*A son matrices simétricas.
Sea A € M(n x n). Demuestre que A + A’ es simétrica y que A — A? es antisimétrica.

Sea A € M(n x n) tal que A2 = O:
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(a) Muestre que id,, —A es invertible y encuentre su inversa. (Hint: Considere id,, —AZ.
;Por qué en este caso es correcto factorizar por medio de diferencia de cuadrados? Ver
Seccién 3.4, Ejercicio 8.).

(b) Si A € R, X # 0, muestre que Aid,, —A es invertible.

(c) ;Cémo se pueden generalizar los incisos anteriores si en lugar de suponer que 42 = O

suponemos que A™ = O para algiin m € N?

29. Calcule (SJ (C))t, (Q” (C))t, (P, ‘)t.

30. (a) Sea Pio = (9§) € M(2 x 2). Demuestre que Pjs se deja expresar como producto de
matrices elementales de la forma Q;;(c) y Sk(c).

(b) Pruebe el caso general: Sea P;; € M(n x n). Demuestre que P;; se deja expresar como
producto de matrices elementales de la forma Qp;(c) y Sm(c).

Observacion: El ejercicio demuestra que en verdad solo hay dos tipos de matrices elementales
ya que el tercero (las permutaciones) se dejan reducir a un producto apropiado de matrices

de tipo Q;j(c) y Sj(c).
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Chapter 4

Determinants

In this section we will define the determinant of matrices in M(n x n) for arbitrary n and we will
recognise the determinant for n = 2 defined in Section 1.2 as a special case of our new definition.
We will discuss the main properties of the determinant and we will show that a matrix is invertible
if and only if its determinant is different from 0. We will also give a geometric interpretation of
the determinant and get a glimpse of its importance in geometry and the theory of integration.
Finally we will use the determinant to calculate the inverse of an invertible matrix and we will
prove Cramer’s rule.

4.1 Determinant of a matrix

Recall that in Section 1.2 on page 19 we defined the determinant of a 2 x 2 matrix by

air a2
det = 11022 — A120271.
a1  a22

Moreover, we know that a 2 x 2 matrix A is invertible if and only if its determinant is different
from 0 because both statements are equivalent to the associated homogeneous system having only
the trivial solution.

In this section we will define the determinant for arbitrary n x m matrices and we will see that
again the determinant tells us if a matrix is invertible or not. We will give several formulas for the
determinant. As definition, we use the Leibniz formula because it is non-recursive. First we need
to know what a permutation is.

Definition 4.1. A permutation of a set M is a bijection M — M. The set of all permutations of
the set M = {1, ..., n} is denoted by S,,. We denote an element o € S,, by

1 2 i m—1
o(1) o(2) - on—1) o(n).
The sign (or parity) of a permutation o € S, is
sign(g) — (_1)#inversions of o

where an inversion of o is a pair i < j with o(i) > o(j).
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Note that S;, consists of n! permutations.

Examples 4.2. (i) S; consists of two permutations:

SR

sign(o) ‘ 1 ‘ -1

(ii) S3 consists of six permutations:

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
7 1 2 3 2 3 1 3 1 2 2 1 3 1 3 2 3 2 1

sign (o) ‘ 1 ‘ 1 ‘ 1 ‘ -1 ‘ -1 ‘ -1

For instance the second permutation has two inversions (1 < 3 but o(1) > 0(3) and 2 < 3

but ¢(2) > ¢(3)), the third permutation has two inversions (1 < 2 but o(1) > 0(2), 1 < 3 but
o(1) > o(3)), etc.

Definition 4.3. Let A = (a;j)i j=1,..n € M(n x n). Then its determinant is defined by

det A = Z sign(0) a16(1)020(2) * * * Ano(n)- (4.1)

ocES,

The formula in equation (4.1) is called the Leibniz formula.
Remark. Another notation for the determinant is |A].

Remark 4.4. Note that according to the formula

(a) the determinant is a sum of n! terms,
(b) each term is a product of n components of A,

(¢) in each product, there is exactly one factor from each row and from each column and all such
products appear in the formula.

So clearly, the Leibniz formula is computational nightmare . ..

Equal rights for rows and columns!
Show that

det A = Z sign(0) e (1)100(2)2 * * * Ao (n)n- (4.2)

oES,

This means: instead of putting the permutation in the column index, we can just as well put
them in the row index.
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Let us check if this new definition coincides with our old definition for the case n = 2.

ailr a2 .
det = E sign(0) a1,(1)@20(2) = 11022 — A21012
a21 Aa22
o€Ss
which is the same as our old definition.

Now let us see what the formula gives us for the case n = 3. Using our table with the permutations
in S5, we find

ailr a2 ai3
det A=det | as1 ass as3 | = g sign(0) a14(1)020(2)030(3)
asp asz2 ass o€S3

= 011022033 + 212023031 + 013021032 — A12021033 — 11023032 — A13022031- (43)
Now let us group terms with coefficients from the first line of A.
det A = a1 [azoass — azsass] — a2 [as1ass — agsasi| + ais[aziass — azsas: ). (4.4)
We see that the terms in brackets are again determinants:

e a1 is multiplied by the determinant of the 2 x 2 matrix obtained from A by deleting row 1
and column 1.

e ajo is multiplied by the determinant of the 2 x 2 matrix obtained from A by deleting row 1
and column 2.

e a3 is multiplied by the determinant of the 2 X 2 matrix obtained from A by deleting row 1
and column 3.

If we had grouped the terms by coefficients from the second row, we would have obtained something
similar: each term as; would be multiplied by the determinant of the 2 x 2 matrix obtained from
A by deleting row 2 and column j.

Of course we could also group the terms by coefficients all from the first column. Then the formula
would become a sum of terms where the aj;; are multiplied by the determinants of the matrices
obtained from A by deleting row j and column 1.

This motivates the definition of the so-called minors of a matrix.

Definition 4.5. Let A = (ai;)ij=1....n» € M(n x n) and let M;; be the (n — 1) x (n — 1) matrix
which is obtained from A by deleting row ¢ and column j. Then the numbers det M;; are called
minors of A and Cyj := (—=1)"7 det(M;;) are called cofactors of A.

Remark. Some books use a slightly different notation. They call the (n — 1) x (n — 1) matrices
M,;; which is obtained from A by deleting row ¢ and column j of A the minors of A (or the
minor matrices of A). However, it seems that the majority of textbooks uses the convention from

Definition 4.5.

With these definitions we can write (4.3) as

3 3
det A = Z(—1)1+ja1j det Mlj = Zale’lj.
j=1 j=1
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This formula is called the expansion of the determinant of A along the first row. We also saw that
we can expand along the second or the third row, or along columns, so

3 3
det A = Z(—l)k+jakj det My; = Zaijkj, for k=1,2,3,
j=1 j=1
3 3
det A = Z(fl)”kaik det M;;, = ZaikC’ik, for k =1,2,3.
i=1 i=1

The first formula is called expansion along the kth row, and the second formula is called expansion
along the kth column. With a little more effort we can show that an analogous formula is true for
arbitrary n.

Theorem 4.6. Let A = (a;;)i j=1,..n € M(n xn) and let M;; denote its minors. Then

det A = Z(—l)k+jakj det My,; = Zakjckj, for k=1,2, ..., n, (4.5)
j=1 j=1

det A = Z(—l)”kaik det M), = Zaikcik, for k=1,2,..., n. (4.6)
=1 =1

The formulas (4.5) and (4.5) are called Laplace expansion of the determinant. More precisely, (4.5)
is called expansion along the kth row, (4.6) is called expansion along the kth column.

Proof. Let us first prove (4.5) for the case when k = 1. Let A € M (n x n). Note that by definition
det A is the sum of products of the form sign(c)ais(1) ... @y 0mn), see Remark 4.4. So the terms
are exactly all possible products of entries of the matrix A with exactly one term of each row and
exactly one term of each column, multiplied by +1 or —1.

The same is true for the formula (4.5): aq1 is multiplied by det Aj1, but the latter consists of
products with exactly one factor in each row and each column of Ajy, that is, exactly one factor
from row 2 to n and column 2 to n of A; aio is multiplied by det A1, but the latter consists of
products with exactly one factor in each row and each column of A;s, that is, exactly one factor
from row 2 to n and column 1, 3, to n of A; etc.

So all products that appear in the Leibniz formula (4.1) appear also in the Laplace formula (4.5)
and vice versa. So it only remains to show that they appear with the same factor 1 or —1 in both
formulas.

Let 0 € Sy, and set 7 : {2,3,...,n} = {1,2,...,n}\ {o(1)}, (j) = 0(j). Then

#(inversions of o) = #(pairs (4, j) such that ¢ < j and o(i) > o(j))
= #(pairs (4,7) such that 2 <4 < j and o (i) > o(j))
+ #(pairs (1, 7) such that 1 < j and o(1) > o(j))
= #(inversions of ) + #(pairs (1,7) such that 1 < j and o(1) > o(j))
= #(inversions of ) +o(1) — 1,
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hence sign(o) = (—1)#(nversions of &)+o(1)=1 — gjon(7)(—1)°M -1 = sign()(—1)°M*! and there-
fore

1)0’(1)+1

Sign(g)ala(l)a20(2) *rQpo(n) = (_ A15(1) [Sign(a)a20(2) T an,a(n)] .

The term in brackets is one of the terms that appear in the determinant of A;, (1), hence the
product on the right hand side appears in the formula (4.5) (when j = (1)) and it is the only term
that contains the factors aj1, a2, ...,a1,. Consequently each term in the Leibniz formula appears
exactly once in the Laplace formula with exactly the same sign and there are no other terms in the
Laplace formula. Hence both formulas are equal.

The reasoning for k£ > 1 is the same. We only need to take o as the restriction of o to {1,2,...,n}\
{k} and note that sign(o) = sign(a)(—1)°*)**_ This is true because

#(inversions of o) = #(pairs (4, j) such that i < j and o (i) > o (7))
= #(pairs (4,) such that 4,7 # k, 1 <14 < j and o(i) > o(j))
+ #(pairs (i, k) such that ¢ < k or j =k and o (i) > o(k))
+ #(pairs (k, j) such that k < j, or j = k and o(k) > o(j))
= #(inversions of &) + #(pairs (1,7) such that 1 < j and o(1) > o(j))
= #(inversions of o)+ o(k) — k + 2¢.

Therefore we obtain

Sign(g)ala(l)a’Qa@) ©Qno(n)

= (=17 ", ) [8180(F) 1o (1) Q1.0 (k1) Wt 1,0 (k1) - - - Al o (n)] -
The term in brackets appears in the determinant of the submatrix Ay, (x), hence it appears in the
sum of expansion along the kth row (in the term with j = o(k)).

In order to prove (4.6), we can use the same arguments as above applied to the “column version”
(4.2) of the Leibniz formula. O

Note that for calculating for instance the determinant of a 5 x5 matrix, we have to calculate five 4 x 4
determinants for each of which we have to calculate four (3 x 3) determinants, etc. Computationally,
it is as long as the Leibniz formula, but at least we do not have to find all permutations in S, first.

Later, we will see how to calculate the determinant using Gaussian elimination. This is computa-
tionally much more efficient, see Remark 4.12.

Example 4.7. We use expansion along the second column to calculate

3 2 1 3 -2-1 3 2 1 3 2 1
det {5 6 4] =—2det|5 6 4]+ 6 det [ b—6—4) — 0 det |5 6 4
8 0 7 8 0 7 8 0 7 8 0 7
2det< >—|—6dt( ) Odet( )
5 7T—4-8] +63 7T—1-8 = 35 32) +6[21—8]=—6+78:72.
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144 4.1. Determinant of a matrix

We obtain the same result if we expand the determinant along e.g. the first row:

3 21 321 3=2=--1 3 21
det |5 6 4] =3det|d 6 4| — 2det|{5 6 4]+ 1det|d 6 4
8§ 0 7 8 0 7 8 0 7 8§ 0 7

6 4 5 4 5 6
—3det<0 7)—2det<8 7)+1det<8 0)

=3[6-7-4-0—2[5-7-4-8/+[5-0-6-8]
=3.42—2[35—32] — 40 = 126 — 6 — 48 = 72.

Example 4.8. We give an example of the calculation of the determinant of a 4 x 4 matrix. The

red arrows indicate along which row or column we expand.

¥ ¥
(1) 2 ?) 4 6 0 1 0 0 1 0 6 1 0 6
det 9 0 7 0 =det |0 7 0| —2det |2 7 O] +3det=p2 0 O] —4det |2 O
03 0 1 3 0 1 0 0 1 0 3 1 0 3
6 1 0 1 6 1
= 7det (3 1) -2 [7det (O 1)] +3 [—Zdet (3 1)] —4 [—6det(
=7[6—3]—14[0 — 0] — 6[6 — 3] + 24[0 — 0] =21 — 18 = 3.

O N O

bl

Now we calculate the determinant of the same matrix but choose a row with more zeros in the first
step. The advantage is that there are only two 3 x 3 minors whose determinants we really have to

compute.
¥ h 4
(1) 2 :(3) le 2 3 4 1 3 4 1 2 4 1
det 20 7 0|~ —0det {0 7 O +6det|2 7 O] —0det|2 0 O] +det|2
03 0 1 3 01 0 0 1 0 3 1 0

o[ (2 ) r (3 ] (S D) -2 (3 )]

=6[-6+7+[-21+18=6—-3=3.

Rule of Sarrus

We finish this section with the so-called rule of Sarrus. From (4.3) we know that

det A = ay1a22a33 + a12a23a31 + aizaz1azz — [a1za21a33 + aiiazazs + a13a22a31]

which can be memorised as follows: Write down the matrix A and append its first and second
column to it. Then we sum the products of the three terms lying on diagonals from the top left to
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the bottom right and subtract the products of the terms lying on diagonals from the top right to
the bottom left as in the following picture:

a1l a12 ai3 a11 a12

as ><C&23 azsi a2
£ < P T4

a31 a32 a33 a31 a32

The rule of Sarrus works only for 3 x 3 matrices!!!

Convince yourself that one could also append the first and the second row below the matrix and
make crosses.

Example 4.9 (Rule of Sarrus).

det =1-5-7+2-6-0+3-4-8—[3-5-04+6-8-1+7-2-4]

O = =
co Ut N
~N O W

=35 + 96 — [48 + 56] = 131 — 106 = 27.

You should now have understood

e what a permutation is,
e how to derive the Laplace expansion formula from the Leibniz formula,

e etc.
You should now be able to

e calculate the determinant of an n X n matrix,

e etc.
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4.2. Properties of the determinant

Ejercicios.

1. Calcule los determinantes de las siguientes matrices:

(a)

2. Sea A =

3. Sea A =

4.2 Properties of the determinant

-2 3
0 2
4 6

-1 1
2 1
1 5

2 3

0 1

0 0

0 0

0 0

1
a
a2
0
—a
—b

U= =

S =~ O

~1
V2

0

0

—C

20
—11

b
c
0

. Muestre que det A = 0.

DO N O

|
—_
=S WP |

SO OO

In this section we will show properties of the determinant and we will prove that a matrix is
invertible if and only if its determinant is different from 0.

(D1) The determinant is linear in its rows.

This means the following. Let 77,

7 = §; +~t;. Then

det A = det

Tn

—

1

=det | 55 +t; | = det

—

T'n

=
-

W ...

J

L.,

T'n

+ ydet

L.,

...,Tn be the row vectors of the matrix A and assume that

This is proved easily by expanding the determinant along the jth row, or it can be seen from the
Leibniz formula as well.
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(D1’) The determinant is linear in its columns.

This means the following. Let ¢, ...,¢, be the column vectors of the matrix A and assume that
¢; =8 +t;. Then

det A= det(@] -+ |61 - 8,) = det(@[- |5, + 7] -+ [€)
= det(5‘1| - |§J| R |5‘n) +7det(81| .. |tj| . |8n)
This is proved easily by expanding the determinant along the jth column, or it can be seen from
the Leibniz formula as well.
(D2) The determinant is alternating in its rows.

If two rows in a matrix are swapped, then the determinant changes its sign. This means: Let

71, ...,7n be the row vectors of the matrix A and i # j € {1,...,n}. Then
det A = det = —det
g )

This is easy to see when the two rows that shall be interchanged are adjacent. For example, assume
that j =i+ 1. Let A be the original matrix and let B be the matrix with rows ¢ and i+ 1 swapped.
We expand the determinant of A along the ith row and and the determinant of B along the (i+1)th
row. Note that in both cases the minors are equal, that is, M#4 = M(l 1)k (we use superscripts A
and B to distinguish between the minors of A and of B). So we find

n n

det B = Z DEHHEAE = S C1)(1)HEMA = — S (<)M = — det A.
k=1 k=1

This can seen also via the Leibniz formula. Now let us see what happens if ¢ and j are not adjacent
rows. Without restriction we may assume that ¢ < j. Then we first swap the jth row (j —4) times
with the row above until it is in the ith row. The original ith row is now in row (i + 1). Now we
swap it down with its neighbouring rows until it becomes row j. To do this we need j — (i 4+ 1)
swaps. So in total we swapped [j — 4] + [j — (i + 1)] = 2j — 2¢ + 1 times neighbouring rows, so the
determinant of the new matrix is

(=1) - (=1) - (=1)-det A = (=1)%2"1 det A = — det A.

2j—2i+1 times (one factor for each swap)

(D2’) The determinant is alternating in its columns.

If two columns in a matrix are swapped, then the determinant changes its sign. This means: Let
@, ...,Cp be the column vectors of the matrix A and i # j € {1,...,n}. Then

det A = det(--- |G|+ |&|---) = —det(---|&|---|&]---).

This follows in the same way as the alternating property for rows.
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148 4.2. Properties of the determinant

(D3) detid, = 1.

Expansion in the first row shows
detid,, = 1detid,_; = 1*detid, o =---=1" = 1.

Remark 4.10. It can shown: Every function f : M(n x n) — R which satisfies (D1), (D2) and
(D3) (or (D1%), (D2’) and (D3)) must be det.

Now let us see some more properties of the determinant.

(D4) det A = det A".

This follows easily from the Leibniz formula or from the Laplace expansion (if you expand A along
the first row and A? along the first column, you obtain exactly the same terms). This also shows
that (D1’) follows from (D1) and that (D2’) follows from (D2) and vice versa.

(D5) If one row of A is multiple of another row, or if a column is a multiple of another
column, then det A = 0. In particular, if A has two equal rows or two equal columns
then det A = 0.

Let 71,...,7), denote the rows of the matrix A and assume that 7 = crj. Then
i 7
D2 D1
det A = det = det (z)—det (:)—cdet
7 T cr T
CFj ’r_'}g
D1
(:)—det = —det = —det A.
T 7

This shows det A = —det A, and therefore det A = 0. If A has a column which is a multiple of
another, then its transpose has a row which is multiple of another row and with the help of (D4) it
follows that det A = det A* = 0.

(D6) The determinant of an upper or lower triangular matrix is the product of its
diagonal entries.

Let A be an upper triangular matrix and let us expand its determinant in the first column. Then

only the first term in the Laplace expansion is different from 0 because all coefficients in the first
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column are equal to 0 except possibly the one in the first row. We repeat this and obtain

C1 2 C3

0

= ¢1 det
0

det A = det

Cn Cn Cn

Cn—1

0
:---:clcg-~-cn2det< 0 ):clcg--~cnlcn.

n

The claim for lower triangular matrices follows from (D4) and what we just showed because the
transpose of an upper triangular matrix is lower triangular and the diagonal entries are the same.
Or we could repeat the above proof but this time we would expand always in the first row (or last
column).

Next we calculate the determinant of elementary matrices.

(D7) The determinant of elementary matrices.
(i) det S;(c) =c,
(11) det Qij(c) = 1,
(iii) det P, = —1.
The affirmation about S;(c) and Q;;(c) follow from (D6) since they are triangular matrices. The
(

claim for P;; follows from (D2) and (D3) because swapping row i and row j in P;; gives us the
identity matrix, so det P;; = —detid = —1.

Now we calculate the determinant of a product of an elementary matrix with another matrix.

(D8) Let E be an elementary matrix and let A € M(n x n). Then det(EA) = det E det A.

Let E be an elementary matrix and let us denote the rows of A by 7, ..., 7,. We have to distinguish
between the three different types of elementary matrices.

’Case 1. E=8j(c). ‘ We know from (D6) that det £ = det Sj(c) = c¢. Using Proposition 3.62 and
(D1) we find that

det(EA) = det (Sj(c)A) =det | ¢; | =cdet | 7 | =cdetA=detS;(c)det A

’ Case 2. E = Q;j(c). ‘We know from (D6) that det £ = det Q;;(c) = 1. Using Proposition 3.62 and
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150 4.2. Properties of the determinant

(D1) and (D5) we find that

3
=0
.
-
S

i + cTj
det(EA) = det (Qij(c)A) = det : = det : +cdet | = det

—

Ty

S
3
N
<
<

= det A = det Q;;(c) det A.

’Case 3. E=P;. ‘ We know from (D6) that det E = det Pj, = —1. Using Proposition 3.62 and
(D2) we find that

det(EA) = det (PjrA) = det | P; : = det : = —det

= —det A = det Pj, det A.
If we repeat (D8), then we obtain
det(E; - - - ExA) = det(Eq) - - - det(Fy) det(A)

for elementary matrices E1, ..., Fy.

(D9) Let A€ M(n xn). Then A is invertible if and only if det A # 0.

Let A’ be the reduced row echelon form of A. By Proposition 3.67 there exist elementary matrices
E,, ..., E; such that A= FE;--- E A’, hence

det A = det(E; --- ExA’) = det(E1) - - - det(Ey) det A’. (4.7)

Recall that the determinant of an elementary matrix is different from zero, so (4.7) shows that
det A = 0 if and only if det A’ = 0.

If A is invertible, then A’ = id hence det A’ = 1 # 0 and therefore also det A # 0. If A is not
invertible, then the last row of A’ must be zero, hence det A’ = 0 and therefore also det A = 0.

Next we show that the determinant is multiplicative.

(D10) Let A, B € M(n x n). Then det(AB) = det Adet B.

As before, let A’ be the reduced row echelon form of A. By Proposition 3.67 there exist elementary
matrices Ey, ..., Ey such that A = F; --- ExA’. Tt follows from (D9) that

det(AB) = det(E; - - ExA'B) = det(E1) - - - det(Ey) det (A’ B). (4.8)
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If A is invertible, then A’ = id and (4.7) shows that

det(AB) = det(Fy) - - - det(Ey) det(B) = det(E; - - - Ey) det(B) = det(A) det(B).
If on the other hand A is not invertible, then det A = 0. Moreover, the last row of A’ is zero,
so also the last row of A’B is zero, hence A’B is not invertible and therefore det A’B = 0. So

we have det(AB) = 0 by (4.7), and also det(A)det(B) = 0det(B) = 0, so also in this case
det(AB) = det Adet B.

(D11) Let A € M(n x n) be an invertible matrix. Then det(A~1) = (det 4)71.
If A invertible then det A # 0 and it follows from (D10) that

1 = det(id,,) = det(AA™") = det(A) det(A™1).
Solving for det(A~1) gives the desired formula.

Let A € M(n x n). Give two proofs of det(cA) = ¢™ det A using either one of the following:
(i) Apply (D1) or (D1’) n times.
(ii) Use that cA = diag(c,c,...,c)A and apply (D10) and (D6).

The determinant is not additive!

Recall that det(AB) = det Adet B. But in general

| det(A + B) # det A + det B.

For example, if A = <(1) 8) and B = (8 (1]), then det A+det B=0+4+0 =0, but det(A+ B) =
det idg =1.

The following theorem is Theorem 3.44 together with (D9).
Theorem 4.11. Let A € M(n x n). Then the following is equivalent:
(i) A is invertible.

(ii) For every be R™, the equation AT = b has exactly one solution.

(iii) The equation AZ =0 has exactly one solution.

)
)
(iv) Ewvery row-reduced echelon form of A has n pivots.
(v) A is row-equivalent to id,,.

)

(vi) det A 0.
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On the computational complexity of the determinant.

Remark 4.12. The above properties provide an efficient way to calculate the determinant of an
n X n matrix. Note that both the Leibniz formula and the Laplace expansion require O(n!) steps
(O(n!) stands for “order of n!”. You can think of it as “roughly n!” or “up to a constant multiple
roughly equal to n!”. Something like O(2n!) is still the same as O(n!)). However, reducing a
matrix with the Gauf-Jordan elimination requires only O(n3) steps until we reach a row echelon
form. Since this is always an upper triangular matrix, its determinant can be calculated easily.

If n is big, then n? is big, too, but n! is a lot bigger, so the GauB-Jordan elimination is computa-
tionally much more efficient than the Leibniz formula or the Laplace expansion.

Let us illustrate this with an example.

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
1 3 4 6|0 011 2|Q®@ 011 2|® 00 1 2
det |y 7 g g| =g 5 5 5 0t g 1 1 1| =0 g o 1 1
1 5 3 4 03 00 03 00 03 00
1 2 3 4 1 2 3 4
@.10 00 1|® 0300®
=519 0 1 1| =Bt o | =-15
03 00 0 001

(D We subtract the first row from all the other rows. The determinant does not change.
(2@ We factor 5 in the third row.

(3) We subtract 1/3 of the last row from rows 2 and 3. The determinant does not change.
(@ We subtract row 3 from row 2. The determinant does not change.

(6) We swap rows 2 and 4. This gives a factor —1.

(6) Easy calculation.

You should now have understood

e the different properties of the determinant,
e why a matrix is invertible if and only if its determinant is different from 0,

e why the GauB-Jordan elimination is computationally more efficient than the Laplace expan-
sion formula,

e etc.
You should now be able to

e compute determinants using their properties,
e compute abstract determinants,
e use the factorisation of a matrix to compute its determinant,

e etc.
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Ejercicios.
a —2b ¢
1. Suponga que sabemos quedet [1 3 —1] = —1. Calcule
0 5 2
—3a 6b —3c a —2b c 1 3 -1
det [ =1 =3 1|, det|{1+2a 3—4b —1+2c|, det| 2 11 0
0o 1 2 —a 5420 2-c a+1 —2b+3 c—1

ailp a2 ais
2. Suponga que det | az1  asz as3 | = 6. Calcular:
asz1 asz a33

asi as2 ass
det 3@11 — 5&31 3&12 — 50,32 3(113 — 50,33
a21 22 a23

3. (Para cudles valores de a la matriz:

2—a —2 0
0 1 14a
a 2 2a

no tiene inversa?

1 4

4. SeaAz(O 4

). Halle todos los A € R tal que Aids —A es no invertible.

5. ;Falso o verdadero? Sean A, B € M(n x n).

(a) Sin es impar, entonces det(—A) = — det(A).
(b) Sin esimpar y A es antisimétrica, entonces A es no invertible.
Si det A = 0 entonces A = O.

Si det A = 0 entonces una fila 6 columna de A consta de solo ceros.

(c
(d
(e
(f
6. (a

)
)
)
) Sidet A =0 entonces por lo menos una entrada de A debe ser 0.
) Si P es invertible y A = PBP~! entonces det A = det B.

)

Se dice que A € M(n X n) es una matriz ortogonal si su inversa es su transpuesta. Sea
A € M(3 x 3) ortogonal. ;Cuéles son las posibilidades para det A?

(b) Se dice que A € M(n x n) es una matriz idempotente si A2 = A. Sea A € M(3 x 3)
idempotente. §Cudles son las posibilidades para det A?
7. Sean A, B € M(3 x 3) tales que AB = O y suponga que det A # 0. Muestre que B = O.
8. Sean A, B,C € M(3 x 3) tales que AB = AC y suponga que det A # 0. Muestre que B = C.

. Es cierto también si det A = 07

9. Sea A € M(3 x 3) tal que la suma de sus vectores filas (columnas) da como resultado 0.
Muestre que A no es invertible.
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154 4.3. Geometric interpretation of the determinant

4.3 Geometric interpretation of the determinant

In this short section we show a geometric interpretation of the determinant. This is of course only
a small part of the true importance of the determinant. You will hear more about this in a course
on vector calculus when you discuss the transformation formula (the substitution rule for higher
dimensional integrals), or in a course on Measure Theory or Differential Geometry. Here we content
ourselves with two basic facts.

Area in R?

Let @ = <Zl) and b = (Z > be vectors in R? and let us consider the matrix A = (@|b) the matrix
2 2
whose columns are the given vectors. Then
A& =d, A& =b.

That means that A transforms the unit square spanned by the unit vectors €, and €y into the
parallelogram spanned by the vectors a@ and b. Let area(d, b) be the area of the parallelogram
spanned by @ and b. We can view @ and b as vectors in R3 simply by adding a third component.
Then formula (2.9) shows that the area of the parallelogram spanned by @ and bis equal to

ay b1 a1by — azb;
ag X b2 = 0 = |a1b2 — a2b1| = |det A|,
0 0 0

hence we obtain the formula >

area(d,b) = | det A|. (4.9)
So while A tells us how the shape of the unit square changes, | det A| tells us how its area changes,
see Figure 4.1.

Aér = (ay)

oY

Ay

FIGURE 4.1: The figure shows how the area of the unit square transforms under the linear transforma-
tion A. The area of the square on left hand side is 1, the area of the parallelogram on the right hand
side is | det A|.

You should also notice the following: The area of the image of the unit square under A is zero
if and only if the two image vectors @ and b are parallel. This is in accordance to the fact that
det A = 0 if and only if the two lines described by the associated linear equations are parallel (or if
one equation describes the whole plane).
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Volumes in R3

ay b1 c1
Let @ = |as |, b = |ba| and @ = [ ey | be vectors in R® and let us consider the matrix
as b3 c3

A = (@|b| &) whose columns are the given vectors. Then
A8 =d, A& =0, A§=2C

That means that A transforms the unit_cube spanned by the unit vectors €;, €; and €; into the
parallelepiped spanned by the vectors @, b and ¢. Let vol(d, b, ¢) be the volume of the parallelepiped

spanned by the vectors @, b and & According to formula (2.10), vol(@,b,&) = |(@,b x &)|. We

calculate
. aq bl C1 ay b2€3 —3 b3€2
|<§:,b><5>|: < a9 s bg X Co > = < as s b3Cl—C3b1 >
as b3 c3 as bica — bacy
= \al(b203 - b302) - a2(03b1 - b3C1) + C13(17102 2 bQCl)\
= | det A]
hence

vol(@, b, &) = | det A (4.10)

since we recognise the second to last line as the expansion of det A along the first column. So while
A tells us how the shape of the unit cube changes, |det A| tells us how its volume changes.

z A

A z

/\ 1 )

IDE y

€1 A
&

T
T

FIGURE 4.2: The figure shows how the volume of the unit cube transforms under the linear transfor-
mation A. The volume of the cube on left hand side is 1, the volume of the parallelepiped on the right
hand side is | det A|.

You should also notice the following: The volume of the image of the unit cube under A is zero if
and only if the three image vectors lie in the same plane. We will see later that this implies that
the range of A is not all of R3, hence A cannot be invertible. For details, see Section 6.2.
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156 4.3. Geometric interpretation of the determinant

What we saw for n = 2 and n = 3 can be generalised to R™ with n > 4: A matrix A € M(n x n)
transforms the unit cube in R™ spanned by the unit vectors €1, ..., €, into a parallelepiped in R™
and | det A| tells us how its volume changes.

Exercise. Give two proofs of the following statements: One using the formula (4.9) and linearity
of the determinant in its columns; and another proof using geometry.

Y

Sy

(i) Show that the area of the blue parallelogram is
twice the area of the green parallelogram.

(ii) Show that the area of the blue parallelogram is
six times the area of the green parallelogram.

(iii) Show that the area of the blue and the red par-
allelogram is equal to the area of the green par-
allelogram.

Qy
S

You should now have understood

o the geometric interpretation of the determinant in R? and R?,

o the close relation between the determinant and the cross product in R3 and that this is the
reason why the cross product appears in the formulas for the area of a parallelogram and
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the volume of a parallelepiped,

e etc.
You should now be able to

e calculate the area of a parallelogram and the volume of a parallelepiped using determinants,

e ctc.
Ejercicios.

1 2 4
1. Calcule el volumen del paralelepipedo generado por los vectores 31,1014, |4
-5 1 4

1 0 2

2. Sea A= [0 —1 —=2]. Calcule el volumen del paralelepipedo generado por A€y, A&y y
2 =2 0

Ag€3. ;Cémo interpreta geométricamente el resultado obtenido?

3. Sean P = (1,1), Q@ = (2,2), R = (0,3) y W = (—=1,2). Muestre que los puntos PQRW
forman un paralelogramo y calcule su area.

4. Sean P = (z1,y1) ,Q = (v2,y2) y R = (3, y3) puntos de R?. Muestre que el drea de tridngulo
APQR esta dada por la férmula:

1 1 1 Y1
—|det |1 zo o
2 1

T3 Y3

;,Cuando este determinante serd igual a cero?

4.4 Inverse of a matrix

In this section we prove a method to calculate the inverse of an invertible square matrix using
determinants. Although the formula might look nice, computationally it is not efficient. Here it
goes.

Let A = (aij)ij=1,..n € M(n x n) and let M;; be its minors, see Definition 4.5. We already know
from (4.5) that for every fixed k € {1, ..., n}

det A = (=1)"ay; det My;. (4.11)
j=1

Now we want to see that happens if the k in aj; and in My; are different.

Proposition 4.13. Let A = (a;j)ij=1,.n € M(n xn) and let k, 0 € {1, ..., n} with k # (. Then
n ]
> (=) ay; det My; = 0. (4.12)
j=1
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158 4.4. Inverse of a matrix

Proof. We build the new matrix B from A by replacing its /th row by the kth row. Then B has
two equal rows (row ¢ and row k), hence det B = 0. Note that the matrices A and B are equal
everywhere except possibly in the /th row, so their minors along the row ¢ are equal: Mg =M ;3
(we put superscripts A, B in order to distinguish the minors of A and of B). If we expand det B
along the /th row then we find

0=detB= Z(*I)Hjbfj det M/} = Z(*l)[ﬂakj det Mf?" U
J=1

j=1

Using the cofactors C;; of A (see Definition 4.5), formulas (4.11) and (4.12) can be written as

det A ifk =2,

0 if k /. (4.13)

n

J

n
(—1)ay; det Mg;‘» = Zaijzj = {
1 j=1

Definition 4.14. For A € M(n x n) we define its adjugate matriz adj A as the transpose of its
cofactor matrix:

t

Cn Ci2 - Cip Cn Cor -+ Cn

_ Cor Cop -+ Cop Ciz Cay -+ Cpa
adj A := ) ) . = 4 . .

Cnl On? e Cnn Cln OQn e Cnn

Theorem 4.15. Let A € M(n x n) be an invertible matriz. Then

ATt adj A. (4.14)

9 1
" detA

Proof. Let us calculate Aadj A. By definition of adj A the coefficient ¢y, in the matrix product
Aadj A is exactly cpp = Z?Zl(—l)“‘jakj det My;, so by (4.13) it follows that

det A 0 e 0
0 detA ... 0
AadjA=| . . = (det A)id,, .
0 0 ... detA
Rearranging, we obtain that A=! = deiA adj Aid;1 = deiA adj A. O

Remark 4.16. Note that the proof of Theorem 4.15 shows that Aadj A = det Aid,, is true for
every A € M(n x n), even if it is not invertible (in this case, both sides of the formula are equal to
the zero matrix).

Formula (4.14) might look quite nice and innocent, however bear in mind that in order to calculate
A~! with it you have to calculate one n x n determinant and n? determinants of the (n—1) x (n—1)
minors of A. This is a lot more than the O(n?) steps needed in the GauB-Jordan elimination.

Finally, we prove Cramer’s rule for finding the solution of a linear system if the corresponding
matrix is invertible.
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Theorem 4.17. Let A € M(n x n) be an invertible matriz and let B € R". Then the unique
solution ¥ of AZ = b is given by

T det A?
. T2 1 det A% 15
v TdetA | (4.15)
Ln det AZ

where AE- 18 the matrix obtained from the matriz A if we replace its jth column by the vector b.

Proof. As usual we write Cj; for the cofactors of A and M;; for its minors. Since A is invertible,

we know that ¥ = A~1b = ﬁ adj Ab. Therefore we find for j=1,...,n that

1 = 1 < ) 1 .
=) Ciby = —— > (=1)*b.Cp; = —— det AL,
T qet A ; FITE T Jet A ;( ) ROk = Get A SO

The last equality is true because the second to last sum is the expansion of the determinant of A?
along the kth column. 0

Note that, even if (4.15) might look quite nice, it involves the computation of n + 1 determinants
of n x n matrices, so it involves O((n + 1)!) steps.

1 2 3
Example 4.18. Let us calculate the inverse of the matrix A= [4 5 6 | from Example 4.9, but
0 8 7

this time using Theorem 4.17. We already know that det A = 27. Its cofactors are

5 6 4 6 4 5
011 = det (8 7) = —137 012 = —det (0 7) = —28, 013 = det (0 8) = 327
2 3 1 3 1 2
C21 = —det <8 7) = 10, CQQ = det <O 7) = 7, 023 = —det (0 8> = 78,

2 3 1 3 1 2
Oglzdet <5 6>:—3, Oggz—det <4 6):6’ ngzdet <4 5>=—3

Therefore

) 1 1 Cn Ca Cs 1 —-13 10 -3
A7 =——adjA=——|C1a Cypn Cs| =—|(-28 7 6
det A det A 013 023 033 27 32 —8 -3

Example 4.19. Let us use Cramer’s rule to solve the following linear system:
r+y+ z= 8
4y — z =-2
3x—y+2z= 0.
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160 4.4. Inverse of a matrix

We write the previous system in the form AZ = b:

1 1 1 T 8
0 4 -1 y|l=1-2
3 -1 2 z 0
So, by Cramer’s rule:
8 1 1 1 8 1
det | -2 4 -1 det |0 -2 -1
0 -1 2 62 31 3 0 2 —22 11
o= - —_2 - - - -
1 1 1 R 1 1 -8 ’
det [0 4 -1 det | O -1
3 —1 2 3 -1 2
1 1 8
det | O 4 -2
3 -1 0 -1
z = = 04713.
1 1 1 -8
det {0 4 -1
3 -1 2

You should now have understood

e what the adjugate matrix is and why it can be used to calculate the inverse of a matrix,

e etc.
You should now be able to

e calculate A~! using adj A.
e solve systems of linear equations using Cramer’s rule.

e etc.

Ejercicios.
1. Usando la regla de Cramer, resuelva los siguientes sistemas de ecuaciones lineales:

(a) 2x+3y=-1, (b) 3z —2y —2z2= -2, (c) 2043y —z= -5, d z—w=T,

—Tx +4y =5, r+y+2z=4, 2x + 4y + 62 = 2, 2y 4+ 2z =2,
2¢x +y + 2z =6, x4+ 22=0, 4 —y = -3,
3z —dw = 2.
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2. Calcular la inversa de las siguientes matrices usando el método de cofactores:

35 122 Loohe ?_—13_(2):2
(a) ®) o 1 2 () I3 1 0 (d)
-2 1 0 3 1 1 1 -6 13
-2 10 2 5
3. Sea
1 -2 3 1
-1 5 0 2
A‘03172
-2 1 2 4

Calcule la entrada ass de A~
4. El siguiente ejercicio tiene como objetivo demostrar la ley del coseno usando dlgebra lineal.

(a) Considere el siguiente tridngulo cuyos lados tienen longitudes a, b, ¢:

«

_beosa acosf J
) T

C

Usando trigonometria elemental, deduzca las siguientes relaciones:

bcosa + acos =c,
cCcos 4+ acosy = b,

ccos 8+ bcosy = a.

(b) Considere las relaciones anteriores como un sistema de ecuaciones con cos a, cos § y cos~y
como incégnitas. Calcule el determinante del sistema.

(c¢) Use la regla de Cramer para despejar cos(7y) y concluya la ley del coseno:
= a® +b* — 2abcos(7).
5. Sea A€ M(n xn).

(a) Muestre que si A no es invertible entonces Aadj A = O.

(b) Muestre que det(adj A) = (det A)"~1.

6. Sea A € M(n x n) simétrica e invertible. Muestre que adj A es simétrica. {Sigue siendo cierta
la afirmacion si no suponemos que A es invertible?
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162 4.5. Summary

4.5 Summary

The determinant is a function from the square matrices to the real numbers. Later we will also

consider matrices with complex entries. In this case, the determinant is a function from the square

matrices to the complex numbers. Let A = (a;;)7;_; € M(n x n).

Formulas for the determinant

det A = Z Sign(o) a15(1)020(2) * * * Ano(n) Leibniz formula
ocES,

n n
= Z(—l)kJrjakj det My; = Z ar;iCh;j Laplace expansion along the kth row
j=1 j=1

n n
= Z(—l)”kaik det M;;, = Z a;irCir Laplace expansion along the kth column
i=1 =1

with the following notation
e S, is the set of all permutations of {1, ..., n},

e M;; are the minors of A ((n — 1) x (n — 1) matrices obtained from A by deleting row ¢ and
column j),

e C;; = (—1)"J det M;; are the cofactors of A.

Inverse of a matrix using the adjugate matrix

If A€ M(n x n) is invertible then

Cll C122 o Cn,l

1 . 1 012 022 T CnQ
det A VT qet A | : :

Cln C2n U Cnn

Geometric interpretation
The determinant of a matrix A gives the oriented volume of the image of the unit cube under A.
e in R2: area of parallelogram spanned by @ and b= | det A,

e in R3: volume of parallelepiped spanned by @, band @ = | det Al.

Properties of the determinant
e The determinant is linear in its rows and columns.
e The determinant is alternating in its rows and columns.
e detid, = 1.
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o det A = det A*.

e If one row of A is multiple of another row, or if a column is a multiple of another column,
then det A = 0. In particular, if A has two equal rows or two equal columns then det A = 0.

e The determinant of an upper or lower triangular matrix is the product of its diagonal entries.

e The determinants of the elementary matrices are

det Sj(c) =C, det Qij(c) = 1, det Pij =—1.
e Let A€ M(n xn). Then A is invertible if and only if det A # 0.
e Let A,Be M(nxn). Then det(AB) = det Adet B.

e If A€ M(n x n) is invertible, then det(A~!) = (det A)~*.
Note however that in general det(A + B) # det A + det B.

Theorem. Let A € M(n x n). Then the following is equivalent:
(i) det A #0.

(ii) A is invertible.

(iii) For every be R"™, the equation AZ = b has ezactly one solution.

)
)
) —
(iv) The equation AZ =0 has exactly one solution.
(v) Every row-reduced echelon form of A has n pivots.
)

(vi) A is row-equivalent to id,,.

4.6 Exercises

1. De las siguientes matrices calcule la determinante. Determine si las matrices son invertibles.
Si lo son, encuentre su matriz inversa y la determinante de la inversa.

1 3 6 1 4 6
AG _72) Bk<_1124 _2118>. D=1[4 1 0], E=121 5
1 4 3 3 5 11
2. Sea

3 5t3 1

A= 0 2+t 0

—t 10—t* ¢

T

Determine ¢t € R tal que el sistema AZ = V2 | tiene exactamente una tnica solucién.

V2
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14+ Y z w T
T 14y z w r
3. Sea A = x Y 1+z2 w r , muestre quedet A=1+z+y+z+w+r.
T Y z 14w r
T Y z w 147

(Hint: es mds sencillo si usa la propiedad D1 de la seccién 4.2).

4. De las siguientes matrices calcule el determinante. Determine si las matrices son invertibles.
Si lo son, encuentre su matriz inversa y el determinante de la inversa.

2

5 1 2 3
A:<g2) B=| 13 1], C =
4 3 2

—_— = O =
T O N W
=W N O

1
4
1
5. Encuentre por lo menos cuatro matrices 3 x 3 cuyo determinante es 18.

6. Use las factorizaciones encontradas en los Ejercicios 14. y 14. en el capitulo 3 para calcular
sus determinantes.

1 2 3
7. Escribe la matriz A = | 1 2 6 | como producto de matrices elementales y calcule el
-2 -2 —6

determinante de A usando las matrices elementales encontradas.

8. Determine todos los « € R tal que las siguientes matrices son invertibles:

. 9 r x 3 11—z 5 —50
A:(1 x3>’ B=|1 2 6 |, C= 3 —x  —15
-2 2 —6 2 1 —xz-9
9. Suponga que una funcién y satisface y!" = b,_1y!" " + ... by’ + boy donde b, ..., b,_; son

coeficientes constantes y yl/) denota la derivada j-ésima de y.

Verifique que Y/ = AY donde

0 1 0 0 0
0 0 1 0 0 v
y
A— 7 v — y//
10 :
00 0 ... 0 1 yln—1
by by ..o oo i bug

y calcule el determinante de A.
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10. Sin usar férmulas de expansién para determinantes, encuentre para cada una de las matrices
dadas pardmetros x,y tales que el determinante de las siguientes matrices es igual a zero y
explique por qué los parametros encontrados sirven.

Ny =

w N R
= Ot N
88
8 oo R

6
1], No=
y

W
oe e N

11. (a) Calcule det B,, donde B,, es la matriz en M (n x n) cuyas entradas en la diagonal son 0
y todas las demés entradas son 1, es decir:

01 11
0 1 0 11 1 011

B1:O, BQZ 1 0)° BgZ 1 0 1 5 B4: 110 1 ,etc.
Lo 1110

;,Cémo cambia la respuesta si en vez de 0 hay x en la diagonal?

(b) Calcule det B,, donde B,, es la matriz en M (n X n) cuyas entradas en la diagonal son 0
y todas las demds entradas satisfacen b;; = (—1)""7| es decir:

0 1 g 1 -l (1) (1) 1 —}
B1 =0, By = . By;=[ 1 0 1|,Bi= ,
(1 0) wn - -1 1 0 1
1 -1 1 0
0 1 -1 1 -1
1 0 1 -1 1
Bs=| -1 1 0 1 =11, ete.
1 -1 1 0 1
-1 1 -1 1 0

;Cémo cambia la respuesta si en vez de 0 hay z en la diagonal? Compare con el Ejerci-
cio 10..
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Chapter 5

Vector spaces

In the following, K always denotes a field. In this chapter, you may always think of K = R,
though almost everything is true also for other fields, like C, Q or F,, where p is a prime number.
Later, in Chapter 8 it will be more useful to work with K = C.

In this chapter we will work with abstract vector spaces. We will first discuss their basic proper-
ties. Then, in Section 5.2 we will define subspaces. These are subsets of vector spaces which are
themselves vector spaces. In Section 5.4 we will introduce bases and the dimension of a vector
space. These concepts are fundamental in linear algebra since they allow us to classify all finite
dimensional vector spaces. In a certain sense, all n-dimensional vector spaces over the same field
K are equal. In Chapter 6 we will study linear maps between vector spaces.

5.1 Definitions and basic properties

First we recall the definition of an abstract vector space from Chapter 2 (p. 31).

Definition 5.1. Let V be a set together with two operations

vector sum +:VxV =V, (v,w)—v+w,
product of a scalar and a vector -:KxV — V,(A\,v) = X-v.

Note that we will usually write Av instead of A -v. Then V (or more precisely, (V,+,-)) is called a
vector space over K if for all u,v,w € V and all A\, u € K the following holds:

(a) Associativity: (u+v) +w =u+ (v+ w) for every u,v,w € V.
(b) Commutativity: v +w = w + v for every u,v € V.

(c) Identity element of addition: There exists an element O € V, called the additive identity
such that O +v =v+ O = v for every v € V.

(d) Inverse element: For every v € V| there exists an inverse element v’ such that v 4+ v = O.

167



168 5.1. Definitions and basic properties

(e) Identity element of multiplication by scalar: For every v € V', we have that 1lv = v.
(f) Compatibility: For every v € V and A, u € K, we have that (Au)v = A(uv).
(¢) Distributivity laws: For all v,w € V and A, u € K, we have

A+ pv= +pw and Av+w)= v+ w.
We already know that R" is a vector space over R.

Remark 5.2. (i) Note that we use the notation ¢ with an arrow only for the special case of
vectors in R™ or C™. Vectors in abstract vector spaces are usually denoted without an arrow.

(ii) If K = R, then V is called a real vector space. If K = C, then V is called a complex vector
space.

Before we give examples of vector spaces, we first show some basic properties of vector spaces.

Properties 5.3. (i) The identity element is unique. (Note that in the vector space axioms we
only asked for ezistence of an additive identity element; we did not ask for uniqueness. So one
could think that there may be several elements which satisfy (c¢) in Definition 5.1. However,
this is not possible as the following proof shows.)

Proof. Assume there are two neutral elements © and ©’. Then we know that for every v and
w in V the following is true:

v=uv-+ 0, w=w+ 0.
Now let us take v = O’ and w = ©. Then, using commutativity, we obtain
O=0'+0=0+0"=0. O
(ii) Let z,y,z € V. lf c + y =2 + 2, then y = z.

Proof. Let 2’ be an additive inverse of « (that means that ' + 2 = © which must exist since
V is a vector space). This follows from

y=0+y=@' +2)ty=2"+(@+y) ="+ (x+2)=@"+2)+20+2=2 O

(iii) For every v € V, its inverse element is unique. (Note that in the vector space axioms we
only asked for existence of an additive inverse for every element x € V; we did not ask
for uniqueness. So one could think that there may be several elements which satisfy (d) in
Definition 5.1. However, this is not possible as the following proof shows.)

Proof. Let v € V and assume that there are elements v',v” in V such that
v+ =0, v+v"=0.

Now it follows from (ii) that v’ = v” (take z = v, y = v’ and z = v" in (ii)). O
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Chapter 5. Vector spaces 169

(iv) For every A € K we have AO = O.

Proof. Observe that AO = AD + O and that AO = A\(O + O) = AO + XD, hence
A0 + O = A0 + \O.

Now it follows from (ii) that O = AO (take z = AO, y = O and z = AO in (ii)). O
(v) For every v € V' we have that Ov = O.

Proof. The proof is similar to the one above. Observe that 0v = 0v+ O0 and 0v = (0+0)v =
Ov + Ov, hence
Ov + O = 0v + Ov.

Now it follows from (ii) that O = Ov (take x = Ov, y = O and z = Qv in (ii)). O
(vi) If Av = O, then either A =0 or v = O.

Proof. If A =0, then there is nothing to prove. Now assume that A # 0. Then v is © because

1 1
“:X(A”):X(D:(D' [
(vii) For every v € V, its inverse is (—1)w.

Proof. Let v € V. Observe that by (vi), we have that Ov = O. Therefore
O=0w=(14+(-1)z=v+(-1)v.

Hence (—1)v is an additive inverse of v. By (iii), the inverse of v is unique, therefore (—1)v is
the inverse of v. O

Remark 5.4. From now on, we write —v for the additive inverse of a vector. This notation is
justified by Property 5.3 (vii).

Examples 5.5. We give some important examples of vector spaces.

e R is a real vector space. More generally, R™ is a real vector space. The proof is the same
as for R? in Chapter 2. Associativity and commutativity are clear. The identity element is
the vector whose entries are all equal to zero: 0= (0,...,0)t. The inverse for a given vector
7= (21,...,0,)" is (=z1,...,—m,)". The distributivity laws are clear, as is the fact that
12 = & for every & € R".

e C is a complex vector space. More generally, C" is a complex space. The proof is the same
as for R™.

e C can also be viewed as a real vector space.
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e R is not a complex vector space with the usual definition of the algebraic operations. If it
was, then the vectors would be real numbers and the scalars would be complex numbers. But
then if we take 1 € R and i € C, then the product il must be a vector, that is, a real number,
which is not the case.

e R can be seen as a QQ-vector space.

e For every n,m € N, the space M(m x n) of all m x n matrices with real coefficients is a real
vector space.

Proof. Note that in this case the vectors are matrices. Associativity and commutativity are
easy to check. The identity element is the matrix whose entries are all equal to zero. Given

a matrix A = (ai;)i=1,...,m, its (additive) inverse is the matrix —A = (—a;;)i=1,...,m. The
Jj=1,....,n j=1,...,n

distributivity laws are clear, as is the fact that 14 = A for every A € M(m x n). O

e For every n,m € N, the space M(m x n,C) of all m X n matrices with complex coefficients,
is a complex vector space.

Proof. As in the case of real matrices. O

e Let C(R) be the set of all continuous functions from R to R. We define the sum of two
functions f and g in the usual way as the new function

f+9:R=R, (f+g)(x)= f(z)+g(x).

The product of a function f with a real number A gives the new function Af defined by

A R=R, (Af)(x) = Af(z).

Then C(R) is a vector space with these new operations.

Proof. 1t is clear that these operations satisfy associativity, commutativity and distributivity
and that 1f = f for every function f € C(R). The additive identity is the zero function
(the function which is constant to zero). For a given function f, its (additive) inverse is the
function —f. O

e Let P(R) be the set of all polynomials. With the usual sum and products with scalars, they
form a vector space.

Prove that C is a vector space over R and that R is a vector space over Q.

Observe that the sets M (m x n) and C(R) admit more operations, for example we can multiply
functions, or we can multiply matrices or we can calculate det A for a square matrix. However, all
these operations have nothing to do with the question whether they are vector spaces or not. It
is important to note that for a vector space we only need the sum of two vectors and the product
of a scalar with vector and that they satisfy the axioms from Definition 5.1.

We give more examples.
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Examples 5.6. e Consider R? but we change the usual sum to the new sum @ defined by

()= ()= (37

With this new sum, R? is not a vector space. The reason is that there is no additive identity.

To see this, assume that we had an additive identity, say (a) Then we must have

()+()=C) e ()
() +(5)= () )

e Consider R? but we change the usual sum to the new sum @ defined by
x a\ (xz+b
()= () -Ga)

With this new sum, R? is not a vector space. One of the reasons is that the sum is not
commutative. For example

)+ ()=o) = @) e () ()= ()= G)

Show that there is no additive identity © which satisfies # ® © = Z for all & € R2.

However, for example,

e Let V=R, = (0,00). We make V a real vector space with the following operations: Let
z,y € V and A € R. We define

rTdy=u1xy and Aoz =z

Then (V,®,®) is a real vector space.

Proof. Let u,v,w € V and let A € R. Then:

(a
(b
(c
(d

Associativity: (v ®v) ®w = (ww) G w = (w)w = ulvw) = u(v G w) =ud (v S w).
Commutativity: v & w = vw = wv = w G v.

The additive identity of @ is 1 because for every x € V we have that 1 ®x = lx = z.

Inverse element: For every o € V, its inverse element is 27! because x®x~! = zo~! =

1 which is the identity element. (Note that this is in accordance with Properties 5.3 (vi)
since (—1) ®x =27 1)

)
)
)
)

(e) Identity element of multiplication by scalar: For every x € V, we have that
lor =1z =1=.
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(f) Compatibility: For every € V and A, p € R, we have that
) ©v=vM = (") =po (") =20 (LO ).
(g) Distributivity laws: For all x,y € V and A\, u € R, we have
A+p) oz = =22t =(A0v)(poOv) =(A0v)® (LO)
and

Ao wew) =(wew) =@w =’ = =N0v)dAow). O

e The example above can be generalised: Let f : R — (a,b) be an injective function. Then the
interval (a,b) becomes a real vector space if we define the sum of two vectors z,y € (a,b) by

s@y=f(fT @)+ )

and the product of a scalar A € R and a vector z € (a,b) by
Aoz = fOf (@)

Note that in the example above we had (a,b) = (0,00) and f = exp (that is: f(z) = €%).

You should have understood

e the concept of an abstract vector space,
e that the spaces R™ are examples of vector spaces, but there are many more,

e that “vectors” not necessarily can be written as columns (think of the vector space of all
polynomials, etc.)

e etc.
You should now be able to

e give examples of vector spaces different from R™ or C™,

e check if a given set with a given addition and multiplication with scalars is a vector space,

recite the vector space axioms when woken in the middle of the night,

e etc.

Ejercicios.

En los siguientes ejercicios, diga si el conjunto dado es un espacio vectorial sobre R. Si no lo es,
determiné cuales propiedades de espacio vectorial no se cumplen.

1. {(z,y) € R? : y <0} con la suma y producto escalar usuales.

2. {(z,22,3z) : € R} con la suma y producto escalar usuales.
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10.

11.

12.

13.

{(x,y,2z) € R®: 2y = 0} con la suma y producto escalar usuales.
{(z,y) € R? : 2 € R,y € Q} con la suma y producto escalar usuales.

El conjunto de puntos de R? que estédn sobre la recta z =t+1, y = 2t y z = 0 con la suma y
producto escalar usuales en R3.
{(8 _‘Z) ta,be R} con la suma y multiplicacién por escalar de matrices.

El conjunto de polinomios de grado < 3 con término independiente cero con la suma y
multiplicacién por escalar de polinomios.

El conjunto de polinomios de grado < 2 con coeficiente que acompana a X no negativo.

El conjunto de las funciones derivables en todo R con la suma y multiplicacién por escalar de

C(R).

R"™ con las siguientes operaciones:

R? con las siguientes operaciones:
suma: (a,b) ® (¢,d) == (a+¢,—b—d),
producto con escalar: A @ (a,b) := (Aa, \b)
R? con las siguientes operaciones:
suma: (a,b) ® (¢,d) :==(a+c+1,b+d),
producto con escalar: A© (a,b) := (a, \b)
Sea V = {a} (note que V solo tiene un elemento), sobre V defina las siguientes operaciones:

suma: a®a:= a,

producto con escalar: A ® a := a.

5.2 Subspaces

In this section, we work mostly with real vector spaces for the sake of definiteness. However, all
the statements are also true for complex vector spaces. We only have to replace R by C and the
word real by complex everywhere.

In this section we will investigate when a subset of a given vector space is itself a vector space.

Definition 5.7. Let V be a vector space and let W C V be a subset of V. Then W is called a
subspace of V if W itself is a vector space with the sum and product with scalars inherited from V.
A subspace W is called a proper subspace if W # {O} and W # V.
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First we observe the following basic facts.

Remark 5.8. Let V be a vector space.

e V always contains the following subspaces: {O} and V itself. However, they are not proper
subspaces.

e If V is a vector space, W is a subspace of V and U is a subspace of W, then U is a subspace
of V.

Prove these statements.

Remark 5.9. Let W be a subspace of a vector space V. Let O be the neutral element in V. Then
O € W and it is the neutral element of W.

Proof. Since W is a vector space, it must have a neutral element Oy, . A priori, it is not clear that
Ow = O. However, since Oy € W C V, we know that 0Oy = O. On the other hand, since
W is a vector space, it is closed under product with scalars, so O = 00y € W. Clearly, O is a
neutral element in W. So it follows that © = Oy, by uniqueness of the neutral element of W, see
Properties 5.3(i). O

Now assume that we are given a vector space V and in it a subset W C V and we would like to
check if W is a vector space. In principle we would have to check all seven vector space axioms
from Definition 5.1. However, if W is a subset of V', then we get some of the vector space axioms
for free. More precisely, the axioms (a), (b), (e), (f) and (g) hold automatically. For example, to
prove (b), we take two elements wy,ws € W. They belong also to V since W C V, and therefore
they commute: wy + we = wy + w1.

We can even show the following proposition:

Proposition 5.10. Let V be a real vector space and W C V a subset. Then W is a subspace of V
if and only if the following three properties hold:

(i) W # @, that is, W is not empty.

(ii) W is closed under sums, that is, if we take wy and wq in W, then their sum wy + we belongs
to W.

(iii) W is closed under product with scalars, that is, if we take w € W and A € R, then Aw € W.

Note that (ii) and (iii) can be summarised in the following:

(iv) W is closed under sums and product with scalars, that is, if we take wy,wy € W and X € R,
then \wy +wy € W.

Proof of 5.10. Assume that W is a subspace, then clearly (ii) and (iii) hold. (i) holds because every
vector space must contain at least the additive identity O.

Now suppose that W is a subset of V' such that the properties (i), (ii) and (iii) are satisfied. In
order to show that W is a subspace of V, we need to verify the vector space axioms (a) - (f) from
Definition 5.1. By assumptions (ii) and (iii), the sum and product with scalars are well defined in
W. Moreover, we already convinced ourselves that (a), (b), (e), (f) and (g) hold. Now, for the
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existence of an additive identity, we take an arbitrary w € W (such a w exists because W is not
empty by assumption (i)). Hence © = Ow € W where O is the additive identity in V. This is then
also the additive identity in W. Finally, given w € W C V', we know from Properties 5.3 (vi) that
its additive inverse is (—1)w, which, by our assumption (iii), belongs to W. So we have verified
that W satisfies all vector space axioms, so it is a vector space. O

The proposition is also true if V' is a complex vector space. We only have to replace R everywhere
by C.

In order to verify that a given W C V is a subspace, one only has to verify (i), (ii) and (iii)
from the preceding proposition. In order to verify that W is not empty, one typically checks if it
contains O.

Let us see examples of subspaces.

Examples 5.11. Let V be a vector space. We assume that V' is a real vector space, but everything
works also for a complex vector space (we only have to replace R everywhere by C.)

(i) {0} is a subspace of V. It is called the trivial subspace of V.
(i

) V itself is a subspace of V.
(iii) Fix v € V. Then the set W := {\v : A € R} is a subspace of V.
)

(iv) More generally, if we fix vq,...v; € V, then the set W := {ajv1 + - - vy : aq, ..., a1 € R}
is a subspace of V. This set is called the linear span of vy, ..., vg. It will be shown in
Theorem 5.24 that it is indeed a vector space.

(v) P(R), the set of all real polynomials, is a subspace of C(R), the set of all continuous functions
on R.

(vi) For every n, the polynomials of degree at most n, P,(R), is a subspace of P(R), and also of

C(R).
(vii) If W is a subspace of V, then V'\ W is not a subspace. This can be easily seen if we recall that
W must contain ©. But then V' \ W cannot contain O, hence it cannot be a vector space.

Some more examples:

Examples 5.12. (i) The set of all solutions of a homogeneous system of linear equations is a
vector space.

(ii) The set of all solutions of a homogeneous linear differential equation is a vector space.
Proof. We prove only (i) since the proof of (ii) is similar. Assume that the system of equations is
given in matrix form A% = 0 for some matrix A € (m x n). We denote by U the set of all solutions,

that is, U := {# € R" : A% = 0}. Clearly, 0 € U. Now let 7, Z € U and A € R. We have to show
that then also ¢ + Az € U. This is true because

AT+ N2) = A+ AAZ =0+ X0 =0.
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Therefore, the vector i + AZ solves the homogeneous equation, so it belongs to U as we wanted to
show. O

Note however that the set of all solutions of a nonhomogeneous equation is not a vector space. Let
us consider a system of linear equations given in matrix form by

AT =1}
where A € M(m x n) and b € R™ with b # 0. We denote its set of solutions by

—.

U:={7ZeR": A¥ = b}.

Clearly, 0 ¢ U because A0 =0 #* b. This is already enough to conclude that U is not a vector
space. But we can also see that U is not closed under sums and multiplication by scalars. To this
end, let 7, Z€ U and A € R\ {0}. Then

A+ A7) = A+ ANAZ=b+ b= (1 + \)b # b.

However, U is “almost” a vector space. Recall that if we write the solutions of AZ = b in vector
form, they are always of the form

=2+ t101 + -+ tpyr

where k is the number of free variables and 1, ..., ¥ are solutions of the homogeneous system
AZ = 0. See Remark 3.12. Therefore we can write

U={ZeR?: Ai = b}
={Z=Zy+tth + -+ t,lr : t1, ..., ty €R}
=Zy+{To=tigh + -+ taGr : t1, ..., tx € R}

%+ {Z € R?: AZ = 0}.

This shows that U is equal to the vector space W = {# € R? : AZ = 0} but shifted by the vector Z.
We will call such sets affine subspaces. They are very important in many applications. The formal
definition is as follows.

Definition 5.13. Let V be a vector space and W C V a subset. The W is called an affine subspace
if there exists an vy € V' such that set

vo+ W ={v+w:weW}

is a subspace of V.

Let us see examples of affine subspaces.

Examples 5.14. Let V be a vector space. We assume that V is a real vector space, but everything
works also for a complex vector space (we only have to replace R everywhere by C.)

(i) Every subspace of V is also an affine subspace with zy = O.

(i) If we fix zo and vy,...v, € V, then the set W := {zp + ayv1 + - g : aq,...,ap € R} =
20 + {oqvy + -k s aq, ..., o € R} is an affine subspace of V. In general it will not be a
subspace.
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Exercise. Show that W := {z0 + ayv1 + - - agvg : a1,...,a; € R} is an affine subspace of
V. Show that it is a subspace if and only if 2z € span{vy, ..., vi}.

(iii) If W is a subspace of V, then V' \ W is not an affine subspace.
Some more examples:

Examples 5.15. e The set of all solutions of an inhomogeneous system of linear equations is
an affine vector space if it is not empty.

e The set of all solutions of an inhomogeneous linear differential equation is an affine vector
space if it is not empty.

Now we give several examples and non-examples of subspaces of R? and R3. You should try to
generalize them to examples in R*, R?, etc. and also try to come up with your own examples.

Examples 5.16 (Examples and non-examples of subspaces of R?).

o W = {(3) NS ]R} is a subspace of R2. This is actually a subspace of the form (iii) from

Example 5.11 with z = ((1)> Note that geometrically W is a line (it is the z-axis).

e For fixed vy,v2 € R let ¥ = (51> and let W = {\7: A € R}. Then W is a subspace of R?.
2

Geometrically, W is the trivial subspace {0} if & = 0. Otherwise it is the line in R? passing
through the origin which is parallel to the vector ¥.

<

FIGURE 5.1: The subspace W generated by the vector o.

e For fixed ay, as, v1, v2 € Rlet d = <Zl> and ¥ = (51> Let us assume that ¥ # 0 and set
2 2

W ={d+ A\v: X € R}. Then W is an affine subspace. Geometrically, W represents a line in
R? parallel to ¥ which passes through the point (a1, az). Note that W is a subspace if and
only if @ and ¥ are parallel.
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S

ST

FIGURE 5.2: Sketches of W = {@ 4+ A\v: A € R}. In the figure on the left hand side, @ |f ¥, so W is an
affine subspace of R? but not a subspace. In the figure on the right hand side, @ || # and therefore W
is a subspace of R2.

e U={fecR?:|Z| >3} is not a subspace of R? since it does not contain 0.

1

0). Then zZ € W,

o V={7eR?:|Z| <2} is not a subspace of R2. For example, take Z = <
however 327 ¢ V.

o W = {(;) rx > 0}. Then W is not a vector space. For example, zZ = (2> e W, but

0
(—1)7 = (‘3) ¢ W,

Note that geometrically W is a right half plane in R2.

4 3Z¢V —Z¢W

FIGURE 5.3: The sets V and W in the figures are not subspaces of RZ.

Examples 5.17 (Examples and non-examples of subspaces of R3).

Lo
e For fixed zo,y0,20 ERlet W =< A [ yo | : A\€R ». Then W is a subspace of R3. Geomet-
20
To
rically, W is a line in R? passing through the origin which is parallel to the vector | yo
20
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x
e For fixed a,b,c € R the set W = y | :ax +by+cz =0} is a subspace of R3.
z

Proof. We use Proposition 5.10 to verify that W is a subspace of R3. Clearly, 0 € W since

€ €2
0a4+0b+0c=0. Nowletwy = | y1 | and Wy = | yo | in W and let A € R. Then w; +wy € W
z1 z9

because
a(xy + x2) + b(y1 + y2) + (21 + 22) = (az1 + bys + c21) + (ax2 + bya + c22) =0+ 0= 0.
Also My € W because
a(Az1) + b(Ay1) + c(Az1) = AMaxy + byr + ¢z1) = N0 = 0.

Hence W is closed under sum and product with scalars, so it is a subspace of R. O

Remark. Note that W is the set of all solutions of a homogeneouos linear system of equations
(one equation with three unknowns). Therefore W is a vector space by Theorem 3.22 where
it is shown that the sum and the product with a scalar of two solutions of a homogeneous
linear system is again a solution.

Remark. If a = b = ¢ = 0, then W = R3. If at least one of the numbers a,b,c € R is
different from zero, then W is a plane in R? which passes through the origin and has normal
a
vector 7= | b
c

e For fixed a,b,¢,d € R with d £ 0 and at least of the numbers a, b, ¢ different from 0, the set

T
W = y | :ax +by+cz=d; is not a subspace of R3, see Figure 5.4, but it is an affine
z
subspace.
I T2
Proof. Let us see that W is not a vector space. Let W, = | y1 | and Wy = [ y2 | in W. Then
z1 Z9

Wy + We ¢ W because

a(zy + x2) + b(y1 + y2) + c(21 + 22) = (az1 +bys +c21) + (axa +bys +c2z0) =d+d = 2d # d.
(Alternatively, we could have shown that if @& € W and A € R\ {1}, then A\ ¢ W; or we
could have shown that 0 ¢ W.)

We know that W is a plane in R3 which has normal vector 7i = (a,b,c)! but does not pass
through the origin. This shows that W is an affine vector space because it can be written as
W = vy + Wy where Wy is the plane parallel to W which passes through the origin and v is
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FIGURE 5.4: The green plane passes through the origin and is a subspace of R®. The red plane does
not pass through the origin and therefore it is an affine subspace of R3.

an arbitrary vector from the origin to a point on the plane W. (Note that Wy is the plane
described by ax + by + ¢z = 0.)

Note that we already showed in Corollary 3.23 that W is an affine vector space. O

Remark. If a=0=c=0, then W = @.

o W ={ZecR3:|Z| > 5} is not a subspace of R? since it does not contain 0.

5
o W ={FeR3: |7 <9} is not a subspace of R3. For example, take Z= [ 0 |. Then Z€ W,
0
however, for example, 72 ¢ W (or: 2+ 2 ¢ W).
z 1
o W = 22| :2 € R j. Then W is not a vector space. For example, @ = [ 1| € W, but
a3 1

2 = ¢ w.

NN DN

Examples 5.18 (Examples and non-examples of subspaces of M(m x n). The following
sets are examples for subspaces of M(m x n):

e The set of all matrices with a1 = 0.

o The set of all matrices with a1; = 5a1s.
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e The set of all matrices such that its first row is equal to its last row.
If m = n, then also the following sets are subspaces of M (n x n):

e The set of all symmetric matrices.

The set of all antisymmetric matrices.

The set of all diagonal matrices.

The set of all upper triangular matrices.

The set of all lower triangular matrices.

The following sets are not subspaces of M (n x n):

o The set of all invertible matrices.
e The set of all non-invertible matrices.

e The set of all matrices with determinant equal to 1.

Examples 5.19 (Examples and non-examples of subspaces of the set all functions from
R to R). Let V be the set of all functions from R to R. Then V clearly is a real vector space.
The following sets are examples for subspaces of V:

e The set of all continuous functions.

e The set of all differentiable functions.

e The set of all bounded functions.

e The set of all polynomials.

e The set of all polynomials with degree < 5.

e The set of all functions f with f(7) = 0.

e The set of all even functions.

e The set of all odd functions.

The following sets are not subspaces of V:

The set of all polynomials with degree 3.

The set of all polynomials with degree > 3.
The set of all functions f with f(7) = 13.
The set of all functions f with f(7) > 0.

Prove the claims above.

Definition 5.20. For n € Ny let P, be the set of all polynomials of degree less than or equal to n.

Remark 5.21. P, is a vector space.
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Proof. Clearly, the zero function belongs to P, (it is a polynomial of degree 0). For polynomials

b,q

€ P, and numbers A € R we clearly have that p 4+ ¢ and Ap are again polynomials of degree

at most n, so they belong to P,. By Proposition 5.10, P, is a subspace of the space of all real
functions, hence it is a vector space. O

You should have understood

e the concept of a subspace of a given vector space,

e why we only have to check if a given subset of a vector space is non-empty, closed under
sum and closed under multiplication with scalars if we want to see if it is a subspace,

e etc.

You should now be able to

e give examples and non-examples of subspaces of vector spaces,
e check if a given subset of a vector space is a subspace,

e etc.

Ejercicios.

En los ejercicios 1 al 13 diga si el subconjunto W es subespacio del espacio vectorial V.

1.
2.

=~ W

10.
11.

12.

13.

Sea Ae M(mxn),V=R'yW={ZecR": AZ=0}.
Seaz €R", V=Mnxn)yW={AeV:AZ=0}.
Sea Ae M(nxn),V=Mnxn)yW={BeV:AB = BA}.
Sea w € R™ un vector no nulo, V=R"y W ={F eV : ¥ L &}

Sea Ae M(nxn),V=Mnxn)yW={BeV:AB=0}.

V=RyW = {(;i§Z) :z,yER}.

z

V =M(nxmn)y W el conjunto de todas las matrices con determinante cero.

VM(2><2)yW{(8 “gl> :a,beR}.

V =R%y W el plano zy.

V=P, yW={peP,:p"(0)=0}.
V=CR)yW={feV:[f(*)=2f(z)}.
V=CR)yW={feV:[f*)=(f(x)}
V=CR)yW={feV:[ f=0}
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14. V = CY(R) (funciones diferenciables en R) y W = {f € V : f/(0) = f'(1)}.

15. Sea V=R*'y W ={Z €V : (z,61) + (x,8) + -+ (z,8,) = 0}. Muestre que W es
subespacio vectorial de V.

16. Sea V = R3:
(a) Sea E un plano que pasa por el origen y W = {Z € V : & L E}. Muestre que W es un

subespacio vectorial de V. jPuede decir quién es W?

(b) Seaw € R® y W = {Z € V : proj,, & = 0}. Muestre que W es un subespacio vectorial de
V. ;Puede decir quién es W7

(c) Seaw € R®y W = {F €V :Zxw=0}. Muestre que W es un subespacio vectorial de
V. {Puede decir quién es W7
17. EnV—M(2x2),seanWl—{AGV:aQQ—O}ng—{(_2 Z) :a,bER}.

(a) Muestre que W7 y Wa son subespacios vectoriales de V.

(b) Determine Wi N Wy y muestre que también es un subespacio de V.

5.3 Linear combinations and linear independence

In this section, we work mostly with real vector spaces for the sake of definiteness. However, all
the statements are also true for complex vector spaces. We only have to replace R by C and the
word real by complex everywhere.

We start with a definition.

Definition 5.22. Let V be a real vector space and let vy,...,vx € V and aq,...,a;r € R. Then
every vector of the form

V= iU + - QUL (5.1)
is called a linear combination of the vectors vy,...,v; € V.
1 4 9 3
Examples 5.23. e LetV=R3andlett,=|2], th=1|5|,a=(12],b=13
3 6 15 3
Then @ and b are linear combinations of ¥ 71 and Uy because @ = U7 + 2U5 and b= —U1 + Us.

vy mia- (20 5o (0 ) s (3 7) 5o (1)

Then R is a linear combination of A and B because R = 5A+7B. S is not a linear combination
of A and B because clearly every linear combination of A and B is of the form

a f
aA+ B = <—,3 a>

so it can never be equal to S since S has two different numbers on its diagonal.
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Definition and Theorem 5.24. Let V be a real vector space and let vyi,...,v; € V. Then the
set of all their possible linear combinations is denoted by

span{vy, ..., v} = {oqvr + -+ v o, ..., 0 € R}
It is a subspace of V and it is called the linear span of the vectors vy,...,vg. The vectors vy, ..., vy
are called generators of the subspace span{vy, ..., v}

Remark. By definition, the vector space generated by the empty set is the vector space which
consists only of the zero vector, that is, span{} := {O}.

Remark. Other names for “linear span” that are commonly used, are subspace generated by
the vy,...,v, or subspace spanned by the vi,...,vx. Instead of span{vi,...,v;} the notation
gen{vy,..., v} is used frequently. All these names and notations mean exactly the same thing.

Proof of Theorem 5.24. We have to show that W := span{vy,...,v;} is a subspace of V. To this
end we use Proposition 5.10 again. Clearly, W is not empty since at least O € W (we only need
to choose all the a;; = 0). Now let u,w € W and A € R. We have to show that Au+ w € W. Since
u,w € W, there are real numbers «ay,...,ax and f,..., Sk such that v = ajv; + ..., apvr and
w = Prwy + -+ + Brvr. Then

Au+v = ANagvy + -+ o) + Brwy + -+ Brog
= Aaqvr + - -+ Aagg) + Brwy + -+ Brog
= (Aa1 + B1)vr + - + (Aag + Br) vk

which belongs to W since it is a linear combination of the vectors vy, ..., vg. O

Remark. The generators of a given subspace are not unique.

10 0 -1 1 -1
For example, let A = (O 1) , B= <1 O> , C= (1 1). Then

(6 7) e}

<a+~y —(ﬂ+7)> : Q’MGR},

span{4, B} = {aA+ 8B : a,8 € R}

span{A, B,C} = {adA+ B+~C : «a, 5,7 € R} B+ a4y

a+y =y
: RG.
{( v aﬂ) me }

We see that span{A, B} = span{A, B,C} = span{A,C} (in all cases it consists of exactly those
matrices whose diagonal entries are equal and the off-diagonal entries differ by a minus sign). So
we see that neither the generators nor their number is unique.

span{A,C} = {aA+~C : o,y € R}

Remark. If a vector is a linear combination of other vectors, then the coefficients in the linear
combination are not necessarily unique.

For example, if A, B, C are the matrices above, then A+ B+C =2A+2B =2C or A+2B+3C =
4A+ 5B = B +4C, etc.
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Remark 5.25. Let V be a vector space and let vy, ...,v, and wy,...,w,, be vectors in V. Then
the following are equivalent:

(i) span{vy,...,v,} = span{wi, ..., Wm}.
(i) v; € span{wsy,...,wy} for every j = 1,...,n and wy € span{vq,...,v,} for every k =
1,...,m.

Proof. (1) = (ii) is clear.

(ii) = (i): Note that v; € span{ws,...,wy,} for every j = 1,...,n implies that every v; can be
written as a linear combination of the w, ..., w,,. Then also every linear combination of vy,...,v,
is a linear combination of wy, . .., w,,. This implies that span{vy,...,v,} C span{ws,...,wy}. The
converse inclusion span{wy, ..., w,} C span{vy,...,v,} can be shown analogously. Both inclusions
together show that we must have equality. O

Examples 5.26. (i) P, = span{1, X, X?, ..., X" ! X"} since every vector in P, is a polyno-
mial of the form p = @, X" 4+ a1 X" P+ -+ + a1 X + ag, 5o it is a linear combination of
the polynomials X, X1, ..., X, 1.

Exercise. Show that {1, 1+ X, X + X2, ..., X" ! 4+ X"} is also a set of generators of
P,.

(ii) The set of all antisymmetric 2 x 2 matrices is generated by { <_(1) é) }

(iii) Let V = R? and let #,@ € R®\ {0}.

e span{¢} is a line which passes through the origin and is parallel to ..

e If ¥ |fw, then span{¥, w} is a plane which passes through the origin and is parallel to ¢
and . If U || W, then it is a line which passes through the origin and is parallel to .

Example 5.27. Let p; = X2 — X +1,po = X? =2X +5 € P,, and let U = span{p;, p2}. Check
ifg=2X%2—-X —2andr = X%+ X — 3 belong to U.

Solution. e Let us check if ¢ € U. To this end we have to check if we can find «a, 5 such that
q = apy + Bpe. Inserting the expressions for p1, p2, g we obtain

2X2 - X —2=0a(X? - X+ 1)+ (X2 -2X +5) =X*(a+B)+ X(—a—28) +a+50.

Comparing coefficients of the different powers of X, we obtain the system of equations

a+ B=2,
—a —28 =1,
o+ 58 =-2.

We use the Gaufl-Jordan process to solve the system:

1 1 2 1 1 2 1 0 3
A=|-1 =2 -1] — [0 -1 1] — (0 1] -1
1 51 —2 0 41 -4 0 0 0
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It follows that & = 3 and § = —1 is a solution, and therefore ¢ = 2p; — p2 which shows that
qeU.

e Let us check if r € U. To this end we have to check if we can find «, 8 such that r = ap; + Spo.
Inserting the expressions for pi, ps, ¢ we obtain

X2+ X -3=a(X? - X +1)+B8(X?-2X+5)=X*(a+B)+ X(—a—28) +a+58.

Comparing coefficients of the different powers of X, we obtain the system of equations

o+ 6:13
—a—20=1,
a4+ 58 = —-3.

We use the Gau-Jordan process to solve the system:

1 1 1 1 1 2 1 0 2
A=|-1 -2 1] — |0 -1 2] — |0 1] -2
1 5| =3 0 41 —4 0 0 4

We see that the system is inconsistent. Therefore r is not a linear combination of p; and ps,
hence r ¢ U. o

Definition 5.28. A vector space V is called finitely generated if is has a finite set of generators.

Examples 5.29. The following vector spaces are finitely generated.
e The trivial vector space {O} is finitely generated.
e R" because clearly R” = span{é, ..., €,} where €; is the jth unit vector.

e M(m x n) because it is generated by the set of all possible matrices which are 0 everywhere
except a 1 in exactly one entry.

P, is finitely generated as was shown in Example 5.26.

Let P be the vector space of all real polynomials. Then P is not finitely generated.

Proof. Assume that P is finitely generated and let ¢, ..., gx be a system of generators of P.
Note that the g; are polynomials. We will denote their degrees by m; = deggq; and we set
M = max{my, ...,mg}. Then any linear combination of them will be a polynomial of degree
at most M no matter who we choose the coefficients, However, there are elements in P which
have higher degree, for example X™*!. Therefore qi, ..., g, cannot generate all of P. O

Another proof using the concept of dimension will be given in Example 5.56 (f).

Later, in Lemma 5.53, we will see that every subspace of a finitely generated vector space is again
finitely generated.

Now we ask ourselves what is the least number of vectors we need in order to generate R™. We
know that for example R" = span{éi,...,€,}. So in this case we have n vectors that generate
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R™. Could it be that fewer vectors are sufficient? Clearly, if we take away one of the €;, then the
remaining system no longer generates R™ since “one coordinate is missing”. However, could we
maybe find other vectors so that n — 1 or less vectors are enough to generate all of R”? The next
proposition says that this is not possible.

Proposition 5.30. Let ¥y,...,0; be vectors in R™. If span{vy,..., v} = R", then k > n.

Proof. Let A = (¥1]...|Ux) be the matrix whose columns are the given vectors. We know that
there exists an invertible matrix E such that A’ = FA is in reduced echelon form (the matrix E
is the product of elementary matrices which correspond to the steps in the Gaufl-Jordan process
to arrive at the reduced echelon form). Now, if k¥ < n, then we know that A’ must have at least
one row which consists of zeros only. If we can find a vector « such that it is transformed to €,
under the GauB-Jordan process, then we would have that AX = @ is inconsistent, which means
that @ ¢ span{v1,...,0;}. How do we find such a vector w? Well, we only have to start with &,
and “do the GauB-Jordan process backwards”. In other words, we can take & = E~1&,,. Now if we
apply the Gau-Jordan process to the augmented matrix (A|w), we arrive at (EA|EwW) = (A'|€,)
which we already know is inconsistent.

Therefore, k < n is not possible and therefore we must have that k& > n. O

Note that the proof above is basically the same as the one in Remark 3.37. Observe that the system
of vectors v7,...,U;y € R™ is a set of generators for R™ if and only if the equation Ay = b has a
solution for every b € R™ (as above, A is the matrix whose columns are the vectors o1, ..., U%).

Now we will answer the question when the coefficients of a linear combination are unique. The
following remark shows us that we have to answer this question only for the zero vector.

Remark 5.31. Let V be a vector space, let vy,...,vp € V and let w € span{vy,...,vr}. Then
there are unique f1, ..., Bx € R such that

/817)1 + oo Bkvk =w (52)
if and only if there are unique aq,...,ar € R such that

a1V +...+akvk =Q0. (53)
Proof. First note that (5.3) always has at least one solution, namely oy = -+ = o = 0. This
solution is called the trivial solution.
Let us assume that (5.2) has two different solutions, so that there are 71,...,7; € R such that for

at least one j =1,...,k we have that 3; # 7v; and
YU + -+ YU = w. (5.27)
Subtracting (5.2) and (5.2’) gives
(Br=m)or+- 4 (B =)o =w—w=0
where at least one coefficient is different from zero. Therefore also (5.3) has more than one solution.
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On the other hand, let us assume that (5.3) has a non-trivial solution, that is, at least one of the
a; in (5.3) is different from zero. But then, if we sum (5.2) and (5.3), we obtain another solution
for (5.2) because

(a1 +Br)vr + -+ (o + Br)vr = O +w = w. O

The proof shows that there are as many solutions of (5.2) as there are of (5.3).

It should also be noted that if (5.3) has one non-trivial solution, then it has automatically infinitely
many solutions, because if a1, ..., o is a solution, then also cay, ..., cay is a solution for arbitrary
c € R since

carvy + -+ capvg = (v + - -+ agvg) = cO = O.

In fact, the discussion above should remind you of the relation between solutions of an inhomo-
geneous system and the solutions of its associated homogeneous system in Theorem 3.22. Note
that just as in the case of linear systems, (5.2) could have no solution. This happens if and only
if w ¢ span{vy,...,vg}.

If V' = R" then the remark above is exactly Theorem 3.22.

So we see that only one of the following two cases can occur: (5.4) as exactly one solution (namely
the trivial one) or it has infinitely many solutions. Note that this is analogous to the situation of
the solutions of homogeneous linear systems: They have either only the trivial solution or they have
infinitely many solutions. The following definition distinguishes between the two cases.

Definition 5.32. Let V be a vector space. The set of vectors vy,...,v; in V are called linearly
independent if
a1vr + -+ agup = O (5.4)

has only the trivial solution. They are called linearly dependent if (5.4) has more than one solution.

Remark 5.33. The empty set is linearly independent since © cannot be written as a nontrivial
linear combination of vectors from the empty set.

Before we continue with the theory, we give a few examples.

—4

Examples. (i) The vectors v; = <;> and v3 = (—8

) € R? are linearly dependent because
497 + v3 = 0.

(ii) The vectors v] = (;) and 03 = (g) € R? are linearly independent.

Proof. Consider the equation awi + 05 = 0. This equation is equivalent to the following
system of linear equations for o and :

a+38=0,
2a + 08 = 0.

We can use the Gauf3-Jordan process to obtain all solutions. However, in this case we easily
see that @« = 0 (from the second line) and then that 8 = —%04 = 0. Note that we could
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(iii)

(iv)

1
also have calculated det (2 ?) = —6 # 0 to conclude that the homogeneous system above
has only the trivial solution. Observe that the columns of the matrix are exactly the given
vectors. O
1 2
The vectors 77 = | 1 | and v3 = | 3 | € R? are linearly independent.
1 4

Proof. Consider the equation avy 4+ fvs = 0. This equation is equivalent to the following
system of linear equations for o and 3:

a+28=0,
a+38=0,
a+ 48 =0.

If we subtract the first from the second equation, we obtain 8 = 0 and then o = —28 = 0. So
again, this system has only the trivial solution and therefore the vectors v7 and v3 are linearly

independent. O
1 -1 0 0

Let i = [1], v = 2| v3=|(0] and vy = | 6| € R? Then
1 3 1 8

(a) The system {7, ¥, U3} is linearly independent.

(b) The system {¥;, U2, 74} is linearly dependent.

Proof. (a) Consider the equation avi + fvy + yv3 = 0. This equation is equivalent to the
following system of linear equations for «, 5 and ~:

a—18+0y=0,
a+ 28+ 0y=0,
a+36+1y=0.

We use the Gaufl-Jordan process to solve the system. Note that the columns of the
matrix associated to the above system are exactly the given vectors vy, U, U3.

1 -1 0 1 -1 0 1 -1 0 1 00
A=|1 2 0 — 10 3 0] — 10 1 0] — {0 1 0
1 3 1 0 4 1 0 41 0 01

Therefore the unique solution is « = 5 = v = 0 and consequently the vectors vy, ¥, U3
are linearly independent.

Observe that we also could have calculated det A = 3 # 0 to conclude that the homoge-
neous system has only the trivial solution.
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(b) Counsider the equation avi + Sv3 + 06U = 0. This equation is equivalent to the following
system of linear equations for «, 8 and 9:

a— 18+ 00 =0,
a+26+65=0,
a+ 38+ 85 =0.

We use the Gaufl-Jordan process to solve the system. Note that the columns of the
matrix associated to the above system are exactly the given vectors.

1 -1 0 1 -1 0 1 -1 0 1 -1 0
A=11 2 6] —10 3 6] —1{0 1 2] —10 1 2
1 3 8 0 4 8 0 1 2 0 00

SO =
o = O
O NN

So there are infinitely many solutions. If we take § = ¢, then a = § = —2¢. Consequently
the vectors v, U, U3 are linearly dependent, because, for example, —2v, — 2U5 + v3 = 0
(taking t = 1).

Observe that we also could have calculated det A = 0 to conclude that the system has
infinite solutions. ]

(v) The matrices (8 (1)) and <(1) 8) are linearly independent in M (2 x 2).

10
0 1 0 1

because A — B — C = 0.

(vi) The matrices A = (1 1> , B= < > and C = (8 (1)) are linearly dependent in M (2x2)

After these examples we will proceed with some facts on linear independence. We start with the
special case when we have only two vectors.

Proposition 5.34. Let vy, vy be vectors in a vector space V. Then vy,vo are linearly dependent if
and only if one vector is a multiple of the other.

Proof. Assume that vy, vs are linearly dependent. Then there exist oy, s € R such that ajvy +
asvy = 0 and at least one of the oy and as is different from zero, say a; # 0. Then we have
vy + g—fvg =0, hence v, = —z—fvg.

Now assume on the other hand that, e.g., v; is a multiple of vy, that is v1 = Avs for some A € R.
Then v; — Ave = 0 which is a nontrivial solution of c;v; + agve = 0 because we can take a; =1 # 0
and ag = —\ (note that A may be zero). O

The proposition above cannot be extended to the case of three or more vectors. For instance, the

vectors @ = (é), b= (?)’ E= (}) are linearly dependent because @ + b—¢= 0, but none of

them is a multiple of any of the other two vectors.
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Proposition 5.35. Let V be a vector space.

(i) Ewvery system of vectors which contains O is linearly dependent.

(ii) Letvy,...,vr € V and assume that there are oy, ..., a € R such that ayvy +- - -+ agvp, = O.
If ag # 0, then vy is a linear combination of the other v;.

(iii) If the wectors vy,...,vx € V are linearly dependent, then for every w € V, the vectors
V1,..., V%, w are linearly dependent.

(iv) If v1,...,v; are vectors in 'V and w is a linear combination of them, then vi,..., v, w are

linearly dependent.
(v) If the vectors v1,...,vx € V are linearly independent, then every subset of them is linearly
independent.
Proof. (i) Let vq,...,v; € V. Clearly 10+0v;1 +- - -4+ 0vx = O is a non-trivial linear combination
which gives ©. Therefore the system {O, v1,...,v;} is linearly dependent.

Q-1 _ Qe — e — %k
oy ve-1 e U+l o Uk

(ii) If cp # 0, then we can solve for vp: vy = 72—21}1 — =

(iii) If the vectors vy,...,vx € V are linearly dependent, then there exist «q,...,ar € R such
that at least one of them is different from zero and ajvy + -+ + agvry = O. But then also
a1v1 +- - -+ v + 0w = O which shows that the system {vy, ..., v, w} is linearly dependent.

(iv) Assume that w is a linear combination of vy, ...,v;. Then there exist aq,...,ar € R such
that w = aqv; + -+ + apvg. Therefore we obtain w — aqv; — - -+ — agvr = O which is a
non-trivial linear combination since the coefficient of w is 1.

(v) Suppose that a subsystem of vy,...,vx € V are linearly dependent. Then, by (iii) every
system in which it is contained, must be linearly dependent too. In particular, the original
system of vectors must be linearly dependent which contradicts our assumption. Note that
also the empty set is linearly independent by Remark 5.33. O

Now we specialise to the case when V' = R"™. Let us take vectors 7, ...,7; € R™ and let us write
(¥1] - |Ug) for the n X k matrix whose columns are the vectors ¥, ..., Ug.

Lemma 5.36. With the above notation, the following statements are equivalent:

(i) ¥1,..., Uk are linearly dependent.
(ii) There exist aq,...,ar not all equal to zero, such that a1y + - - + ag Ui = 0.
aq aq
(ili) There ewists a vector | : | # 0 such that (|- --|0x) =0.
(73 ag
(iv) The homogeneous system corresponding to the matriz (01 ---|U;) has at least one non-trivial

(and therefore infinitely many) solutions.
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Proof. (i) = (ii) is simply the definition of linear independence. (ii) == (iii) is only rewriting
the vector equation in matrix form. (iv) only says in word what the equation in (iii) means. And
finally (iv) = (i) holds because every non trivial solution the inhomogeneous system associated
to (U] - |Uk) gives a non-trivial solution of 1Ty + -+ - + V. O

Since we know that a homogeneous linear system with more unknowns than equations has infinitely
many solutions, we immediately obtain the following corollary.

Corollary 5.37. Let vy,...,U, € R™.

(i) If k > n, then the vectors Uy, ...,V are linearly dependent.

(ii) If the vectors Uy, ..., Ty are linearly independent, then k < n.

Observe that (ii) does not say that if & < n, then the vectors #,..., ¥ are linearly independent.
It only says that they have a chance to be linearly independent whereas a system with more than
n vectors always is linearly dependent.

Now we specialise further to the case when k = n.

Theorem 5.38. Let U7, ...,U, be vectors in R™. Then the following are equivalent:
(i) U1,...,U, are linearly independent.
(e%1 aq
(ii) The only solution of (#1]---|,) | : | =0 is the zero vector =0.
On o2
(iii) The matriz (T1|---|Uy,) is invertible.

(iv) det(dy]---|7,) # 0.

Proof. The equivalence of (i) and (ii) follows from Lemma 5.36. The equivalence of (ii), (iii) and
(iv) follows from Theorem 4.11. O

Formulate an analogous theorem for linearly dependent vectors.

Now we can state when a system n vectors in R™ generates R".

Theorem 5.39. Let ¥y,...,7, be vectors in R™. and let A = (01| --|0,) be the matriz whose
columns are the given vectors vy,--- ,U,. Then the following are equivalent:
(i) U1,...,U, are linearly independent.

(ii) R™ = span{ty,..., U, }.
(iii) det A # 0.
Proof. (i) <= (iii) is shown in Theorem 5.38.
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(ii) <= (iii): The vectors ¥y, ..., T, generate R™ if and only if for every @ € R™ there exist numbers
B1

81, ..., 08, such that 5197 + -+ + B,v, = W. In matrix form that means that A| : | = «. By

Bn
Theorem 3.44 we know that this has a solution for every vector « if and only if A is invertible
(because if we apply Gauf-Jordan to A, we must get to the identity matrix). O

The proof of the preceding theorem basically goes like this: We consider the equation Ag = .
When are the vectors 7, . .., ¥, linearly independent? — They are linearly independent if and only
if for @ = 0 the system has only the trivial solution. This happens if and only if the reduced echelon
form of A is the identity matrix. And this happens if and only if det A # 0.

When do the vectors ¥, . . ., U, generate R"? — They do, if and only if for every given vector @ € R"
the system has at least one solution. This happens if and only if the reduced echelon form of A is
the identity matrix. And this happens if and only if det A # 0.

Since a square matrix A in invertible if and only if its transpose A? is invertible, Theorem 5.39 leads
immediately to the following corollary.
Corollary 5.40. For a matric A € M(n x n) the following are equivalent:

(i) A is invertible.

(ii) The columns of A are linearly independent.

(iii) The rows of A are linearly independent.
We end this section with more examples.

Examples. e Recall that P, is the vector space of all polynomials of degree < n.

In P;, we consider the vectors p; = X2 — 1, po» = X2 — 1, p3 = X — 1. These vectors are
linearly independent.

Proof. Let ay, as,as € R such that a1p; + asps + agps = 0. This means that
0=0o1(X3—1)+as(X?—1)+a3(X —1)
= a1 X3+ s X? 4+ a3 X — (a1 + az + as).
Comparing coefficients, it follows that a; = 0, s = 0, a3 = 0 and a3 + as + a3 = 0 which
shows that p1, p2 and ps are linearly independent. O

If in addition we take py = X3 — X2, then the system p1, ps, p3 and py is linearly dependent.

Proof. As before, let aq, as, a3, ay € R such that a1py + asps + asps + ayps = 0. This means
that
0= (X? = 1)+ aa(X? - 1) +a3(X — 1) + ag(X? — X?)
= (051 + 044)X3 + (O[Q — 044)X2 + azX — (041 + a2 + 013).

Comparing coefficients, this is equivalent to a1 +ay4 = 0, as—ay = 0, a3 = 0 and a1 +as+asz =
0. This system of equations has infinitely many solutions. They are given by g = a4 = —a; €
R, ag = 0 (verify this!). Therefore p;, p2, ps and p4 are linearly dependent. O
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Exercise. Show that p;, pa, p3 and ps are linearly independent if ps = X3 + X2,

e In P,, we consider the vectors p; = X2 +2X — 1, po =5X +2, p3 = 2X2 — 11X — 8. These
vectors are linearly dependent.

Proof. Let ay,aq, a3 € R such that ayp; + asps + asps = 0. This means that

0=a;(X?+2X — 1)+ a2(5X +2) + az(2X? — 11X — 8)

= (041 + 2043)X2 + (2&1 + 5ag — 11043)X — a1 + 209 — 80(3).

Comparing coefficients, it follows that a;+2a3 = 0, 2a;+5as—11lag = 0, —a;+2a5—8az = 0.
We write this in matrix form and apply Gaufl-Jordan:

1 0 2 1 0 2 1 0 2 1 0 2
25 ~-11}|—1(0 5 -15] — (0 1 3] —1(|0 1 -3
-1 2 -8 0 2 -6 0 1 =3 0 0 0

This shows that the system has non-trivial solutions (find them!) and therefore py, ps and ps3
are linearly dependent. O

e InV = M(2 x 2) consider A = (1 2),B = <1 0),0 = <0 5). Then A, B,C are

2 1
linearly dependent because A — B — %C =0.

0 1 5 0

4 5 6 1 1 1

oInV:M(2><3)consideer:<1 2 3>,B=(2 2 2),6’:(1 2 2).ThenA,B,C

2 1 1
are linearly independent.

Exercise. Prove this!

e Find a set of generators for the vector space

x
V= y| eR3:z+2y=0
z

Solution. Clearly, V is a subspace of R3 (it is a plane). Let ¥ = <§> € V. By definition

of V, we have that = + 2y = 0. We can solve the previous equation for x or y, we obtain
x = —2y. So

x —2y -2 0
=y | = Yyl =y 11 +21(0
z z 0 1
-2 0
Therefore 11,10 is a set of generators for V. o
0 1
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You should have understood

what a linear combination is,
the concept of linear independence,

the concept of linear span and that it consists either of only the zero vector or of infinitely
many vectors,

geometrically the concept of linear independence in R? and R?,
that the coefficients in a linear combination are not necessarily unique,

what the number of solutions of AZ = 0 says about the linear independence of the columns
of A seen as vectors in R",

what the existence (or non-existence) of solutions of AZ = b for all b € R™ says about the
span of the columns of A seen as vectors in R,

why a matrix A € M (n x n) is invertible if and only if its columns are linearly independent,

etc.

You should now be able to

verify if a given vector is a linear combination of a given set of vectors,
verify if a given vector lies in the linear span of a given set of vectors,
verify if a given set of vectors is a generator of a given vectors space,
find a set of generators for a given vectors space,

verify if a given set of vectors is a linearly independent,

etc.

Ejercicios.

En los ejercicios 1 al 10, encontrar un conjunto generador para el espacio dado. Antes de hacerlo,
asegurese que los conjuntos dados efectivamente son espacios vectoriales.

1.
2.

>

© o N o o«

{FeRP:24+y+2=0}
{feR3:x+y+z:0, J;—y—zzO}.
Matrices antisimétricas de tamano 3 x 3.
Polinomios de grado < 3 tal que p”(0) = 0.
Polinomios de grado < 3 tal que fol xp(z)dz = 0.
{p e Ps:p(0) =p(1), p'(0) =p'(1)}.

La recta en R? dada por 2z +y = 0.

El plano 3z + 2y — z = 0 en R3.

La recta en R3 dada por 5=1%=3z
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196 5.3. Linear combinations and linear independence
10. {p € P3 : p(x) = az® + cx? + a — 2c}.
1 1 0 1
5 1 1 1
11. Muestre 3 € span bt 1o
4 0 1 0
12. Muestre que el conjunto {23 + 1,23 — 5, 2% 22 — 1} genera todos los polinomios de grado < 3
tales que su primera derivada evaluada en cero vale cero.
2 1 0
13. Muestre que [ 1 | no pertenece al generado de 11,11
3 1 1
14. En los siguientes ejercicios, diga si los vectores dados son linealmente independientes o de-
pendientes.
2 —4 (d) En P3; 23 +1, 23 -5, 22 y 22 — 1.
3
(a) En R 111 ) ; (e) En Py; 1 — 2, 1+ o, 22
(f) En Ps; 2z, 2°—3, 1+o—423, 234+182—9.
0 1 1 . .2 2
) EnR%: (1], {o], |1 (g) En C(R); cos2t, sin“t, cos®t.
1 1 0
2—-1 0-3 4 1
o Easeny (1), (070), (1 1)
15. jPara qué valores de ¢ son linealmente independientes los vectores (1_CC> y (1 i c) ?
1 0 2
16. Determine si el siguiente conjunto 21,111, (3 es linealmente independiente y
1 1 1
describa su generado.
1 2 3
17. ;Para qué valores de « son linealmente independientes los vectores | 2], | -1], |a|?
3 4 4
1 1 1
18. Determine condiciones sobre a, b, ¢ para que los vectores | @ |, | b |, | ¢ | sean lineal-
a? b2 c?
mente independientes (ver Seccién 4.1, Ejercicio 2.).
2 —4 1
19. ;Para qué valores de « son linealmente dependientes los vectores | —5 | , 0], [a]?
3 —6 0
20. Falso o verdadero:
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) Cinco vectores de R* pueden ser linealmente independientes.

) Dos vectores de R3 pueden generar todo el espacio R3.

(¢) Un espacio vectorial puede tener infinitos conjuntos generadores.
)

Sea V un espacio vectorial y W = span{vy,...,v,}. Entonces W = span{vy, ..., vn, w}
para todo w € W.

(e) En R", si 47, .., £} son linealmente independientes y A es una matriz invertible entonces
los vectores Ax7, .., Ax} son linealmente independientes.

5.4 Basis and dimension

In this section, we work mostly with real vector spaces for the sake of definiteness. However, all
the statements are also true for complex vector spaces. We only have to replace R by C and the
word real by complex everywhere.

Definition 5.41. Let V be a vector space. A basis of V' is a set of vectors {vy,...,v,} in V which
is linearly independent and generates V.

The following remark shows that a basis is a minimal system of generators of V and at the same
time a mazimal system of linear independent vectors.

Remark. Let {v1,...,v,} be a basis of V.

(i) Let w € V. Then {v1,...,v,, w} in not a basis of V' because this system of vectors is no
longer linearly independent by Proposition 5.35 (iv).

(ii) If we take away one of the vectors from {vy,...,v,}, then it is no longer a basis of V' be-
cause the new system of vectors no longer generates V. For example, if we take away vy,
then vy ¢ spanf{vs,...,v,} (otherwise vy,...,v, would be linearly dependent), and therefore
span{va,...,v,} # V.

Remark 5.42. By definition, the empty set is a basis of the trivial vector space {O}.
Remark 5.43. Every basis of R™ has exactly n elements. To see this note that by Corollary 5.37,

a basis can have at most n elements because otherwise it cannot be linearly independent. On the
other hand, if it had less than n elements, then, by Remark 5.30, it cannot generate R™.

1 0 0

Examples 5.44. o A basis of R? is, for example, o), {1}, 10O . The vectors of this
0 0 1

basis are the standard unit vectors. The basis is called the standard basis (or canonical basis)

of R3.
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Other examples of bases of R? are

1 1 1 1 4 0
of, (1], 1]}, 21, (5], |2
0 0 1 3 6 1

Exercise. Verify that the systems above are bases of R3.

The following systems are not bases of R3:

1 4 3 1 4 1 1 1 0
21, 5], 2]}, 2], 5] %, ol, (1], (1],
3 9 5 3 6 0 0 1 1

Exercise. Verify that the systems above are not bases of R3.

The standard basis in R™ (or canonical basis in R™) is {€1,...,€,}. Recall that the €; are the
standard unit vectors whose jth entry is 1 and all other entries are 0.

Exercise. Verify that they form a basis of R™.
The standard basis in P, (or canonical basis in Py,) is {1, X, X?,..., X"}.
Exercise. Verify that they form a basis of P,.

Let p1 = X, po = 2X2 +5X — 1, p3 = 3X? + X + 2. Then the system {p1, p2,p3} is a basis
of P2.

Proof. We have to show that the system in linearly independent and that it generates the
space P. Let ¢ = aX? + bX + ¢ € P,. We want to see if there are oy, as, a3 € R such that
q = a1py + agps + azps. If we write this equation out, we find

aX?+bX +c=a1 X + @(2X? +5X — 1) + a3(3X?* + X +2)
= (20[2 —|— 30&3)X2 + (Otl —|— 50&2 —|— OLg)X — (X9 —|— 20[3.

Comparing coefficients, we obtain the following system of linear equations for the o;:

200 + 3a3 = a 0 2 3 a1 a
a1+ bas+ a3 =1» in matrix form: 1 5 1 ag | =
—ag +2a3 = ¢ 0o -1 2 Qs c

Now we apply GauB-Jordan to the augmented matrix:

0 2 3| a 1 5 115 1 0 11| b+5c
1 5 116 — ([0 -1 2| c]—10 1 -2 c
0 -1 2| ¢ 0 2 3] a 0 0 71 a4+ 2c

So we see that there is exactly one solution for any given gq. The existence of such a solution
shows that {p1, p2, ps} generates P,. We also see that for any give ¢ € P, there is exactly one
way to write it as a linear combination of p1,ps,ps. If we take the special case ¢ = 0, this
shows that the system is linearly independent. In summary, {p1, p2,ps} is a basis of P,. O

eletp, =X+1, po=X>+X, ps = X>+X?, py = X>+ X2+ X + 1. Then the system

{p1,p2,p3,p4} is not a basis of P.
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Exercise. Show this!

e In the spaces M(m x n), the set of all matrices A;; form a basis where A;; is the matrix with
a;; = 1 and all other entries equal to 0. For example, in M (2 x 3) we have the following basis:

100 0 10 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0/)7\0 O 0/7\0 O 0O/”\1 0 0/”\0 1 0/7\0 O 1/°

1 0 1 0 1 0 11 . .
oLetA—<0 0>,B—<1 0),0—(1 1>,D—(1 1>.Then{A,B,C,D}1babamb
of M(2 x 2).

Proof. Let M = (Z Z) be an arbitrary 2 x 2 matrix. Consider the equation M = a1 A +
asB + a3C + ayD. This leads to

a b 10 10 10 11
E )= o) vl 6 reoa 8) ool )

_(ortaztaztoy ay
Qg+ ag + gy ast+ay )’

So we obtain the following set of equations for the «;:

a1 + as +az +ayg = a 1 1 1 1 aq a
ag =10 . trix form: 0 0 01 as| _|b
oo +ag +ag = c R 0 1 1 1 as | |ec
az tag =d 0O 0 1 1 Qg d
Now we apply GauB-Jordan to the augmented matrix:
111 1]a 11 1 1]a 1 1 1 0fa-5d
0 00 1|65 . 0 1 1 1] ¢ R 01 1 0] c—b
01 1 1] ¢ 0 01 1]d 001 0]d-—>b
0 01 1]d 0 0 0 1|65 0 0 0 1 b
1 1 0 0|a—d 10 0 0 —c
B 01 0 O0f c—d . 01 0 0fc—d
0 01 0 d-b 0 01 0|d-—b
0 0 0 1 b 0 0 0 1 b

We see that there is exactly one solution for any given M € M (2 x 2). Existence of the
solution shows that the matrices A, B,C, D generate M (2 x 2) and uniqueness shows that
they are linearly independent if we choose M = 0. O

The next theorem is very important. It says that if V' has a basis which consists of n vectors, then
every basis consists of exactly n vectors.

Theorem 5.45. Let V be a vector space and let {v1,...,v,} and {wy,...,w,} be bases of V.. Then
n=m.
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200 5.4. Basis and dimension

Proof. Suppose that m > n. We will show that then the vectors ws,...,w,, cannot be linearly
independent, hence they cannot be a basis of V. Since the vectors vy, ..., v, are a basis of V, every
w; can be written as a linear combination of them. Hence there exist numbers a;; which

wy; = a11v1 + a12v2 + - + A1pn,
W2 = G21V1 + A22V2 + -+ + G2pUn,

(5.5)
Wy = Am1V1 + Qmp2V2 + -+ AynUn.
Now we consider the equation
cwy + -+ + cpwy, = 0. (5.6)
If the wy, . .., w,, were linearly independent, then it should follow that all ¢; are 0. We insert (5.5)
into (5.6) and obtain
O = ci(avr + a12v2 + - - - + a1n,vy) + c2(a21v1 + a2202 + - - - + A2,V
+ o+ em(am1v1 + amav2 + -+ + Amntn)
= (c1a11 + c2a21 + -+ + Cpu@m1)v1 + - -+ + (C1a1n + C2a2n + - + Cnlmn) V-
Since the vectors vy, ...,v, are linearly independent, the expressions in the parentheses must be
equal to zero. So we find
c1a11 + C2a21 + -+ + Cmam1 =0,
c1a12 + C2a22 + -+ + Cpam2 =0,
(5.7)
C1G1p + C202n + -+ + Cmmm = 0.
This is a homogeneous system of n equations for the m unknowns c¢i,...,¢,. Since n < m it
must have infinitely many solutions. So the system {wq, ..., w,,} is not linearly independent and

therefore it cannot be a basis of V. Therefore m > n cannot be true and it follows that n > m.

If we assume that n > m, then the same argument as above, with the roles of the v; and the w;
exchanged, leads to a contradiction and it follows n < m.

In summary we showed that both n > m and n < m must be true. Therefore m = n. O

Definition 5.46. e Let V be a finitely generated vector space. Then it has a basis by The-
orem 5.47 below and by Theorem 5.45 the number n of vectors needed for a basis does not
depend on the particular chosen basis. This number is called the dimension of V. It is denoted
by dim V.

e If a vector space V is not finitely generated, then we set dim V' = oo.

e The empty set is a basis of the trivial vector space {O}, hence dim{O} = 0.

Next we show that every finitely generated vector space has a basis and therefore a well-defined
dimension.
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Chapter 5. Vector spaces 201

Theorem 5.47. Let V be a vector space and assume that there are vectors wy,...,wy, € V such
that V- = span{wy, ..., w,}. Then the set {w1,...,wy} contains a basis of V. In particular, V
has a finite basis and dim'V < m.

Proof. Without restriction we may assume that all vectors w; are different from ©. We start with
the first vector. If V' = span{ws}, then {w;} is a basis of V and dimV = 1. Otherwise we set
V7 := span{w; } and we note that V; # V. Now we check if wy € span{w; }. If it is, we throw it out
because in this case span{w;} = span{w, w2} so we do not need wy to generate V. Next we check
if wsg € span{w;}. If it is, we throw it out, etc. We proceed like this until we find a vector w;, in
our list which does not belong to span{ws}. Such an i must exist because otherwise we already
had that V3 = V. Then we set V5 := span{wy, w;, }. If Vo =V, then we are done. Otherwise, we
proceed as before: We check if w;, 1 € Va. If this is the case, then we can throw it out because
span{wi,w;, } = span{wy, wi,, W;,+1}. Then we check w;,12, etc., until we find a w;, such that
wyy ¢ span{wy, w;, } and we set V3 := span{wi, w;,, w;, }. If V3 =V, then we are done. If not, then
we repeat the process. Note that after at most m repetitions, this comes to an end. This shows
that we can extract from the system of generators a basis {w1,w;,,...,w; } of V. O

The following theorem complements the preceding one.

Theorem 5.48. Let V be a finitely generated vector space. Then any system wi,...,w, €V of
linearly independent vectors can be completed to a basis {w1, ..., W, Vmt1,--.,0n} of V.

Proof. Note that dim V' < oo by Theorem 5.47 and set n = dim V. It follows that n > m because
we have m linearly independent vectors in V. If m = n, then wq,...,w,, is already a basis of V
and we are done.

If m < n, then span{ws,...,w,,} # V and we choose an arbitrary vector v,,,+1 ¢ span{wy,...,wm,}
and we define V41 := span{wi,..., W, Vms1}t. Then dimV,,4;1 = m+ 1. If m+ 1 = n, then
necessarily V41 = V and we are done. If m 4+ 1 < n, then we choose an arbitrary vector v,, 2 €
V\ Vins1 and we let Vi,qo := span{wi, ..., W, Vm+i1, Vmi2}. If m + 2 = n, then necessarily
Vine2 =V and we are done. If not, we repeat the step before. Note that after n —m steps we have
found a basis {w1, ..., W, Vmi1s...,Un} of V. O

In summary, the two preceding theorems say the following:

e If the set of vectors vy, . . . v, generates the vector space V', then it is always possible to extract
a subset which is a basis of V' (we need to eliminate m — n vectors).

e If we have a set of linearly independent vectors vy, ...v,, in a finitely generated vector space
V, then it is possible to find vectors vy, 1, ..., v, such that {vy,...,v,} is a basis of V (we
need to add dim V' — m vectors).

Corollary 5.49. Let V be a vector space.

o [f the vectors vy,...,vx € V are linearly independent, then k < dim V.

o [f the vectors vi,...,v,m € V generate V, then m > dim V.
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1 0

Example 5.50. o Let A= ( ) , B= b € M(2 x 2) and suppose that we want to

0 0 11
complete them to a basis of M(2 x 2) (it is clear that A and B are linearly independent,
so this makes sense). Since dim(M (2 x 2)) = 4, we know that we need 2 more matrices.

We take any matrix C' ¢ span{A, B}, for example C = (8 é) Finally we need a matrix
D ¢ span{A, B,C}. We can take for example D = ((1) 8

M(2 x 2).

>. Then A, B,C, D is a basis of

Check that D ¢ span{A, B,C}

Find other matrices C’ and D’ such that {4, B,C’, D’} is a basis of M (2 x 2).

1 4 1 0 0 2
e Given the vectors 1 = |0 ]|, o = |0 |, v3= 2], 4= (2], 05=10], vg=1|1
1 4 3 1 2 5

and we want to find a subset of them which form a basis of R3.

Note that a priori it is not clear that this is possible because we do not know without further
calculations that the given vectors really generate R3. If they do not, then of course it is
impossible to extract a basis from them.

Let us start. First observe that we need 3 vectors for a basis since dimR3 = 3. So we start
with the first non-zero vector which is v;. We see that v5 = 4v7, so we discard it. We keep
U3 since U3 ¢ span{ti }. Next, 04 = U3 — ¥, S0 Uy € span{v, U3} and we discard it. A little
calculation shows that @5 ¢ span{#,¥3}. Hence {7, 03, U5} is a basis of R3.

Remark 5.51. We will present a more systematic way to solve exercises of this type in
Theorem 6.34 and Remark 6.35.

Theorem 5.52. Let V be a vector space with basis {v1,...,v,}. Then every x € V can be written
i unique way as linear combination of the vectors vy,...,v,.

Proof. We have to show existence and uniqueness of numbers c1, ..., ¢, so that w = c;v1+- - - 4c,v,.

Ezistence is clear since the set {v1,...,v,} is a set of generators of V' (it is even a basis!).
Uniqueness can be shown as follows. Assume that there are numbers ¢y, ..., ¢, and dy,...,d, such
that w = cjv1 + - - cpv, and w = dyv1 + - - - d,v,. Then it follows that

O=w—-—w=civ;+ - cpop — (d1v1 + - dpvy) = (c1 —dy)v1 + -+ (¢ — dp)Vp.

Then all the coefficients ¢; — dy, ..., ¢, — d, have to be zero because the vectors vy,...,v, are
linearly independent. Hence it follows that ¢; = dy, ..., ¢, = d,, which shows uniqueness. Note
that the theorem is also true if V"= {O} because by definition the empty sum is equal to zero. [

If we have a vector space V and a subspace W C V, then we can ask ourselves what the relation
between their dimensions is because W itself is a vector space.
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Lemma 5.53. Let V' be a finitely generated vector space and let W be a subspace. Then W is
finitely generated and dim W < dim V.

Proof. Let V be a finitely generated vector space with dimV = n < co. Let W be a subspace of
V' and assume that W is not finitely generated. Then we can construct an arbitrary large system
of linear independent vectors in W as follows. Clearly, W cannot be the trivial space, so we can
choose wy; € W\ {O} and we set W; = span{w;}. Then W is a finitely generated subspace of
W, therefore Wi, C W and we can choose wy € W \ Wy. Clearly, the set {wi,ws} is linearly
independent. Let us set Wy = span{w;,ws}. Since W5 is a finitely generated subspace of W, it
follows that Wy C W and we can choose ws € W \ Ws. Then the vectors wy, wsy,ws are linearly
independent and we set W3 = span{wj, ws, w3}. Continuing with this procedure we can construct
subspaces Wy C Wy C --- C W with dim Wy, = k for every k. In particular, we can find a system
of n + 1 linear independent vectors in W C V which contradicts the fact that any system of more
than n = dim V' vectors in V must be linearly dependent, see Corollary 5.49. This also shows that
any system of more than n vectors in W must be linear dependent. Since a basis of W consists of
linearly independent vectors, it follows that dimW < n = dim V. O

Theorem 5.54. Let V be a finitely generated vector space and let W C'V be a subspace. Then the
following is true:

(i) dimW < dimV.
(ii) dim W =dim V' if and only if W = V.

Proof. (i) follows immediately from Lemma 5.53.

(ii) If V. = W, then clearly dimV = dim W. To show the converse, we assume that dimV =
dim W and we have to show that V' = W. As before let {w1,...,w;} be a basis of W. Then
these vectors are linearly independent in W, and therefore also in V. Since dimW = dim V,
we know that these vectors form a basis of V. Therefore V = span{wy,...,w,} =W. O

Remark 5.55. Note that (i) is true even when V' is not finitely generated because dim W < oo =
dim V' whatever dim W may be. However (ii) is not true in general for infinite dimensional vector
spaces. In Example 5.56 (f) and (g) we will show that dim P = dim C(R) in spite of P # C(R).
(Recall that P is the set of all polynomials and that C'(R) is the set of all continuous functions. So
we have P C C(R).)

Now we give a few examples of dimensions of spaces.

Examples 5.56. (a) dimR” =n, dimC" = n.

(b) dim M (m x n) = mn. This follows because the set of all m x n matrices A;; which have a 1 in
the ¢th row and jth column and all other entries are equal to zero form a basis of M(m x n)
and there are exactly mn such matrices.

(c) Let Mgy (n x n) be the set of all symmetric n x n matrices. Then dim Mgy, (n xn) = @

To see this, let A;; be the n X n matrix with a;; = a;; = 1 and all other entries equal to 0.

Observe that A;; = Aj;. It is not hard to see that the set of all A;; with ¢ < j form a basis of
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Mgym(n x n). The dimension of Mgym(n x n) is the number of different matrices of this type.
How many of them are there? If we fix j = 1, then only ¢ = 1 is possible. If we fix j = 2,
then ¢ = 1,2 is possible, etc. until for j = n the allowed values for ¢ are 1,2,...,n. In total
we have 1 +2+4---4n = % possibilities. For example, in the case n = 2, the matrices

are
1 0 0 1 0 0
An = (0 O) , Arg = (1 O) , Arg = (0 1) .

In the case n = 3, the matrices are

100 01 0 00 1

An=(0 0 0], An={(1 0 0], 43={0 0 0],
00 0 00 0 100
00 0 00 0 000

Ay =0 1 0], Asz={0 0 1], A33=10 0 0
00 0 01 0 00 1

Convince yourself that the A;; form a basis of Mgy, (n x n).

Let Masym(n x n) be the set of all antisymmetric n x n matrices. Then dim Mugym(n x n) =
@. To see this, for ¢ # j let A;; be the n X n matrix with a;; = —a;; = 1 and all other
entries equal to 0 form a basis of Mgym(n x n). It is not hard to see that the set of all A;;
with ¢ < j form a basis of Musym(n X n). How many of these matrices are there? If we fix
j =2, then only 7 = 1 is possible. If we fix j = 3, then ¢ = 1,2 is possible, etc. until for j =n
the allowed values for ¢ are 1,2,...,n — 1. In total we have 1+2+---4+ (n —1) = w
possibilities. For example, in the case n = 2, the only matrix is

0 1
)

In the case n = 3, the matrices are

01 0 0 0 1 0 0 0
A12 = _1 0 0 5 A13 == O 0 O ) A23 = 0 O 1
0 0 O -1 0 0 0 -1 0

Convince yourself that the A;; form a basis of Meym(n X n).

Remark. Observe that dim Mgy, (n x n) + dim Musym(n x n) = n? = dim M (n x n). This
is no coincidence. Note that every n x n matrix M can be written as

M = 3(M + M) + 3(M — M?)

and that 2(M + M?') € Myym(n x n) and (M — M') € Magym(n x n). Moreover it is easy
to check that Mgy, (n x n) N Masym(n x n) = {0}. Therefore M(n x n) is the direct sum
of Myym(n x n) and Mysym(n x n). (For the definition of the direct sum of subspaces, see
Definition 5.59).
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()
(f)

(2)

dim P, = n+ 1 since {1, X,..., X"} is a basis of P, and consists of n + 1 vectors.

dim P = oco. Recall that P is the space of all polynomials.

Proof. We know that for every n € N, the space P, is a subspace of P. Therefore for every
n € N, we must have that n + 1 = dim P,, < dim P. This is possible only if dim P = co. O

dim C(R) = oco. Recall that C'(R) is the space of all continuous functions.

Proof. Since P is a subspace of C(R), it follows that dim P < dim(C(R)), hence dim(C(R))
0.

o

Now we use the concept of dimension to classify all subspaces of R? and R3. We already know that
for examples lines and planes which pass through the origin are subspaces of R?. Now we can show
that there are no other proper subspaces.

Subspaces of R?. Let U be a subspace of R2. Then U must have a dimension. So we have the
following cases:

dim U = 0. In this case U = {0} is the trivial subspace.

dimU = 1. Then U is of the form U = span{#, } with some vector #; € R?\ {0}. Therefore
U is a line parallel to ¢} passing through the origin.

dim U = 2. In this case dim U = dimR?. Hence it follows that U = R? by Theorem 5.54 (ii).

dim U > 3 is not possible because 0 < dimU < dim RZ = 2.

In conclusion, the only subspaces of R? are {6}, lines passing through the origin and R? itself.

Subspaces of R3. Let U be a subspace of R®. Then U must have a dimension. So we have the
following cases:

dim U = 0. In this case U = {0} is the trivial subspace.

dimU = 1. Then U is of the form U = span{#} with some vector #; € R?\ {0}. Therefore
U is a line parallel to ¢ passing through the origin.

dimU = 2. Then U is of the form U = span{#;, >} with linearly independent vectors
U1, 72 € R3. Hence U is a plane parallel to the vectors #; and 7> which passes through the
origin.

dim U = 3. In this case dim U = dimR3. Hence it follows that U = R? by Theorem 5.54 (ii).

dim U > 4 is not possible because 0 < dimU < dim R3 =3.

In conclusion, the only subspaces of R? are {6}, lines passing through the origin, planes passing
through the origin and R? itself.

We conclude this section with the formal definition of lines and planes.
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5.4. Basis and dimension

Definition 5.57. Let V be a vector space with dimV = n and let W C V be a subspace. Then

W is called a
e line if dimW =1,
e plane if dim W = 2,
o hyperplane if dimW =n — 1.

Note that in R? the hyperplanes are exactly the planes.

You should have understood

e the concept of a basis of a finite dimensional vector space,

e that a given vector space has infinitely many bases, but the number of vectors in any basis

of the space is the same,

e why and how the concept of dimension helps to classify all subspaces of given vector space,

e why a matrix A € M(n X n) is invertible if and only if its columns are a basis of R",

e etc.

You should now be able to

e check if a system of vectors is a basis for a given vector space,

e find a basis for a given vector space,

e extend a system of linear independent vectors to a basis,

e find the dimension of a given vector space,

e etc.

Ejercicios.

1. Encuentre bases para los espacios dados en los ejercicios del 1 al 10 de la seccién 5.3.

2. Determine la dimensién de los siguientes espacios:

x
(a) En R*, los vectores Z tales que w = x + y.
w
a+c
a—1b
(b) Todos los vectores de la forma bt e
—a+0b

(©) {AeM@xz):AG _§>=(8 8)}
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(d) Las soluciones del sistema homogéneo

z—5y =0,
2 — 3y = 0.

(e) Las soluciones del sistema homogéneo

r—3y—z=0,
—2x+2y—32=0,
4z — 8y + 52 = 0.

(f) Las soluciones del sistema homogéneo

—x+3y—2z=0,
2z — 6y +42 =0,
-3z 4+ 9y — 62 =0.
(g) V = span{cos 2t,sin?t, cos? t}.

3. En los siguientes ejercicios, determine si el conjunto de vectores dado es una base para el
espacio vectorial indicado.

(a) En M(2 x 2); (g é)(g g),(f é),(g _;)
(b) En W = {(z,y) € R2 : 3z — y = 0}; @)

(c) En Ry;

_ =0 O
N — ==
S O = =
— N =N

(d) En Py; 5— a2, 3z.

(e) En P3; a8 —z, a3+ 22, 22 +1, 2 — 1.

4. En R*, encontrar una base para el subespacio U = {7 € R* : (Z,(2,-3,0,4)) = 0}. (Note
that U es un hiperplano en R%.)

5. En R?, considere la recta L : g = % = 2z. Encuentre una base para L y complétela a una
base de R3.

6. Encuentre una base para el plano E : 2z +y — 5z = 0 y complétela a una base de R>.
Represéntela graficamente (Existe una forma natural de hacerlo. ;Cuél?).

7. Encuentre una base para R* que contenga a los vectores

O = O =
<
_ O = =

Last Change: So 24. Mai 06:43:48 CEST 2026
Linear Algebra, M. Winklmeier



208 5.5. Intersections and sums of vector spaces

8. Muestre que los vectores forman una base de R? si ab # 0. Muestre también que

a —b
(6)-(2)
9. Demuestre que {1 — 22,1 + 22} es una base del subconjunto de P, cuya primera derivada
evaluada en cero vale cero. Complete esta base a una base de todo Ps.

a
b))

£

a’ «a 33—«
10. ;Para qué valores de « los vectores | 1+« |, | O |, 0 generan todo R3?
0 2 1

11. (a) En M(n x n), muestre que n? matrices tales que en todas su entrada a,, vale cero no

pueden ser linealmente independientes.

(b) En P,, muestre que n 4+ 1 polinomios cuya primera derivada evaluada en cero se anula
no pueden ser linealmente independientes.

(¢c) En P,, jexisten n 4+ 1 polinomios linealmente independientes tales que el coeficiente de
0
z” es 17

5.5 Intersections and sums of vector spaces

In this section we will contstruct new subspaces from given ones. We will see that the intersection
of to two vector spaces is again a vector space, whereas the union in general is not.

Proposition 5.58. Let U, W be subspaces of a vector space V. Then their intersection U N W is
a subspace of V.

Proof. Clearly, UNW # @& because © € U and O € W, hence © € UNW. Now let 21,20 e UNW
and ¢ € K. Then 21, z3 € U and therefore z; + czo € U because U is a vector space. Analogously
it follows that z; + czo € W, hence z1 +czo € UNW. O

Observe that U N W is the largest subspace which is contained both in U and in V.

For example, the intersection of two planes in R? which pass through the origin is either that same
plane (if the two original planes are the same plane), or it is a line passing through the origin. In
either case, it is a subspace of R3.

Observe however that in general the union of two vector spaces in general is not a vector space. For
instance, in R? the lines L : y = 0 (this is the z-axis) and G : = 0 (this is the y-axis) are subspaces
and their union L U G is consists of exactly both axis. This is clearly not a vector space because it
is not closed under sums. For example, 8 € L C LUG and 6; € G C LUG, but €, +6; ¢ LUG. In
order to make it a vector space, we need to include all the missing linear combinations. The space
that we obtain in this way, is called a direct sum, see Definition 5.59.

Exercise. e Give more examples of two subspaces whose union is not a vector space.

e Give an example of two subspaces whose union is a vector space.
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Question 5.1. Union of subspaces.

Can you find a criterion that subspaces must satisfy such that their union is a subspace?

Let us define the sum and the direct sum of vector spaces.

Definition 5.59. Let U, W be subspaces of a vector space V. Then the sum of the vector spaces
U and W is defined as
U+W={u+w:uelU we W} (5.8)

If in addition U N W = {O}, then the sum is called the direct sum of U and W and one writes
U ® W instead of U + W.

Remark. Let U, W be subspaces of a vector space V. Then U 4+ W is again a subspace of V.

Proof. Clearly, U + W # & because O € U and © € W, hence O+ O = O € U + W. Now let
21,20 € U+ W and ¢ € K. Then there exist uy,us € U and wy,ws € W with z; = u; + w; and
29 = Ug + wy. Therefore

21+ czg = up +wy + c(ug +wa) = (ur +cuz) + (wy +cwy) €U+ W
and U + W is a subspace by Proposition 5.10. O

Note that U + W consists of all possible linear combinations of vectors from U and from W. We
obtain immediately the following observations.

Remark 5.60. (i) Assume that U = span{us, ..., ux} and that W = span{wn, ..., w;}, then
U+ W =span{us, ..., ug, w1, ..., w;}.

(ii) The space U + W is the smallest vector space which contains both U and W.

Examples 5.61. (i) Let V be a vector space and let U C V be a subspace. Then we always
have:

(a) U+ {0} =Ua {0} =1,

(b) U+U =1,

(c) U4+V =V.
If U and W are subspaces of V', then

(a) UCU+Wand W CU+W.
(b) U+ W =U if and only if W C U.

(ii) Let U and W be lines in R? passing through the origin. Then they are subspaces of R? and
we have that U + W = U if the lines are parallel and U + W = R? if they are not parallel.
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(iii) Let U and W be lines in R? passing through the origin. Then they are subspaces of R? and
we have that U + W = U if the lines are parallel; otherwise U + W is the plane containing
both lines.

(iv) Let U be a line and W be a plane in R3, both passing through the origin. Then they are
subspaces of R? and we have that U + W = W if the line U is contained in W. If not, then
U+ W =R3.

Prove the statements in the examples above.

Recall that the intersection of two subspaces is again a subspace, see Proposition 5.58. The formula
for the dimension of the sum of two vector spaces in the next proposition can be understood as
follows: If we sum the dimension of the two vector spaces, then we count the part which is common to
both spaces twice; therefore we have to subtract its dimension in order to get the correct dimension
of the sum of the vector spaces.

Proposition 5.62. Let U, W be subspaces of a vector space V. Then
dim(U + W) =dimU + dim W — dim(U N W).
In particular, dim(U + W) = dimU +dim W f UNW = {O}.
Proof. Let dimU = k and dim W = m. Recall that UNW is a subspace of V and that UNW C U
and UNW C W. Let vy, ..., vy be a basis of UNW. By Theorem 5.48 we can complete it to a basis

V1, vy Vgy Upt1, - - -, Uk of U. Similarly, we can complete it to a basis vy, ..., vg, We41, ..., Wy Of
W. Now we claim that vy, ..., Vg, Upy1, - -y Uk, Wet1, --., Wy 1S & basis of U + W.

e First we show that the vectors vy, ..., vg, wpt1, - .., Uk, Wet1, - .., Wy, generate U +W. This
follows from Remark 5.60 and

U+ W =span{vy, ..., Vg, Ugs1, .., U} +span{vy, ..., Vg, W1, -« -y Wi}
= Span{vl) sy Uy Upt 1y ooy Uk, U1y -vvy Vg, We1, - - vy wm}
= Span{’l}l, <oy Vg, u[-‘rlv sy Uk, wE-‘rla ct U}m}
e Now we show that the vectors vy, ..., vg, gy, ..., Ug, West1, - .., Wy, are linearly indepen-
dent. Let aq, ..., an,Bes1, -- -, Bm € R such that

0101 + - F oyvg + oy tgyr - F ogug + Beg1werr + o+ Brwm = O.
It follows that

QU1 + - F Qe+ it + -+ agur = —(Beriwer1 + 0+ Bwm) (5.9)
ceU ew

and therefore —(By11wes1 + -+ + Bmwpm) € UNW hence it must be a linear combination of
the vectors vy, ..., vy because they are a basis of U N W. So we can find ~1,...,7 € R such
that yiv1 + -+ + yeve = —(Ber1wes1 + -+ - + Bmwy, ). This implies that

Y1U1 + -+ YeUe + 6€+1w€+1 + -+ Bmwm =0.
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Since the vectors vy, ..., vg, Weg1, ..., Wy form a basis of W, they are linearly independent,
and we conclude that vy = -+ =~y = fp41 = --- = B, = 0. Inserting in (5.9), we obtain

QU1 4 - F g+ appiuegr + o+ agug = O,
hence ay = --- = ap = 0.

It follows that

dim(U + W) = #{v1, ..., Ve, Ups1,y ooy Uk, Wog1, -, Wi}
=l+(k—-0+(m—1)
=k+m-—1¢

=dimU + dim W — dim(U N W)

because the vectors vy, ..., vg, Ugs1, ..., U are a basis of U. O]

Examples 5.63. In R? consider the subspaces E, F, G given by E : 2x—y+3z = 0, F = span{7, @}
and G = span{a} where

0 1 4
g=|(1], @w=[ol], a=[ 3],
2 1 2

Find ENF,E+F, ENG, E+ G and FNG, F 4+ G and their dimensions.

Solution. Clearly, £ and F are planes in R? and F is a line.
Note that the normal vectors g of £ and nip of F are

2 1
ﬁEZ —1 s ﬁFZﬁX’LU: 2
3 -1

Solution 1. The normal form of F is F': x + 2y — z = 0. A point (x,y, z) belongs to E N F if and
only if its coordinates satisfy the equation for E and F' simultaneously. Therefore we obtain the

following system of equations:
20 — y+32=0,
r+2y— z=0.

A short calculation (Gaufi-Jordan) shows that the set of solution is the line H : z = —y = —z, or
in vector form
-1
H =span{b} where b= | 1]. (%)

Solution 2. We can also use the vector forms of £ and F'. In order to write F in vector form, we
only need to choose two vectors 7, § which are parallel to F, for instance

1 1
E = span{7, §} where 7= (2], §=1[5
0 1
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A vector ¥ = (z,y,2)! belongs to E N F if and only if the vector ¥ is a linear combination of
¥,w and a linear combination of 7, s, that is, if and only if there exist «, 3,7,d € R such that
av + pw = y7+ §8, or

ot + i — 47 — 05 = 0.

Writing this as a system for the unknowns «;, 3,7, d € R, we obtain

6_ Y= 5:07
a —2v =55 =0,
200+ - 6=0.

A straightforward calculation shows that the general solution is o = ¢, § = —t, v = —2t,§ = t.
Therefore

ENF={tt—t&:teR} = {t(T — @) : t € R} = span{¥ — @} = span{b} = H
or equivalently
ENF ={-2tF+1t5:t € R} = {t(-2F — 5) : t € R} = span{—2F — 5} = span{b} = H

with b and H as in (x).

Solution 1. We know that E + F = span{¥, @, 7, §}. Now, similarly as in Example 5.50 we
see that the vectors ¥/, w, 7 are linearly independent, therefore the dimension of E + F' is larger or
equal to 3. Since it is a subspace of R3, it must be equal to R?. (We could also use Theorem 6.34
and Remark 6.35) to find a system of generators for £ + F.)

Solution 2. We know that
dim(E+ F)=dmFE +dmF —dim(FNF)=2+2-1=3.
Since E + F C R?, it follows that £ + F = R3.

We insert the parametric form of G in the normal form or E and obtain as condition for
intersection that
0=2(—4t) —3t+3- (—t) = —14t.

The unique solution is ¢ = 0 which implies that ENG = {O}.

It is easy to see that the three vectors 7, §,d are linearly independent, therefore they
generate R? and hence E + G = span{7, 5,d} = R3.

Alternatively we could use thet dim(E + G) = dimF 4+ dim G —dim(ENG) =24+1-0= 3 to
conclude that E + G = R3.

It is easy to see that the three vectors v, w, d are linearly dependent. In fact, @ = 20 — 4.
Therefore G C F and consequently G N F = F.

From the above it follows that F + G = span{#, @, @} = span{¥, W} = F.
From the above, it is clear that dim(ENF) =1, dim(E+ F) = 3, dim(ENG) = 0, dim(E+G) = 3,
dim(FNG) =2, dim(F + G) =3.

o
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Example 5.64. En R® considere los subespacios U = {(z,y, z,7,8) : 2z +y + 5z + 45 = 0} and
W ={(z,y,2z,7,8) ix+y+42+3s=0, 3x+y+6z+4r+6s=0}. Find UNW, U+ W and their

dimensions.

Solution. It is easy to see that dimU =4 and dim W = 3.
Solution 1. A point (z,y,z,r,s) belongs U N W if and only if it satisfies the following system of

linear equations
20 +y+ 5z +4s =0,

r+y+4z+ 3s =0,
3xr+y+ 62+ 4r 465 =0.

This can be solved with the Gau-Jordan elimination

2 1 5 0 4 0 -1 -3 0 -2 0 -1 -3 0 - 101 01
11490 3/—(1 1 40 3]—(1 0 10 1]—1]0 1 3 0 2
31 6 4 6 0 -2 -6 4 -3 0O 0 0 4 1 0 00 41
Therefore, dim(U N W) = 2 and
—4 -1
z+z+s=0 -8 -3
UNnWwW =X (z,y,2,7,8): y+32z+2s=0, =span 0], 1 . (5.10)
dr+s5s=0 -1 0
4 0

Solution 2. We can use vector forms of U and W. We choose any set of linearly indepen-
dent vectors i, U, Us, Uy in U and Wy, W, Wy in W. Then U = span{i;, ds, is, U4} and
W = span{w, ws, ws}. For instance, we may take

1 0 0 0 -3 -2 -1
-2 -5 —4 0 -3 2 -3
U = 0], Uz = 11, u3= 0|, us=10], w = 0], W = 0], ws = 1
0 0 0 1 0 1 0
0 0 1 0 2 0 0
Then & € UNW if it is a linear combination both of the #; and of the w;, that is
f = O[l’ljl + CVQ’LTQ + agﬁg + Ol417:4
= p1y + Boia + B33
for some o, B; € R. If the take the difference of the right hand sides, we obtain
a
1 0 00 -3 -2 -1 Qs
-2 -5 -4 0 -3 2 =3 Qs
0= Oélﬁl + Oégﬁg + ()43176’3 + 014124 - ,617,61 - 621172 — 531173 = 0 1 00 0 0 1 Oy
0O 0 01 0 1 O 051
0O 0 10 2 0 O B
Bs
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We solve this sysetm using GauB-Jordan elimination:

1 0 00 -3 -2 -1 1000 -3 -2 -1
-2 -5 -4 0 -3 2 -3 0100 0 0 1
0 1 00 0 0 1]l—---—]0 01 0 2 0 O
0 0 01 0 1 0 0 0 01 0 1 0
0 O 10 2 0 O 0000 -1 -2 0
The general solution is

aq -1 —4

a9 1 0

(0% 0 4

ag | =t 0]l +s| —1

B 0 —2

B2 0 1

B3 1 0

and therefore

UNW = {(—t —4s)ty + tis + 4stls — sty : t,s € R}
= {t(—ﬁl + ﬂg) + S(—4121 + 4l — 174) 1t,8 € R}
= Span{—ﬁl + 712, —41_6'1 + 4173 — L_L'4}

or equivalently

UﬂW:{—28wl+Slﬁg+tw3Zt,SER}:{S(—2’Ll_;1 +1172)+t’(1732t,8€R}

= span{~2u71 + ’LEQ, 1173}
This is of course the same result as in (5.10).
We know that dim(U + W) = dimU + dim W — dim(UNW) =4+ 3 — 2 = 5 = dim R,
therefore U + W = R5. o
You should now have understood

e the concept of sum and direct sum of two subspaces,
e why the formula dim(U + W) = dim U + dim W — dim(U N W) makes sense,

e etc.
You should now be able to

e find the intersection of two vector spaces and its dimension,
e find the sum of two vector spaces and its dimension,
e decide if the sum of two vector spaces is a direct sum,

e etc.
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Ejercicios.
1 -3
1. En R*, sean U = span g , le y
-5 -3
V={FeR: (% (1,2,-2,-1)) =0, (F, (2,5 -5,1)") =0}. Determine UNV, U+ V y

dim(U + V).

2. En R? muestre que si E, F son planos no paralelos que pasan por el origen, entonces
E+F=R3

3. Sea V el subespacio de las matrices triangulares superiores y W el subespacio de las matrices
triangurales inferiores. Muestre que M (n x n) =V + W. (Es directa esta suma?

4. Muestre que M (3 x 3) = Myym (3 X 3) & Masym(3 x 3). (Hint: Basta demostrar que
Moym (3 X 3) N Mysym (3 x 3) = {O} jPor qué es suficiente mostrar esto?).

5. Sean U,V subespacios de R", responda las siguientes preguntas.
(a) SidimU 4+ dimV =n jse sigue que U + V = R"?
(b) SiR* =U+V yn=dimU +dimV jse sigue que U NV = {0}?

6. Sea V C R™ un subespacio de dimensién k. Demuestre que existe V' subespacio de R™ tal
que R" =V @V’ (Hint: Escoja una base de V' y completela a una base de R™, jcémo se debe
tomar V'7).

7. Sean U,V C R" subespacios. Muestre que 0 se escribe de forma tnica como la suma de un
elemento de U con un elemento de V siy solosi UNV = {0}. (EntalcasoU+V =UdV.)

8. Suponga que U, V,W C R® con dimU =2, dimV =3 y dim W = 4.

(a) ;Cuéles son las posibilidades para dimU NV y dim U + V7 Dé ejemplos para cada caso.
(b) ¢{Cuales son las posibilidades para dim UNW y dim U +W? Dé ejemplos para cada caso.

(¢) {Cuédles son las posibilidades para dimV N W y dimV 4+ W? Dé ejemplos para cada
€aso.

5.6 Summary
Let V be a vector space over K and let vy, ...,vp € V.

Linear combinations and linear independence

e A vector w is called a linear combination of the vectors vy, ..., v, if there exists scalars
a1, ..., o € K such that

w = V1 + -+ QgVg.
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5.6. Summary

The set of all linear combinations of the vectors vy, ..., vy is a subspace of V', called the space
generated by the vectors vy, ..., v or the linear span of the vectors vy, ..., v;. Notation:

span{vy, ..., vi} :=span{vy, ..., vg} := {w € V : w is linear combination of vy, ..., vg}

={av1 +- -+ apvp : ap, ..., a0 €KL

The vectors vy, ..., v are called linearly independent if the equation

avy + -+ agop = 0O

Basis and dimension

A system vy, ..., v, of vectors in V is called a basis of V if it is linearly independent and
span{vy, ..., v} =V.

A vector space V is called finitely generated if it has a finite basis. In this case, every basis
of V has the same number of vectors. The number of vectors needed for a basis of a vector
space V is called the dimension of V.

If V is not finitely generated, we set dim V' = co.

For vy, ..., vx € V, it follows that dim(span{vy, ..., vx}) < k with equality if and only if the
vectors vy, ..., v; are linearly independent.

If V is finitely generated then every linearly independent system of vectors vy, ... v € V
can be extended to a basis of V.

If V= span{vy, ..., v}, then V has a basis consisting of a subsystem of the given vectors
V1y «v-y Vg

If U is a subspace of V, then dimU < dim V.

If V is finitely generated and U is a subspace of V, then dimU = dim V' if and only if U = V.
This claim is false if dim V' = co.

dim{O} = 0 and {O} has the unique basis 0.

Examples of the dimensions of some vector spaces:

dim{O} =0,
dimR"” = n, dimC"™ = n,

dim M (m x n) = mn,

dim Mgym(n x n) = @,
dim Mugym(n x n) = "("2_1),
dim P, =n+1,

dim P = oo,

dim C(R) = co.
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Linear independence, generator property and bases in R" and C"

Let 1, ..., 0k € R" or C" and let A = (¢4]...|0;) € M(n x k) be the matrix whose columns consist
of the given vectors.
e span{?, ..., U} = R™ if and only if the system AT = b has at least one solution for every
beR™
e The vectors 71, ..., ¥ are linearly independent if and only if the system A7 = 0 has only the

trivial solution # = 0.

e The vectors v7, ..., U, are a basis of R™ if and only if K = n and A is invertible.

Linear independence, generator property and bases in R and C"

Let V be a vector space and let U, W be subspaces of V. Then

UNnV:={wveV:velUandve W},
UuV:i={veV:veUorveW},
U+Vi={utw:ueUweW}

Note that UNW CUCUUW CU+W and WNUCW CUUW CU+W.
e UNW and U + W are subspaces of V
e U UW in general is not a subspace.
e The sum of U and W is called a direct sum and it is denoted by U@ W if U NV = {O}.
o dmU +W =dimU +dimW —dimUNW.

5.7 Exercises

1. Sea X el conjunto de todas las funciones de R a R. Demuestre que X con la suma y producto
con numeros en R es un espacio vectorial.

De los siguientes subconjuntos de X, diga si son subespacios de X.

Todas las funciones acotadas de R a R.

—
&

Todas las funciones constantes.

—~
=

Todas las funciones continuas.

—~
SNy

Todas las funciones continuas con f(3) = 0.
=4.

Todas las funciones continuas con f(3)

—_
)

Todas las funciones con f(3) > 0.

Todas las funciones pares.

B (0] @
NN N NI N =N N

—~ o~
=

Todas las funciones impares.

—~
—

Todos los polinomios.
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(j) Todas las funciones no negativas.

(k) Todos los polinomios de grado > 4.

2. Sean A € M(m x n) y sea @ € R¥.

(a) Demuestre que U = {AZ : & € R"} es un subespacio de R™.

(b) (Los conjuntos R = {# € R" : A7 = (1,1,...,1)!} y S = {# € R" : AT # 0} son
subespacios de R™?

3. Sean A € M(m x n) y sea @ € R¥,

(a) JEl conjunto T = {# € R* : (#,@) = 0} es un subespacio de R¥?

(b) ¢Los conjuntos
S ={FeRF: 7] =1}, Bi={FfeRF:|&|| <1}, F={FecR":|7|>1}

son subespacios de R*?

4. Considere el conjunto R? con las siguientes operaciones:

®:R* x R? 5 R?, (371) ® (yl> - (xl “/2) :
T3 Y2 T2+ Y1

©:RxR25R2, A0 (“”1) _ (A“”l).
i) )\132
.Es R? con esta suma y producto con escalares un espacio vectorial?

5. Considere el conjunto R? con las siguientes operaciones:

M : R? x R? — R?, <331) 6 (yl> _ (961 +y1) ’
T2 Yo 0

A
0:R x R2 = R2, AB(xl) :( xl).
i) )\.172
.Es R? con esta suma y producto con escalares un espacio vectorial?

6. (a) SeaV = (=%, §) y definasuma @& : V x V — V y producto con escalar © : Rx V' =V
por

x @y = arctan(tan(x) + tan(y)), A ® x = arctan(A tan(x))

para todo x,y € V, X\ € R. Demuestre que (V,®,®) es un espacio vectorial sobre R.
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(b)

Una generalizacién de la construccién en (a) es lo siguiente:
Sea V un conjunto y f : R™ — V una funcién biyectiva. Entonces V es un espacio
vectorial con suma y producto con escalar definido asi:

coy=ffTH@)+ W),  Aoz=fAf(2)
para todo x,y € V, A € R.

7. Sea U un subespacio de R™. Demuestre que R™ \ U no es un subespacio de R".

8. Sean m,n € N. Demuestre que M (m x n,R) con la suma y producto con nimeros en R es un
espacio vectorial.

10.

De los siguientes subconjuntos de M (n x n), diga si son subespacios.

(a)
(b)
()
(d)

Todas matrices con a1 = 0.

Todas matrices con a1 = 3.

Todas matrices con a1 = pai; para un u € R fijo.

Todas matrices cuya primera columna coincide con la Ultima columna.

Para los siguientes numerales supongamos que n = m.

Todas las matrices simétricas (es decir, todas las matrices A con A' = A).
Todas las matrices que no son simétricas.

Todas las matrices antisimétricas (es decir, todas las matrices A con A = —A).
Todas las matrices diagonales.

Todas las matrices triangular superior.

Todas las matrices triangular inferior.

Todas las matrices invertibles.

Todas las matrices no invertibles.

Todas las matrices con det A = 1.

. Demuestre que

Z1
v o | T1+ 2o —2x3 — x4 =0,
4 3 ' Ty —To+ a3+ 704 =0
T4
es un subespacio de R%.
Demuestre que
x1
W= To . 31‘1—%2—21‘3—1‘4:3,
z3 . 41+ 2o+ 23+ T4 =05
T4

es un subespacio affn de R%.
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11. Considere los sistemas de ecuaciones lineales

r+2y+ 32 =0, T+ 2y + 3z =3,
(1) dr+5y+62=0, 5, (2) dx +5y+62 =29,
Tr+8y+92=0 Tx+8y+9z=15

Sea U el conjunto de todas las soluciones de (1) y W el conjunto de todas las soluciones de
(2). Note que se pueden ver como subconjuntos de R3.

(a) Demuestre que U es un subespacio de R? y describalo geométricamente.
(b) Demuestre que W no es un subespacio de R3.

(c) Demuestre que W es un subespacio afin de R? y describalo geométricamente.

12. (a) Sean vy = (é) , Ug = (_2> € R2. Escriba v = (g) como combinacién lineal de v1 y

5
V2.
1 1 1
(b) (Esv=[2] combinacién lineal de vy = [ 7|, vo = |5 ]?
5 2 2

(c) (Es A= (51)3 g) combinacién lineal de

1 2 3
13. (a) (Los vectoresv; = [ 2|, va = | 2|, v3 = | 0| son linealmente independientes en R3?
3 5 1
1 1 1
(b) ¢Los vectores v1 = | =2 |, va = [ 7], vs = [ 5| son linealmente independientes en
2 2 2

R3?
(c) ;Los vectores p; = X2 — X +2, pp = X +3, p3 = X2 — 1 son linealmente independientes
en P»,7 ;Son linealmente independientes en P,, para n > 37

, (131 1 73 (1 -1 0\ .
(d) ¢Los vectores A1 = (_2 9 3>, Ay = (2 1 2>, Az = (5 9 8) son lineal-

mente independientes en M (2 x 3)?

14. Sean @y, ..., U, @ € R"™. Suponga que @ # 0y que @ € R™ es ortogonal a todos los vectores Uj.
Demuestre que @ ¢ span{ti,...,0y}. iSe sigue que el sistema W, ¥, ..., Ty, es linealmente
independiente?
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15. Determine si span{ai, as,as, aq} = spanf{v,ve, v3} para

0 1 1 2 ) 1 1
a] = 1 , Qg = 0 , a3 = 2 , Qg4 = 1 , U1 = -3 , U = 1 , U3 = —1
) 3 13 11 0 8 -2

16. (a) ¢(Las siguientes matrices generan el espacio de todas las matrices simétricas 2 x 27

2 0 13 0 0 3
A1<0 7)7 A2(0 5>a A3<3 0)7

Si no lo hacen, encuentre un M € Mgy, (2 x 2) \ span{A4;, Ay, A3}

(b) ¢Las siguientes matrices generan el espacio de todas las matrices simétricas 2 x 27

2 0 13 0 0 3
BIZ(O 7)7 BQZ(O 5>7 BSZ(_g 0)7

(c) ¢Las siguientes matrices generan el espacio de las matrices triangulares superiores 2 x 27

6 0 0 3 10 -7
a=( %) e-(i) o= )
Si no, encuentre una matriz M triangular superior que no pertence a spaun{C’l7 Cs, C’3}.

17. Sean € Ny sea V el conjunto de las matrices simétricas n X n con la suma y producto con
A € R usual.

(a) Demuestre que V' es un espacio vectorial sobre R.

(b) Encuentre matrices que generan V. ;Cudl es el nimero minimo de matrices que se
necesitan para generar V7

18. Determine si los siguientes conjuntos de vectores son bases del espacio vectorial indicado.

(a) UIZG),W:(_?); R?,
(b)Az(; ?),Bz(i ;’),C=<_g ;),D:(g é); M(2 % 2).

(c)pr=1+4x pp=x+2a? ps=a?+2° ps=1+z+2°+2% P

19. (a) Es F el plano dado por F : 2z — 5y + 32 = 0. Demuestre que F es subespacio de R? y
encuentre vectores @ y w € R? tal que F = span{u, w}.

1 -5
(b) Sean vy = | 7|, va=| 1 | € R% Sea E el plano E = span{vi,vs}. Escriba E en la
3 2

forma F : ax + by + cz = d.
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(c) Encuentre un vector w € R?, distinto de vy y vo, tal que span{vy, v, w} = E.
(d) Encuentre un vector vz € R? tal que span{vy,va,v3} = R3.
20. (a) Encuentre una base para el plano E : z — 2y + 3z = 0 in R3.
(b) Complete la base encontrada en (i) a una base de R3.
21. Sea F := {(r1, T2, w3, 24)" : 201 — 2 + 423 + 14 = 0}.
(a) Demuestre que F' es un subespacio de R*
(b) Encuentre una base para F'y calcule dim F'.
(c) Complete la base encontrada en (ii) a una base de R*.
22. Sea G := {(w1, 72,13, 74)" : 201 — X3 + 423 + 14 = 0,21 — T3 + 23 + 224 = 0}.
(a) Demuestre que G es un subespacio de R*
(b) Encuentre una base para G y calcule dim G.
(c) Complete la base encontrada en (ii) a una base de R*.
1 0 4 2 1
23.86&111)11 2 , V2 = 4 , V3 = 2 , Ug = 8 , Us = 0
3 1 5 3 1
Determine si estos vectores generan el espacio R2. Si lo hacen, escoja una base de R? de los
vectores dados.
6 0 6 3 6 —3 12 -9
24. SeanCl—(O 7), CQ—(O 12), Cg—(o 2), 04—(0 1>
Determine si estas matrices generan el espacio de las matrices triangulares superiores 2 x 2.
Si lo hacen, escoja una base de las matrices dadas.
25. Sean p1 = 22 + 7,p2 = x + 1,p3 = 32> + 7x. Determine si los polinomios p1,ps,p3 son
linealmente independientes. Si lo son, complételos a una base en Ps.
26. Para los siguientes conjuntos, determine si son espacios vectoriales. Si lo son, calcule su

dimension.

a Mlz{AEM(an

(a) A es triangular superior}.
(b) Ma={AeM(nxn

)

)

):
) : A tiene ceros en la diagonal}.
(c) M3 ={A€ M(nxn): A =—A}.
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27. Para los siguientes sistemas de vectores en el espacio vectorial V', determine la dimensién del
espacio vectorial generado por ellos y escoja un subsistema de ellos que es base del espacio
vectorial generado por los vectores dados. Complete este subsistema a una base de V.

1 3 3
(a) V:R?”El: 2 s 172: 2 y ’173: 2
3 7 1

3

(b) V:P4,p1:x3-|—x, pe == —(E2+3.’E, p3:x2—|—2x—5, p4:$3+3$+2

(c)V:M(2x2),A2<_12 §>,B:(i’ 2),0:(_07 1?),1}:(190 _112).

28. Sea V un espacio vectorial. Falso o verdadero?
(a) Suponga v1,...,vk,u,z € V tal que z es combinacién lineal de los vy, ..., v;. Entonces
z es combinacién lineal de vy, ..., v, u.

(b) Si u es combinacién lineal de vy,...,vx € V, entonces vy, ..., vk, u es un sistema de
vectores linealmente dependientes.

(¢) Siwvig,...,vx € V es un sistema de vectores linealmente dependientes, entonces vy es
combinacién lineal de los wvo, ..., vg.

Es C™ un espacio vectorial sobre R?
(Es C™ un espacio vectorial sobre Q7

;Es R™ un espacio vectorial sobre C?

)
)

(c)

(d) ;Es R™ un espacio vectorial sobre Q7
) (Es Q™ un espacio vectorial sobre R?
)

Es Q™ un espacio vectorial sobre C?

30. Sea V un espacio vectorial y sean U, W C V subespacios.
(a) Demuestre que U N W es un subespacio.
(b) Demuestre que dim(U + W) = dimU + dimV — dim(U N W).
(¢) Suponga que UNW = {0}. Demuestre que dim(U & W) = dimU + dim V.
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Chapter 6

Linear transformations and change
of bases

In the first section of this chapter we will define linear maps between vector spaces and discuss their
properties. These are functions which “behave well” with respect to the vector space structure. For
example, m X n matrices can be viewed as linear maps from R" to R™. We will prove the so-called
dimension formula for linear maps. In Section 6.2 we will study the special case of matrices. One of
the main results will be the dimension formula (6.4). In Section 6.4 we will see that, after choice of
a basis, every linear map between finite dimensional vector spaces can be represented as a matrix.
This will allow us to carry over results on matrices to the case of linear transformations.

As in previous chapters, we work with vector spaces over R or C. Recall that K always stands for
either R or C.

6.1 Linear maps

Definition 6.1. Let U,V be vector spaces over the same field K. A function T : U — V is called
a linear map if for all x,y € U and A € K the following is true:

Tx+y) =T+ Ty, T(Ax)=Alx. (6.1)
Other words for linear map are linear function, linear transformation or linear operator.
Remark. Note that very often one writes Tz instead of T'(x) when T is a linear function.

Remark 6.2. (i) Clearly, (6.1) is equivalent to
T(x+ M y)=Tx+ \Ty for all z,y € U and \ € K. (6.1°9)

(ii) It follows immediately from the definition that
T()\lvl 4+ 4 /\k’Uk) =M1+ -+ ATy,

for all vy,...,vx € V and A\1,..., A\ € K.
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226 6.1. Linear maps

(iii) The condition (6.1) says that a linear map respects the vector space structures of its
domain and its target space.

Exercise 6.3. Let U,V be vector spaces over K (with K = R or K = C). Let us denote the set
of all linear maps from U to V by L(U, V). Show that £(U,V) is a vector spaces over K. That
means you have to show that the sum of two linear maps is a linear map, that a scalar multiple
of linear map is a linear map and that the vector space axioms hold.

Examples 6.4 (Linear maps). (a) Every matrix A € M (m xn) can be identified with a linear
map R — R™.

(b) Differentiation is a linear map, for example:

(i) Let C(R) be the space of all continuous functions and C'(R) the space of all continuously
differentiable functions. Then

T:CYR)— C(R), Tf=f
is a linear map.

Proof. First of all note that f' € C(R) if f € C1(R), so the map T is well-defined. Now
we want to see that it is linear. So we take f,g € C*(R) and A € R. We find

TOf+9)=\f+9)' =) +g =A"+g =XTf+Ty. O

(ii) The following maps are linear, too. Note that their action is the same as the one of T
above, but we changed the vector spaces where it acts on.

R:P,—P,1, Rf=/, S:P,—> P, Sf=f.

(c) Integration is a linear map. For example:
[:0(0.1]) - C(0,1]), frs If where (If)(x)= /0 () dt.

Proof. Clearly I is well-defined since the integral of a continuous function is again continuous.
In order to show that I is linear, we fix f,g € C(R) and A € R. We find for every z € R:

x

(IO + 9)) (@) = / O o)1) di = / AR+ glt) dt = A / £(t) dt + / o) dt
= MIf)(@) + (Ig) (@),

Since this is true for every z, it follows that I(Af + g) = A(If) + (Ig). O

(d) As an example for a linear map from M (n x n) to itself, we consider

T:M(nxn)— M(nxn), T(A)=A+ A"

Last Change: So 24. Mai 07:52:08 CEST 2026
Linear Algebra, M. Winklmeier



Chapter 6. Linear transformations and change of bases 227

Proof that T is a linear map. Let A, B € M(n x n) and let ¢ € R. Then

T(A+cB)=(A+cB)+ (A+cB)=A+cB+ A"+ (¢B)! = A+ ¢B + A + cB'
= A+ A"+ ¢(B + B") =T(A) + ¢I'(B). O

(e) A first example of a non-linear transformation. Let

T:R? 5 R, T(i)xy

ten (1) =7 (%) oo r () <147 (1) o2 (0).

(f) A second example of non-linear transformation. Let be given by:

xr
T RESR2 Ty :(‘”32).
M 2ly]

0

0 0 0 0 0 0
Then T (1] = (2>, but T |-31(1 =T-3]| = <6> =+ (—6) =-3T1|1
0 0 0 0

The next lemma shows that a linear map always maps the zero vector to the zero vector.
Lemma 6.5. If T is a linear map, then TO = O.
Proof. TO=T(O—-0)=T0O -T0O = 0. O
Definition 6.6. Let T : U — V be a linear map.

(i) T is called injective (or one-to-one) if

el £y = Txz#Ty.

(ii) T is called surjective if for all v € V' there exists at least one x € U such that Tz = v.
(iii) T is called bijective if it is injective and surjective.
(iv) The kernel of T (or null space of T') is

ker(T) :={x € U : Tz = 0}.
Sometimes the notations N(7') or Ny are used for ker(7").
(v) The image of T (or range of T) is
Im(T) :=={y € V:y=Tx for some z € U}.

Sometimes the notations Rg(T") or R(T') or T(U) are used for Im(T).
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Remark 6.7. (i) Observe that ker(T') is a subset of U, Im(T') is a subset of V. In Proposi-
tion 6.11 we will show that they are even subspaces.

(ii) Clearly, T is injective if and only if for all z,y € U the following is true:

Te=Ty = z=y.
(iii) If T is a linear injective map, then its inverse 71 : Im(T) — U exists and is linear too.

Exercise 6.8. Let U, V, W be vector spaces over K (with K =R or K= C).

e Suppose that T': U — V and S : V — W are linear functions. Show that their composition
ST : U — W is a linear function too.
When you compare Im(ST') and Im(.S), what can you conclude?
When you compare ker(ST) and ker(.S), what can you conclude?

e Suppose that T : U — V is a linear invertible linear function so that we can define its inverse
function T=! : Im(7T") — U. Show that it is a linear function too.

The following lemma is very useful.

Lemma 6.9. Let T : U — V be a linear map.

(i) T is injective if and only if ker(T) = {O}.
(ii) T is surjective if and only if Im(T) = V.

Proof. (i) From Lemma 6.5, we know that O € ker(T"). Assume that T is injective. Then the
only vector v € U that satisfies Tu = O is v = O. Therefore ker(T) contains only O, hence
ker(T) = {O}.

Now assume that ker(7) = {O} and let z,y € U with Tz = Ty. By Remark 6.7 it is sufficient to
show that x = y. By assumption, © = Tz —Ty = T'(x —y), hence x —y € ker(T') = {O}. Therefore
x —y = O, which means that z = y.

(ii) follows directly from the definitions of surjectivity and the image of a linear map. O

Examples 6.10 (Kernels and ranges of the linear maps from Examples 6.4).
(a) We will discuss the case of matrices at the beginning of Section 6.2.

(b) If T : CY(R) — C(R), Tf = f’, then it is easy to see that the kernel of T consists exactly
of the constant functions. Moreover T is surjective because every continuous functions is the
derivative of another function because for every f € C(R) we can set g(z) = [ f(t) dt. Then
g € CY(R) and T'g = ¢’ = f which shows that Im(T) = C(R).

(c) For the integration operator in Example 6.4(c) we have that ker(I) = {0} and Im(I) = C1(R).
In other words, I is injective but not surjective.

Proof. First we prove the claim about the range of I. Suppose that g € Im(/). Then g is
of the form g(x) = fOT f(t) dt for some f € C(R). By the fundamental theorem of calculus,
it follows that g € C1(R), so we proved Im(I) C C*(R). To show the other inclusion, let
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g € CY(R). Then g is differentiable and ¢’ € C(R) and, again by the fundamental theorem of
calculus, we have that g(z) = [ ¢/(t) dt, so g € Im(I) and it follows that C*(R) C Im([).

Now assume that Ig = 0. If we differentiate, we find that 0 = (Ig)'(z) = <= [ g(t) dt = g(z)

for all z € R, therefore g = 0 (the zero function), hence ker(I) = {0}. O

(d) Let T: M(nxn) — M(n xn), T(A)=A+ A'. Then ker T = Mysym(n X n) (= the space
of all antisymmetric n x n matrices) and Im T = My (n X n) (= the space of all symmetric
n X n matrices).

Proof. First we prove the claim about the range of T'. Clearly, Im(T") C Mgym(n X n) because
for every A € M(n x n) we have that T(A) is symmetric because (T'(A))! = (A + At)t =
At +(AY = A'+ A = T(A). To prove Mgym(n xn) C Im(T) we take some B € Mgym(n x n).
Then T(3B) = 1B+ (3B)" = ; B+ 1B = B where we used that B is symmetric. In summary
we showed that Im(T") = Mgym(n x n).

The claim on the kernel of T follows from

AckaT < T(A)=0 < A+A'=0 <= A=-A" < A€ Mygym(nxn). O

Proposition 6.11. Let T : U — V be a linear map. Then

(i) ker(T) is a subspace of U.
(ii) Im(T") is a subspace of V.
Proof. (i) By Lemma 6.5, O € ker(T). Let x,y € ker(T) and A € K. Then z + Ay € ker(T)

because
T(x+Ay) =Tz +Ty=0+ 0= 0.

Hence ker(T') is a subspace of U by Proposition 5.10.

(ii) Clearly, O € Im(T). Let v,w € Im(T) and A € K. Then there exist z,y € U such that
Tr=wvand Ty = w. Then v+ Iw =Tz + ATy = T(z+ A\y) € Im(T). hence v+ Aw € Im(T).
Therefore Im(T") is a subspace of V' by Proposition 5.10. O

Since we now know that ker(T") and Im(7') are subspaces, the following definition makes sense.

Definition 6.12. Let T : U — V be a linear map. We define
dim(ker(T)) = nullity of T, dim(Im(T")) = rank of T.

Sometimes the notations v(T') = dim(ker(7")) and p(T') = dim(Im(7")) are used.

Example. Let T : P; — P53 be defined by Tp = p/. Then Im(T) = {¢q € Ps : degq < 2} and
ker(T) = {q € P; : degq = 0}. In particular dim(Im(7)) = 3 and dim(ker(7)) = 1.

Proof. e First we show the claim about the image of T. We know that differentiation lowers
the degree of a polynomial by 1. Hence Im(T) C {q € Ps : degq < 2}. On the other hand,
we know that every polynomial of degree < 2 is the derivative of a polynomial of degree < 3.
So the claim follows.
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e First we show the claim about the kernel of T'. Recall that ker(T)) = {p € P3 : Tp = 0}. So
the kernel of T are exactly those polynomials whose first derivative is 0. These are exactly
the constant polynomials, i.e., the polynomials of degree 0. O

Lemma 6.13. Let T : U — V be a linear map between two vector spaces U,V and let {uq,...,ux}
be a basis of U. Then ImT = span{Tuy, ..., Tuy}.

Proof. Clearly, Tuq,...,Tur € ImT. Since the image of T is a vector space, all linear combinations
of these vectors must belong to ImT" too which shows span{T'us, ..., Tur} C Im7T. To show the
other inclusion, let y € ImT'. Then there is an € U such that y = Tz. Let us express « as linear
combination of the vectors of the basis: x = aju; + ... apug. Then we obtain

y=Tx=T(aqus +...agug) = a1Tus + ... xTug € span{Tuq, ..., Tug}.
Since y was arbitrary in Im 7', we conclude that ImT C span{Tuy, ..., Tur}. So in summary we
proved the claim. O

Proposition 6.14. Let U,V be K-vector spaces, T : U — V a linear map. Let x1,...,z € U and

setyy :=Tx1, ..., yx := Txr. Then the following is true.
(i) If the x1,...,xy are linearly dependent, then yi,...,yx are linearly dependent too.
(ii) If the y1,...,yr are linearly independent, then xy,...,xy are linearly independent too.

(iii) Suppose additionally that T invertible. Then x1,...,xy are linearly independent if and only

if y1,...,yk are linearly independent.
In general the implication “If zy,...,x; are linearly independent, then yi,...,y; are linearly
independent.” is false. Can you give an example?

Proof of Proposition 6.14. (i) Assume that the vectors z1,...,x) are linearly dependent. Then
there exist Aq,..., A\x € K such that A\jzy +--- 4+ Az = O and at least one A\; # 0. But then

O=TO=TN\x1+ -+ Mexk) =Ty + -+ Tz
=Ay1 + -+ A,
hence the vectors y1, ...,y are linearly dependent.
(ii) follows directly from (i).

(iii) Suppose that the vectors yi, ...,y are linearly independent. Then so are the z1,...,z) by
(i). Now suppose that zi,...,x) are linearly independent. Note that T is invertible, so T~!
exists. Therefore we can apply (i) to T~ in order to conclude that the system y, ...,y is linearly
independent. (Note that z; = T~ 'y;.) O

Exercise 6.15. Assume that 7' : U — V is an injective linear map and suppose that {uy,...,ug}
is a set of are linearly independent vectors in U. Show that {T'uy,...,Tus} is a set of are linearly
independent vectors in V.

The following proposition is very useful and it is used in the proof of Theorem 6.4.
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Proposition 6.16. Let U,V be K-vector spaces with dimU = k < oo.

(i) If T:U — V is linear transformation, then dimIm(7T) < dimU.
(i) If T :U — V is an injective linear transformation, then dimIm(7T") = dimU.

(iil) If T : U — V is a bijective linear transformation, then dimU = dim V.

Proof. Let uq,...,u be a basis of U.

(i) From Lemma 6.13 we know that Im T' = span{Tuy, ..., Tuy}. Therefore dimIm7T < k = dim U
by Theorem 5.47.

(ii) Assume that 7' is injective. We will show that Tuy, ..., Tuy are linearly independent. Let
at, ..., ap € Ksuch that ayTuy + -+ + apTur, = O. Then

O=a1Tus + -+ arTup = T(1uy + - + apug).

Since T is injective, it follows that ajuy + -+ + agup = O, hence a3 = --- = a; = 0 which
shows that the vectors T'uq, ..., Tux are indeed linearly independent. Therefore they are a basis
of span{Tu1, ..., Tur} = ImT and we conclude that dimIm7 =k = dim U.

(iii) Since T is bijective, it is surjective and injective. Surjectivity means that ImT = V and
injectivity of T" implies that dimIm7 = dim U by (ii). In conclusion,

dimU =dimIm7T = dim V. O

The previous proposition tells us for example that there is no injective linear map from R® to R3;
or that there is no surjective linear map from R? to M(2 x 2).

Remark 6.17. Proposition 6.16 is true also for dim U = co. In this case, (i) clearly holds whatever
dim Im(7") may be. To prove (ii) we need to show that dim Im(7T") = co if T is injective. Note that
for every n € N we can find a subspace U, of U with dimU,, = n and we define T}, to be the
restriction of T to Uy, that is, T}, : U, — V. Since the restriction of an injective map is injective,
it follows from (ii) that dimIm(7;,) = n. On the other hand, Im(7},) is a subspace of V, therefore
dimV > dimIm(7,) = n by Theorem 5.54 and Remark 5.55. Since this is true for any n € N, it
follows that dim V' = co. The proof of (iii) is the same as in the finite dimensional case.

Theorem 6.18. Let U,V be K-vector spaces and T : U — V' a linear map. Moreover, let E : U —
U, F:V =V be linear bijective maps. Then the following is true:

(i) Im(T) = Im(TE), in particular dim(Im(7T")) = dim(Im(TE)).
(i) ker(TE) = E~1(ker(T)) and dim(ker(T)) = dim(ker(TFE)).
(iii) ker(T) = ker(F'T), in particular dim(ker(T')) = dim(ker(FT)).

(iv) Im(FT) = F(Im(T)) and dim(Im(7T)) = dim(Im(FT)).
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In summary we have

ker(FT) = ker(T), ker(TE) = E~ ! (ker(T)), 6o
Im(FT) = F(Im(T)), Im(TE) = Im(T). (6.2)
and
dimker(T") = dimker(FT) = dimker(TF) = dimker(FTE), 6.3
dimIm(7T) = dim Im(FT) = dimIm(TFE) = dim Im(FTE). (6:3)

Proof. (i) Let v € V. If v € Im(T), then there exists € U such that Tz = v. Set y = E~'z.
Then v = Tex = TEE ‘2 = TEy € Im(TE). On the other hand, if v € Im(TE), then there exists
y € U such that TEy =v. Set = E. Then v =TEy = Tz € Im(T).

(ii) To show ker(TE) = E~!ker(T) observe that
ker(TE) = {z € U : Ex € ker(T)} = {E 'u: u € ker(T)} = B *(ker(T)).

It follows that
E~':kerT — ker(TE)

is a linear bijection and therefore dim T = dim ker(TE) by Proposition 6.16(iii) (or Remark 6.17 in
the infinite dimensional case) with E~1 as T, ker(T') as U and ker(TE) as V.

(iii) Let © € U. Then x € ker(FT) if and only if FTx = O. Since F is injective, we know that
ker(F') = {O}, hence it follows that Tx = O. But this is equivalent to x € ker(T).

(iv) To show Im(FT) = FIm(T) observe that
Im(FT)={yeV:y=FTz forsome x € U} = {Fv:v e Im(T)} = F(Im(T)).

It follows that
F:ImT — Im(FT)

is a linear bijection and therefore dim 7' = dim Im(F'T") by Proposition 6.16(iii) (or Remark 6.17 in

the infinite dimensional case) with F as T, Im(T") as U and Im(F'T) as V. O
Remark 6.19. In general, ker(T) = ker(T'E) and ker(T) = ker(FT) is false. Take for example
U=V=R%T= <(1) 8) and £ = F = (1) . Then clearly the hypotheses of the theorem are
satisfied and
Fer(T) — 0 B 1
er(T) = span 1 =spany () ¢,
but
1 0
ker(TE) = span 0 FT) = span 1) (-
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Draw a picture to visualise the example above, taking into account that T represents the projection
onto the z-axis and E and F are rotation by 45° and a “stretching” by the factor /2.

We end this section with one of the main theorems of linear algebra. In the next section we will
re-prove it for the special case when T is given by a matrix in Theorem 6.33. The theorem below
can be considered a coordinate free version of Theorem 6.33.

Theorem 6.20. Let U,V be vector spaces with dimU = n < oo and let T : U — V be a linear

map. Then
dim(ker(T)) + dim(Im(T)) = n. (6.4)

Proof. Let k = dim(ker(7T")) and let {uy,...,ur} be a basis of ker(T'). We complete it to a basis
{u1, ..., U, Wkt1,...,wy} of U and we set W := span{wy1,...,wy,}. Note that by construction
ker(T) N W = {O}. (Prove this!) Let us consider T' = T'|y the restriction of T to W.

It follows that T is injective because if Tz = O for some z € W then also Tz = Tz = O, hence
xz € ker(T)NW = {O}. It follows from Proposition 6.16(ii) that

dimImT = dim W =n — k. (6.5)
To complete the proof, it suffices to show that Im7 = Im7T. Recall that by Lemma 6.13, we have
that the range of a linear map is generated by the images of a basis of the initial vector space.

Therefore we find that

ImT = span{Tuy, ..., Tug, TWgt1, .., Twy} = span{Twgy1, ..., Tw,}

= Span{fwkﬂ, . ,Twn}

=ImT
where in the second step we used that T'u; = --- = T'uy = O and therefore they do not contribute
to the linear span and in the third step we used that Tw; = Tw; for j = k+1,...,n. So we

showed that In7 = Im T, in particular their dimensions are equal and the claim follows from (6.5)
because, recalling that k& = dim ker(T),

n=dimIm7T + k = dimIm T + dim ker T. O

Note that an alternative way to prove the theorem above is to first prove Theorem 6.33 for matrices
and then use the results on representations of linear maps in Section 6.4 to conclude formula (6.4).

You should now have understood

e what a linear map is and why they are the natural maps to consider on vector spaces,
e what injectivity, surjectivity and bijectivity means,

e what the kernel and image of a linear map is,

e why the dimension formula (6.4) is true,

e etc.
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You should now be able to

e give examples of linear maps,
e check if a given function is a linear maps,
e find bases and the dimension of kernels and ranges of a given linear map,

o etc.

Ejercicios.

De los ejercicios 1 al 14 determinar si la funcién dada es una transformacién lineal. Si lo es
demuéstrelo, en caso contrario dé un ejemplo donde no se cumpla la linealidad.

5 T+ 2y
1. T:R* = R3 T S = 3y — 5z
w

X
2. T:R3 >R T y) - <f)
z

T —y+2z4+ 3w
= y+4z 4+ 3w
z 4 62 + 6w

S e 8

6. T:R4—>R3,T(

7. T:P;— Py, T(p) = [ p(t)dt.
a

8. T:R>— P, T|b a — 3b)z3 + (b + 2¢).
C

=
9. T:M(3x3)— M(@3x3), T(A) =A"— A.
10. T2 M(2 x 2) = M(2 x 2), T(A):A(g ;‘)

11. Sea g € C*(R) y T : CY(R) — C(R) dada por: T(f) = (g9f)’.

Last Change: So 24. Mai 07:52:08 CEST 2026
Linear Algebra, M. Winklmeier



Chapter 6. Linear transformations and change of bases 235

12.

13.
14.
15.
16.

17.

18.

19.

20.

a1 Gi2 a3
T: M(3 X 3) — R, T |asx aos a3z | = a1 + ass + ass.
as1 as2 ass

Sea Zp € R™ y T : M(m x n) — R™ dada por T(A) = AZy.
T:M(nxn)— R, T(A) =det A.
De los ejercicios anteriores, (salvo el ejercicio 11.) determine Im T, ker T y sus dimensiones.

Sea W € R™ un vector no nulo y 7 : R™ — R dada por T(Z) = (¥, w). Demuestre que T es
una transformacién lineal y determine las dimensiones de ker7 e Im 7.

Sea w € R™ un vector no nulo y 7' : R™ — R” dada por T(Z) = proj; £ Demuestre que T es
lineal, encuentre Im 7', ker T' y sus dimensiones.

1
Sea T : R® — R? dada por T(¥) = @ x | 2|, (T es una transformacién lineal? En caso
3
afirmativo encuentre ker7 e Im 7' y sus dimensiones. (Hint: Sale muy sencillo si lo piensa
geométricamente).

Sea T : R? — R? una transformacién lineal tal que:
1 -3
T(_D o). T@ o).
3 -9

encontrar T’ < ) y atin méas general, determinar 7' <y> . T es inyectiva?. ;Cdédmo cambia la

11

3 0
respuesta si T( ) =17
2 0

.Existe una transformacion lineal 7' : R? — R* tal que

Tl-1] = A S R T ?
9 1 1 -1 8 0
7, 3 _5

6.2 Matrices as linear maps

In this section, we work mostly with real vector spaces for definiteness sake. However, all the
statements are also true for complex vector spaces. We only have to replace everywhere R by C
and the word real by complexz.

Let A € M(m x n). We already know that we can view A as a linear map from R" to R™. Hence
ker(A) and Im(A) and the terms injectivity and surjectivity are defined.
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Strictly speaking, we should distinguish between a matrix and the linear map induced by it. So
we should write T4 : R® — R™ for the map x — Az. The reason is that if we view A directly
as a linear map then this implies that we tacitly have already chosen a basis in R" and R™, see
Section 6.4 for more on that. However, we will usually abuse notation and write A instead of T'4.

If we view a matrix A as a linear map and at the same time as a linear system of equations, then
we obtain the following.

Remark 6.21. Let A € M(m x n) and denote the columns of A by dy, ..., d, € R™. Then the
following is true.

(i) ker(A) = all solutions & of the homogeneous system Az = 0.
(ii) Im(A) = all vectors b such that the system AZ = b has a solution
= span{dy, ..., dn}.
Consequently,

(iii) A is injective <= ker(A) = {0}
<= the homogenous system AZ = 0 has only the trivial solution & = 0.

(iv) A is surjective <= Im(A)=R"™
<= for every b € R™, the system AZ = b has at least one solution.

Proof. All claims should be clear except maybe the second equality in (ii). This follows from

Ty T
ImA={AZ:ZcR"}=q(@]...|la,) | : [:] : | €R”
T, T,
={zd1 4+ -+ x,d,) : 21,..., 2, €ER}
= span{dy, ..., dn},
see also Remark 3.19. O

To practice a bit, we prove the following two remarks in two ways.
Remark 6.22. Let A € M(m x n). If m > n, then M cannot be surjective.

Proof with Gaufs-Jordan. Let A’ be the row reduced echelon form of A. Then there must be an
invertible matrix F such that A = FA’ and A’ the last row of A’ must be zero because it can have
at most n pivots. But then (A’|8,,) is inconsistent, which means that (A|E~!&,,) is inconsistent.
Hence E~1€,, ¢ Im A so A cannot be surjective. (Basically we say that clearly A’ is not surjective
because we can easily find a right side to that A’Z = b’ is inconsistent. Just pick any vector &’ whose
last coordinate is different from 0. The easiest such vector is em Now do the Gauﬁ Jordan process
backwards on this vector in order to obtain a right hand side b such that AZ = b is inconsistent. ) O

Proof using the concept of dimension. We already saw that Im A is the linear span of its columns.
Therefore dimIm A < #columns of A =n < m = dimR™, therefore Im A C R™. O
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Remark 6.23. Let A € M(m x n). If m < n, then M cannot be injective.

Proof with Gaufs-Jordan. Let A’ be the row reduced echelon form of A. Then A’ can have at
most m pivots. Since A’ has more columns than pivots, the homogeneous system AZ = 0 has
infinitely solutions, but then also ker A contains infinitely many vectors, in particular A cannot be
injective. O

Proof using the concept of dimension. We already saw that Im A is the linear span of its n columns
in R™. Since n > m it follows that the column vectors are linearly dependent in R™, hence AZ = 0
has a non-trivial solution. Therefore ker A is not trivial and it follows that A is not injective. [

Note that the remarks do not imply that A is surjective if m < n or that A is injective if n < m.
Find examples!

From Theorem 3.44 we obtain the following very important theorem for the special case m = n.

Theorem 6.24. Let A € M(n x n) be a square matriz. Then the following is equivalent.

(i) A is invertible.
(i) A is injective, that is, ker A = {0}.
(iii) A is surjective, that is, Im A = R™.
In particular, A is injective if and only if A is surjective if and only if A is bijective.
Definition 6.25. Let A € M(m x n) and let ¢, ..., &, be the columns of A and 7, ..., 7, be the
rows of A. We define
(i) C4 :=span{ci,...,Cn} =: column space of A CR™,

(ii) R4 :=span{ry,..., 7} =: row space of A CR"™,

The next proposition follows immediately from the definition above and from Remark 6.21(ii).

Proposition 6.26. For A € M(m x n) it follows that
(l) RA = CAt and CA = RAt;
(i) Ca =Im(A) and Ra =Im(A?).

The next proposition follows directly from the general theory in Section 6.1. We will give another
proof at the end of this section.

Proposition 6.27. Let A € M(m xn), E € M(n xn), F € M(m x m) and assume that E and
F are invertible. Then

(i) Ca =Cag.
(i) Ra = Rpa.
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Proof. (i) Note that C4 = Im(A) = Im(AFE) = Cap, where in the first and third equality we
used Proposition 6.26, and in the second equality we used Theorem 6.4.

(i) Recall that, if F' is invertible, then F" is invertible too. With Proposition 6.26(i) and what
we already proved in (i), we obtain Rpa = C(pay = Carpt = Cae = Ra. O

We immediately obtain the following proposition.

Proposition 6.28. Let A, B € M(m x n).
(i) If A and B are row equivalent, then

dim(ker(A)) = dim(ker(B)), dim(Im(4)) = dim(Im(B)), Im(A") =Im(B"), Ra = Rp.
(ii) If A and B are column equivalent, then
dim(ker(A4)) = dim(ker(B)), dim(Im(A4)) =dim(Im(B)), Im(A)=Im(B), Cu=Cp.

Proof. We will only prove (i). The claim (ii) can be proved similarly (or can be deduced easily
from (i) by applying (i) to the transposed matrices). That A and B are row equivalent means that
we can transform B into A by row transformations. Since row transformations can be represented
by multiplication by elementary matrices from the left, there are elementary matrices Fi, ..., Fj €
M(m x m) such that A = Fy ... FyB. Note that all F} are invertible, hence F' := Fy...F} is
invertible and A = F'B. Therefore all the claims in (i) follow from Theorem 6.4 and Proposition 6.27.

O

The proposition above is very useful to calculate the kernel of a matrix A: Let A’ be the reduced
row-echelon form of A. Then the proposition can be applied to A and A’, and we find that
ker(A) = ker(A’).

In fact, we know this since the first chapter of this course, but back then we did not have fancy
words like “kernel” at our disposal. It says nothing else than: the solutions of a homogenous
system do not change if we apply row transformations, which is exactly why the GauB-Jordan
elimination works.

In Examples 6.36 and 6.37 we will calculate the kernel and range of a matrix. Now we will prove
two technical lemmas.
Lemma 6.29. Let A € M(m x n). Then there exist elementary matrices Ey,...,Er € M(n x n)
and Fy,...,Fy € M(m x m) such that

Fy - F,AE, - E,= A"

where A" is of the form

T n—r
Lo
A = o g (6.6)
1.
| m—r
0 0
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Proof. Let A’ be the reduced row-echelon form of A. Then there exist F1,..., Fy € M(m xm) such
that Fy---FyA = A’ and A’ is of the form

,,,,,

Now clearly we can find “allowed” column transformations such that A’ is transformed into the
form A”. If we observe that applying column transformations is equivalent to multiplying A’ from
the right by elementary matrices, then we can find elementary matrices Eq, ..., Ep such that
A'E; ... Ey if of the form (6.6). O

Lemma 6.30. Let A” be as in (6.6). Then
(i) dim(ker(A)
(ii) dim(Im(A)
(iil) dim(Car) = dim(Ra») =r.

) =n —r = number of zero columns of A",

) = r = number of pivots A",

Proof. All assertions are clear if we note that

ker(A") = span{€,41,...,6,} and Im(A"”)=span{éi,...,&.}

where the &; are the standard unit vectors (that is, their jth component is 1 and all other components
are 0). O

Proposition 6.31. Let A € M(m x n) and let A’ be its reduced row-echelon form. Then
dim(Im(A)) = number of pivots of A’.

Proof. Let Fy,...,Fyp, Eq,...,E; and A” be as in Lemma 6.29 and set F := F}---F, and F :=
E;---Ej. It follows that A’ = FA and A” = FAE. Clearly, the number of pivots of A’ and A”
coincide. Therefore, with the help of Theorem 6.4 we obtain

dim(Im(A)) = dim(Im(FAFE))
= number of pivots of A”

= number of pivots of A’. O
Proposition 6.32. Let A € M(m x n). Then
dim(Im(A)) = dim C4 = dim Ry4.

That means:
(dimension of the range of A) = (dimension of row space) = (dimension of column space).
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Proof. Since C4 = Im(A) by Proposition 6.26, the first equality is clear.

Now let Fy,...,Fy, E1,...,Er and A’, A” be as in Lemma 6.29 and set F := Fy---F, and F :=
Fi---Eg. Then

dim(RA) = dim(RFAE) = dim(RA//) =T = dim(CA//) = dim(CFAE)
= dlm(CA) O]

As an immediate consequence we obtain the following theorem which is a special case of Theo-
rem 6.20, see also Theorem 6.47.

Theorem 6.33. Let A € M(m x n). Then

dim(ker(A4)) + dim(Im(A)) = n. (6.8)

Proof. With the notation a above, we obtain

and the desired formula follows. O
For the calculation of a basis of Im(A), the following theorem is useful.

Theorem 6.34. Let A € M(m x n) and let A’ be its reduced row-echelon form with columns
Cly.-,Cp and C1', ..., ¢,/ respectively. Assume that the pivot columns of A’ are the columns j; <
-+ < Ji. Then dim(Im(A)) = k and a basis of Im(A) is given by the columns ¢j,,...,c;, of A.

Proof. Let E be an invertible matrix such that A = EA’. By assumption on the pivot columns of
A’, we know that dim(Im(A’)) = k and that a basis of Im(A’) is given by the columns ¢;,’, ..., ¢}, .
By Theorem 6.4 it follows that dim(Im(A)) = dim(Im(A’)) = k. Now observe that by definition of
E we have that E¢,’ = ¢ for every £ = 1,...,n; in particular this is true for the pivot columns of
A’. Moreover, since E in invertible and the vectors &,’,...,¢;, " are linearly independent, it follows
from Theorem 6.14 that the vectors ¢j,,...,cj, are linearly independent. Clearly they belong to
Im(A), so we have span{cj,,...,¢j,} € Im(A). Since both spaces have the same dimension, they
must be equal. O

Remark 6.35. The theorem above can be used to determine a basis of a subspace given in the
form U = span{ti,...,0x} C R™ as follows: Define the matrix A = (#1]...|0x). Then clearly

U =Im A and we can apply Theorem 6.34 to find a basis of U.

Example 6.36. Find ker(A4), Im(A), dim(ker(A4)), dim(Im(A)) and R4 for

11 5 1
3 2 13 1
A= 0 2 4 -1
4 5 22 1
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Solution. First, let us row-reduce the matrix A:

1 1 5 1 Q21(~1) 1 1 5 1 Qs(2) 1 1 5 1
A— 3 2 13 1] Qai(—9) 0 -1 -2 =2 Q1) o -1 -2 =2
10 2 4 -1 0 2 4 -1 0 0 0 -5
4 5 22 1 0 1 2 -3 0 0 0 -5
Sa(—1) 1 1 5 1 S4(1/5) 1 0 3 -1 Q1a(1) 1 0 3 0
Qaz(-1) 01 2 2 Q12(-1) 01 2 2 Q24(—2) 01 2 0 Y
0 0 0 5 0 0 O 1 00 0 1| "7~
00 0 O 0 0 O 0 00 0 O

Now it follows immediately that dim R4 = dim C4 = 3 and

dim(Im(A)) = # pivot columns of A’ = 3,
dim(ker(A4)) = 4 — dim(Im(A)) =1

(or: dim(Im(A)) = #non-zero rows of A’ = 3, or: dim(Im(A)) = dim(R4) = 3 or: dim(ker(A4)) =
#non-pivot columns A’ = 1).

Kernel of A: We know that ker(A) = ker(A’) by Theorem 6.4 or Proposition 6.28. From the

explicit form of A’ it is clear that AZ = 0 if and only if 4 = 0, x3 arbitrary, o = —2x3 and
x1 = —3x3. Therefore
—3%3 -3
/ —2373 -2
ker(A) = ker(A’) = :x3 € R p =span
T3 1
0 0

Image of A: The pivot columns of A’ are the columns 1, 2 and 4. Therefore, by Theorem 6.34, a
basis of Im(A) are the columns 1, 2 and 4 of A:

1 1 1
3 2 1

Im(A) = span ol l2l: |1 (6.9)
4 ) 1

Alternative method for calculating the image of A: We can uses column manipulations of A
to obtain Im A. (If you fell more comfortable with row operations, you could apply row operations
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to A’ and then transpose the resulting matrix again.) We find (C; stands for “jth column of A):

11 5 1\ ST858 /10 0 0\ chene (100 0
A 3 2 13 1 Cy = Cys—Cy 3 -1 -2 -2 Cy — Cyq — 202 3 -1 0 0
= —_ 5
0 2 4 -1 0 2 4 -1 0 2 0 -5
4 5 22 1 4 1 2 -3 4 1 0 -5
C4 — 71/504 1 O 0 O Cl — Cl — 3C4 1 O O 0
C1 — C1 +3C» 0 -1 0 0] Ca—Ca—2Cy 0O -1 0 O
_— S
3 2 0 1 0 0 0 1
7 1 0 1 4 -1 0 1
Cs 5 Cu 1 0 0 O
Co — —C3 01 0 O __AV
00 1 o 77
4 1 1 0
It follows that
1 0 0
~ 0 1 0 )
Im(A) = Im(A) = span ol Lol |1 (6.9
4 1 1

e Explain why the method with the column operations work.

e Show by an explicite calculation that the spaces in (6.9) and (6.9’) are equal.

Example 6.37. Find a basis of span{p1, p2, ps, p4} C Ps and its dimension for

pr=a — 2%+ 242, pa = x> + 222 4+ 8z + 13,
p3 = 32° — 622 — 5, ps = 5> + 42? + 26z — 9.

Solution. First we identify P3 with R* by az® + b2? + cx + d = (a,b,c,d)!. The polynomials
p1, P2, P3, P4 correspond to the vectors

1 1 3 )
= -1 . 2 R —6 - 4
1= 9 , U2 = 8 , U3 = ol Uy = 2%
2 13 -5 -9

Now we use Remark 6.35 to find a basis of span{vy, v, v3,v4}. To this end we consider the A whose
columns are the vectors v1, ..., Us:

1 1 3 5

-1 2 -6 4

A= 2 8 0 26
2 13 -5 -9
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Clearly, span{}, 02, U3, U4} = Im(A), so it suffices to find a basis of Im(A). Applying row transfor-
mation to A, we obtain

1 1 3 5 1045

-1 o2 =6 4 01 2 3|

A=19 5 0 2|7 7 “looo ol =4
2 13 -5 -9 000 0

The pivot columns of A’ are the first and the second column, hence by Theorem 6.34, a basis of
Im(A) are its first and second columus, i.e. the vectors 07 and ¥s.
It follows that {p1,p2} is a basis of span{pi, p2, ps,psa} C Ps, hence dim(span{pi, p2,p3,ps}) = 2.

Remark 6.38. Let us use the abbreviation 7 = span{pi, p2, p3,p4}. The calculation above actually
shows that any two vectors of p1, p2, p3, ps form a basis of m. To see this, observe that clearly any
two of them are linearly independent, hence the dimension of their generated space is 2. On the
other hand, this generated space is a subspace of m which has the same dimension 2. Therefore
they must be equal.

Remark 6.39. If we wanted to complete p1, ps to a basis of P3, we have (at least) the two following
options:

(i) In order to find g3, g4 € P5 such that py,pa, g3, g4 forms a basis of P3 we can use the reduction
process that was employed to find A’. Assume that E is an invertible matrix such that
A = FA'. Such an E can be found by keeping track of the row operations that transform
A into A’. Let €; be the standard unit vectors of R%. Then we already know that ¥; = E&;
and U, = Fé&,. If we set Wy = Fé; and Wy = E€y, then ¥y, ¥, s, Wy form a basis of R%.
This is because €1, ..., €, are linearly independent and F is injective. Hence E€, ..., E€, are
linearly independent too (by Proposition 6.14).

(ii) If we already have some knowledge of orthogonal complements as discussed in Chapter 7,
then we know that any basis of the orthogonal complement of span{@;, v} completes them
to a basis of R* which we then only have to translate back to vectors in Ps. In order to find
two linearly independent vectors which are orthogonal to ¢, an U5 we have to find linearly
independent solutions of the homogenous system of two equations for four unknowns

r1— To+2x3+2x4 =0,
r1+2x9—6x3+4x4 =0

or, in matrix notation, PZ = 0 where P is the 2 x 4 matrix whose rows are ; and ¥5. Since
clearly Im(P) C R2, it follows that dim(Im(P)) < 2 and therefore dim(ker(P)) >4 —2 = 2.

Remark 6.40. In Section 7 we will define the orthogonal complement U+ of a subspace U C R™
(Definition 7.18). It consists of all vectors & which are orthogonal to every 4 € U. We will show in
Theoroem 7.22 that for every matrix A € M(m x n)

ker(A) = (Ra)*.
Since R(A) = Im A", this shows the important relation
ker(A) = (Im A")*.
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244 6.2. Matrices as linear maps

Example 6.41. Let T : R® — R* be given by

* 3x + 2y — br
T :Z | 2ytz—w
5T 4+ 2y —w
w
N w + 37

We want to write T" in the form AZ. Note that T' can be expressed in the form

gyg 3200—52
0210 -1
T;_5200—1;’
0001 3
T T

Y1
This way of expressing T is not arbitrary, since if (Zi) € Im7T then:
Ya

T+ 2y =5 =y,
2+ z—- w =y,

o5z + 2y - w = ys,
w+ 3r =y,

and we know from section 3.3 that this system can be written in the form:

3200 -5\ (" n
0210 —1||Y [w
5 200 1|27 |
000137“: Ya

You should now have understood

e what the relation between the solutions of a homogeneous system and the kernel of the
associated coefficient matrix is,

e what the relation between the admissible right hand sides of a system of linear equations
and the range of the associated coefficient matrix is,

e why the dimension formula (6.8) holds and why it is only a special case of (6.4),
e why the GauB-Jordan process works,
e ctc.

You should now be able to

e calculate a basis of the kernel of a matrix and its dimension,
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e calculate a basis of the range of a matrix and its dimension,

e etc.

Ejercicios.

1. Encuentre una base para el espacio generado de los siguientes conjuntos:

0 10): (1) 6))

2 —4 10
m {-1], |-2], |-5]°%.
1 2 5
1 2 1 3
(c) o], -2, 12], (3
1 0 3 5

10 1 -1 4 0 31
@{( 8 (o) GG}
(e) {X?—X24+ X +2, 2X3+4X +2, 2X3+ X2 45X +1, X3 +2X2 44X —1}.

2. En los siguientes ejercicios, exprese 1" del Example 6.41 de la forma AZ. Determine Im T, ker T’
y sus dimensiones.

1
() T:R® R}, T(@) =ax | 0
—9
x oty
(b) T:RY RS, T g =| z—2
w 2y +w
-y
T 5t + 4y + 9z
() T-RE=R, T|y|=|22-3y—=
z T+ z
2y + 2z
1
(d) Sea w = 3| y T:R?®— R3 dada por T(¥) = proj .
-1

3. Encuentre una matriz A(3 x 3) tal que su kernel es el plano F : x + 2y — z = 0.
4. Encuentre una matriz A(3 x 3) tal que su imagen es el plano F : 2z —y + 3z = 0.

5. Sea A € M(m x n) tal que para todo b € R™, el sistema AZ = b tiene solucién. ;Cuanto vale
dim(Im A)?, ;que se puede decir de ker A?

6. Sean A€ M(mxn)y Be M(n x k).
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(a) Muestre que dim(Im AB) < dimIm A.
(b) Muestre que dim(Im AB) < dim Im B.
(¢) Muestre que dim(ker AB) > dimker B.
(d) Muestre que dim(ker AB) > dim ker A.

(Cuando se tiene igualdad en los ejercicios anteriores? Encuentre ejemplos para igualdad y
ejemplos donde hay desigualdad estricta.

7. Sea A € M(n x n) tal que A2 = A, muestre que ker A ® Im A = R". (Hint: Basta mostrar
que ker ANIm A = {0} ;Por qué?)

6.3 Change of bases

In this section, we work mostly with real vector spaces for definiteness sake. However, all the
statements are also true for complex vector spaces. We only have to replace everywhere R by C
and the word real by complez.

Usually we represent vectors in R™ as column of numbers, for example

U= 21, or more generally, W= (6.10)

ISEI S )

Such columns of numbers are usually interpreted as the Cartesian coordinates of the tip of the
vector if its initial point is in the origin. So for example, we can visualise ' as the vector which
we obtain when we move 3 units along the z-axis, 2 units along the y-axis and —1 unit along the
z-axis.

If we set €1, €3, €3 the unit vectors which are parallel to the z-, y- and z-axis, respectively, then we
can write U as a weighted sum of them:

3
U= 2| =36 + 26, —€5. (6.11)
-1

So the column of numbers which we use to describe ¥ in (6.10) can be seen as a convenient way to
abbreviate the sum in (6.11).

Sometimes however, it may make more sense to describe a certain vector not by its Cartesian
coordinates. For instance, think of an infinitely large chess field (this is R?). Then the rook is
moving a along the Cartesian axis while the bishop moves a along the diagonals, that is along
b = (1), by = (~1) and the knight moves in directions parallel to ky = (2), k» = (1). We
suppose that in our imaginary chess game the rook, the bishop and the knight may move in arbitrary
multiples of their directions. Suppose all three of them are situated in the origin of the field and we
want to move them to the field (3,5). For the rook, this is very easy. It only has to move 3 steps
to the right and then 5 steps up. He would denote his movement as vz = (3 ), where we put the
index R to indicate that the numbers in this column vector correspond to the natural coordinate
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Yy Yy
P(3,5)
5 -
bo
it (1)
1) 5
3 -
by
2 —— N
.52 1+
by
} } } i } T —_—— ] T
—=1 0 1 2 3 4 —=1

FIGURE 6.1: The pictures shows the point (3,5) in “bishop” and “knight” coordinates. The vectors for
the bishop are by = (1), b2 = (7}) and &z = (1). The vectors for the knight are ky = (2), ka = (1)
1
and f)c = (%) .
K

3

system of rook. The bishop cannot do this. He can move only along the diagonals. So what does
he have to do? He has to move 4 steps in the direction of by and 1 step in the direction of bs. So
he would denote his movement with respect to his bishop coordinate system as g = (1) 5 Finally
the knight has to move é steps in the direction of l;l and % steps in the direction of Eg to reach
the point (3,5). So he would denote his movement with respect to his knight coordinate system as

U = (;ﬁ)lc See Figure 6.1.

Exercise. Check that vp = () = 4by 41by = () and that T = (%2)16 = 1/3ky+7/3ky = (3).
Although the three vectors v, ¥p and Uk look very different, they describe the same vector — only
from three different perspectives (the rook, the bishop and the knight perspective). We have to
remember that they have to be interpreted as linear combinations of the vectors that describe their
movements.

What we just did was to perform a change of bases in R?: Instead of describing a point in the plane
in Cartesian coordinates, we used “bishop”- and “knight”-coordinates.

We can also go in the other direction and transform from “bishop”- or “knight”-coordinates to
Cartesian coordinates. Assume that we know that the bishop moves 3 steps in his direction 51 and
—2 steps in his direction 527 where does he end up? In his coordinate system, he is displaced by
the vector 4 = (_% ) 5+ In Cartesian coordinates this vector is

(3,55 0)+()-0)
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Yy Yy
34 34
o1 ‘3b_1 —9%, 0l ko »
DB
L b 3 k1
by i1 01 -2/ 14

— 2o

FIGURE 6.2: The pictures shows the vectors (_S’)B and (_3 )K,

If we move the knight 3 steps in his direction l;l and —2 step in his direction Eg, that is, we move
him along W = ( 3 ) « according to his coordinate system, then in Cartesian coordinates this vector

is o (_:;)K — 3J, — 2y = (g) + <:z21> - (—3 '

Can the bishop and the knight reach every point in the plane? If so, in how many ways? The
answer is yes, and they can do so in exactly one way. The reason is that for the bishop and for the
knight, their set of direction vectors each form a basis of R? (verify this!).

Let us make precise the concept of change of basis. Assume we are given an ordered basis B =
{b1,...,b,} of R™. If we write
T
i — : (6.12)
Tn) g

then we interprete it as a vector which is expressed with respect to the basis B and

x
=211 + - + Tnby. (6.13)

81
Il

Tn/) g
If there is no index attached to the column vector, then we interprete it as a vector with respect to the
canonical basis €y, ..., 6, of R”. Now we want to find a way to calculate the Cartesian coordinates
(that is, those with respect to the canonical basis) if we are given a vector in B-coordinates and
vice versa.

It will turn out that the following matrix will be very useful:

AB—scan = (V1] ... |U,) = matrix whose columns are the vectors of the basis B.

We will explain the index “B — can” in a moment.
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Transition from representation with respect to a given basis to Cartesian coordinates.
Suppose we are given a vector as in (6.13). How do we obtain its Cartesian coordinates?

This is quite straightforward. We only need to remember what the notation (-)p means. We will
denote by g the representation of the vector with respect to the basis B and by Z its representation
with respect to the standard basis of R™.

1 1 1
F=| 1| =wbi +abo+ -+ by = Brlba| - 10n) | ¢ | = A5sean | 1 | = ABcanTs,
Tn) T LTn
that is
Y1
T=ApcanTp = | . (6.14)
Yn/ can
The last vector (the one with the yq,...,y, in it) describes the same vector as &, but it does so

with respect to the standard basis of R™. The matrix Ag_,cqn is called the transition matriz from
the basis B to the canonical basis (which explains the subscript “B — can”). The matrix is also
called the change-of-coordinates matrix

Transition from Cartesian coordinates to representation with respect to a given basis.

Suppose we are given a vector Z in Cartesian coordinates. How do we calculate its coordinates T
with respect to the basis B?

We only need to remember that the relation between # and Zg according to (6.14) is
Z'= AB—)canfB'

In this case, we know the entries of the vector . So we only need to invert the matrix Ag_,cqy in
order to obtain the entries of Zz:
- —1 -
B = AB—)canx‘

This requires of course that Ag_,.qy is invertible. But this is guaranteed by Theorem 5.39 since we
know that its columns are linearly independent. So it follows that the transition matrix from the
canonical basis to the basis B is given by

-1
Acan—>B =A

B—can*®
Y1
Note that we could do this also “by hand”: We are given ¥ = | and we want to find the
. — . . yn can .
entries x1, ..., T, of the vector ¥z which describes the same vector. That is, we need numbers

1, ..., Ty such that

-

fzﬂhgl + -+ bz,
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—

If we know the vectors 517 ..., by, then we can write this as an n X n system of linear equations
and then solve it for x1, ..., z,, which of course in reality is the same as applying the inverse of the

Y1
matrix Ag_,can to the vector &= | :
yn can

Now assume that we have two ordered bases B = {by,...,b,} and C = {,...,&,} of R" and we
are given a vector Iz with respect to the basis B. How can we calculate its representation Z¢ with
respect to the basis C? The easiest way is to use the canonical basis of R" as an auxiliary basis.
So we first calculate the given vector g with respect to the canonical basis, we call this vector .
Then we go from & to Z¢. According to the formulas above, this is

Fe = Acan—scT = Acan—sc AB—scanTs-
Hence the transition matrix from the basis B to the basis C is
Ap—c = Acan—scAB—scan-
Example 6.42. Let us go back to our example of our imaginary chess board. We have the “bishop

basis” B = {by, by} where by = (1), by = (71) and the “knight basis” K = {ky, koY by = (2), ky =
(1). Then the transition matrices to the canonical basis are

1 -1 2 1
AB—man = <1 1> ) AIC—man = (1 2) 5

1 1 1 1 2 -1
Acan——)B = 5 <1 1) ) Acan%K = g (1 2)

and the transition matrices from B to K and from K to B are

1 /1 -3 1 1 3
AB—>/C-§<1 3>, AIC—>82<_1 3)-

e Given a vector & = (%), in bishop coordinates, what are its knight coordinates?

their inverses are

Solution. (f);c:ABHK;E'B:%(%_g)(g):%(_ég)’c. o
e Given a vector J = (7). in knight coordinates, what are its bishop coordinates?

Solution. ()5 = Axsyk = 5(-13)(3) = (1) °
e Given a vector z = (}) in standard coordinates, what are its bishop coordinates?

Solution. (Z)B = Acan—>l§’g: %(7% %)(é) = (%)B °
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Example 6.43. Recall the example on page 108 where we had a shop that sold different types of
packages of food. Package type A contains 1 peach and 3 mangos and package type B contains 2
peaches and 1 mango. We asked two types of questions:

Question 1. If we buy a packages of type A and b packages of type B, how many peaches and
mangos will we get? We could rephrase this question so that it becomes more similar to Question
2: How many peaches and mangos do we need in order to fill a packages of type A and b packages
of type B?

Question 2. How many packages of type A and of type B do we have to buy in order to get p
peaches and m mangos?

Recall that we had the relation

ay _(m 1 (m\ _f[a (1 2 a1 /=1 2
(@)= (7)., e ()= (@) vt 2= (1 2) wa a2 ( 2
(6.15)
We can view these problems in two different coordinate systems. We have the “fruit basis” F =

{7,m} and the “package basis” P = {A, B} where

i) 7=(1). 4-(3). 5-(7)

Note that A = 1 + 35, B = 2/ + ), and that m = %(—/_1'—1— 3B) and § = %(2/1'— B) (that means
for example that one mango is three fifth of a package B minus one fifth of a package A).

An example for the first question is: How many peaches and mangos do we need to obtain 1 package
of type A and 3 packages of type B? Clearly, we need 7 peaches and 6 mangos. So the point that we

and in “fruit coordinates” (g) . This is sketched
f

.. . 1
want to reach is in “package coordinates” 3

P
in Figure 6.3.

An example for the second question is: How many packages of type A and of type B do we have
to buy in order to obtain 5 peaches and 5 mangos? Using (6.15) we find that we need 1 package of
type A and 3 packages of type B. So the point that we want to reach is in “package coordinates”

(;) and in “fruit coordinates” <g> . This is sketched in Figure 6.4.
P F

In the rest of this section we will apply these ideas to introduce coordinates in abstract (finitely
generated) vector spaces V with respect to a given a basis. This allows us to identify in a certain
sense V with R™ or C™ for an appropriate n.

Assume we are given a real vector space V with an ordered basis B = {vy, ..., v,}. Given a vector
w €V, we know that there are uniquely determined real numbers aq, ..., a, such that

W= Qq1V1 + -+ QpUn,.

So, if we are given w, we can find the numbers aq,...,a,. On the other hand, if we are given the
numbers aj, ..., q,, we can easily reconstruct the vector w (just replace in the right hand side of
the above equation). Therefore it makes sense to write

(€51

OZnB
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mangos
7 +
Type B
6 T i
]
1
5 4 ] 4+
1 N . N
41 | WA
i - 3 - —— ;
! i
3+ : . !
: LR
2t : !
: ! 1
— ! T |
1+ B : A :
| P !
} - peaches + } - Type A
4 7 —=1 w 1 2

(b)

FIGURE 6.3: How many peaches and mangos do we need to obtain 1 package of type A and 3 packages
of type B? Answer: 7 peaches and 6 mangos. Figure (a) describes the situation in the “fruit plane”
while Figure (b) describes the same situation in the “packages plane”. In both figures we see that

A+ 3B =17p+ 6m.
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mangos
Type B
6 -+
B fmimmimmimmim bbb 41
1
)
. |
) : 3 T
I
! 1
A : DX
21 | - :
i ]
— I _— 1
1T B : B i
i D i
1
i i i i " ! peaches i i - Type A
1 2 3 4 5 —=1 m 1 2

(b)

FIGURE 6.4: How many packages of type A and of type B do we need to get 5 peaches and 5 mangos?
Answer: 1 package of type A and 2 packages of type B. Figure (a) describes the situation in the “fruit
plane” while Figure (b) describes the same situation in the “packages plane”. In both figures we see
that A + 2B = 55 + 5.

where again the index B reminds us that the column of numbers has to be understood as the
coefficients with respect to the basis B. In this way, we identify V' with R™ since every column
vector gives a vector w in V and every vector w gives one column vector in R™. Note that if we
start with some w in V, calculate its coordinates with respect to a given basis and then go back to
V', we get back our original vector w.

Example 6.44. In P;, consider the bases B = {p1, p2, p3}, C = {q1, q2, g3}, D = {r1, ra, 73}
where

pr=1p2=X, ps =X =X =X g=1, r=X?+2X,ry =5X+2,r3=1.
We want to write the polynomial 7(X) = aX? 4 bX + ¢ with respect to the given basis.

c
e Basis B: Clearly, m = ¢p; + bps + aps, therefore 7 = [ b

/) 5

a
e Basis C: Clearly, m = aq; + bgs + cqs, therefore 7 = | b

¢/ c

e Basis D: This requires some calculations. Recall that we need numbers «, 8,7 € R such that
o
T=|B] =ar +pBra+rs.
7/ p
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This leads to the following equation
aX?+bX +c=a(X?+2X)+B6BX +2)+7=aX?+ 2a+58)X +28+7.

Comparing coefficients we obtain

« = a, 1 0 0 « a
2a + 50 =b, in matrix form: 2 5 0 Bl =10b]. (6.16)
26+~y=c 0 2 1 y c

Note that the columns of the matrix appearing on the right hand side are exactly the vector
representations of r1, ro, r3 with respect to the basis C and the column vector <Z) is exactly

C
the vector representation of 7 with respect to the basis C! The solution of the system is

a=a, ﬂ:f§a+%b, fyz%d—%bJrc,

therefore

We could have found the solution also by doing a detour through R? as follows: We identify the
vectors qi1, go, g3 with the canonical basis vectors €;, €, &5 of R3. Then the vectors ri, rq, 3
and 7 correspond to

1 0 0 a
m=12], =|(5|, =0], #@=|[b
0 2 1 c

Let R = {r, 7%, 7 }. In order to find the coordinates of 7/ with respect to the basis 7, 7%, 7%,

we note that
= =/
™ = AR—>can7TR

where Ag_,cqn is the transition matrix from the basis R to the canonical basis of R whose
columns consist of the vectors 7, 7, 7. So we see that this is exactly the same equation as
the one in (6.16).

We give an example in a space of matrices.

Example 6.45. Consider the matrices

(i) o= bs) m=00) 260

(i) Show that B ={R, S, T} is a basis of Mgy, (2 x 2) (the space of all symmetric 2 x 2 matrices).

(ii) Write Z in terms of the basis B.
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Solution. (i) Clearly, R, S,T € Mgy, (2 x 2). Since we already know that dim My, (2 x 2) = 3,
it suffices to show that R,S,T are linearly independent. So let us consider the equation

_ _fa+B8 a+vy
OozRJrﬂer’yT(Oé_i_,y Oz+3,6’>'

We obtain the system of equations

a+ B =0, 1 1 0 « 0
o +v=0, in matrix form: 1 01 gl=10]. (6.17)
a+ 33 =0 1 3 0/ \«v 0

Doing some calculations, if follows that « = § = v = 0. Hence we showed that R, S, T are
linearly independent and therefore they are a basis of Mgym (2 % 2).

(ii) In order to write Z in terms of the basis B, we need to find «, 8,7 € R such that

_ _(a+B8 a+y
Z—ozR—i-BS—&-’yT—(Oé_’_,y 04—1—35)'

We obtain the system of equations

a+ B =2, 1 10 o 2
! + v =3, in matrix form: 1 0 1 Bl=13]. (6.18)
o+ 38 =0 1 30 ~ 0
=A
Therefore
« 2 1 3 0 -1 2 3
Bl=A1[3]|= (-1 0 18] ={-1],
y 0 -3 2 1 0 0
henceZ:3RfS:(—%) . o
0/ B

Now we give an alternative solution (which is essentially the same as the above) doing a detour
through R3. Let C = {A;, Ay, A3} where A; = <(1) 8) , Ay = (8 (1)> , Ag = ((1) (1)) This is
clearly a basis of Mgy, (2 x 2). We identify it with the standard basis &, &,,& of R3. Then the
vectors R, S,T in this basis look like

1 1 0 2
R=[1], s=[o], 1=[1 and Z'=[3
1 3 0 0

(i) In order to show that R, S, T are linearly independent, we only have to show that the vectors
R', S’ and T" are linearly independent in R3. To this end, we consider the matrix A whose
columns are these vectors. Note that this is the same matrix that appeared in (6.18). It is
easy to show that this matrix is invertible (we already calculated its inverse!). Therefore the
vectors R’,S’, T are linearly independent in R3, hence R, S,T are linearly independent in
Mgym(2 x 2).
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(ii) Now in order to find the representation of Z in terms of the basis B, we only need to find the
representation of Z’ in terms of the basis B’ = {R’,S’,T'}. This is done as follows:

2
Zp = Acansp Z' = A7'Z = |3

o

You should now have understood

e the geometric meaning of a change of bases in R,

e how an abstract finite dimensional vector space can be represented as R™ or C™ and that
the representation depends on the chosen basis of V,

e how the vector representation changes if the chosen basis is reordered,

o etc.
You should now be able to

e perform a change of basis in R™ and C” given a basis,

e represent vectors in a finite dimensional vector space V as column vectors after the choice

of a basis,
e ctc.
Ejercicios.
1 1 0 0 0 0 1 0
1. Sea B = {(0 0) 4 <1 1) ) (1 0) , <0 4) } Muestre que B es una base de M (2 x 2)
y encuentre [A]g para A = “ Z .

2. Sea B={X?—-1, X2+ X +1, X?}. Muestre que B es base de P,. Encuentre [p(X)]s para
p(X) =a-+bX +cX?

3. Sea B={1, e*, e *} y V =span{l, e*, e *}.

(a) Muestre que sinhz,coshz € V.
(b) Encuentre A € M (3 x 3) tal que

— xr —xT
1=ai1 +aee” +aze™,

. _ N e
sinhz = ag1 + agge” + asge™ ™,

coshx = a3; + asze” + azze™".

(¢) Muestre que B’ = {1, sinhx, coshz} es base de V.

(d) Encuentre Ag_,5' v Ap' 5.
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4. Muestre que B= {1, X —1, (X —1)?} es base de P y escriba a + bX + cX? en términos de
B. Atn més general, muestre que B = {1, X — 1, (X —1)2,...(X —1)"} es base de P, y
obtenga Ag_can, Acanp donde can = {1, X2 ... X"}.

-1 1 0 2 -1 3
5. Sean B; = 1], of,[1 y By = 1], 4], -2
0 -1 1 3 5 4

(a) Muestre que By y Bs son bases de R3.

T
(b) Sea ¥ = | y |. Encuentre [0]5, ¥ [V]g,-
z

(c) Obtenga Ap, 5, ¥ AB,—5,-

6. Sea ¥ € (—m,w]. Muestre que By = {((s:?ri Z) , (;2:1;9)} es una base de R?. Encuentre

ABy—scan Y Acan—B,- i COmo se interpreta geométricamente By?

7. Sean a,b tal que ab # 0.

(a) Muestre que B = {\/‘lgw (%) , ﬁ (_2> } es base de R2.
(b) Muestre que existe ¢ € (—m, 7] tal que B = By. (Hint: Interpretacién geométrica de B)

8. Sea By como en Ejercicio 6..

_3\/3

(a) Si¥ = %, escriba ( 3

) en términos de By.

. . 1 A | -
(b) Si ¥ = 7, escriba (_1) en términos de la base candnica.
By

9. Sean 1,9, € (—m, 7|, {cémo se interpreta geométricamente Agﬁlﬁgﬁrz?

6.4 Linear maps and their matrix representations
Let U,V be K-vector spaces and let T': U — V be a linear map. Recall that T satisfies

T()\lxl + -+ )\kxk) = >\1T(.’K1) + -+ /\kT(.’E}C)

for all 1, ...,z € U and Ay, ..., Ay € K. This shows that in order to know T, it is in reality
enough to know how T acts on a basis of U. Suppose that we are given a basis B = {uy, ..., up} € U
and take an arbitrary vector w € U. Then there exist uniquely determined Ay, ..., Ay € K such

that w = AMug + -+ + A\ u,. Hence
Tw=T(Aus + -+ Aun) = M Tuy + -+ A Tup,. (6.19)

So Tw is a linear combination of the vectors Tuy, ..., Tu, € V and the coefficients are exactly the
Alyevvy Ape
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Suppose we are given a basis C = {vy, ..
vector T'u; is a linear combination of the basis vectors vy, ..

determined numbers a;; € K (i =
is

T’LL1
TUQ

., Um t of V. Then we know that for every j = 1,...,n, the
., U of V. Therefore there exist uniquely
1,...,m, j=1,...n) such that Tu; = aj1v1+- - - + ajmUm, that

= a11v1 + a21V2 + - - - + A1V,

a12v1 + a22V2 + -+ + A2V,

(6.20)

Tuy = a1,v1 + a2pV2 + -+ + QpUm-

Let us define the matrix A7 and the vector X by

a11 a12

a21 a22
Ar =1 . .

Aml  Am2

Q1n )‘1
a2n 4 A2

€ M(m x n), A= . | eR".
Amn )\n

Note that the first column of Ar is the vector representation of Tw; with respect to the basis

V1y.-

., Um, the second column is the vector representation of T'us, and so on.

Now let us come back to the calculation of Tw and its connection with the matrix Ap. From (6.19)

and (6.20) we obtain

Tw

MTur + XoTug + -« + A, Tuy,

A(a11v1 + a21v2 + -+ + AmiUm)

+ A2(a12v1 + a22v2 + -+ + Amatm)

+

i )\n(alnvl + a2n,V2 + -+ amnvm)

(@11 M1 + a12A2 + - - + a1pAn)1

+ (@21 A1 + ageds + - + a2
+ .........
—+ (aml)\l + amg)\g + -+ amn)\n)vm.

The calculation shows that for every k the coefficient of vy is the kth component of the vector ATX!

Now we can go one step further.

Recall that the choice of the basis B of U and the basis C of V

allows us to write w and Tw as a column vectors:

A1

This shows that

et aln)‘n
et a2n>\n

1111)\1 + alg/\g +

a21 A1 + azAg +
Tw =

AmiA1L F Qa2 + - 4 GmnAp c

(Tw)c = ATﬁB.
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For now hopefully obvious reasons, the matrix Ar is called the matrix representation of T with
respect to the bases B and C.

So every linear transformation 7 : U — V can be represented as a matrix Ap € M (m x n). On the
other hand, every a matrix A(m x n) induces a linear transformation T4 : U — V.

Very important remark. This identification of m xn-matrices with linear maps U — V depends
on the choice of the basis! See Example 6.48.

Let us summarise what we have found so far.

Theorem 6.46. Let U,V be finite dimensional vector spaces and let B = {uy, ..., u,} be an ordered
basis of U and let C = {vy, ..., vm} be an ordered basis of V.. Then the following is true:

(i) Every linear map T : U — V can be represented as a matriz Ay € M(m X n) such that
(T’w)c = ATwB

where (Tw)c is the representation of Tw € V with respect to the basis C and Wp is the
representation of w € U with respect to the basis B. The entries a;; of Ar can be calculated

as in (6.20).
(i) Every matriz A = (aij)i.:ll’m,m € M(m x n) induces a linear transformation T : U — V
J=1,..n
defined by
T(uj) = ayjvr + - AGmjVm,  j=1,...,n.

(i) T =Ty, and A= Ap,. That means: If we start with a linear map T : U — V', calculate its
matriz representation At and then the linear map T4, : U — V induced by Ar, then we get
back our original map T. If on the other hand we start with a matrix A € M (mxn), calculate
the linear map Ta : U — V induced by A and then calculate its matriz representation Ar,,
then we get back our original matriz A.

Proof. We already showed (i) and (ii) in the text before the theorem. To see (iii), let us start with a
linear transformation T': U — V and let Az = (a;;) be the matrix representation of T' with respect
to the bases B and C. For T4,., the linear map induced by Ar, it follows that

TAru; = a1;01 + ... QU = Ty, i=1,...,n

Since this is true for all basis vectors and both T" and T4, are linear, they must be equal.

If on the other hand we are given a matrix A = (a;;)i=1,...m € M(m x n) then we have that the
j=1,....n
linear transformation T4 induced by A acts on the basis vectors uq, ..., u, as follows:

Tauj =Taruj = a1jv1 + ... QmjUm-
But then, by definition of the matrix representation Ay, of Ty, it follows that Ap, = A. O
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Let us see this “identifications” of matrices with linear transformations a bit more formally. By
choosing a basis B = {u1, ..., u,} in U and thereby identifying U with R™, we are in reality defining
a linear bijection

M
v:U —R", U(Auy + -+ Auy) = |
An
Recall that we denoted the vector on the right hand side by ug.
The same happens if we choose a basis C = {v1, ..., v, } of V. We obtain a linear bijection
H1
®:V - R™, O(pvy + -+ i) = |
Hm

With these linear maps, we find that
Ap =PoT o ¥} and Ty=d'oAoU.

The maps ¥ and ¢ “translate” the spaces U and V to R™ and R™ where the chosen bases serve
as “dictionary”. Thereby they “translate” linear maps U : U — V to matrices A € M(m x n) and
vice versa. In a diagram this looks likes this:

v—T v

v |o

R™ Ar R™
So in order to go from U to V, we can take the detour through R™ and R™. The diagram above is
called commutative diagram. That means that it does not matter which path we take to go from
one corner of the diagram to another one as long as we move in the directions of the arrows. Note
that in this case we are even allowed to go in the opposite directions of the arrows representing W
and ® because they are bijections.

What is the use of a matrix representation of a linear map? Sometimes calculations are easier in
the world of matrices. For example, we know how to calculate the range and the kernel of a matrix.
Therefore, using Theorem :

e If we want to calculate Im 7T, we only need to calculate Im Ay and then use ® to “translate
back” to the range of T'. In formula: Im7T = Im(® "t A7 ¥) = Im(® 1 Ar) = &~ (Im Ar).

e If we want to calculate ker T', we only need to calculate ker Ar and then use ¥ to “translate
back” to the kernel of 7. In formula: ker T' = ker(® ! A7 V) = ker(A7¥) = U1 (ker Ar).

o If dimU = dimV, i.e., if n = m, then T is invertible if and only if A is invertible. This is
the case if and only if det Ay # 0.

Let us summarise. From Theorem 6.24 we obtain again the following very important theorem, see
Theorem 6.20 and Proposition 6.16.
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Theorem 6.47. Let U,V be vector spaces and let T : U — V be a linear transformation. Then

dimU = dim(ker T') + dim(Im T'). (6.21)

If dim U = dim V, then the following is equivalent:

(i) T is invertible.

(ii) T is injective, that is, ker T = {O}.

(iii) T is surjective, that is, InT =V

Note that if T is bijective, then we must have that dimU = dim V.

Let us see some examples.

Example 6.48. We consider the operator of differentiation

T:P;— Ps, Tp:p/,

Note that in this case the vector spaces U and V are both equal to Ps.

(i)

Represent T with respect to the basis B = {p1,p2,p3,p4} and find its kernel where p; =
1ap2 :X7 P3 :X2ap4 :X3'

Solution. We only need to evaluate T in the elements of the basis and then write the re-
sult again as linear combination of the basis. Since in this case, the bases are “easy”, the
calculations are fairly simple:

Tpi =0, Tpo=1=pi, Tps=2X=2p,, Tps=3X>=3ps.

Therefore the matrix representation of T is

01 00
00 20
B _
Ar = 00 0 3
0 0 0O
The kernel of At is clearly span{€; }, hence ker T = span{p; } = span{1}. o

Represent T' with respect to the basis C = {q1,¢2,93,¢4} and find its kernel where ¢; =
X37 q2 :X27 q3 :X7 qs = 1.

Solution. Again we only need to evaluate T in the elements of the basis and then write the
result as linear combination of the basis.

Tqr =3X*=3q, Tqg=2X=2q, Tqz=X=gqs, Tqs=0.
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(iii)

Therefore the matrix representation of 7" is

L.

S O wo
o N OO
= o o O
S O OO

The kernel of Ay is clearly span{€,}, hence ker T = span{q,} = span{1}. o

Represent T' with respect to the basis B in the domain of T' (in the “left” P;) and the basis
C in the target space (in the “right” Ps).

Solution. We calculate
Tpr=0, Tpy=1=q, Tps=2X=2q5, Tps=3X"=3q,.

Therefore the matrix representation of T is

0 0 00
e |0 0 0 3
Ar” = 00 2 0
01 00
The kernel of Ay is clearly span{é;}, hence ker I' = span{p; } = span{1}. o

Represent T' with respect to the basis D = {ry, ra, 73,74} and find its kernel where
M =X34+X, r=2X34+X242X, 1r3=3X3+X?4+4X+1, 1 =4X3+X2+4X+1.

Solution 1. Again we only need to evaluate T in the elements of the basis and then write the
result as linear combination of the basis. This time the calculations are a bit more tedious.

Tri=3X2+1 = —8r1 + 2ry + T4,
Tro=6X2+2X +2 =— 14r, + 47y + 2rs,
Trs=9X2 42X 44 =—24r + 5r9 + 2r3 + 214,

Trys=12X% +2X +4 = — 30r, + 8ry + 2r3 + 2r4.
Therefore the matrix representation of T is

-8 —-14 -24 -30
2 4 5 8
0 2 2 2
1 0 2 2

AR =

In order to calculate the kernel of Ar, we apply the GauB-Jordan process and obtain

8 —14 -24 —30 100 2
» [ 2 4 5 8 010 1
Ar=1 9 o 9 o 7 o o1 0

1 0 2 2 000 0

The kernel of Ar is clearly span{—2€; — € + &4}, hence ker T' = span{—2r; — ro + 14} =
span{1}. o
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Solution 2. We already have the matrix representation A% and we can use it to calculate
AR To this end define the vectors

1 2 3 4
-~ 10 L |1 L |1 L |1
1 — 1 y P2 — 2 y P3 — 4 y P4 — 4
0 0 1 1
Note that these vectors are the representations of our basis vectors r1,...,r4 in the basis C.

The change-of-bases matrix from C to D and its inverse are, in coordinates,

1 2 3 4 0 -2 1 -2
01 1 1 _ 0 1 0 -1
Spse=11 9 4 4| Sesp = Splie = -1 0 1 0
00 11 1 0 -1 1

It follows that

A? = SC—)DA% SD%C

0 -2 1 -2 0 0 0 O 1 2 3 4 -8 14 -24 -30
. 0 1 0 -1 3 0 00 01 1 1] 2 4 5 8
! 0 1 0 0 2 00 1 2 4 4| 0 2 2 2
1 0 -1 1 0 01 0 0 011 1 0 2 2

Let us see how this looks in diagrams. We define the two bijections of P3 with R* which are
given by choosing the bases C and D by ¥ and Up:

Ve : Py — RY, Ve(q1) = €1, Velge) = &, Vel(gs) = €3, Ve(q) = €y,
Up: Py — RY Up(r1) = €1, Up(re) =&, Up(rs) =&, Up(rs) =&

Then we have the following diagrams:

Pg%P;g P3+>P3

ve | Jwe ws | ) |wo

R4 AT R4 RY AT, R4

We already know everything in the diagram on the left and we want to calculate AR in the
diagram on the right. We can put the diagrams together as follows:

T
P - P
N o
Tp ¢ ¢ Up
Rt —S2oc  Ri AT RY —Seor s R
~~~~~~~~~~~~ AP e
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We can also see that the change-of-basis maps Sp_,¢ and S¢_,p are
Spye =Veo U, Sesp =Upo Wt

For AP we obtain
AR =UpoTo¥s! = Sp_coAf o Sep.

Another way to draw the diagram above is

T
P3 P3
Ve Ve
AC
Vo R4 A > R4 Up
A &
S0 NS
A, Yy
AD
R4 . - R4

<&

Note that the matrices A, A%, AR and A all look different but they describe the same linear
transformation. The reason why they look different is that in each case we used different bases to
describe them.

Example 6.49. The next example is not very applied but it serves to practice a bit more. We
consider the operator given

T:M2x2) =P, T(¢)=@+c)X’+(a-b)X+a—b+d.

Show that T is a linear transformation and represent T with respect to the bases B = { By, Ba, Bs, B4}
of M (2 x 2) and C = {p1,p2,ps} of P, where

1 0 0 1 0 0 0 0
Bl_<0 O)a BQZ<0 O>a B3_<1 0>a B4_<0 1>7

pr=1, pp=X, p3=X~

and

Find bases for ker T' and Im T and their dimensions.

Solution. First we verify that 7" is indeed a linear map. To this end, we take matrices A; = (Zi Zi )
and Ay = (‘” b2) and A € R. Then

c2 da

. a1 b as by . a1 +as  Aby + by
T()\Al + AQ) =T (A (Cl d1> + <CQ dz)) =T ()\ ()\Cl + Cco /\d1 + dg))
= (Aay +az + ey + o) X2+ (Nay +ag — Aby — bo) X + ag + ag — (Aby + ba) + Ady + do

= )\[(0,1 —+ Cl)X2 + (a1 — bl)X —+ ap — bl + dl)] —+ [(QQ —+ 62)X2 + (CLQ — bQ)X =+ ag — bg + dg)]
= AT(A;) + T(As).
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This shows that T is a linear transformation.
Now we calculate its matrix representation with respect to the given bases.

TBy=X’+X+1=p; +p2+ps,
TBy =—X = —pa,
TBs = X? = ps,

TBy=1=p;.

Therefore the matrix representation of T is

00 1
Ar=1{1 -1 0 0
1 010

In order to determine the kernel and range of A, we apply the Gau3-Jordan process:

1 0 01 1 0 0 1 1 00 1
Ar=|1 -1 0 0 — |0 -1 0 -1]—({0 1 O 1
1 0 1 0 0 01 -1 0 01 -1

So the range of At is R3 and its kernel is ker Ar = span{&; +& —&3 —&}. Therefore InT = P, and
ker T' = span{Bj + By — B3 — B4} = span { ( | ) } For their dimensions we find dim(Im7T") = 3
and dim(kerT') = 1. o

Example 6.50 (Reflection in R?). In R?, consider the line L : 3z — 2y = 0. Let R : R? — R?
which takes a vector in R? and reflects it on the line L, see Figure 6.5. Find the matrix representation
of R with respect to the standard basis of R2.

Observation. Note that L is the line which passes through the origin and is parallel to the vector

7= (3).

Solution 1 (use coordinates adapted to the problem). Clearly, there are two directions which
are special in this problem: the direction parallel and the direction orthogonal to the line. So a
basis which is adapted to the exercise, is B = {¥, @} where ¢ = (%) and @ = (’g ) Clearly, Rv = ¢
and Rw = —. Therefore the matrix representation of R with respect to the basis B is

5 (1 0
=3 )

In order to obtain the representation Ag with respect to the standard basis, we only need to perform
a change of basis. Recall that change-of-bases matrices are given by

S 2 =3 _ 1 2 3
SB—can = (’U|’LU) = <3 9 ) s Scan—B = SBiwan = Tg <_3 2) :
Therefore

1 /2 =3\ /1 0 2 3 1 /-5 12
_ B _ E——
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B S S| S1.2.0.83 0405

.
—21 A R = i~

FIGURE 6.5: The pictures shows the reflection R on the line L. The vector ¥ is parallel to L, hence
RV = ¢. The vector i is perpendicular to L, hence R = —j.

Solution 2 (reduce the problem to a known reflection). The problem would be easy if we
were asked to calculate the matrix representation of the reflection on the z-axis. This would simply

1 0
be AO = 0 —1
the line L is parallel to the z-axis, then we reflect on the x-axis and then we rotate back. The result
is the same as reflecting on L. Assume that Rot is the rotation matrix. Then

. Now we can proceed as follows: First we rotate R? about the origin such that

Ar =Rot ™! o Ay o Rot. (6.22)

How can we calculate Rot? We know that Rot?’ = €; and that Rotw = &,. It follows that
Rot™! = (U|w) = (_% g) Note that up to a numerical factor, this is Sg_cqn. We can calculate

casily that Rot = (Rot™")~! = & (2 ~3). If we insert this in (6.22), we find again Ag = (75 '2). o

Solution 3 (straight forward calculation). We can form a system of linear equations in order
to find Ap. We write Ag = (’é 3) with unknown numbers a, b, ¢,d. Again, we use that we know
that Arv' = v and A7 = —. This gives the following equations:

2 G Age (@ b\ (2) _ (2a+3b

3) VT AT T e a)\3) T \2c+3d)°

-3 = A — — (@ b\ (—3\ _ (3a—2b

2) TW T TATYE e a) \ 2) T \Be—2d
which gives the system

20+3b=2, 2c+3d=3, 3a—2b=-3, 3c—2d=2.

_._12 5_ 5 _ (-512
,b—C—l,d—13,henceAR—(12 5). o

Gl

Its unique solution is a = —
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z z
A
f 7’
N e
../
(" b
’ ..
E E .0
e .
4
so-----o- »
1 S~ Rx
1 S S -
1 S S
1 ~y
T x

FIGURE 6.6: The figure shows the plane F : x —2y+ 3z = 0 and for the vector Z it shows its orthogonal
projection PZ onto E and its reflection RZ about E, see Example 6.51.

Example 6.51 (Reflection and orthogonal projection in R3). In R3, consider the plane
E:2—2y+32z=0. Let R:R? — R? which takes a vector in R? and reflects it on the plane E and
let P :R3 — R3 be the orthogonal projection onto F. Find the matrix representation of R with
respect to the standard basis of R3.

Observation. Note that F is the plane which passes through the origin and is orthogonal to the
vector 1 = (—%) Moreover, if we set ¥ = (E) and W = (%), then it is easy to see that {¥, @} is
a basis of F.

Solution 1 (use coordinates adapted to the problem). Clearly, a basis which is adapted to
the exercise is B = {0, W, 7i} because for these vectors we have R¥ = ¥, Rw& = @, Rii = —1i, and
Pv =49, PW =, Pii =0. Therefore the matrix representation of R with respect to the basis B is

1 0 0
AE=1(o0 1 o
0 0 -1
and the one of P is
1 0 0
AB=1(0 1 0
0 0 O

In order to obtain the representations Ar and Ap with respect to the standard basis, we only need
to perform a change of basis. Recall that change-of-bases matrices are given by

2 0 1 L (B 2 -3
SBsean = (TW]) =1 3 -2, Scanﬁgzsggmzﬁ -3 6 5
02 3 2 -4 6
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Therefore
1 2 0 1 1 0 0 13 2 -3
AR = SB%canABRScanﬁB = % 1 3 -2 0 1 0 -3 6 5
0 2 3 0 0 -1 2 —4 6
6 2 -3
1
-3 6 -2
and
1 2 0 2 1 0 0 13 2 -3
AR = SB—manA]‘gScan%B = % 1 3 -1 01 0 -3 6 5
0 2 3 0 0 O 2 —4 6
1 13 2 -3
= — 2 1 .
1 0 6 o

-3 6 )

Solution 2 (reduce the problem to a known reflection). The problem would be easy if we
were asked to calculate the matrix representation of the reflection on the xy-plane. This would

1 0 0
simply be Ag =10 1 0 |. Now we can proceed as follows: First we rotate R® about the origin
00 -1

such that the plane E is parallel to the xy-axis, then we reflect on the zy-plane and then we rotate
back. The result is the same as reflecting on the plane E. We leave the details to the reader. An
analogous procedure works for the orthogonal projection. o

Solution 3 (straight forward calculation). Lastly, we can form a system of linear equations in
a1l ai2 ais

order to find Agr. We write Ag = (321 a2z Zzs) with unknowns a;;. Again, we use that we know
31 a32 as3

that Agrt = ¥, Agw = W and Agrii = —n. This gives a system of 9 linear equations for the nine
unknowns a;; which can be solved. o

Remark 6.52. Yet another solution is the following. Let @) be the orthogonal projection onto 7.
We already know how to calculate its representing matrix:

1 -2 3 x
—2 4 —6 Y
3 -6 9 z

r—2y+3z_, 1

@7 = TEp 4 14

1-2 3
Hence Ag = 1—14 ( 73 é 78). Geometrically, it is clear that P = id —@Q and R = id —2@Q. Hence it
follows that

1 0 O 1 1 -2 3 1 13 2 -3
Ap=id-Ag=10 1 0 ~ T -2 4 —6 =1 2 10 6
0 0 1 3 6 9 -3 6 5
and
1 0 0 1 1 -2 3 1 6 2 -3
Arp=id-24¢g=(0 1 O — % -2 4 —6 :? 2 3 6
0 0 1 3 —6 9 -3 6 -2
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Change of bases as matrix representation of the identity

Finally let us observe that a change-of-bases matrix is nothing else than the identity matrix written
with respect to different bases. To see this let B = {7y, ..., ¥,} and C = {wy, ..., ¥, } be bases of
R™. We define the the linear bijections ¥z and W¢ as follows:

Uy :Rn%Rn, \IJB(_)l): _’1, ey \Pg(gn):ﬁn,
lI/C:]Rn*>}Rna \I]C(_’l)zu_;lv ) qjC(gn):wn
Moreover we define the change-of-bases matrices
SB—>can = ('(71‘ T |17n)a SC—>can = (wl‘ T |wn)

Note that these matrices are exactly the matrix representations of ¥ and ¥e. Now let us consider
the diagram

R™ id R™

1 -1
ws'| Jwe

Rﬂ%{gn

Therefore

-1 . 1 —1
Aid = \ch oidoW¥pg = Pe o \PB = Sci)can © SBﬁcan = Scan—)C o SB—)can = SB~>C~

You should now have understood

e why every linear map between finite dimensional vector spaces can be written as a matrix
and why the matrix depends on the chosen bases,

e how the matrix representation changes if the chosen bases changes,
e in particular, how the matrix representation changes if the chosen bases are reordered,

e etc.
You should now be able to

e represent a linear map between finite dimensional vector spaces as a matrix,
e use the matrix representation of a linear map to calculate its kernel and range,
e interpret a matrix as a linear map between finite dimensional vector spaces,

e etc.

Ejercicios.

1. De los ejercicios 1 al 14 (exceptuando el 11.) de la seccién 6.1 obtenga la representacion
matricial de T en las respectivas bases candnicas.

2. Encuentre la representacion matricial en la respectiva base candnica de las siguientes trans-
formaciones. En P, tome la base {1, X, X2, ... X"},
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3. Para cada transformacién lineal dada, encuentre su representacién matricial en las bases
indicadas:

(a) T:R* = R% T(z,y) = (y,0) de base candnica a By = { G) ’ (D }

x 1 1 1
W) T :R 5 R, Ty :(xjc_y+z>de81: ol. (1], (0]} anB =
2 Y ~1 1 0
0\ /1
1) \o) [
1 2 2 0
() T:R3 =R T(X¥)=Zx |2]| enlabase B=< (4], [-1], | -3
3 6 0 2
A) TP — R TaX?+bX +0) = (2207 4B, = (X241, X2+ X, X2+ X +1
b— 3¢

() ()

4. Sea V = span{cosz, sinz, xcosz, zsina}y B = {cosz, sinx, xcosz,xsinx}.

(a) Demuestre que B es base de V.
(b) Para D :V — V dada por D(f) = f’, obtenga [D]g. D es invertible?

5. Sea V = span{l,e®, e ?}, By = {1l,e*,e "} y By = {1,coshx,sinhz}. Considere D : V — V
dada por D(f) = f', obtenga [D]g;. ..D es invertible?

6. Sea 1 un vector no nulo y 7 : R® — R? dada por T(¥) = proj;#. Encuentre una base B de

1 0 0
R3 tal que [T]s =10 0 0
0 00

7. EnR? sean E : 2+y+2 =0y T : R? - R3 dada por T(&) = reflexién de & con respecto a E.

1 0 O
(a) Encuentre una base B tal que [T]z= (0 -1 0
0 0 1

(b) Obtenga [T)cqn-

(¢) Describa T en las coordenadas usuales.
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8. (a) Sea S : R* — R una transformacién lineal tal que S¢; = 4, Sé3 = —3, Se3 = 0y S¢; = 7.
Muestre que existe @ € R* tal que ST = (¥, ) para todo ¥ € R*.
1 0 0
. . 1 0 0
(b) Sea S :R* — R una transformacion lineal tal que S ol = 1, § 1= -2, 8 1= 3
0 1 0

y S = —1. Encuentre @ € R* tal que S& = (¥, ) para todo ¥ € R*.

_ o O -

9. Sea T : V — W una transformacién lineal y suponga que B = {v1,...v,} es una base de V.
Si para cada i € {1,2,...n} se tiene que T'(v;) = 0, muestre que T'= O (la transformacién que
a todo elemento de V' lo envia al vector cero de W).

10. Sea T : R™ — R™ transformacién lineal tal que T'(&;) = e;41si1 <i <nyT(E,) = 0. Muestre
que T" = O ;Cémo es la representacién matricial de T, T?2,...,7" ! en la base canénica?

6.5 Summary

Linear maps

A function T : U — V between two K-vector spaces U and V is called linear map (or linear function
or linear transformation) if it satisfies

T(uy 4+ Aug) = T(uy) + AT (us) for all uy, upo € U and A€ K.
The set of all linear maps from U to V is denoted by L(U, V).

e The composition of linear maps is a linear map.

e If a linear map is invertible, then its inverse is a linear map.

e If U,V are K-vector spaces then L(U, V) is a K-vector space. This means: If S, T € L(U,V)
and A € K, then S+ AT € L(U,V).

For a linear map T : U — V we define the following sets

kerT={ueU:Tu=0}CU,
ImT={Tu:ueU} CV.

ker T is called kernel of T or null space of T. It is a subspace of U. ImT is called image of T or
range of T. It is a subspace of V.

The linear map T is called injective if Tu; = Tug implies u; = ug for all uy,us € U. The linear
map T is called surjective if for every v € V exist some u € U such that Tu = v. The linear map
T is called bijective if it is injective and surjective.

Let T : U — V be a linear map.

e The following are equivalent:

Last Change: So 24. Mai 07:52:08 CEST 2026
Linear Algebra, M. Winklmeier
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(i) T is injective.
(ii) Tu = O implies that u = O.
(iii) ker T = {O}.
e The following are equivalent:
(i) T is surjective.
(ii) ImT = V.
e If T is bijective, then necessarily dimU = dim V. In other words: if dimU # dim V, then

there exists no bijection between them.

Let U,V be K-vector spaces and T': U — V a linear map. Moreover, let £ : U - U, F:V =V
be linear bijective maps. Then

ker(FT) = ker(T), ker(TE) = E~*(ker(T)),
Im(FT) = F(Im(T)),  Im(TE) = Im(T),

and

dimker(T) = dimker(FT) = dimker(TE) = dimker(FTE),
dimIm(7) = dim Im(F7T) = dimIm(TE) = dim Im(FTE).

If dimU = n < oo then

dim(ker(7)) + dim(Im(T")) = n.

Linear maps and matrices

Every matrix A € Mg(m x n) represents a linear map from K" to K™ by
Ty:K'—>K™, IZ— AZ.
Very often we write A instead of T'4.
On the other hand, every linear map 7' : U — V between finite dimensional vector spaces U and V
has a matrix representation. Let B = {u1, ..., u,} be a basis of U and C = {vy, ..., v;,} be a basis

of V. Assume that Tu; = a1v1 + -+ + Gm;jUm. Then the matrix representation of T" with respect
to the basis B and C is Ar = (aij)i=1,...m € M(m x n). Note that the matrix representation of T

Jj=1,..., n
depends on the chosen bases in U and V.

If we define the functions ¥ and ® as
Qi B
V.U —=K", ¥Y(ou+...apu,)= | 1 |, OV K", ®Lror+...Bmom) =] 1 |,
an Brm
then these functions are linear and ® o Ap oW =T and V"' o T o ®~ ! = Ap. In a diagram this is

v—=L v

v| |o

R™ Ar R™
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Matrices
Let A € M(m x n).
e The column space C4 of A is the linear span of its column vectors. It is equal to Im A.

e The row space Ry of A is the linear span of its row vectors. It is equal to the orthogonal
complement of ker A.

o dim R4 = dimCy = dim(Im A) = number of columns with pivots in any echelon form of A.
Kernel and image of A:

e dim(ker A) = number of free variables = number of columns without pivots in any row echelon
form of A.

ker A is equal to the solution set of AZ = 0 which can be determined for instance with the
GauBl or Gauf3-Jordan elimination.

e dim(Im A) = dim C4 = number of columns with pivots in any row echelon form of A.

Im(A) be be found by either of the following two methods:

(i) row reduction of A. The columns of the original matrix A which correspond to the
columns of the row reduced echelon form of A are a basis of Im A.

(ii) column reduction of A. The remaining columns are a basis of Im A.

6.6 Exercises

1. Determine si las siguientes funciones son lineales. Si lo son, calcule el kernel y la dimensién
del kernel.

(a) A:R3— M(2x2), A

<y
I
N
[\S)
&
+
<
8
|
I
~~_

X
(b) B:R3 - M(2x2), A :( 2zy x_z),

N <

(C)DZP3—>P47 Dp:pl+$p’
(d) T: Ps = M(2 x 3), T(a$3+bx2+cx+d)—<a+b b+c C+d>’

0 a+d 0

a+b b+c c+d>

. 3 2 =
() T:Py— M(2x3), T(az’+bx +cx+d)—< 0 a+d 3

2. Sean U, V espacios vectoriales sobre K (con K=R oK =C) yseaT : U — V una funcién lin-
eal invertible. Entonces podemos considerar su funcién inversa T=1 : Im(7') — U. Demuestre
que es una funcién lineal.
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3. Sean U, V, W espacios vectoriales sobre K (con K=RoK =C)yseanT: U -V, S:V - W
funciones lineales. Demuestre que la composicién ST : U — W también es una funcién lineal.

4. Sean U,V espacios vectoriales sobre K (con K = R o K = C). Con L(U,V) denotamos el
conjunto de todas las transformaciones lineales de U a V. Demuestre que L(U,V) es un
espacio vectorial sobre K. ;Qué se puede decir sobre dim £(U,V)?

5. Sean U,V espacios vectoriales sobre K (con K =R o K = C). Sabemos de Ejercicio 4. que
L(U, V) es un espacio vectorial. Fije un vector vy € V. Demuestre que la siguiente funcién es
una funcién lineal:

D, LUV) = U, O, (T):=T(vg).
6. Sean
1 3 11 1 0
G s 6 h)
(a) Demuestre que E y F son invertibles. Describa como actuan geométricamente en R?.
(b) Calcule Im(A), ker(A) y sus dimensiones. Dibuja Im(A) y ker(A), diga qué objetos
geométricas son.
(c) Calcule Im(A), Im(FA), Im(AFE) y sus dimensiones. Dibtjalos y diga cual es la relacién
entre ellos.
(d) Calcule ker(A), ker(FA), ker(AE) y sus dimensiones. Dibijalos y diga cual es la relacién
entre ellos.
7. De los siguientes matrices, calcule kernel, imagen y las dimensiones correspondientes.
1 4 7 2 :13 ; 153 } 1 2 3
A=12 5 8 4|, B= , C=1[1 2 3
36 9 6 02 7 - 129
4 5 25 1
8. Sea A € M(m x n). Demuestre:
(a) A inyectiva = m > n.
(b) A sobreyectiva = n > m.
Demuestre que la implicacién “<=" en (i) and (ii) en general es falsa.
9. Sea A € M(m x n) y suponga que A es invertible. Demuestre que m = n.
10. Sea A € M(n x 1)y B € M(1 x n) ambas no nulas. Describa Im(AB).
11. Sean m,n e Ny A € M(m X n).
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(a) ;Cuéles son las dimensiones posibles de ker A y Im A?

(b) Para cada j = 0,1,2,3 encuentre una matriz A; € M(2 x 3) con dim(ker A;) = j, es
decir: encuentre matrices Ag, A1, A, A3 con dim(ker Ap) = 0, dim(ker A;) =1, .... Si
tal matriz no existe, explique por qué no existe.

12. (a) Encuentre una transformacién lineal de M (5x5) a M (3 x 3) diferente de la transfomacién
nula.

(b) Encuentre por lo menos dos diferentes funciones lineales biyectivas de M (2 x 2) a Ps.

(c¢) Existe una funcién lineal biyectiva S : M (2 x 2) — Py para k € N, k # 37

13. Sean V' y W espacios vectoriales.

(a) Sea U C V un subspacio y sean u1,...,u; € U. Demuestre que gen{us,...ux} C U.
(b) Sean uq,...,ux, wi,...,w, € V. Demuestre que lo siguiente es equivalente:
i genf{uy,...,ux} = gen{ws,..., W}
ii. Para todo j = 1,...,k tenemos u; € gen{wi,..., Wy} y para todo £ = 1,...,m
tenemos wy € genf{uy, ..., ug}.
iii. Sean v1,vs9,v3,...,Un € V y sea ¢ € R. Demuestre que
gen{vy, Vo, V3, ..., U} = gen{vy + cva, V2,3, ..., Um }.
(¢) Sean vy,...,ux € V y sea A :V — W una funcién lineal invertible. Demuestre que
dim gen{vy, ..., v} = dimgen{Avy, ..., Avi}. jEs verdad si A no es invertible?
1 0 1
14. (a) Sean v = 4|, o = 1], U5 = | 0| y sea B = {¥y, ¥, U3}. Demuestre que B es
7 2 2
1 0
una base de R3 y escriba los vectores Z= [ 2|, ¥= | 1 | en términos de la base B.
3 1

1 2 3 2 3 2
15. Sean R = 0 3> , S = (0 7) , T = (O 1). Demuestre que B = {R, S, T} es una base

del espacio de las matrices triangulares superiores y exprese las matrices

(o ) (0 D))

en términos de la base B.

16. Sean a; = (;) , O = (i) ,

(a) Demuestre qu A y B son bases de R2.

51 = (_i> s 52 = (g) € R? y sean A= {61,62}, B = {51,52}.

(b) Sea (¥)4 = (;) Encuentre (Z)p y & (en la representacién estandar).
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—\

(c) Sea (§)p = (g) Encuentre ()4 v ¥ (en la representacién estandar).

17. Sea B = {51,52} una base de R? y sean #; = (§>’ Ty = <_}>, T3 = (g) (dados en

coordenadas cartesianas).

(a) Sise sabe que ¥ = i’) , Tg = (g) , es posible calcular by y bs? Si sf, calctlelos. Si
B B
no, explique por qué no es posible.
(b) Si se sabe que #; = ?) , T3 = (g) , es posible calcular 51 y 52? Si si, calctlelos. Si
B

no, explique por qué no es posible.

1

(c¢) (Existen by y by tal que T1 = (?) , Ty

6 ? Si si, calcilelos. Si no, explique por
B 2)s

qué no es posible.

(d) ¢{Existen by y 52 tal que ¥y = (i) , T3 (g) ? Si si, caletlelos. Si no, explique por
B B
qué no es posible.

18. (a) Demuestre que la siguente funcién es lineal:

O M(2x2)— M(2x2), P(A) = A

(b) Sea B = {Ey, F, E3, E,} la base estandar! de M(2 x 2) . Encuentre la matriz que
representa a ¢ con respecto a esta base.

1 2 1 0 0 1 1 0
(c) SeanR—(3 4>,S—(0 1>,T—(1 0),U—(1 O)yseaC—{}LS,T,U}.

Demuestre que C es una base de M (2 x 2) y escriba ® como matriz con respecto a esta
base.

19. (a) Demuestre que T': P3 — P3, Tp = p’ es una funcién lineal.
(b) Determine ker(7T"), Im(T), dim(ker(7)), dim(Im(7)).

(c) Sea B = {1, X, X% X3} la base estandar de P;. Encuentre la matriz que representa a T
con respecto a esta base.

(d) Sean g = X +1, o = X -1, @3 = X?2+ X, ¢4 = X?+ 1. Demuestre que C =
{q1,92,q3,q4} es una base de Pj. .

(e) Encuentre la matriz con respecto a la base C que representa a T
20. Sean T : P; — P, dada por T(p) = foz p(t)dt y D : Py — P5 dada por D(p) =p/

(a) Muestre que T, D son transformaciones lineales y para cada una encuentre su kernel, su
imagen y las dimensiones del kernel y la imagen.

10 0 1 00 0 0
1 — — — —
2= 0) 7= o) == 8) 2= (0 1)
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(b) ¢Se cumple que T'(D(p)) = p para todo p € P47 En caso de que la respuesta sea negativa,
jen cudles casos se cumple?

(¢) Repetir lo del inciso anterior para D(T'(p)) donde p € Ps.

21. Sea w € R™ un vector no nulo. Muestre que existe T : R™ — R tal que TW # 0. Calcule
dim(ker T') y dim(Im 7).

22. En R"™, sea ¢ : R™ — R una transformacién lineal diferente de la trivial.
(a) Muestre que existe @ € R™ tal que ¢(Z) = (Z,%) para todo & € R". ;Cual es la

dimensién de ker ¢? ;Sin =2 é n =3 como luce ker ¢?

(b) Sean v; = (}), vy = _(2)> y v3 = (_?) Encuentre algiin ¢ : R? — R tal que

o(th), p(U2)y (U3) son todos diferentes de 0.

(c) Sean @y, s, ..., U, vectores de R? todos distintos de 0. Muestre que existe p:R? 5 R
tal que ¢ no se anula en ninguno de ellos.
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Chapter 7

Orthonormal bases and orthogonal
projections in R"

In this chapter we will work in R™ and not in arbitrary vector spaces since we want to explore in
more detail its geometric properties. In particular we will discuss orthogonality. Note that in an
arbitrary vector space, we do not have the concept of angles or orthogonality. Everything that we
will discuss here can be extended to inner product spaces where the inner product is used to define
angles. Recall that we showed in Theorem 2.19 that for non-zero vectors #, ¢ € R™ the angle ¢
between them satisfies the equation

(Z,
]|

&

cosp = .
14
In a general inner product space (V, (-,-)) this equation is used to define the angle between two
vectors. In particular, two vectors are said to be orthogonal if their inner product is 0. Inner
product spaces are useful for instance in physics, and maybe in some not so distant future there
will be chapter in these lecture notes about them.

<y

First we will define what the orthogonal complement of a subspace of R™ is and we will see that
the direct sum of a subspace and its orthogonal complement gives us all of R"™.

We already know what the orthogonal projection of a vector Z onto another vector i # 0 is (see
Section 2.3). Since it is independent of the norm of ¢, we can just as well consider it the orthogonal
projection of & onto the line generated by ¢. In this chapter we will generalise the concept of an
orthogonal projection onto a line to the orthogonal projection onto an arbitrary subspace.

As an application, we will discuss the minimal squares method for the approximation of data.

7.1 Orthonormal systems and orthogonal bases

Recall that two vectors & and ¥ are orthogonal (or perpendicular) to each other if and only if
(Z,%) = 0. In this case we write & L ¢.

279
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Definition 7.1. (i) A set of vectors &1, ...,Zx € R™ is called an orthogonal set if they are
pairwise orthogonal; in formulas we can write this as

(Zj, %) =0 for j#L

(ii) A set of vectors Ty, ..., T € R™ is called an orthonormal set if they are pairwise orthonormal;
in formulas we can write this as
L. 1 forj=4¢,
(Z;,20) =

0 forj#¢.

The difference between an orthogonal and an orthonormal set is that in the latter we additionally
require that each vector of the set satisfies (Z;,Z;) = 1, that is, that ||Z;|]] = 1. Therefore an
orthogonal set may contain vectors of arbitrary lengths, including the vector 0, whereas in an
orthonormal all vectors set must have length 1. Note that every orthonormal system is also an
orthogonal system. On the other hand, every orthogonal system which does not contain 0 can be
converted to an orthonormal one by normalising each vector (that is, by dividing each vector by its

norm).

Examples 7.2. (i) The following systems are orthogonal systems but not orthonormal systems
since the norm of at least one of their vectors is different from 1:

(D @R ORL0) () (2

(ii) The systems following systems are orthonormal systems:

(B B0 ) () (5

Lemma 7.3. Every orthonormal system is linearly independent.

Proof. Let &y, ..., % be an orthonormal system and consider
0=o1Z71 +aoZo + + apn_1Tn_1 + anZn.-

We have to show that all a; must be zero. To do this, we take the inner product on both sides
with the vectors &;. Let us start with ;. We find

<6,f1> = (11 + T+ -+ ap_1Zn—1 + anZy , 1)

=0 (T1,Z1) + 0T, T1) + -+ A1 (Tp1, Tno1) + n(Zn , T1).

Since (6,fl> =0, (#1,71) = |#1]]? = 1 and (Z2,71) = -+ = (Tp_1,Tn_1) = (Tn,71) = 0, it
follows that

0=a1+0+--+0=aqy.

Now we can repeat this process with ¥y, @3, ..., Z, to show that as =--- = a,, = 0. O
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Remark. The lemma shows that every orthogonal system of n vectors in R™ \ {6} is a basis of R™.

Definition 7.4. An orthonormal basis of R™ is a basis whose vectors are additionally an orthogonal
set. Occasionally we will write ONB for “orthonormal basis”.

Examples 7.5 (Orthonormal bases of R").
(i) The canonical basis €, ..., &, is an orthonormal basis of R™.

(ii) The following systems are examples of orthonormal bases of R:
{7 () 301 76 wm ) 0)
V2 \-1)" 2 \1) )" \v1i3\3)  v1i3 \ 2/)) |5\4)’

(iii) The following systems are examples of orthonormal bases of R3:

1 1 1 1 1 -1 1
1

1 -3 1
— — — 2 1 0 L -5
V3 1 V2 0 V6 9 V14 3 V10 1 35 3

Exercise 7.6. Show that every orthonormal basis of R? is of the form { (COS@ ( sl 90) }

sinp/)’ \ cosp
T {(C(.)S SO) , ( S )} for some ¢ € R. See also Exercise 7.13.
sin ¢ —cosp

We will see in Corollary 7.27 that every orthonormal system in R™ can be completed to an or-
thonormal basis. In Section 7.5 we will show how to construct an orthonormal basis of a subspace
of R™ from a given basis. In particular it follows that every subspace of R™ has an orthonormal
basis.

Orthonormal bases are very useful. Among other things it is very easy to write a given vector
w € R™ as a linear combination of such a basis. Recall that if we are given an arbitrary basis
Z1, ..., 2, of R™ and we want to write a vector & as linear combination of this basis, then we have
to find coefficients o, ..., a, such that £ = o121+ - -+ a,, 2, which means we have to solve an xn
system in order to determine the coefficients. If however the given basis is an orthonormal basis,
then calculating the coefficients reduces to evaluating n inner products as the following theorem
shows.

Theorem 7.7 (Representation of a vector with respect to an ONB). Let #1, ..., %, be an
orthonormal basis of R™ and let W € R™. Then

Proof. Since %y, ..., %, is a basis of R", there are aq, ..., a, € R such that
W= 1T1 + aoZo + -+ + anpZyp.

Last Change: So 24. Mai 07:57:13 CEST 2026
Linear Algebra, M. Winklmeier
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Now let us take the inner product on both sides with &; for j =1, ..., n. Note that (Zy,Z;) =0
if £ 7éj and that <fj ,.fj> = ||fj||2 =1.

<7Ijafj> = <Oélfl + e + - - + andy >fj>
= Oé1<f1 ,fj> + 042<f2,fj> + -+ Oén<fn ,fj)
:Oéj<fj,fj> :Oéj. O

Note that the proof of this theorem is essentially the same as that of Lemma 7.3. In fact, Lemma 7.3
follows from the theorem above if we choose w = 0.

Exercise 7.8. If 71, ..., 7, are an orthogonal, but not necessarily orthonormal basis of R", then
we have for every w € R™ that

— <1l77i"1> — <'U_)‘,£E’2> — <U_jvf’n> —
W= —— 1+ ——= Lo+ -+ ———F5 Tp.
1212 1722 17l "
(You can either use a modified version of the proof of Theorem 7.7 or you define y; = ||7;||~'Z;,
show that #1, ..., ¥, is an orthogonal basis and apply the formula from Theorem 7.7.)

You should now have understood

e what an orthogonal system is,
e what an orthonormal system is,

e what an orthonormal basis is,

why orthogonal bases are useful,

e etc.
You should now be able to

e check if a given set of vectors is an orthogonal/orthonormal system,

e check if a given set of vectors is an orthogonal/orthonormal basis of the given space,
e check if a given basis is an orthogonal or orthonormal basis,

e give examples of orthonormal basis,

e find the coefficients of a given vector with respect to a given orthonormal or orthogonal
basis.

e etc.

Ejercicios.

1. De los ejercicios anteriores, verifique si el conjunto dado es una base ortonormal del espacio
vectorial V' al que se refiere.

v () ()
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v (1) ()

(c) En R? considerar V = la recta 3x — 2y = 0, {\/11*3 <§) }

1 -1 1 8
3 ; _ 1 1
(d) En R® considerar V' = span 21, 21 7, 7= 4], == -2
—1 3 0 —17
1\ /-1 1 1 1 ~1
(e) EnR3 considerar V = span 21,1 o), 6] ¢, Lo, L -1, 1
3 4 17 V2 0 ve 2 V3 -1

2. ;Para qué valores de a, b es el conjunto es una base ortogonal de R3?

2 1 b —5a
0, (a], 4
-1 2 1

3. En R?, sea 7 = (Z

7 existen? ;Cuéntas bases ortogonales {7, 72} de R? existen tales que |7 = ||Ta]| ?

> un vector no nulo. ;Cudntas bases ortogonales de R? que contienen a

4. El siguiente ejercicio pretende obtener una base ortonormal del plano E : ax + by 4+ cz = 0
con herramientas vistas hasta ahora.

(a) Considere un vector ¥; paralelo a F con ¥ # 0. Sea 7 algtn vector normal de F y

tome U5 = v7 X 1. Demuestre ”g—lu, ”:}i—i”} es una base ortonormal de F, (observe que
o1 P2 ot es una base ortonormal de R?).
ool o200 N7l
i
E
W /
w5

(b) Para el plano F : z + 2y + 3z = 0, obtenga una base ortonormal y complétela a una base
ortonormal de R3.
1
(c) Escriba | 2| en términos de la base que obtuvo del inciso anterior.
3
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5

(d) Sea L : § = 4 = £. ;Puede obtener una base ortonormal de R3 que contenga algin
rde L?

vector directo

5. Sea B cualquier base de R™ y sean ¢y, 72 € R™. Si ([th]5, [th]g) = 0 jse sigue que ¥ L #57

7.2 Orthogonal matrices

We already saw that it is very easy to express a given vector as linear combination of the members
of an orthonormal basis. In this section we want to explore the properties of the transition matrices
between two orthonormal bases of R™.

Let B = {uy, ..., 4y} and C = {uy, ..., W,} be orthonormal bases of R™. Let Q = Ap_,¢ be the
transition matrix from the basis B to the basis C. We know that its entries g;; are the uniquely
determined numbers such that

q11 qin
uy = | - = q11W1 + - + Gn1Wn, cee Up = = qipW1 + -+ + GnpWn.

dn1 I dnn c

Since C is an orthonormal basis, it follows that ¢;; = (t; , @;), see Theorem 7.7. Therefore

(U, W) (Ug, W) -------- (U, , W1)

(U ,Wa) (U, Wa) -+ (U, , Wa)
Ap_c = :

<61 ) u_}n> <’LL2 ) u_}n> """" <’L_’:n ) wn)

<U71 ,ﬁ1> <’U}2,U1> """" <’wn,U1> <_'17U11> <u1,w2> """" <U1,wn>
Aoy = <w1 ,U2> <w2 ,U2> """" <wn ,U2> _ <U2 ,w1> <U2 ,w2> """" <u2 7wn>
(W, ty) (W, tpn) - (W, , Un) (U W) (Up i) - (i, , Wp)

This shows that Ac_,5 = (Ag_c)’. If we use that Ac_,5 = (Ag_c) !, then we find that
(Ap=e) ™' = (Asoe)".

From these calculations, we obtain the following lemma.

Lemma 7.9. Let B = {id;, ..., 4y} and C = {1, ..., W,} be orthonormal bases of R™ and let
Q = Ap_,c be the transition matriz from the basis B to the basis C. Then
Q=q"
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Definition 7.10. A matrix A € M(n x n) is called an orthogonal matriz if it is invertible and
At = AL

Proposition 7.11. Let Q € M(n x n). Then the following is equivalent:

(i) Q is an orthogonal matriz.
(ii) Q! is an orthogonal matriz.

(iii) Q! exists and is an orthogonal matriz.

Proof. (i) = (ii): Assume that @ is orthogonal. Then it is invertible, hence also Q' is invertible
by Theorem 3.51 and (Q%)~! = (Q~1)! = (Q!)! = @ holds. Hence Q! is an orthogonal matrix.

(i) = (i): Assume that Q° is an orthogonal matrix. Then (Q!)! = Q must be an orthogonal
matrix too by what we just proved.

(i) = (iii): Assume that Q is orthogonal. Then it is invertible and (Q~!)~! = (Q")~! = (Q1)*
where in the second step we used Theorem 3.51. Hence Q! is an orthogonal matrix.

(iii) = (i): Assume that @~! is an orthogonal matrix. Then its inverse (Q=1)~! = @ must be
an orthogonal matrix too by what we just proved. O

By Lemma 7.9, every transition matrix from one ONB to another ONB is an orthogonal matrix.
The reverse is also true as the following theorem shows.

Theorem 7.12. Let Q € M(n x n). Then:

(i) @ is an orthogonal matriz if and only if its columns are an orthonormal basis of R™.
(ii) Q is an orthogonal matriz if and only if its rows are an orthonormal basis of R™.
(iii) If Q is an orthogonal matriz, then |det Q| = 1.
Proof. (i): Assume that @ is an orthogonal matrix and let ¢; be its columns. We already know

that they are a basis of R" since @ is invertible. In order to show that they are also an orthonormal
system, we calculate

B C1,C1) (C1,C2) - (€1,Cn)
C1 . - JEON
. N 5 cQacl> <c2 7c2> """" <627CTL>
d=Q'Q=|: |[@l]-- &)= : ; (7.1)
4 E :
<6n s Cl> <Cn 7€2> """" <€n , €n>

Since the product is equal to the identity matrix, it follows that all the elements on the diagonal
must be equal to 1 and all the other elements must be equal to 0. This means that (¢;,¢;) =1 for
j=1,...,nand (¢ ,¢&) = 0 for j # k, hence the columns of Q) are an orthonormal basis of R".

Now assume that the columns ¢y, ..., &, of Q are an orthonormal basis of R”. Then clearly (7.1)
holds which shows that @ is an orthogonal matrix.

(ii): The rows of @ are the columns of Q' hence they are an orthonormal basis of R™ by (i) and
Proposition 7.11 (ii).
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(iii): Recall that det Q' = det Q. Therefore we obtain
1 = detid = det(QQ") = (det Q)(det Q") = (det Q)?,

which proves the claim. O

Clearly, not every matrix R with | det R| = 1 is an orthogonal matrix. For instance, if R = <1 1),

then det R = 1, but R~ = <(1) _}> is different from R = (1 (1))

Question 7.1

Assume that @, ..., @, € R™ are pairwise orthogonal and let R € M (n x n) be the matrix whose
columns are the given vectors. Can you calculate R*R and RR!? What are the conditions on the
vectors such that R is invertible? If it is invertible, what is its inverse? (You should be able to
answer the above questions more or less easily if ||@;|| = 1 for all j = 1,...,n because in this case
R is an orthogonal matrix.)

Exercise 7.13. Show that every orthogonal 2 x 2 matrix is of the form @ = <COS<'D — el ('0>

singp  cosp

or Q = (CPS(‘O S ) Compare this with Exercise 7.6.
sing —cosp

Exercise 7.14. Use the results from Section 4.3 to prove that |det Q| = 1 if @ is an orthogonal
2 X 2 or 3 x 3 matrix.

It can be shown that every orthogonal matrix represents either a rotation (if its determinant is 1)
or the composition of a rotation and a reflection (if its determinant is —1).

Orthogonal matrices in R%. Let Q € M(2 x 2) be an orthogonal matrix with columns ¢ and

Ca. Recall that Q€; = ¢; and QQ€; = ¢5. Since ¢ is a unit vector, it is of the form ¢; = (ZIOI? g) for
some @ € R. Since ¢ is also a unit vector and in addition must be orthogonal to ¢i, there are only

the two possible choices &+ = <_ St 4‘0) or o~ = ( st g0), see Figure 7.1.
cos ¢ —Ccos p

e In the first case, det Q = det(ci|éa™) = det (C(.)Sw T
sing  cosg

represents the rotation by ¢ counterclockwise.

) = cos? ¢ +sin?p = 1 and Q

_ ooy cos ¢ sinp o .9
e In the second case, det Q = det(c1]|c2~) = det <sin<p _ cos @) = —cos® p —sin“p = —1.

and @ represents the rotation by ¢ counterclockwise followed by a reflection on the direction
given by ¢ (or: reflection on the z-axis followed by the rotation by ¢ counterclockwise).
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' /g\ Y
~ cos
’ C1 — .
€24 €2+ _ ( 7(21119’9) ( sin ¢ )
(a) . / m
€1
v /Q\ ,
s cos
€2ﬂ Cl:(smj)
(%)
(b) ) m

oY

[

= — sin ¢
C2 _(7005@)

FIGURE 7.1: In case (a), @ represents a rotation and det A = 1. In case (b) it represents rotation
followed by a reflection and det @ = —1.

Exercise 7.15. Let ) be an orthogonal n x n matrix. Show the following.

(i) @ preserves inner products, that is (Z,¢) = (QZ, Q) for all ¥, € R™.
(ii) @ preserves lengths, that is ||Z|| = [|QZ]|| for all Z € R™.
(iii) @ preserves angles, that is <((Z, 7) = <(QZ, Q¥) for all Z,7 € R\ {0}.

Exercise 7.16. Let Q € M(n X n)
(i) Assume that @Q preserves inner products, that is (¥, ¢) = (QZ, Qy) for all Z, ¢ € R™. Show
that @ is an orthogonal matrix.

(ii) Assume that @Q preserves lengths, that is ||Z|| = ||QZ]| for all. Show that @ is an orthogonal
matrix.

Exercise 7.15 together with Exercise 7.16 show the following.

A matrix @ is an orthogonal matrix if and only if it preserves lengths if and only if it preserves
angles. That is

Q is orthogonal <+«—= Q'=Q!
— (QZ,Qy)=(Z,y) forall Z yecR"
— ||QZ|| = |¥|| forall ¥eR™

Definition 7.17. A linear transformation T : R™ — R™ is called an isometry if | TZ| = ||&]| for
all ¥ € R™.
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Note that every isometry is injective since T'Z = 0 if and only if & = 0, therefore necessarily n < m.

You should now have understood

e that a matrix is orthogonal if and only if it represents change of bases between two orthonor-
mal bases,

e that an orthogonal matrix represents either a rotation or a rotation composed with a reflec-
tion,

e etc.
You should now be able to

e check if a given matrix is an orthogonal matrix,
e construct orthogonal matrices,

e etc.

Ejercicios.

1. Verifique que las siguientes matrices son ortogonales.

1 0 0 costy 0 —sind costy —sind 0
0 cosv —sind |, 0 1 0 , sin® cos?d O
0 sind cosd sind 0 cosd 0 0 1

,Cudl es la interpretacién geométrica de cada una? Ver 3.4 ejercicio 6..

2. Para el plano E : 22 + y — z = 0, obtenga una base B ortonormal de R? tal que sus dos
primeros vectores sean una base de E. Obtenga Ag_scan ¥ Acan—B-

3. Encuentre por lo menos seis isometrias distintas de R? a R3.

4. Sean A, B € M(n X n):

(a) Si AB es ortogonal. jSe puede concluir que A y B deben ser matrices ortogonales?

(b) Si A,B son matrices ortogonales. ;Se puede concluir que AB es una matriz ortogonal?
5. SeaT:R" = R™ y Q € M(nxn)

(a) Demuestre que T es una isometria siy solo si (T'z,Ty) = (x,y) para todo z,y € R™ (por
ende T preserva dngulos). (Hint: Basta hacer lo mismo que en el ejercicio 7.16 parte

(ii)).
(b) Muestre que @ es una matriz ortogonal si y solo si @ es una isometria
(¢) Sea By ={éi,...,e,} labase candnica de R y suponga que T es una isometria. Muestre

que {T'éy,...,T¢,} es un sistema ortonormal de vectores.

6. Sea & € R™. Muestre que T(Z) = (x,1)Té1 + -+ + (x,,)TE,.
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7.3 Orthogonal complements

In this section we will learn how to find all the vectors that are orthogonal to a given subspace U
of R™. This set is called the orthogonal complement of U. We start with its formal definition.

Definition 7.18. Let U be a subspace of R™.

(i) Let U be a subspace of R". We say that a vector £ € R™ is perpendicular to U if it is
perpendicular to every vector in U. In this case we write & L U.

(i) The orthogonal complement of U is denoted by UL and it is the set of all vectors which are
perpendicular to every vector in U, that is

Ut ={fecR":Z LU} ={FcR": & L i for every @ € U}.
We start with some easy observations.

Remark 7.19. Let U be a subspace of R™.
(i) U™ is a subspace of R™.
(i) UNU* = {0}.
(i) (™) = {5}, {O}* = R".
Proof. (i) Clearly, 0 € UL. Let Z,ij € U+ and let ¢ € R. Then for every @ € U we have that
(T4 cif, i) = (T ,1d) +c(if, @) =0, hence T+ cyj € U+ and U~ is a subspace by Theorem 5.10.

(ii) Let Z € UNUL. Then it follows that & L Z, hence ||Z||?> = (Z, &) = 0 which shows that & = 0
and therefore U N U+ consists only of the vector 0.

(iii) Assume that & € (R")*. Then # L ¢ for every i € R", in particular also # | #. Therefore
|Z]|?> = (#,%) = 0 which shows that # = 0. It follows that ¥ € (R")~.

—,

It is clear that (Z,0) = 0, hence R" C {0}~ C R™ which proves that {0}* = R". O

Examples 7.20. (i) The orthogonal complement of a line in R? is again a line, see Figure 7.2.

(ii) The orthogonal complement of a line in R? is the plane perpendicular to the given lines. The
orthogonal complement to a plane in R3 is the line perpendicular to the given plane, see
Figure 7.2.

The next goal is to show that dimU + dimU+ = n and to establish a method for calculating
U~L. To this end, the following lemma is useful. It tells us that in order to verify that some & is
perpendicular to U we do not have to check that & 1 @ for every @ € U, but that it is enough to
check it for a set of vectors @ which generate U.

Lemma 7.21. Let U = span{iy, ..., @x} C R". Then & € UL if and only if ¥ L ii; for every
=1,k
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FIGURE 7.2: The figure on the left shows the orthogonal complement of the line L in R? which is the
line G. The figure on the right shows the orthogonal complement of the plane U in R® which is the
line H. Note the orthogonal complement of H is U.

Proof. Suppose that & 1 U, then & 1 « for every @ € U, in particular for the generating vectors
U1, ..., Uy. Now suppose that & L @; for all j =1, ..., k. Let @ € U be an arbitrary vector in U.
Then there exist aq, ..., ax € R such that @ = ayu; + - -+ + Upag. So we obtain
(Z,0) = (T, o1ty + - -+ + Upoy) = (T, 0q0tU1) + - - + ag @, Uy) = 0.
Since @ can be chosen arbitrary in U, it follows that & L U. O
Theorem 7.22. Let A€ M(m x n). Then
ker(A) = (Ra)*t = (Im AY)L.
Proof. Let 7,...,7, be the rows of A. Since Ry = span{r,...,7,}, it suffices to show that

Zeker(A)ifand only if L 7 forall j =1,...,m.
By definition & € ker(A) if and only if

L
I
b
8
Il

I

— —

T, T (P, @)

This is the case if and only if (7;,Z) = 0 for all j = 1,...,m, that is, if and only if ¥ L #; for all
j=1...,m. O

Alternative proof of Theorem 7.22. Observe that Ry = Cy+ = Im(A?). So we have to show that
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ker(A) = (Im(A?%))L. Recall that (Az,y) = (z, A'y). Therefore

x€ker(A) < Ax=0 < Az L R™
< (Az,y)=0for all y € R™
= (v,A%y) =0forally € R"™ <= z € (Im(A"))". O

The theorem above leads to a method for calculating the orthogonal complement of a given subspace
U of R™ as follows.

Lemma 7.23. Let U = span{dy, ..., tx} C R™ and let A be the matriz whose rows consist of the

vectors Uy, ..., Ug. Then
Ut =ker A. (7.2)

Proof. Let ¥ € R". By Lemma 7.21 we know that ¥ € Ut if and only if ¥ L i; for every
j=1,..., k. This is the case if and only if

(tp,7) =0 i 0
<H2 7f> =0 ﬁg 0

which can be written in matrix form as 1=
(@, ) =0 U 0

which is the same as AZ = 0 by definition of A. In conclusion, # L U if and only AZ = 0, that is,
if and only if & € ker A. O

In Example 7.28 we will calculate the orthogonal complement of a subspace of R*.

The next two theorems are the main results of this section.

Theorem 7.24. For every subspace U C R™ we have that

dimU + dim U+ = n. (7.3)
Proof. Let iy, ..., Uy be a basis of U. Note that & = dimU. Then we have in particular U =
span{dy, ..., Ug}. As in Lemma 7.21 we consider the matrix A € M(k x n) whose rows are the
vectors i1, ..., dy. Then Ut = ker A, so

dim U+ = dim(ker A) = n — dim(Im A).

Note that dim(Im A) is the dimension of the column space of A which is equal to the dimension of
the row space of A by Proposition 6.32. Since the vectors w7, ..., U are linear independent, this
dimension is equal to k. Therefore dimU+ = n — k = n — dimU. Rearranging we obtained the
desired formula dim U+ 4 dim U = n.

(We could also have said that the reduced form of A cannot have any zero row because its rows
are linearly independent. Therefore the reduced form must have k pivots and we obtain dim U+ =
dim(ker A) = n — #(pivots of the reduced form of A) =n —k =n —dimU. We basically re-proved
Proposition 6.32.) O
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Theorem 7.25. Let U C R"™ be a subspace of R™. Then the following holds.
(i) U U+ =R".
(i) (UH)*+ =U.

Proof. (i) Recall that UNU+ = {0} by Remark 7.19, therefore the sum is a direct sum. Now let
us show that U 4+ U+ = R™. Since U + U+ C R", we only have to show that dim(U +U+) =
n because the only n-dimensional subspace of R™ is R™ itself, see Theorem 5.54. From
Proposition 5.62 and Theorem 7.24 we obtain

dim(U + U™) = dim(U) + dim(U*) — dim(U N U*) = dim(U) + dim(U+) =n
where we used that dim(U N U+) = dim{0} = 0.

(ii) First let us show that U C (U1)+. To this end, fix @ € U. Then, for every i € UL, we have
that (#,%) = 0, hence ¥ | U1, that is, ¥ € (U+)+. Note that dim(U+)* = n —dim U+ =
n—(n—dimU) = dimU. Since we already know that U C (U+)=, it follows that they must
be equal by Theorem 5.54. O

The next proposition shows that every subspace of R™ has an orthonormal basis. Another proof of
this fact will be given later when we introduce the Gram-Schmidt process in Section 7.5.

Proposition 7.26. FEvery subspace U C R™ with dimU > 0 has an orthonormal basis.

Proof. Let U be a subspace of R” with dim U = k& > 0. Then dim U+ = n — k and we can choose
a basis Wyt 1, ..., w, of UL. Let Ag € M((n — k) x n) be the matrix whose rows are the vectors
Wil -5 Wy Since U = (UL)+, we know that U = ker Ag. Pick any i, € ker Ay with i, # 0.
Then @; € U. Now we form the new matrix A; € M((n—k+1)xn) by adding @ as a new row to the
matrix Ag. Note that the rows of A; are linearly independent, so dim ker(A;) = n—(n—k+1) = k—1.
If k—1 > 0, then we pick any vector iy € ker A; with iy # 0. This vector is orthogonal to all the rows
of Ay, in particular it belongs to U (since it is orthogonal to W1, ..., W,) and it is perpendicular
to @y € U. Now we form the matrix As € M((n—k+2) xn) by adding the vector iy as a row to Aj.
Again, the rows of As are linearly independent and therefore dim(ker A2) =n—(n—k+2) = k—2.
If Kk —2 > 0, then we pick any vector w3 € ker Ay with U3 # 0. This vector is orthogonal to all
the rows of Ag, in particular it belongs to U (since it is orthogonal to Wyy1, ..., W,) and it is
perpendicular to 4y, iy € U. We continue this process until we have vectors w1, ..., U € U which
are pairwise orthogonal and the matrix Ay € M(n x n) consists of linearly independent rows, so its
kernel is trivial. By construction, iy, ..., i is an orthogonal system of k vectors in U with none of
them being equal to 0. Hence they are linearly independent and therefore they are an orthogonal
basis of U since dimU = k. In order to obtain an orthonormal basis we only have to normalise
each of the vectors. O

Corollary 7.27. Every orthonormal system in R™ can be completed to an orthonormal basis.

Proof. Let Wy, ..., W be an orthonormal system in R™ and let W = span{, ..., w}. By Propo-
sition 7.26 we can find an orthonormal basis i, . . . @6, of W+ (take U = W+ in the proposition).
Then @, ..., W, @] ..., dn_y is an orthonormal basis of U @& U+ = R". O
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We conclude this section with a few examples.

Example 7.28. Find a basis for the orthogonal complement of

U = span

IENEGUR R
O = O =

Solution. Recall that Z € U if and only if it is perpendicular to the vectors which generate U.
Therefore ¥ € U+ if and only if it belongs to the kernel of the matrix whose rows are the generators
of U. So we calculate

1234_}1234_}1010
1 010 0 -2 -2 -4 011 2/

Hence a basis of U+ is given by

0 -1

- -2 - -1

w1 = K Wo = 1 <
1 0

Example 7.29. Find an orthonormal basis for the orthogonal complement of

1 1

2 0
U = span NERE
4 0
Solution. We will use the method from Proposition 7.26. Another solution of this exercise will be
given in Example 7.44. From the solution of Example 7.28 we can take the first basis vector ;.
We append it to the matrix from the solution of Example 7.28 and reduce the new matrix (note

that the first few steps are identical to the reduction of the original matrix). We obtain

1 2 3 4 1 0 1 0 1010
1 010 — 0 1 1 2 — 01 1 2
0 -2 0 1 0 -2 0 1 0 0 2 5
whose kernel is generated by
5
1
-5
2

Hence an orthonormal basis of U~ is given by

ot

0
. L -2 "

1
yl—ﬁ ol 92—5 _5

—_

_
()
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You should now have understood

e the concept of the orthogonal complement,

e in particular the geometric interpretation of the orthogonal complement of a subspace (at
least in R? and R3),

e etc.
You should now be able to

e find the orthogonal complement of a given subspace of R™,
e find an orthogonal basis of a given subspace of R,

e etc.

Ejercicios.

1. Encuentre el complemento ortogonal de los siguientes conjuntos:

()

(b) La interseccién de los planos z + 2y + 5z = 0, 2z — 3y — 4z = 0.

1 -1
(¢c) span -2, 1
3 2

(d) La imagen de la transformacién lineal T : R® — R* dada por:

2r +y— 3z

3z 4+ 2y — 5z
r—y

—x —3y+4z

2. En R%, encuentre una base ortonormal del hiperplano z —y 4+ w = 0.

3. Se dan un vector ¢ y un subespacio W. En cada caso escriba ¥ como la suma de un elemento
en W con un elemento de W+. Adicional encuentre una base ortonormal para W-.

(a) v= (‘2) yWZSpan{<_D}.

-1
1| y Wesel plano 2x +y + 22 = 0.
3

10
—1| yWeslarectaz =0,% = 3z.
6

(b) @

f\
o
2
S

I
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1 T
(d) v= 7;) y W= Z ERY:y=22+w,z=2—-2w
2 w

4. Sea U un subespacio de R™. Muestre que (U+)* = U.

5. Sea A € M(nxm)y W el espacio generado por las columnas de A. Muestre que todo @ € R"
puede ser escrito como la suma de dos elementos @, b tales que @ € ker A y b€ W.

7.4 Orthogonal projections

Recall that in Section 2.3 we discussed the orthogonal projection of one vector onto another in R2.
This can clearly be extended to higher dimensions. Let U, @ € R™ with @ # 0. Then
oo (0, w)
projg v := TGEE w (7.4)
is the unique vector in R™ which is parallel to @ and satisfies that ¥ — proj; U is orthogonal to
. We already know that the projection is independent on the length of w. So proj; ¢ should be
regarded as the projection of ¥ onto the one-dimensional subspace generated by .

In this section we want to generalise this to orthogonal projections on higher dimensional subspaces,
for instance you could think of the projection in R? onto a given plane. Then, given a subspace U
of R™ we want to define the orthogonal projection as the function from R™ to R™ which assigns to
each vector ¥ its orthogonal projection onto U. We start with the analogue of Theorem 2.22.

Theorem 7.30 (Orthogonal projection). Let U C R"™ be a subspace and let ¥ € R™. Then there
exist uniquely determined vectors U and U1 such that

17” e, v, LU and = 17|‘+17J_ (75)

The vector v is called the orthogonal projection of @ onto U; it is denoted by proj;; v.

Proof. First we show the existence of the vectors ) and v,. If U = R", we take ¥ = ¢ and
7, = 0. If U = {0}, we take v = 0 and @, = 7. Otherwise, let 0 < dimU = k < n. Choose
orthonormal bases iy, ..., 4 of U and W41, ..., W, of U+. This is possible by Theorem 7.24
and Proposition 7.26. Then 1, ..., Uy, Wgy1, ..., Wy is an orthonormal basis of R™ and for every

¥ € R™ we find with the help of Theorem 7.7 that

—\

U= (ty,0)Uy + - + (Uy , 0)ig + (Wgt1, O)Wgq1 + « - + (W, V)W, -

€U eUut

If we set o) = (i, V)ty + -+ + (U, V)t and U = (Wgy1,V)Wey1 + -+ + (Wp , U)Wy, then they
have the desired properties.
Next we show uniqueness of the decomposition of #. Assume that there are vectors @) and 2| € U
and ¥, and Z| € U+ such that ¥ = 17” + 7, and U = ZH + 2. Then ’JH + U = ZH + Z| and,
rearranging, we find that

v~ F =2 — UL

—_——

eU eUvt
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Since U N U+ = {0}, it follows that o) —Z = 0 and Z, — @, = 0, and therefore 7| = ¥ and
ZL=7,.

Definition 7.31. Let U be a subspace of R™. Then we define the orthogonal projection onto U as
the map which sends ¢ € R™ to its orthogonal projection onto U. It is usually denoted by Py, so

PUZRn%Rn, PUUZI)I‘OjUﬁ.

Remark 7.32 (Formula for the orthogonal projection). The proof of Theorem 7.30 indicates
how we can calculate the orthogonal projection onto a given subspace U C R™. If uy, ..., i is an
orthonormal basis of U, then

— —

Py = (@1, Dty + - - + (@ , Tl (7.6)

This shows that Py is a linear transformation since Py (& + ¢if) = PyZ + cPyy follows easily from
(7.6).

Exercise. If 4y, ..., 4} is an orthogonal basis of U (but not necessarily orthonormal), show that
L (U1, 0) (Ur,0)
Pyt = -— U+ -+ =5 Uk (7.7)
[l ]| [k ||*

Remark 7.33 (Formula for the orthogonal projection for dimU = 1). If dimU = 1, we
obtain again the formula (7.4) which we already know from Section 2.3. To see this, choose & € U

with @ # 0. Then ' = |||~ is an orthonormal basis of U and according to (7.6) we have that
gy gn 1 N 1N o (W, T)
proj # = projy 7 = (a7 = (||~ 7) (|| =) = | (. ) = ol

Remark 7.34 (Pythagoras’s Theorem). Let U be a subspace of R”, ¥ € R™ and let ¥ and v/,
be as in Theorem 7.30. Then
13117 = 131> + 1711,

Proof. Using that o)) L ¢, we find

151> = (@, 0) = () + 0L, T + 1) = (§), 7)) + (T, TL) + (Fo, 7)) + (Fo,T1)

. S .- S 2
= (¥, 7)) + (UL, 1) = [[7)]° + |vL ]| O

Exercise 7.35. Let U be a subspace of R" with basis 1, ..., @ and let Wy41, ..., W, be a basis
of U*. Find the matrix representation of Py with respect to the basis 1, ..., Uy, Weit, - -, Wn-

Exercise 7.36. Let U be a subspace of R”. Show that Py = id —Py. (You can show this either
directly or using the matrix representation of Py from Exercise 7.35.)

Exercise 7.37. Let U be a subspace of R". Show that (P;)? = Py. (You can show this either
directly or using the matrix representation of Py from Exercise 7.35.)
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FIGURE 7.3: The figure shows the orthogonal projection of the vector ¥ onto the subspace U (which is
a vector) and the distance of ¥ to U (which is a number. It is the length of the vector (¥ — proj,; ¥)).

Exercise 7.38. Let U be a subspace of R™.

(i) Find ker Py and Im Py .
(ii) Find Py. Py and Py Py..

In Theorem 7.30 we used the concept of orthogonality to define the orthogonal projection of ¢ onto
a given subspace. We obtained a decomposition of ¥ into a part parallel to the given subspace and
a part orthogonal to it. The next theorem shows that the orthogonal projection of ¥ onto U gives
us the point in U which is closest to .

Theorem 7.39. Let U be a subspace of R™ and let v € R™. Then Pyv is the point in U which is
closest to U, that is,
| — Pyl < ||U—1d| for every @€ U.

Proof. Let ¥ € R” and @ € U C R™. Note that ¢ — Py¥ € Ut and that Py% — @ € U since both
vectors belong to U. Therefore, the Pythagoras theorem shows that

17— @lf* = |7~ Pyo + Pyt — a|* = ||t — Pud||* + ||Py& — a@||* > ||& — Pud]*.
Taking the square root on both sides shows the desired inequality. O

Definition 7.40. as Let U be a subspace of R" and let ¢ € R. The we define the distance of ¥ to
U as
dist(0,U) := ||U — Py

Last Change: So 24. Mai 07:57:13 CEST 2026
Linear Algebra, M. Winklmeier



298 7.4. Orthogonal projections

This is the shortest distance of ¥ to any point in U.

In Remark 7.32 we already found a formula for the orthogonal projection Py of a vector ¢ to a
given subspace U. This formula however requires to have an orthonormal basis of U. We want to
give another formula for Py which does not require the knowledge of an orthonormal basis.

Theorem 7.41. Let U be a subspace of R™ with basis i1, ..., U, and let B € M(n x k) be the
matriz whose columns are these basis vectors. Then the following holds.

(i) B is injective.

(ii) B'B:R* = R* is a bijection.

(iii) The orthogonal projection onto U is given by the formula

Py = B(B'B)"'B".
Proof. (i) By construction, the columns of B are linearly independent. Therefore the unique
solution of BZ = 0 is # = 0 which shows that B is injective.

(ii) Observe that B'B € M(k x k) and assume that B*BZ = 0 for some & € R¥. Then it follows
for every i/ € R¥ that By = 0 because

0= (y,B'By) = ((B")'§,By) = (BY, By) = | B>

Since B is injective, this implies ¥ = 0, so B'B is injective. Since it is a square matrix, it
follows that it is even bijective.

(iii) Observe that by construction Im B = U. Now let & € R". Note that PyZ € Im B. Hence
there exists exactly one Z € R¥ such that PyZ = BZ. Moreover, £ — PyZ 1. U = Im B, hence
for every i € R* we have that

0= (Z— Py&,Bij) = (¥ — BZ, Bjj) = (B'% — B'BZ, ).

Since this is true for every § € R¥, it follows that B!Z — B!BZ = 0. Now we recall that B'B
is invertible, so we can solve for Z and obtain 7 = (B'B)~!B!#. This finally gives

Pyi# = BZ= B(B'B)"'B'%.
Since this holds for every & € R", formula (iii) is proved. O

You should now have understood

e the concept of an orthogonal projection onto a subspace of R,

e the geometric interpretation of orthogonal projections and how it is related to the distance
of point to a subspace,

e etc.
You should now be able to

e calculate the orthogonal projection of a point to a subspace,
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e calculate the distance of a point to a subspace,

e etc.

Ejercicios.

1. Sea E : z + 2y — z = 1. Encuentre la distancia del punto P(6,1,2) al plano E.

2. Sea L : %’1 =y+2= Z;:l. Encuentre la distancia del punto P(6,—1,0) a la recta L.
3.8 L:5=14%=z

(a) Encuentre L*.

(b) Sea T(Z) = media rotacién de Z con respecto a la recta L. Encuentre una férmula
explicita para T. (Hint: ;Ctal es la proyeccién de % en L y en L*? Vea la grafica).

L

Proyp. @

LJ_

4. Sea W un subespacio de R™ y Py la proyeccién ortogonal sobre .

(a) Sean {wh,Ws,..., W} una base ortonormal de W. Recuerde que esta base se puede
completar a una base ortonormal B de R™. ;Cémo es la representacién matricial de Py,
con respecto a la base B?

(b) Pruebe que [Py]eqn €8 una matriz simétrica.
(¢) Muestre que (Pw @ ,¥) = (¥, Pw¥) para todos T,y € R™.
(d) Muestre que Py Py = Py @ para todo & € R™.

5. Sean V, W subespacios de R™ tales que W C V. Muestre que V- C W+,

6. Sean V,W subespacios de R" tales que W C V. Muestre que Py Py = PwPy = Py.
(Hint: Py Py = Py es directo. Para probar que Py PyZ = Py & para todo & € R™, escriba
F=0+0" donde v €V yiteVt)

7. Sea W C R™ un subespacio de dimensién n. Muestre que existe una isometria 7' : R — R™
tal que Im7T = W. (Hint: Empiece escogiendo una base ortonormal para W, ver ejercicio 5.
de la seccién 7.2).
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300 7.5. The Gram-Schmidt process

7.5 The Gram-Schmidt process

In this section we will describe the so-called Gram-Schmidt orthonormalisation process. Roughly
speaking, it converts a given basis of a subspace of R™ into an orthonormal basis, thus providing
another proof that every subspace of R™ has an orthonormal basis (Corollary 7.27).

Theorem 7.42. Let U be a subspace of R™ with basis Uy, ...,uU,. Then there exists an orthonormal
basis ¥1, ..., &k of U such that
span{is, ..., U;} =span{Zy, ..., T;} forevery j=1,... k.

Proof. The proof is constructive, that is, we do not only prove the existence of such basis, but we
even show how to obtain it. The idea is to construct the new basis &1, ..., Tj step by step. In order
to simplify notation a bit, we set U; = span{ds, ..., @;} for j = 1,...,k. Note that dimU; = j
and that U, = U.

e Set ¥ = ||@1]|7 4. Then clearly ||#1] = 1 and span{i;} = span{#} = Uj.

e The vector ¥5 must be a normalised vector in Us which is orthogonal to Z7, that is, it must
be orthogonal to U;. So we simple take @y and subtract its projection onto Us:

Wy = 1y — Projy;, Uy = Uz — Projz, Uy = s — (T'1 ,Uz)T1.
Clearly wo € Uy because it is a linear combination of vectors in Us. Moreover, Wy 1 U
because

(i, 1) = (T = (@1, D)1, 31) = (@2, 80) — (B0, Do) (@1, 71) = (@, 31) — (1, 2) = 0.
Hence the vector Zs that we are looking for is
Ty = |||~ 1.
Since &y € Us it follows that span{Zy, Zo} C Us. Both spaces have dimension 2, so they must
be equal.

e The vector F3 must be a normalised vector in Us which is orthogonal to Uy = span{Z1, Z2}.
So we simple take Z3 and subtract its projection onto Us:

—

iy = iy — projy, T = s — (Proj, s + projz, @) = iis — ({71, @)1 + (7o, Wa)s ).

Clearly w3 € Us because it is a linear combination of vectors in Us. Moreover, w3 1 Us
because for j = 1,2 we obtain

(i, 3) = (T — (1, T + (2, T)T2) , )
= (T3, ;) — (T1, wWs)(T1, &) — (T2, Ws) (T2, Tj)
= (T, T;) — (T , Wis) (&, Tj) = (
Hence the vector #3 that we are looking for is
73 = |||~ ads.
Since T3 € Us it follows that span{#y, Z2, ¥3} C Us. Since both spaces have dimension 3, they

must be equal.
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We repeat this k times until we have constructed the basis 21, ..., Z.

Note that the general procedure is as follows:
e Suppose that we already have constructed %1, ..., @y. Then we first construct
Weg1 = Ugy1 — Pu, ot

This vector satisfies wWy+1 € Upy1 and Wy L Up. Note that wppq # 0 because otherwise
we would have that w41 = Py,te+1 € Up which is impossible because @p41, Uy, ..., U1 are
linearly independent. Then ¥y = ||Wpy1] " w1 has all the desired properties. O

Example 7.43. Let U = span{d;, s, @3} where

1 -1 -2
1 4 5
Gh=|0|, @=|Vv2|, @=] 0
1 3 0
1 2 1

We want to find an orthonormal basis &1, Z2, Z3 of U using the Gram-Schmidt process.

Solution. (i) 7, = ||ify||~ i, = Li;. *g
(ii) 1172 = ’17:2 — pI‘Ojf1 13:2 = ’l_fg — <fl ,’l_f2>.fl = Uy — 4.’1?1 = ’172 — 2’[71 = \/§
-3 1
1 2 0
== Ty = ||| "My = < | V2
4
1
0
(iii) w3 = U3 — projspan{iah@} i3 = Uz — [(fl 7ﬁ3>fl + <fg s ﬁg>fg] = U3 — [251 + 4:1?2]
-2 1 -3 0
5 1 2 2
= ol =1ofl=|v2|=1]-v2
0 1 1 -2
1 1 0 0
0
-2
= O =ds| s = \/g
0
Therefore the desired orthonormal basis of U is
1 -3 0
1 2 -2
1 1 1
f=-|o], @=-|v2|, @#m=—|Vv2].
T 5 ) 2= V2|, 3 /10 V2 o
1 1 2
1 0 0
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302 7.5. The Gram-Schmidt process

Note that we will obtain a different basis if we change the order of the given basis i1, Uz, U3.

Example 7.44. We will give another solution of Example 7.29. We were asked to find an orthonor-
mal basis of the orthogonal complement of

1 1

2 0

U = span 3l |1

4 0

From Example 7.28 we already know that

0 -1
n oL S -2 p -1
U~ = span{wy, W} where W] = ol Wy = 1
1 0

We use the Gram-Schmidt process to obtain an orthonormal basis @1, Zs of U.

(1) @ = ||o1|| 't = —=71.

V5

-1 0 -5
(i) 7> = @ is. W = @y — (71, TAC 2, |-1 21-21 1(-1
1) Y2 = Wz — Projz, Wz = Uz T1,U2)T1 = U2 \/5%— 1 5 ol =5 5
0 1 -2

—5

— =Bl R |

T2 = ||Y2 y2—\/% 5

-2

Therefore
0 -5

|
N
1

Sl
ot
o
no
|
&
I
ot

1 -2

You should now have understood

e why the Gram-Schmidt process works,

e etc.
You should now be able to

e apply the Gram-Schmidt process in order to generate an orthonormal basis of a given sub-
space,

e etc.
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Ejercicios.

1. Mediante proceso de Gram-Schmidt obtenga una base ortonormal del plano =z —y + z = 0.

2. Encuentre una base ortonormal de R* que contenga una base del subespacio generado por los

1 2
tor 0 -1
vectores | |, 0
0 1
1 0 0 0
1 1 0 . 0 .
3. Sea W = span ol (11 |1 yi=11| Encuentre el elemento en W maés cercano
1 1 0 1
a Uy determine la distancia de v a W.

1 2 2 =5
3 2 1 -2 . .
4. Sea A = 9 0 —1 3| Determine una base ortonormal para el espacio columna de
7T =2 1 4
A.
5. Sea FE : 2z + 3y + z = 0y Pg la proyeccion ortogonal sobre E. Encuentre bases By y B tales
5 0 0
que [Pglgz=[0 0 0 |].
0 0 V2

7.6 Application: Least squares

In this section we want to present the least squares method to fit a linear function to certain
measurements. Let us see an example.

Example 7.45. Assume that we want to measure the Hook constant k of a spring. By Hook’s law
we know that

Yy ="Yyo+km (7.8)

where yo is the elongation of the spring without any mass attached and y is the elongation of the
spring when we attach the mass m to it.
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Assume that we measure the elongation for different masses. If Hook’s law is valid and if our
measurements were perfect, then our measured points should lie on a line with slope k. However,
measurements are never perfect and the points will rather be scattered around a line. Assume that
we measured the following.

m| 23] 4]5
y |45]51[61]79

Figure 7.4 contains a plot of these measurements in the m-y-plane.

Y Y
8 ® 8 +
7+ 7t
6 e 6 I
51 o 5 |

°
4 4+
; ! ! —>m

FIGURE 7.4: The left plot shows the measured data. In the plot on the right we added the two functions
g1(z) = x+2.5, g2(z) = 1.1z + 2 which seem to be reasonable candidates for linear approximations to
the measured data.

The plot gives us some confidence that Hook’s law holds since the points seem to lie more or less
on a line. How do we best fit a line through the points? The slope seems to be around 1. We could
make the following guesses:

gi(x) =2 +25 or go(z) =11z +2
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Which of the two functions is the better approximation? Are there other approximations that are
even better?

The answer to this questions depend very much on how we measure how “good” an approximation
is. One very common way is the following: For each measured point, we take the difference
A; = mj — g(m;) between the measured value and the value of our test function. Then we
1
2

square all these differences, sum them and then we take the square root (Z?Zl(mj - g(mj))2>

see also Figure 7.5. The resulting number will be our measure for how good our guess is.

Y

3?1 Ty T3 e p—1 Tnp 1 Ty T3 e p—1 Tp

FIGURE 7.5: The graph on the left shows points for which we want to find an approximating linear
function. The graph on the right shows such a linear function and how to measure the error or

1
discrepancy between the measured points the proposed line. A measure for the error is ( ?:1 A?) 2

Before we do this for our data, we make some simple observations.

(i) If all the measured point lie on a line and we take this line as our candidate, then this method
gives the total error 0 as it should be.

(ii) We take the squares of the errors in each measured points so that the error is always counted
positive. Otherwise it could happen that the errors cancel each other. If we would simply
sum the errors, then the total error could be 0 while the approximating line is quite far from
all the measure points.

(iii) There are other ways how to measure the error, for example one could use Z?Zl |m; —g(m;)],
but it turns out the methods with the squares has many advantages. (See some course on
optimisation for further details.)

Now let us calculate the errors for our measure points and our two proposed functions.

m H 2 3] 415 m H 2 3 4|5

y ( measured 5 1161 |79 y ( measured 5.1 | 6.1 | 7.9
g1(m 4 5 6.5 | 7.5 g2(m 53 | 64 |75
y— g1 -0.4 ] 0.4 Yy — 92 -0.21-03 |04
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Therefore we find for the errors

1
Error for function g :  AM = [0? +0.6% + (—0.4)? + 0.4%]* = [0.68] ~ 0.825,

Nl

Error for function go 1 A® = [0.32 + (=0.2)2 + (=0.3)2 + 0.4%] F = [0.38]* ~ 0.616,

so our second guess seems to be closer to the best linear approximation to our measured points
than the first guess. This exercise will be continued on p. 307.

Now the question arises how we can find the optimal linear approximation.

Best linear approximation. Assume we are given measured data (z1,91),-.., (Tn,ys) and we
want to find a linear function ¢g(z) = ax + b such that the total error

n

A= [ - ga?] (79)

j=1

is minimal. In other words, we have to find the parameters a and b such that A becomes as small
as possible. The key here is to recognise the right hand side on (7.9) as the norm of a vector (here
the particular form of how we chose to measure the error is crucial). Let us rewrite (7.9) as follows:

y1 — (axq —b)
n 3 £ 3 Y2 — (ax2 —b)
A=[> w5 -9@)?]” =D - (az; - 1)?)" = .
j=1 j=1 :
Yn — (az, —b)
Y1 x1 1
Y2 T2 1
— —la]| . | +0b
Yn Tn 1
Let us set
Y1 X1 1
Y2 . T2 ~ 1
g=1 .1, =1 . and d=1|.]|. (7.10)
yn xn 1

Note that these are vectors in R™. Then
A =g — laz + bid]|

and the question is how we have to choose a and b such that this becomes as small as possible. In
other words, we are looking for the point in the vector space spanned by Z and @ which is closest
to . By Theorem 7.39 this point is given by the orthogonal projection of ¥ onto that plane.
To calculate this projection, set U = span{Z, @} and let P be the orthogonal projection onto U.
Then by our reasoning

Py = a¥ + bu. (7.11)
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Now let us see how we can calculate a and b easily from (7.11).! In the following we will assume
that & and 4 so that U is a plane. This assumption seems to be reasonable because that they are
linearly dependent would mean that z; = --- = z, (in our example with the spring this would
mean that we always used the same mass in the experiment). Observe that if &, 4 were linearly
independent, then the matrix A below would have only one column; everything else works just the
same.

Recall that by Theorem 7.41 the orthogonal projection onto U is given by

P = A(A'A)LA!

where A is the n x 2 matrix whose columns consist of the vectors Z and 4. Therefore (7.11) becomes

A(A'A) T AV = aF + bii = A <Z> . (7.12)

Since by our assumption the columns of A are linearly independent, it is injective. Therefore we
can conclude from (7.12) that

(e ag= ()

which is formula for the numbers a and b that we were looking for.

Let us summarise our reasoning above in a theorem.

Theorem 7.46. Let (z1,y1),. .., (Tn,Yn) be given. The linear function g(x) = ax + b which min-

imises the total error
n

A=Y - o)) (7.13)

j=1

is given by
(‘g) = (A'A) Aty (7.14)

where §,Z and @ are as in (7.10) and A is the n X 2 matriz whose columns consist of the vectors &
and Q.

In Remark 7.47 we will show how this formula can be derived with methods from calculus.

Exercise 7.45 continued. . Let us use Theorem 7.46 to calculate the best linear approximation
to the data from Exercise 7.45. Note that in this case the m; correspond to the z; from the theorem
and we will write m instead of Z. In this case, we have

45
. 51

) y - 6.1 )
7.9

QU= W N
—

LOf course, you could simply calculate Pi and then plant the linear n x 2 system to find the coefficients a and b.
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hence
2 1
tq (2 3 45 3 1| (54 14 t,1712—7
AA<1111 g1 =l a0 W =5 o
5 1
and therefore
4.5 4.5
a\ et L2 =7\(2 3 4 5\[51| _1/-3 -1 1 3\][51
<b)_(AA) Ay‘10<—7 27)(1 11 1)fe1|"10\13 6 -1 -8/ |61
7.9 7.9

(112
- \1.98 )"
We conclude that the best linear approximation is

g(m) =1.12m + 1.98.

)
8 | .
(. g
6” [ ]
5 + [ J
®
4,,

FIGURE 7.6: The plot shows the measured data and the linear approximation g(m) = 1.12m + 1.98
calculated with Theorem 7.46.

The method above can be generalised to other types of functions. We will show how it can be
adapted to the case of polynomial and to exponential functions.

Polynomial functions.. Assume we are given measured data (x1,41),. .., (Zn, yn) and we want
to find a polynomial of degree k which best fits the data points. Let p(z) = apz® + ap_12F~1 +
-+ 4 a1x + ag be the desired polynomial. We define the vectors

k
Y1 y Ty T 1
k k—1
. Y2 o L o Ty o Ta o 1
Yy = . ) é-k: . ) é-kfl: . ; B 51: . ) 60:
k k—1
Yn T, z,, Tn 1
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If the vectors f_;q, ..., &o are linearly independent, then
ag

= (A'A) Aty

ai

ao
where A = (£ ] ... |&) is the n x (k + 1) matrix whose columns are the vectors &, ..., &. Note
that by our assumption k < n (otherwise the vectors &, ..., & cannot be linearly independent).

Remark. Generally one should have many more data points than the degree of the polynomial
one wants to fit; otherwise the problem of overfitting might occur. For example, assume that
the curve we are looking for is f(x) = 0.1 4+ 0.2z and we are given only three measurements:
(0,0.25), (1,0), (3,1). Then a linear fit would give us g(z) = 2z + 5 ~ 0.23z + 0.036. The
fit with a quadratic function gives p(z) = %xz — %x + i which matches the data points perfectly
but is far away from the curve we are looking for. The reason is that we have too many free
parameters in the polynomial so the fit the data too well. (Note that for any given n + 1 points
(1,91)s -+ s (Tnt1, Ynt1) With x12..., 2,41, there exists exactly one polynomial p of degree < n
such that p(z;) = y; for every j =1,...,n+1.) If we had a lot more data points and we tried to
fit a polynomial to a linear function, then the leading coefficient should become very small but this
effect does not appear if we have very few data points.

FIGURE 7.7: Example of overfitting when we have too many free variables for a given set of data
points. The dots mark the measured points which are supposed to approximate the red curve f.
Fitting polynomial p of degree 2 leads to the green curve. The blue curve g is the result of a linear fit.

Exponential functions.. Assume we are given measured data (x1,y1),. .., (Zn,yr) and we want
to find a function of form g(z) = ce*® to fit our data point. Without restriction we may assume
that ¢ > 0 (otherwise we fit —g).

Then we only need to define h(z) = In(g(x)) = Inc + kz so that we can use the method to fit a
linear function to the data points (z1,In(y1)),. .., (zn,In(y,)) in order to obtain ¢ and k.

Remark 7.47. Let us show how the formula in Theorem 7.46 can be derived with analytic methods.
Recall that the problem is the following: Let (x1,91), ..., (%n,yn) be given. Find a linear function
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310 7.6. Application: Least squares

g(x) = ax + b which minimises the total error

n

A=Y wi—g = [0~ far, + 1]

j=1 j=1

[V

|_|
N

Let us consider A as function of @ and b. Then we have to find the minimum of

(a,b) {i — [ax; +b])2}

Jj=1

SIS

as a function of the two variables a,b. In order to simplify the calculations a bit, we observe that
it is enough to minimise the square of A since A(a,b) > 0 for all a, b, and therefore it is minimal if
and only if its square is minimal. So we want to find a, b which minimise

F(a,b) := (A(a,b))? = Z(yj — azj — b)>. (7.15)

To this end, we have to derive F. Since F : R? — R, the derivative will be vector valued function.
We find

DF(a,b)_<gZ(a,b), %ﬁm,m) (Z —2x(y; — ax; — b), Xn: —2(y b))

~2(a Zx +beJ ijyj, azxﬁnbzyj)

Now we need to find the critical points, that is, a,b such that DF(a,b) = 0. This is the case for

n n n
2
ay x;+by z;= TY;
; ! ; ’ ; " 4 Yiwi Y\ [(a Y1 %Y
n n that is N = .
a) zj+bn =y 2j=1% " b 2 =19
j=1 j=1

(7.16)

Now we can multiply on both sides from the left by the inverse of the matrix and obtain the solution
for a,b. This shows that F' has only one critical point. Since F' tends to infinity for ||(a,b)|| — oo,
the function F' must indeed have a minimum in this critical point. For details, see a course on
vector calculus or optimisation.

We observe the following: If, as before, we set

T1 1 1 1 Y1

81
Il
)
Il
b
Il
—
8
&
Il
<y
Il

T 1 T, 1 Un

then
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n n n
SNoa?=(@,7), Y xy=(@.a@), n=(@.a@), Y zy={(T.9, Y y=/(d.5
j=1

Jj=1 J=1

Therefore the expressions in equation (7.16) can be rewritten as

noop2 T.lej Xz
(55 B (22 £9) (g e

Sy

L) (T,

) (i,

8

)

Ty z, T
ij 3Y; _ <ﬁ 4) (") g=ay
Zj:l Yj (@, 7)
and we recognise that equation (7.16) is the same as
AtA (Z) = Aty

which becomes our equation (7.14) if we multiply both sides of the equation from the left by
(AtA)~L.

g
<y
IS

I

You should now have understood

e what the least square method is,
e how it is related to orthogonal projections,
e what overfitting is,

e etc.
You should now be able to

e fit a linear function to given data points,
e fit a polynomial to given data points,
e fit an exponential function to given data points,

e etc.

Ejercicios.

1. Una bola rueda a lo largo del eje = con velocidad constante. A lo largo de la trayectoria de
la bola se miden las coordenadas x de la bola en ciertos tiempos t. Las siguientes mediciones

son (¢ en segundos,  en metros):

(a) Dibuje los puntos en el plano tx.
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312 7.7. Summary

(b) Use el método de minimos cuadrados para econtrar la posicién inicial zy y la velocidad
v de la bola.

(c) Dibuje la recta en el bosquejo anterior. {Dénde/Cémo se ven zq y v?

Hint. Recuerde que z(t) = x¢ 4+ vt para un movimiento con velocidad constante.

2. Se supone que una sustancia quimica inestable decaye segin la ley P(t) = Pye*t.

que se hicieron las siguientes mediciones:

Suponga

tfftl2)3]4]5|
P 74]65]57[52]49 |

Con el método de minimos cuadrados aplicado a In(P(t)), encuentre Py y k que mejor corre-
sponden con las mediciones. Dé una estimada para P(8).

3. Con el método de minimos cuadrados encuentre el polinomio y = p(z) de grado 2 que mejor
aproxima los siguientes datos:

z|[-2]-1]0 | 1 2 | 3
y |15 ] 8 [28[-1.2]-49]-79 | -87 |

7.7 Summary

Let U be a subspace of R™. Then its orthogonal complement is defined by
Ut ={ZcR":Z 1L a forall €U}

For any subspace U C R" the following is true:

e Ut is a vector space.

e Ul =ker A where A is any matrix whose rows are formed by a basis of U.
(UHt =U.

dimU +dimU~+ = n.

e U U+ =R"

e U has an orthonormal basis. One way to construct such a basis is to first construct an
arbitrary basis of U and then apply the Gram-Schmidt orthogonalisation process to obtain
an orthonormal basis.

Orthogonal projection onto a subspace U C R"
Let Py : R™ — R” be the orthogonal projection onto U. Then
e Py is a linear transformation.

e PyZ | U for every & € R™.
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Chapter 7. Orthonormal bases and orthogonal projections in R™ 313

o ¥ — PyZ 1L U for every & € R"™.
e For every ¥ € R™ the point in U nearest to Z is given by Z — Py and dist(Z,U) = ||Z — PyZ||.

e Formulas for Py:
— If @y, ..., Uy is a basis of U, then
PU:<617'>+"'+<7T[/€7'>’

that is Py@ = (4, %) + -+ - + (U , &) for every & € R™.
— if B is any matrix whose columns form a basis of U, then P, = B(B'B)B".

Orthogonal matrices

A matrix Q € M(n x n) is called an orthogonal matriz if it is invertible and if Q=1 = Q. Note
that the following assertions for a matrix @Q € M(n x n) are equivalent:

(i) @ is an orthogonal matrix.

(ii) Qt is an orthogonal matrix.

(iii) @' is an orthogonal matrix.

(iv) The columns of @ are an orthonormal basis of R™.

(v) The rows of @ are an orthonormal basis of R™.

(vi) @ preserves inner products, that is (Z,¢) = (QZ, Q) for all Z, 7 € R™.
i)

(vii) @ preserves lengths, that is ||Z|| = [|QZ]|| for all Z € R™.

Every orthogonal matrix represents either a rotation (in this case its determinant is 1) or a com-
position of a rotation with a reflection (in this case its determinant is —1).

7.8 Exercises

1/4 2 s e
1. (a) Complete ( I5/1 6) a una base ortonormal para R*. ; Cudntas posibilidades hay para

hacerlo?

1/v/2 1/V3
(b) Complete | —1/v/2 |, 1/\/§ a una base ortonormal para R3. ;Cudntas posibilidades

0 1/v3

hay para hacerlo?

1/v2

(c) Complete | 1/4/2 | a una base ortonormal para R*. ;Cuéntas posibilidades hay para

hacerlo?
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314 7.8. Exercises

2. Encuentre una base para el complemento ortogonal de los siguientes espacios vectoriales.
Encuentre la dimension del espacio y la dimensién de su complemento ortogonal.

1 2 1 3 2

B 2| |3 y B 2| (4] |3 s

(a) U = span NERP C R*, (b) U =span sl 151 |4 C R
4 ) 4 6 5

3. (a) SeaU = {(z,y,2)! € R®: 2+ 2y + 32 = 0} C R3.
i. Sea ¥ = (0,2,5)". Ecuentre el punto & € U que esté mas cercano a ¥ y calcule la
distancia entre ¥ y .
ii. jHay un punto ¢ € U que esté a una distancia maximal de 477
iii. Encuentre la matriz que representa la proyeccién ortogonal sobre U (en la base
estandar).
(b) Sea W = gen{(1,1,1,1)%, (2,1,1,0)!} C R%.
i. Encuentre una base ortogonal de W.
ii. Sean @; = (1,2,0,1)%, @y = (11,4,4,-3)%, d3 = (0,—1,—1,0)*. Para cada j = 1,2,3
encuentre el punto w; € W que esté mds cercano a @; y calcule la distancia entre a;

y u’ij.
iii. Encuentre la matriz que representa la proyeccién ortogonal sobre W (en la base
estandar).
0 -1 1 0
g ; 3 . 0 0 . 0
4. Sean v = , W= , a=141], b= 0|, ¢=11], d=1|1
2 3
1 5 0 0 0 0
0 3 1 1

(a) Demuestre que ¥ y @ son linealmente independientes y encuentre una base ortonormal
de U = span{#,w} C R*.

—

(b) Demuestre que @, b, ¢y d son linealmente independientes. Use el proceso de Gram-

Schmidt para encontrar una base ortonormal de U = span{d, 5, c, J} C R>. Encuentre
una base de U™,

5. Encuentre una base ortonormal de U+ donde U = gen{(1,0,2,4)!} C R%.

. [ cosp . (sing Lo
6. (a) Sea ¢ € Ry sean 0 = ( sin cp) , Uy = (cos <,0>' Demuestre que ¥, U3 es una base

ortonormal de R2.

(b) Sea « € R. Encuentre la matriz Q(«) € M (2 x 2) que describe rotacién por « contra las
manecillas del reloj.

(c) Sean «, 8 € R. Explique por qué es claro que Q(a)Q(8) = Q(a + 3). Use esta relacién
para concluir las identidades trigonométricas

cos(a+ ) = cosacos B — sin asin 3, sin(a 4 ) = sin a cos 8 + cos asin .
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Chapter 7. Orthonormal bases and orthogonal projections in R™ 315

7. Sean O(n) = {Q € M(n x n) : Q es matriz ortogonal} y SO(n) = {Q € O(n) : detQ = 1}.

(a) Demuestre que O(n) con la composicién es un grupo. Es decir, hay que probar que:
i. Para todo @, R € O(n), la composicién QR es un elemento en O(n).
ii. Existe un E € O(n) tal que QF = Q y EQ = @ para todo @ € O(n).
iii. Para todo @ € O(n) existe un elemento inverso @ tal que QVQ = Q@ =F.
(b) ;Es O(n) conmutativo (es decir, se tiene QR = RQ para todo Q, R € O(n))?

(c¢) Demuestre que SO(n) con la composicién es un grupo.

8. Ses T': R™ — R™ una isometria. Demuestre que 7' es inyectivo y que m > n.
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Chapter 8

Symmetric matrices and
diagonalisation

In this chapter we work mostly in R™ and in C". We write Mg(n x n) or Mc(n x n) only if it is
important if the matrix under consideration is a real or a complex matrix.

The first section is dedicated to C™. We already know that it is a vector space. But now we
introduce an inner product on it. Moreover we define hermitian and unitary matrices on C" which
are analogous to symmetric and orthogonal matrices in R™. We define eigenvalues and eigenvectors
in Section 8.3. It turns out that it is more convenient to work over C because the eigenvalues
are zeros of the so-called characteristic polynomial and in C every polynomial has a zero. The
main theorem is Theorem 8.48 which says that an n X n matrix is diagonalisable if it has enough
eigenvectors to generate C™ (or R™). It turns out that every symmetric and every hermitian matrix
is diagonalisable.

We end the chapter with an application of orthogonal diagonalisation to the solution of quadratic
equations in two variables.

8.1 Complex vector spaces

In this section we introduce C™ as an inner product space because some calculations about eigen-
values later in this chapter are more natural in C” than in R™. Most of this section may be skipped.
The important part is the definition of the inner product on C", the notion of orthogonality derived
from it, and the concept of hermitian and unitary matrices.

Similarly as for R™, we define the wvector space C™ as the set

21
C" = : P Z1y...,2n €C

ZH

317



318 8.1. Complex vector spaces

together with the sum and multiplication by a scalar ¢ € C:

wq 21 w1 + 21 21 cz
o= 0 | el ] =
W, Zn Wy, + 2n Zn CZn

It is not hard to check that C™ together with these operations satisfies the vector space axioms
from Definition 5.1 with K = C, hence it is a complex vector space. In particular, we have concepts
like linear independence of vectors, basis and dimension of C™, etc.

Next we introduce an inner product on C". As in the case of real vectors, we would like to interprete
(7, 2) as the square of the norm of Z. In particular it should be a nonnegative real number. In
particular, for C! = C, the vectors are just complex numbers z = z; and we would like to have
(2,Z) = |21]®> = 2121 where 7 is the complex conjugate of the complex number z. This motivates
us to define the inner product in C™ as follows.

21
Definition 8.1 (Inner product and norm of a vector in C"). For vectors Z = | : | and
Zn
wy
W= | : | €C" the inner product (or scalar product or dot product) is defined as
wy,
z21 w1 -
(7, ) = < 2 N >=sz@=z1m+---+znm.
Zn Wy j=1
21
The length of 7= | : | € R" is denoted by [|Z]| and it is given by
Zn

121 = V212 + - + Jzal? -
Other names for the length of Z are magnitude of Z or norm of z.
Exercise 8.2. Show that the scalar product from Definition 8.1 can be viewed as an extension of
the scalar product in R™ in the following sense: If the components of z' and ¢ happen to be real,

then they can also be seen as vectors in R™. The claim is that their scalar product as vectors in
R™ is equal to their scalar product in C™. The same is true for their norms.

Properties 8.3. (i) Norm of a vector: For all vectors Z € C", we have that
(7,2 =2

(ii) Symmetry of the inner product: For all vectors U, € C", we have (note the complex conju-
gation on the right hand side!)

(@,@) = (@, 9).
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Chapter 8. Symmetric matrices and diagonalisation 319

(iii) Sesqulinearity of the inner product: For all vectors i, v,z € C" and all ¢ € C, we have that

(T+c,2) =(0,2) + c{wW,2) and (U,0+ c2) =(U,0)+¢(7,2).

(iv) For all vectors U,w € C™ and ¢ € C, we have that ||ctv|| = |c|||V]|-
U1 w1 21
Proof. Let v= | ¢ [, W=| 1 |, Z= € C™ and let ¢ € C.
Up, Wy, Zn
(1) (Z,2) =2z + -+ 2z = a4 [z = 2]

(il) (0, W) = viW01 + -+ - + VW, = Vrwy + -+ + + Vpwy, = w107 + -+ - + WL, = (W, V).
(iii) A straightforward calculation shows
(U4 e, 2) = (v1 + cw)W1 + -+ + (v + cwp )Wy,

VWLt UpWn - CWIWY + - A CwR Wy
(U,2) + (W, 2).

The second equation can be shown by an analogous calculation. Instead of repeating them,
we can also use the symmetry property of the inner product:

(0, + ¢2) = (W + ¢Z,7) = (@, 7) + ¢(Z,0) = (W, V) +¢(Z,0) = (V,2) + (0, 2).

(iv) [|leZ||? = (cZ,cZ) = ce(Z,Z) = |c|?|Z||?>. Taking the square root on both sides, we obtain the
desired equality ||cZ|| = |c|||Z]|- O

For C" there is no cosine theorem and in general it does not make too much sense to speak about
the angle between two complex vectors (orthogonality still makes sense!).

Definition 8.4. Let 2,7 € C".

—\

(i) The vectors Z, ¥ are called orthogonal or perpendicular if (Z,7) = 0. In this case we write
Z 1.

(2,7

(ii) If @ # 0, then the orthogonal projection of Z onto ¥ is projy; Z = GilE .

>

The next proposition shows that orthogonality works C™ as expected.
Proposition 8.5. Let 2, v € C™.
(i) Pythagoras theorem: If Z L @, then ||Z+ @)% = ||Z]|? + ||7]|*.
(i) If 7 # 0, then 7= Z| 4+ Z1L with Z) := proj; Z and Z| := Z — proj; z and
projz Z || ¥, and Z—projzZ L v.
Moreover, || projz Z|| < |1Z]|.
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320 8.1. Complex vector spaces

(iil) If v # 0, then C* — C™, 7+ projgz Z is a linear map.

Proof. (i) If Z L @, then |2+ )2 = (Z,2) +(2,0)+ (7, 2) + (7,7) = (Z,2) + (7, 7) = | 2>+ [|7]>.

(ii) It is clear that 2= 2| + 21 and that 2| || ¢ by definition of 2} and 2. That 2, L @' follows

from
(Z) ,V) = (Z—projz Z,v) = (Z,0) — (projz Z,v) = (Z,0) — <||z:§”172> (0,0) =(Z,7) — (Z,0) = 0.
Finally, by the Pythagoras theorem,

11 = |(Z — projg 2) + projg 2||* = ||Z — proj; £]|* + || projg Z||* > || projy I|*.

(iii) Assume that 7@ # 0 and let 7], % € C" and ¢ € C. Then

- o = _<Zl+0227ﬁ>_<Z176>+C<22’U>_<Zl’ﬁ>q_j—c<2’27ﬁ>
proj (21 + c22) = TGE = 1712 GG

= projy Z1 + ¢projz zs. ]

Question 8.1

What changes if in the definition of the orthogonal projection we put (¥, Z) instead of (Z,¥)?

Now let us show the triangle inequality. Note the the following inequalities (8.1) and (8.2) were
proved for real vector spaces in Corollary 2.20 using the cosine theorem.

Proposition 8.6. For all vectors v,w € C™ and ¢ € C, we have the Cauchy-Schwarz inequality
(which is a special case of the so-called Holder inequality )

(@, @) < (|7 ||| (8.1)

and the triangle inequality
17+ ail| <[] + [|]. (8.2)
Proof. We will first show (8.1). It is obviously true if @ = 0 because in this case both sides of the

inequality are equal to 0. So let us assume now that o # 0. Note that for any A € C we have that

0 < |7 = Xdl|l* = (7= M, 7 = M) = ||v]|* = M, 9) = M@, @) + [A]P[lw]]*.

If we chose A\ = —%, we obtain
@), ), @)
0 < [Jo]* - W@h@ - W@,w) + W [Jwl?
o ST D [T @)
= )2 -2
(7, @)|? 1 N
= ol = St = o (Il — (5. )
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Chapter 8. Symmetric matrices and diagonalisation 321

It follows that |lv||?||w||?> — [(7,@)]*> > 0, hence |[v|?|w||* > |[(7,w)|?>. We obtain the desired
inequality by taking the square root.

Now let us show the triangle inequality. It is essentially the same as for vectors in R", cf. Corol-
lary 2.20.

= (¥, V) + (U, W) + (¥, W) + (0, W)
= [0 + 2Re(7, @) + [|]]*
< ||191* + 2147, @)| + @1 < 171 + 2[|7]| 0] + [@]* = (|17] + [[a])*.

In the first inequality we used that Re a < |a| for any complex number a and in the second inequality
we used (8.1). If we take the square root on both sides we get the triangle inequality. O

Remark 8.7. Observe that the choice of A in the proof of (8.1) is not as arbitrary as it may seem.
Note that for this particular A

(7, w)
]|

T— A =7— W = U — projz v.

Hence this choice of A minimises the norm of ¥— A and ¥ —proj; ¥ L @. Therefore, by Pythagoras,

171 = (@ — projs 9) + projg T]|* = ||7 — projg 7| + || projz >
JEN— 2 - (2
o (0,9) . (¥, )]
S A
b (]2 ]|
which shows that ||7]|?||@]|? > |(¥, @) |2
Another way to see this inequality is
0 < |7~ proj 7|* = (7' projg 7, 7 = proj; #) = (7 — proj; 7, %) = ||7]* — (projz 7,7)
Lo (G0), e (T, D))
= 0l? = 35 (@, 9) = [|9]° — ==
]| [ ]|*

which again gives ||9]|?||@|* > (7, @) |>.

Important classes of matrices

Recall that for a matrix A € Mg(m x n) we defined its transpose A*. The important property of
A? is that it is the unique matrix such that

(AZ ) = (T, A'9)) for all ¥ € R", y € R™.
In the complex case, we want for a given matrix A € Mc(m X n) a matrix A* such that
(AZ, ) = (&, A*Y) for all ¥ e C", 5e C™.

It is easy to check that we have to take A* = Zt, where A is the matrix we obtain from A by taking
the complex conjugate of every entry. Clearly, if all entries in A are real numbers, then A? = A*.
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322 8.1. Complex vector spaces

Definition 8.8. The matrix A* is called the adjoint matriz of A.
Lemma 8.9. Let A € M(n xn). Then det(A*) = det A = complex conjugate of det A.

Proof. det A* = det(A)" = det A = det A. The last equality follows directly from the definition of
the determinant. O

A matrix with real entries is symmetric if and only if A = A*. The analogue for complex matrices
are hermitian matrices.

Definition 8.10. A matrix A € M(n X n) is called the hermitian if A = A*.

(1 243 . 1 5 . .
Examples 8.11. e A= <5 1_ 7I> = A" = (2 3 14 7I>' The matrix A is not
hermitian.
_ 1 2+ 3i . 1 2+ 3i . . -
o A= <2 _ 3 5 ) = A*= (2 314 71). The matrix A is hermitian.
Exercise 8.12. e Show that the entries on the diagonal of a hermitian matrix must be real.

e Show that the determinant of a hermitian matrix is a real number.

Another important class of real matrices are the orthogonal matrices. Recall that a matrix Q) €
Mg (n x n) is an orthogonal matrix if and only if Q* = Q~!. We saw that if Q is orthogonal, then
its columns (or rows) form an orthonormal basis for R™ and that | det Q| = 1, hence det Q = +1.
The analogue in complex vector spaces are so-called unitary matrices.

Definition 8.13. A matrix Q € M(n x n) is called unitary if Q* = Q1.

It is clear from the definition that a matrix is unitary if and only if its columns (or rows) form an
orthonormal basis for C™, c¢f. Theorem 7.12.

Proposition 8.14. Let Q € M(n X n).
(i) The following is equivalent:

(a) Q is unitary.
(b) (QZ,QY) = (Z,i) for all T,7€R™
(¢) [|QZ|| = ||Z| for all #e€ R™.

(ii) If Q is unitary, then |det Q| = 1.
Proof. (i) (a) = (b): Assume that ) is a unitary matrix and let &, ¥ € C". Then

(QF, Qi) =(Q"QT,y) = (L,7).
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(b) = (a): Fix & € C™. Then we have (QZ,QY) = (&, ¥) for all ¥ € C", hence

Since this is true for any ¢ € C", it follows that (Q*Q —id)Z = 0. Since & € C™ was arbitrary,
we conclude that Q*Q — id = 0, in other words, that Q*Q = id.

(b) = (c): Tt follows from (b) that |QZ|? = (QF,QF) = (¥, ) = ||7||?, hence |QZ| = ||Z]|.

(¢) = (b): Observe that the inner product of two vectors in C™ can be expressed completely
in terms of norms as follows

-

1 - - - -
(@,8) = 7 [l +BlI* — 1 — B2 +illa + )2 — il - ib]?]
as can be easily verified. Hence we find
- 1 - L, - L, A= | e Ao e
Q7. Qi) = 7[107 + Qi — 1107 — Qi +11Q7 + Qg — il Q7 - iQy?|
1 2 A2 2 A2 L2 A2 O 12
= 110G + DI -~ 1Q@ - I +ilQ@ + i) - 1QE - 7))
1, L (= | o = s
= 1117+ a1 = 12 - 712 + 112 + 7 - il7 - ig1)?]
= (@)

(ii) Assume that @ is unitary. Then

1 = detid = det QQ* = (det Q)(det Q*) = (det Q)(det Q) = | det Q. O

0

Examples 8.15. e The matrix @ = (i 6) is unitary because QQ* = <O 1> <O. _l> =

i 0/)\—-1 O

(é ?), hence Q* = Q~'. Note that detQ = —i%2 = 1.

i

: e 0. . L[> 0\ e 0\ (1 0
e The matrix QQ = ( 0 em) is unitary because QQ* = ( 0 eiﬁ> ( 0 e_m) = (0 1),
hence Q* = Q. Note that det Q = e'(®*#) hence |det Q| = 1.

You should now have understood

the vector space structure of C™,

the inner product on C™,

that the concept of orthogonality makes sense in C™ and works as in R™,
why hermitian matrices in C™ play the role of symmetric matrices in R",
why unitary matrices in C™ play the role of orthogonal matrices in R™,

etc.

You should now be able to
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e calculate with vectors in C™,

e check if vectors in C™ are orthogonal,

e calculate the orthogonal projection of one vector onto another,
e check if a given matrix is hermitian,

e check if a given matrix is unitary,

e etc.
Ejercicios.
1. Sea
) —3+1 21
A= 2 41 2421

4447 2—i 6-—1
Encuentre bases para la imagen del espacio columna y el kernel de A.

2. Sea
1—1 141 8
A= 3 -3 —12+ 12
4417 —14+4¢ 12+ 20¢

Encuentre bases ortonormales para la imagen del espacio columna y el kernel de A.

1 )
1—14 1+74 .
3. Sean v; = _3 y vy = 1 y V = span{vy,v2}. Verifique que v; L vy y obtenga
1 3+ 30

una base ortonormal de V.
4. Encuentre a,b,c,d, e, f € R tales que la matriz

1 3a +ib 1+3i
A= |Ta—5ib—4 3+ic e+ 3if + 2
1-3i  de—6if +2—8i 4—ic

sea hermitiana.

5. Verifique que la matriz

1 - =14

- i 1 141
1—di 1+ 0

DN —

es unitaria.

6. Considere V=C2y T :V — V dada por T (?) = (?)
2 1

(a) ¢T es transformacion lineal si V' se considera sobre K = R?

(b) ¢T es transformacion lineal si V' se considera sobre K = C?
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7. Sean &,y € V donde V =R" 6 C".

(a) Si V =C", muestre que ||Z+ 7||* = ||z||* + 2Re(Z, ) + ||y/*
(b) Si V =R", muestre que |7+ g||* = ||Z]|* + ||7]|* si y solo si & L .

(¢) Si V =C" ;sigue siendo valida la afirmacién del inciso anterior?

8. Sean A, B € M(n x n) hermitianas.
Muestre que AB es hermitiana si y solo si AB = BA.

9. Muestre que dim C™ = 2n si se considera C" como un espacio vectorial sobre R.

10. Sea A € M(n x n) hermitiana. Muestre que (A%, Z) € R para todo Z € C™.

8.2 Similar matrices

Definition 8.16. Let A,B € M(n x n) be (real or complex) matrices. They are called similar if
there exists an invertible matrix C' such that

A=C"'BC. (8.3)

In this case, we write A ~ B.

Exercise 8.17. Show that A ~ B if and only if there exists an invertible matrix C such that

A=CBC™. (8.4)

Question 8.2

Assume that A and B are similar. Is the matrix C' in (8.3) unique or is it possible that there are
different invertible matrices C; # C5 such that A = CleCl = C{lBC’Q?

Remark 8.18. Similarity is an equivalence relation on the set of all square matrices. This means
that it satisfies the following three properties. Let A1, Ag, A3 € M(n x n). Then:

(i) Reflexivity: A ~ A for every A € M(n x n).
(ii) Symmetry: If Ay ~ Ay, then also Ay ~ Aj.
(iil) Transitivity: If Ay ~ As and Ay ~ As, then also A; ~ As.

Proof. (i) Reflexivity is clear. We only need to choose C' = id.

(ii) Assume that A; ~ Ay. Then there exists an invertible matrix C' such that A; = C~14,C.
Multiplication from the left by C' and from the right by c! gives QAlC_l = Ay. Let
C = C~1. Then C is invertible and C~! = C. Hence we obtain C~1A;C = As which shows
that AQ ~ Al.
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(iil) Transitivity: If Ay ~ Ay and As ~ Ag, then there exist invertible matrices C; and Cs such
that A; = C; ' A0 and Ay = Cy ' A3C,. Tt follows that

Ay = C7 A0 = CTIOT T A3Cy 0y = (C1C) 1 A3CL O,
Setting C' = C1Cy shows that A; = C~1A3C, hence A1 ~ As. O

We can interpret A ~ B as follows: Let C be an invertible matrix with A = C~'BC. Since
C' is an invertible matrix, its columns ¢y, ..., ¢, form a basis of R" (or C") and we can view C
as the transition matrix from the canonical basis to the basis ¢i,...,¢,. Since B is the matrix
representation of the map ¥ — BT with respect to the canonical basis of R", the equation A =
C~'BC says that A represents the same linear map but with respect to the basis ¢, ..., &,.

On the other hand, if A and B are matrix representations of the same linear transformation but
with respect to possibly different bases, then A = C~!BC where C is the transition matrix between
the two bases. Hence A and B are similar.

So we showed:

Two matrices A and B € M(n x n) are similar if and only if they represent the same linear
transformation. The matrix C' in A = C~'BC is the transition matrix between the two bases
used in the representations A and B.
Hence the following fact is not very surprising.
Proposition 8.19. If A, B € M(n x n) are similar, then det A = det B.
Proof. Let C € M(n x n) invertible such that A = C~1BC. Then

det A = det C"'BC = det(C ') det Bdet C = (det C)~* det Bdet C = det B. O

Exercise 8.20. Show that det A = det B does not imply that A and B are similar.

Exercise 8.21. Assume that A and B are similar. Show that dim(ker A) = dim(ker B) and that
dim(Im A) = dim(Im B). Why is this no surprise?

Question 8.3

Assume that A and B are similar. What is the relation between ker A and ker B? What is the
relation between Im A and Im B?
Hint. Theorem 6.4.

A very nice class of matrices are the diagonal matrices because it is rather easy to calculate with
them. Closely related are the so-called diagonalisable matrices.

Definition 8.22. A matrix A € M(n x n) is called diagonalisable if it is similar to a diagonal
matrix.
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In other words, A is diagonalisable if there exists a diagonal matrix D and an invertible matrix C'
with
C~tAC = D. (8.5)

How can we decide if a matrix A is diagonalisable? We know that it is diagonalisable if and only if
it is similar to a diagonal matrix, that is, if and only if there exists a basis ¢, ..., ¢, such that the
representation of A with respect to these vectors is a diagonal matrix. In this case, (8.5) is satisfied
if the columns of C' are the basis vectors ¢y, ..., Cy.

Denote the diagonal entries of D by di,...,d,. Then it easy to see that D€; = d;€;. This means
that if we apply D to some €, then the image D¢} is parallel to €;. Since D is nothing else than
the representation of A with respect to the basis ¢1,...,C,, we have Ac; = d;c}.

We can make this more formal: Take equation (8.5) and multiply both sides from the left by C' so
that we obtain AC' = CD. Recall that for any matrix B, we have that B€; = jth column of B. If
we obtain

ACE; = Acj, AC=CD R o
- - - N —_— ACj = de.
C’Dej = C’(djej) = de(ej) = dej.

In summary, we found:

A matrix A € M(n x n) is diagonalisable if and only we can find a basis i, ..., &, of R” (or C")
and numbers di, ..., d, such that

AGj=d;E,  j=1,...,n.

In this case C"1AC = D (or equivalently A = CDC™!) where D = diag(dy,...,d,) and C =
(@]---1en).

The vectors ¢; are called eigenvectors of A and the numbers d; are called eigenvalues of A. They
will be discussed in greater detail in the next section where we will also see how we can calculate
them.

Diagonalization of a matrix is very useful when we want to calculate powers of the matrix.

Proposition 8.23. Let A € M(n x n) be a diagnalizable matriz and let C' be an invertible matriz
and D = diag(dy, . .., d,) such that A= CDC~L. Then A* = Cdiag(d},...,d%)C~! for allk € Ny.
If A is invertible, then all d; are different from 0 and the formula is true for all k € Z.

Proof. Let k € Ny. Then

AF = (C diag(dy, . .., d,)C1)"

= Cdiag(dy,...,d,)C *C diag(dy,...,d,)C~ - Cdiag(dy,...,d,)C?
= Cdiag(dy,...,d,)diag(dy,...,dy)---diag(dy,...,d,)C ™!

— C(diag(dy, ..., dn)) C?

= Cdiag(d},...,d*)C™L.
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If all d; # 0, then D is invertible with inverse D! = (diag(dy, .. .,dn))f1 = diag(d;!,...,d; ).
Hence A is invertible and A~ = (CDC_l)_1 = CD~'C~! and we obtain for k € Z with k < 0

AF = A7 M = (A~ HH = (cp o) = o(p~YHet = epFe ! = cp Mo

= Cdiag(d},...,d*)C~L. O

Proposition 8.23 is useful for example when we describe dynamical systems by matrices or when
we solve linear differential equations with constant coefficients in higher dimensions.

You should now have understood

e that similar matrices represent the same linear transformation,
e why similar matrices have the same determinant,

e why a matrix is diagonalisable if and only if R™ (or C™) admits a basis consisting of eigen-
vectors of A,

e etc.

You should now be able to

e ctc.
Ejercicios.
1 0 -1 12 110 7 1 0 -2
1. Sean A= [0 1 3|,B=|5 16 —-6]yC=1[0 3 1|. Verifique que AC =
2 -1 0 6 57 4 1 4 -1

CB y concluya que A, B son matrices semejantes.

2. Encuentre tres matrices que son semejantes a la matriz A del Ejercicio 1.. Para cada una de
ellas, encuentra el determinante y la traza.

3. De las siguientes afirmaciones, diga en cada una si es verdadera 6 falsa. Si es verdadera
justifique por qué, si es falsa encuentre un contraejemplo.
(a) Sean A, B € M(n x n) tales que det A = det B, entonces A, B son matrices semejantes.

(b) Sean D;, Dy € M(n x n) matrices diagonales tales que Dy # Dy, entonces D1, Dy no
son matrices semejantes.

(¢c) Si A,B € M(n x n) son matrices equivalentes por filas entonces A, B son matrices
semejantes.

4. (a) Sean A1, Ay € C y considere

_ >\1 O _ )\2 0
Dl_(o )\2>’ Dl_(o )\1>'

Muestre que D1, Do son semejantes. ;Como puede generalizar este resultado a matrices
Dy, D5 diagonales de cualquier tamano?
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(b) Muestre que dos matrices diagonales Dy, Dy € M(n x n) son semejantes si, salvo el
orden, tienen exactamente los mismos valores en la diagonal.

5. Defina la siguiente funcién
tr: M(nxn) =R, trd:=aj; +as+- -+ apn. (%)

Note que para una matriz A € M(n x n) el ndmero tr A es la suma de los elementos de la
diagonal de A: este nimero se llama traza de A, ver definicién 8.34.

(a) Muestre que tr definida en (x) es una transformacién lineal.

(b) Sean A, B € M(n x n). Muestre que tr AB = tr BA.

(c) Sean A, B € M(n x n) matrices semejantes. Muestre que tr A = tr B.
(d) Sea A € M(n x n) tal que tr(A*A) = 0. Muestre que A = O.

6. Encuentre matrices A y b con tr A = tr B que no son semejantes.

7. Encuentre matrices A y b con det A = det B que no son semejantes.

8.3 Eigenvalues and eigenvectors

Definition 8.24. Let V be a vector space and let T : V' — V be linear transformation. A number
A is called an eigenvalue of T if there exists a vector @' # 0 such that

Tv = . (8.6)
The vector v is then called a eigenvector.

The reason why we exclude v = O in the definition above is because for every A it is true that
TO = O = \O, so (8.8) would be satisfied for any A if we were allowed to choose v = O, in which
case the definition would not make too much sense.

Exercise 8.25. Show that 0 is an eigenvalue of T if and only if dim(ker T') > 1, that is, if and only
if T' is not invertible. Show that v is an eigenvector with eigenvalue 0 if and only if v € ker T\ {O}.

Exercise 8.26. Show that all eigenvalues of a unitary matrix have norm 1.

Question 8.4

Let V, W be vector spaces and let T': V' — W be a linear transformation. Why does in not make
sense to speak of eigenvalues of T if V #£ W?

Let us list some properties of eigenvectors that are easy to see.

(i) A vector v is an eigenvector of T' if and only if T || v.

(ii) If v is an eigenvector of T' with eigenvalue A # 0, then v € Im T because v = yT'v.
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(iii)

(iv)

If v is an eigenvector of T with eigenvalue A, then every non-zero multiple of v is an eigenvector
with the same eigenvalue because

T(cv) = cTwv = chv = A(cw).

We can generalise (iii) as follows: If vy,. .., v; are eigenvectors of T' with the same eigenvalue
A, then every non-zero linear combination is an eigenvector with the same eigenvalue because

T(aivr + ... opvg) = anTor + .. o Top = ag vy + -+ + apgdvg = Magvg + - - + agog).

(iv) says that the set of all eigenvectors with the same eigenvalue is almost a subspace. The only
thing missing is the zero vector O. This motivates the following definition.

Definition 8.27. Let V be a vector space and let T : V' — V be a linear map with eigenvalue .
Then the eigenspace of T' corresponding to A is

Eig,(T) := Eig(T, A) := {v € V : v is eigenvector of T with eigenvalue \} U {D}
={veV:Tv= v}

The dimension of Eig, (T') is called the geometric multiplicity of A.

Proposition 8.28. Let T : V — V be a linear map and let X be an eigenvalue of T. Then

Eig, (T) = ker(T — Aid).

Proof. Let v € V. Then

v€Eig\(T) — Tv=M <= Tv—w=0 <<= Tv-Aidv=0
< ([T —-Ad)v=0 <= veker(T—Aid). O

Note that Proposition 8.28 shows again that Eig, (T") is a subspace of V. Moreover it shows that
that A is an eigenvalue of T if and only if T"— Aid is not invertible. For the special case A = 0 we
have that Eigy(T) = ker T..

Examples 8.29. (a) Let V be a vector space and let T' = id. Then for every v € V we have that

(b)

Tv = v = 1v. Hence T has only one eigenvalue, namely A = 1 and Eig,(T") = ker(T —id) =
ker 0 = V. Tts geometric multiplicity is dim(Eig,(T)) = dim V.

Let V = R? and let R be reflection on the x-axis. If ¥ is an eigenvector of R, then R
must be parallel to ¥. This happens if and only if ¢’ is parallel to the z-axis in which case
RvU = ¥, or if ¥ is perpendicular to the z-axis in which case RV = —¢. All other vectors
change directions under a reflection. Hence we have the eigenvalues Ay = 1 and Ay = —1 and
Eig, (R) = span{€1 }, Eig_,(R) = span{&;}. Each eigenvalue has geometric multiplicity 1.

Note that the matrix representation of R with respect to the canonical basis of R? is Ar =

1 0 - 1 0 X1 _ T - . . .
(0 1) and ARZ = (0 1) (m) = (IQ) Hence Agr# is parallel to & if and only if

21 = 0 (in which case ¥ € span{€;}) or 2 = 0 (in which case & € span{& }).
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()

Let V = R? and let R be rotation about 90°. Then clearly R7 |/ @ for any 7 € R?\ {0}. Hence
R has no eigenvalues.

Note that the matrix representation of R with respect to the canonical basis of R? is Ar =

1 0
Apg as a complex matrix, then it has the eigenvalues +i as we shall see later.

-1 . . . . . .
(0 ) . If we consider Ag as a real matrix, then it has no eigenvalues. However, if consider

1

000
050000
Let A= [ J55200 | As always, we identify A with the linear map R® — RS, #+— AZ. It
000000
is not hard to see that the eigenvalues and eigenspaces of A are
A1 =1, Eig,(A) =span{é& }, geom. multiplicity: 1,

A2 =5, Eigs(A) = span{éy, €3, €4}, geom. multiplicity: 3,
A3 =8, Eigg(A) = span{ég, €7}. geom. multiplicity: 2.

Show the claims above.

Let V = C*°(R) be the space of all infinitely many times differentiable functions from R
toRand let T : V — V, Tf = f’. Analogously to Example 6.4 we can show that T is a
linear transformation. The eigenvalues of T are those A € R such that there exists a function
f € C®(R) with f' = A\f. We know that for every A € R this differential equation has a
solution and that every solution is of the form fy(z) = ce** for some real number c. Therefore
every A € Ris an eigenvalue of T with eigenspace Eig, (T') = span{gx} where gy is the function
given by gx(z) = e*. In particular, the geometric multiplicity of any A € R is 1.

Let V' = C*°(R) be the space of all infinitely many times differentiable functions from R to
Randlet T :V — V, Tf = f”. It is easy to see that T is a linear transformation. The
eigenvalues of T' are those A € R such that there exists a function f € C*°(R) with f” = Af.
If A > 0, then the general solution of this differential equation is fy(z) = aeV T ypeViz If
A < 0, the general solution is f)(z) = acos VAz + bsin vz, If X = 0, the general solution is
fo(z) = ax + b. Hence every A € R is an eigenvalue of T with geometric multiplicity 2.

Write down the eigenspaces for a given A.

Find the eigenvalues and eigenspaces if we consider the vector space of infinitely differentiable
functions from R to C.

In the examples above if was relatively easy to guess the eigenvalues. But how do we calculate the

eigenvalues of, e.g., A = (; i) or of the linear transformation 7' : M(nxn) = M(nxn), T(A) =

A+ AL ?

Since any linear transformation on a finite dimensional vector space V' can be “translated” to a
matrix by choosing a basis on V, it is sufficient to find eigenvalues of matrices as the next theorem
shows.
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Theorem 8.30. Let V be a finite dimensional vector space with basis B = {v1,...,v,} and let

T :V = V be a linear transformation. If Ar is the matriz representation of T with respect to

the basis B, then the eigenvalues of T and At coincide and a vector v = c1v1 + -+ + cpv, @S an
1

eigenvector of T' with eigenvalue X if and only if = | : | is an eigenvector of Ar with the same

Cn
eigenvalue X. In particular, the dimensions of the eigenspaces of T and of Ar coincide.

Proof. Let K = R if V is a real vector space and K = C if V is a complex vector space and

let & : V — R” be the linear map defined by ®(v;) = €;, (j = 1,...,n). That means that ®
C1

“translates” a vector v = cjv; + - -+ + ¢pv, into the column vector & = | : |, cf. Section 6.4.

Cn

Recall that T = ® 1 A7®. Let A be an eigenvalue of T with eigenvector v, that is, Tv = \v. We
express v as linear combination of the basis vectors from B as v = cjv; + - -+ + ¢, v,. Hence

Tv=XM <= O 'Ardv=Xv <= Apdv =0l <= Ap(dv) = \(Dv)

which is the case if and only if A is an eigenvalue of A and ®v € Eig, (Ar). O

The proof shows that Eig, (A7) = ®(Eig,(T)) as was to be expected.

Corollary 8.31. Assume that A and B are similar matrices and let C' be an invertible matriz with
A= C7'BC. Then A and B have the same eigenvalues and for every eigenvalue \ we have that

Eig\(B) = C Eigy(A).

Now back to the question about how to calculate the eigenvalues and eigenvectors of a given matrix
A. Recall that A is an eigenvalue of A if and only if ker(A — A\id) # {0}, see Proposition 8.28. Since
A — \id is a square matrix, this is the case if and only if det(A — Aid) = 0.

Definition 8.32. The function A — det(A — Aid) is called the characteristic polynomial of A. Tt
is usually denoted by p4.

Before we discuss the characteristic polynomial and show that it is indeed a polynomial, we will
describe how to find the eigenvalues and eigenvectors of a given square matrix A.
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Procedure to find the eigenvalues and eigenvectors of a given square matrix A.
e Calculate the characteristic polynomial ps(\) := det(A — Aid).
e Find the zeros Ay, ..., A\; of the characteristic polynomial. They are the eigenvalues of A.

e For each eigenvalue \; calculate ker(A — \;), for instance using Gaufi-Jordan elimination.
This gives the eigenspaces.

Example 8.33. Find the eigenvalues and eigenspaces of A = (g i)

Solution. e The characteristic polynomial of A is

2—-A 1

pA()\)det(A/\id)det< 3 4

)(2)\)(4)\)3/\26)\+5.

e Now we can either complete the square or use the solution formula for quadratic equations to
find the zeros of p4. Here we choose to complete the square.

paA) =2 —6A+5=A-3)2—4=(AN-5)(\—1).
Hence the eigenvalues of A are A\ =5 and Ay = 1.

e Now we calculate the eigenspaces using Gauf} elimination.
. (2-=5 1 (-3 1\ Rs—Rs+R, (=3 1\ Ri—»—R, (3 -1
*A_5ld_( 3 45)‘(3 1> >(0 o> 5(0 0)'
Therefore, ker(A — 5id) = span { (é) }
o (2-1 1 (1 1\ RomRe—3R, (1 1
*A_hd_< 3 4—1)‘(3 3)—>(0 0)'
Therefore, ker(A — 1id) = span { <_1> }

In summary, we have two eigenvalues,

A1 =5, Eigs(A) = span { (;)
1
-1

A2 =1, Eig,;(A)=span {(

geom. multiplicity: 1,

)

N~ ——

}, geom. multiplicity: 1.

If we set 7 = (il))) and Uy = (_1) we can check our result by calculating

(4 )(0)-(2) -+
()= ()
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Before we give more examples, we show that the characteristic polynomial is indeed a polynomial.
First we need a definition.

Definition 8.34. Let A = (a;;);';—; € M(n x n). The trace of A is the sum of its entries on the
diagonal:
trA:= ai1 + a9 + ...0pn;-

Remark. Note that exercise 5. of section 8.2 shows that the trace of similar matrices coincides,
so if V' is a finite-dimensional space and T is a linear transformation, it makes sense to define tr T
as the trace of the matrix representation of T in any base of V.

Theorem 8.35. Let A= (aj;)};—; € M(n xn) and let pa(A\) = det(A — Aid) be the characteristic
polynomial of A. Then the following is true.

(i) pa is a polynomial of degree n.

(i) Let pa(\) = caA™ + g AN L+ -+ 1N+ co. Then we have formulas for the coefficients
CpyCn_1 and cy:

cn = (=1)", o1 = (=1)""ttr A, co = det A.

Proof. By definition,

ailp — A A1 wovvrerrnnnns A1n
a21 A9 — A e a2y,
pa(A) = det(A — \id) = det L
(0775} a;lZ ......... Ann — A

According to Remark 4.4, the determinant is the sum of products where each product consists of a
sign and n factors chosen such that it contains one entry from each row and from each column of
A — \id. Therefore it is clear that p4 is a polynomial in A\. The term with the most A in it is the
one of the form

(a11 — )\) (a22 — )\) s (a,m - )\) (87)

All the other terms contain at most n — 2 factors with A. To see this, assume for example that in
one of the terms the factor from the first row is not (@11 — A) but some a;;. Then there cannot be
another factor from the jth column, in particular the factor (a;; — A) cannot appear. So this term
has already two factors without A, hence the degree of the term as polynomial in A can be at most
n — 2. This shows that

pa(A) = (a11 — A)(az2 = A) -+ (@nn — A) + terms of order at most n — 2. (8.8)
If we expand the first term and sort by powers of A, we obtain

(a11 — /\)(QQQ — )\) s (ann — A) = (71)”)\71 —+ (71)”71)\7171(&11 4+ -4 ann)

+ terms of order at most n — 2.
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Inserting this in (8.7), we find that
pa(N) = (=1)" A" + (=1)"*]X\""Y(ay; + -+ + anp) + terms of order at most n — 2, (8.9)

hence deg(pa) = n.

Formula (8.9) also shows the claim about ¢, and ¢,_;. The formula for ¢y follows from

co =pa(0) = det(A — 0id) = det A. O
We immediately obtain the following very important corollary.
Corollary 8.36. An n x n matriz can have at most n different eigenvalues.

Proof. Let A € M(n x n). Then the eigenvalues of A are exactly the zeros of its characteristic
polynomial. Since it has degree n, it can have at most n zeros. O

Now we understand why working with complex vector spaces is more suitable when we are interested
in eigenvalues. They are precisely the zeros of the characteristic polynomial. While a polynomial

may not have real zeros, it always has zeros when we allow them to be complex numbers. Indeed,
any polynomial can always be factorised over C.

Let A € M(n x n) and let ps be its characteristic polynomial. Then there exist complex numbers
A, ..., A\r and integers myq,...,my; > 1 such that

Pa(X) = (At = A)™ - (hg = A)™ -+ (g — A)™

The numbers Ay, ..., \x are precisely the complex eigenvalues of A and mq+---+my = degpa = n.
Definition 8.37. The integer m,; is called the algebraic multiplicity of the eigenvalue ;.

The following theorem is very important but we omit its proof.

Theorem 8.38. Let A € M(n xn) and let X be an eigenvalue of A. Then

geometric multiplicity of A < algebraic multiplicity of X.

—
=

) )

(
(

)5

(=}

0
0
0

IS S

(
(

—

)
Example 8.39. Let A= ; . Since A — \id is an upper triangular matrix, its

Ut =

0 0 0

0 0 O 8 0

00 0 0 0 8

determinant is the product of the entries on the diagonal. We we obtain

0

ﬁ
o O

pa(A) =det(A —Xid) = (1 = N)(5 = A)3(8 = M)~
Therefore the eigenvalues of A are A\ = 1, Ao = 5, A3 = 8. Let us calculate the eigenspaces.
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T L
00410
. permute rows . . ..
e A—lid= | Jytisy | ————= | 190290 |. This matrix is in row echelon form and
000070 000007
000007 000000
we can see easily that Eig; (A) = ker(A — 1id) = span{&;} which has dimension 1.
—400000 —400000
001000 001000
. permute rows . o e e
e A—5id = R R D — 999590 |- This matrix is in row echelon form
000030 000003
000003 000000
and we can see easily that Eigs(A) = ker(A — 5id) = span{€;} which has dimension 1.
-7 0 0 000
0-3 1 000
e A-8id = 0078400 |- This matrix is in row echelon form and we can see easily that
0 0 0 000
(

0 )
Eigg(A) = ker(A — 8id) = span{&s, &} which has dimension 2.

In summary, we have
A1 =1, Eig,(A) =span{& }, geom. multiplicity: 1, alg. multiplicity: 1,
A2 =5, Eigs(A) = span{éy}, geom. multiplicity: 1, alg. multiplicity: 3,
A3 =8, Eigg(A) = span{ég, €7}, geom. multiplicity: 2, alg. multiplicity: 2.
. . . 0 -1
Example 8.40. Find the complex eigenvalues and eigenspaces of R = 1 Nk

Solution. From Example 8.29 we already know that R has no real eigenvalues. The characteristic
polynomial of R is

-2 -1

pr(A) = det(R — \) = det ( Y

> =X 4+1=\—i)\+1i).
Hence the eigenvalues are \; = —i and A\ = i. Let us calculate the eigenspaces.

e R—(—i)id = (11 1}) faoRatil, (6 01>. Hence Eig_;(R) = ker(R+iid) = span { <ll> }

e R-iid= <_11 __11> Eimil-RuiioN (Bl _01> Hence Eig;(R) = ker(R—iid) = span { (_11> }

<

Example 8.41. Find the diagonalisation of A = (; i)

Solution. We need to find an invertible matrix C' and a diagonal matrix D such that D = C~'AC.
By Example 8.33, A has the eigenvalues A\; = 5 and Ay = 1, hence A is indeed diagonalisable. We
know that the diagonal entries of D are the eigenvalues of A, hence D = diag(5,1) and the columns

1
1) hence

D:<5 O), cz<1 1) and D= C-1AC,

. . . 1 .
of C' are the corresponding eigenvectors v, = (3> and Uy = <

01 3 -1
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Alternatively, we could have chosen D = diag(1,5). Then the corresponding Cis C = (Ua| 1
because the jth column of the invertible matrix must be an eigenvector corresponding the the jth
entry of the diagonal matrix, hence

~ 10\ ~ (11 ~
D(O 5), C<_1 3> and D=C "AC. o

Observe that up to ordering the diagonal elements, the matrix D is uniquely determined by A. For
the matrix C' however we have more choices. For instance, if we multiply each column of C by an
arbitrary constant different from 0, it still works.

Example 8.42. Let V=M((2x2) andlet T : V =V, T(M) = M + M". Find the eigenvalues
and eigenspaces of T'.

Solution. Let M1 = ((1)8), MQ = (8(1)), M3 = (?8), M4 = (8(1)) Then B = {Ml,MQ,Mg,M4}
is a basis of M (2 x 2). The matrix representation of 7' with respect to it is

2 0 00
01 1 0
Ar=1o 1 1 0
0 0 0 2
The characteristic polynomial is
LT I-A 1 0
det(Ap — Aid) = det =(2—A)det 1 1-x 0
0 1 1—2A 0 0 0 9_
0 0 0 2—-A

=2-2’[1-A)*-1)] =A(x—-2)>.

Hence there are two eigenvalues: Ay =0 and Ay = 2.
Let us find the eigenspaces.

2 0 0 0 1 0 0 O 1 0 0 O
_— 0 1 1 0| Rs=Rs—Ro |0 1 1 O] Rsors |O 1 1 O
o Ar—0id=Ar |, 1 moim |0 0 0 0 "o oo 1)
0 0 0 2 Ri—3Ry 0 0 0 1 0 0 0 O
0 0 0 0 0 0 0 O 01 -1 0
. [0 -1 1 0| R:—R2+Rs 0 0 0 O] RioRs 0 0 0 0
cAr=2id=1, | | "o 1 -1 0 1o o o0 0
0 0 0 0 0 0 0 O 0 0 0 0
0 1 0 0
. -1 . 0 1 0
Hence Eig,(Ar) = span 1 and Eig, (A7) = span ol Ll 1o
0 0 0 1
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This means that the eigenvalues of T" are 0 and 2 and that the eigenspaces are Eigy (1) = span {My — M3} =
0 1
span { (1 0) } and
1

Eigy(T') = span {M; — M3} = span { (_(1) O) } = Masym (2 X 2),
. 10 0 1 0 0
Eig,(T) = span {My, My + M3, My} = span { (0 0) , (1 0) , <0 1)} = Msym (2 X 2),

Remark. We could have calculated the eigenspaces or T' directly without calculating those of A
first as follows.

e A matrix M belongs to Eig,(T) if and only if T(M) = 0. This is the case if and only if
M + M* = 0 which means that M = —M". So Eig,(T) is the space of all antisymmetric 2 x 2
matrices.

e A matrix M belongs to Eig,(T) if and only if (M) = 2M. This means that M + M* = 2M.
This is the case if and only if M = M*. So Eig,(T') is the space of all symmetric 2 x 2 matrices.

o
You should now have understood

e the concept of eigenvalues and eigenvectors,

e why an n X n matrix can have at most n eigenvalues,

e why the restriction of A to any of its eigenspaces acts as a multiple of the identity,
e what the characteristic polynomial of a matrix says about its eigenvalues,

e why a n X n matrix is diagonalisable if and only if K™ has a basis consisting of eigenvectors
of A,

e ctc.
You should now be able to

e calculate the characteristic polynomial of a square matrix A,
e calculate the eigenvalues and eigenvectors of a square matrix A,
e diagonalise a diagonalisable matrix,

e etc.

Ejercicios.

1. Para las siguientes matrices, encuentre los vectorios propios, los espacios propios, una matriz
invertible C' y una matriz diagonal D tal que C~1AC = D.

3 5 —20 2 0 1 2 0 -1 100
A= 20 8|, 4=|0 2 0], 4,=(0 2 o], 44=1(3 2 0
2 1 7 9 0 6 9 0 6 1 3 2
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10.

11.

12.

Sea D : P3 — P3 dada por Dp = p’. Encuentre el polinomio caracteristico y los valores
propios de D.

Sea D : P3 — P3 dada por Dp = p + zp’ + p”. Encuentre el polinomio caracteristico y los

valores propios de D.
3 -1
A= (_2 4> .

(a) Calcule (A~1)" para cualquier n € N.

Sea

(b) ;Que se puede decir de (A™1)" cuando n — 0o?

Sea T : R? — R? dada por:
T(Z) = reflexién de Z con respecto a la recta y = x.

Calcule los valores propios de T'y muestre que T es diagonalizable. (Hint: basta escoger una
base adecuada de R?).

Sea V=C[0,1] y T :V — V dada por

(Tf)(x) = / " A dt,

Muestre que T no tiene valores propios.
Sea A € M(n x n). Muestre que:

(a) A es diagonalizable si y solo si A~! es diagonalizable.
(b) A es diagonalizable si y solo si A* es diagonalizable.

Sea A € M(n x n) invertible y A un valor propio de A. Note que A # 0. Muestre que 3 es un

valor propio de A~!. (Esto dice que si A tiene valores propios pi1,. .., jx entonces los valores
propios de A~! son i, Y #—lk)

Sea A € M(n x n). Muestre que A y A tienen los mismos valores propios. (Hint: analice el
polinomio caracteristico)

Sea ¥ € R un vector no nulo y 7' : R® — R3 dada por T(Z) = ¥ x Z. Muestre que 0 es el
Unico valor propio real.

Sea W un subespacio de R™ con dimW = m y Py la proyecciéon ortogonal de R™ sobre W.
(Cuales son los autovalores de Py? ;Cudl es el polinomio caracteristico de Py? ;Es Py
diagonalizable? (Hint: Empiece escogiendo una base ortonormal de W).

Sea A € M(n x n) tal que A™ = id,, para algin m € N.
(a) Muestre que si A € C es un valor propio de A entonces A™ = 1.

(b) Encuentre cuatro matrices distintas A tales que A® = ids.
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13. Sea A € M(n x n) tal que A™ = O para algin m € N.

(a) Muestre que A\id,, —A es invertible para todo A € C—{0}. (Hint: La prueba es la misma
del ejercicio 28. seccién 3.5)
(b) Encuentre el polinomio caracteristico de A. Observe que en ejercicio 2., D* = O.
14. Sea A € M(n x n) una matriz tal que A?> = A, muestre que A es diagonalizable. (Hint: Por

el ejercicio 7. de la seccién 6.2; elija una base de ker A y complétela a una base de R™ por
medio de una base de Im A)

15. Sea A € M (nxn) distinta de la matriz nulay T : M (nxn) — M(nxn) dada por T'(X) = X A.
Muestre que A y T tienen los mismos valores propios.

16. Sea A € M(n x n) tal que todos sus valores propios son 0. jSe puede concluir que A = O?
, Cémo cambia la respuesta si suponemos que A es diagonalizable?

8.4 Properties of the eigenvalues and eigenvectors

In this section we collect important properties of eigenvectors.

Proposition 8.43. Let A € M(n x n) and let Ay, Ao, ..., A\; be pairwise different eigenvalues of
A with eigenvectors v, Ua, ..., Ur. Then the vectors v, Ua, ..., U are linearly independent.

Proof. We proof the claim by induction.
Basis of the induction: k = 2. Assume that A\; # Ay are eigenvalues of A with eigenvectors v; and
Us. Hence Aty = A9 and Aty = Ao2 and ¥; # 0 # Us. Let ay, as numbers such that

041171 + 0[2’172 = 6 (810)

Assume that a; # 0. Then v = Z—ff)’g and

- 4 Qg az Qg Qg - = -
)\1'01 = A’U1 =A —7V2 | = — Avy = 7)\2’02 = )\27’02 = )\2’01 — 0= ()\1 - )\2)1)1.
aq aq aq aq

Since A # Ao and @ # 0, the last equality is false and therefore we must have oy = 0. Then,
by (8.10), 0 = a 191 + aots = awulh, hence also ap = 0 which proves that @; and @y are linearly
independent.

Induction step: Assume that we already know for some j < k that the vectors ¥, ..., ¥; are linearly
independent. We have to show that then also the vectors #,...,¥;4+1 are linearly independent. To
this end, let aq, g, ..., 541 such that

6: Q171 + oty +"'+Oéj17j —|—O¢j+117j+1. (8.11)

On the one hand we apply A on both sides of the equation and use the fact that vectors are
eigenvectors. On the other hand we multiply both sides by A;;1 and then we compare the two
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results.
apply A: 6 = A(Cvl’l_ﬁ + 042172 + -+ Oéjq_)'j + Oéj+117j+1)
= 041A171 + OéQA'l?Q + 4 OéjA’LTj —+ C¥j+1A77j+1
= a1 \1 71 +Oz2)\2172+"'—|—06j/\j17j +Oéj+1/\j+177j+1 ®
multiply by /\j+1 : 6 = 041/\14_1171 + 012>\j+1172 + -+ ()éj/\j+117j + Oéj+1/\j+1’t7j+1 @

The difference (1)-2) gives
6 = Oél()\l — )‘j—ﬁ-l){;l —+ OéQ()\l — >‘j+1)172 + 4 aj()\l — >‘j+1)6j'

Note that the term with ¥j41 cancelled. By the induction hypothesis, the vectors v, ..., ¥; are
linearly independent, hence

a1(A —XNjp1) =0, as(Ai—Xj11) =0, ..., a;j(A — A1) =0.
We also know that A;4; is not equal to any of the other A, hence it follows that
a; =0, ay=0, ..., a;=0.
Inserting this in (8.11) gives that also aj4+1 = 0 and the proof is complete. O

Note that the proposition shows again that an n x n matrix can have at most n different eigenvalues.

Corollary 8.44. Let A € M(n xn) and let py ...,y be the different eigenvalues of A. If in each
Eiguj(A) we choose linearly independent vectors v7, ...,17%1, then the system of all those vectors
is linearly independent. In particular, if we choose bases in Eiguj (A), we see that the sum of
etgenspaces is a direct sum

Eig,,, (A) @ --- ® Eig,,, (A)
and dim(Eig,,, (4) @ --- © Eig,,, (A)) = dim(Eig, (A) + --- + dim Eig,,, (A)).

Proof. Let aﬁ-m) be numbers such that
0=aVdt+ - +aldt + @B+ + a2 + .o oD,
=W + Wy + ... W
with @f; = agj)ﬁ{ + ot agz)ﬁgl € Eig,,. Proposition 8.43 implies that w, = --- = @) = 0.
But then also all coefficients ayn) = 0 because for fixed m, the vectors ﬁgm), . ﬁé:) are linearly
independent. Now all the assertions are clear. O

A very special class of matrices are the diagonal matrices.
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dy . 0

Theorem 8.45. (i) Let D = diag(dy, ..., d,) = be a diagonal matriz. Then

0 ..4 d

n
the eigenvalues of D are precisely the numbers dy, ..., d, and the geometric multiplicity of

each eigenvalue is equal to its algebraic multiplicity.
d . % dy .
(ii) Let B = and C' = be upper and lower triangular matrices
dTL dn

respectively. Then the eigenvalues of D are precisely the numbers dy, ..., d, and the algebraic

multiplicity of an eigenvalue is equal to the number of times it appears on the diagonal. In
general, nothing can be said about the geometric multiplicities.

Proof. (i) Since the determinant of a diagonal matrix is the product of its diagonal elements, we

(i)

obtain for the characteristic polynomial of D

di — A 0
po(A) = det(D — \) = det = (dy—N) - (dn — V).

0
dp — A

Since the zeros of the characteristic polynomial are the eigenvalues of D, we showed that the
numbers on the diagonal of D are precisely its eigenvalues. The algebraic multiplicity of an
eigenvalue p is equal to the number of times it is repeated on the diagonal of D. The algebraic
multiplicity of p is equal to dim(ker(D — pid). Note that D — pid is a diagonal matrix and
the jth entry on its diagonal is 0 if and only if ;1 = d;. it is not hard to see that the dimension
of the kernel of a diagonal matrix is equal to the number of zeros on its diagonal. So, in
summary we have for an eigenvalue u of A:

algebraic multiplicity of 1 = number of times p appears in the diagonal of D

= geometric multiplicity of u.

Since the determinant of a triangular matrix is the product of its diagonal elements, we obtain
for the characteristic polynomial of B

di=A *

pe(\) = det(B — \) = det =(dy—A) - (dn — N).
0 G — A

and analogously for C. The reasoning for the algebraic multiplicities of the eigenvalues is as
in the case of a diagonal matrix. However, in general the algebraic and geometric multiplicity
of an eigenvalue of a triangular matrix may be different as Example 8.39 shows. O
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5 0 0 0
1 0 0
0 5 0
0 8 0 0
0 0 8 0

0O 00 0 0 5
The eigenvalues are 1 (with geom. mult = alg. mult = 1), 5 (with geom. mult = alg. mult = 3)
and 8 (with geom. mult = alg. mult = 2),

—
(e}

. Then pp(A) = (1 — A)(5 — A\)3(8 — \)2.

S
S

(
Example 8.46. Let D = E
(

=)
=)

Theorem 8.47. If A and B are similar matrices, then they have the same characteristic polyno-
mial. In particular, they have the same eigenvalues with the same algebraic multiplicities. Moreover,
also the geometric multiplicities are equal.

Proof. Let C be an invertible matrix such that A = C~'BC. Hence
A—)\id=C™'BC - \id=C"'BC-\C~'C=C"YB - \id)C
and we obtain for the characteristic polynomial of A

pa(\) = det(A — Xid) = det(C™H(B — \id)C) = det(C ') det(B — \id) det C' = det(B — \id)
=pB(N).

This shows that A and B have the same eigenvalues and that their algebraic multiplicities coincide.

Now let 1 be an eigenvalue. Then

Eig, (A) = ker(A — pid) = ker(C~(B — pid)C) = ker((B — pid)C) = C~ " ker(B — pid)
= C~ ' Eig,(B)
where in the second to last step we used that C~ is invertible. The invertibility of C~! also shows

that dim(C~! Eig,,(B)) = dim(Eig,, (B), hence dim Eig,(A) = dim(Eig,,(B), which proves that the
geometric multiplicity of u as eigenvalue of A is equal to that of B. O

Next we prove a very important theorem about the diagonalisation of matrices.

Theorem 8.48. Let A € Mg(n x n) with K=R or K= C. Then the following is equivalent.

(i) A is diagonalisable, that means that there exists a diagonal matriz D and an invertible matriz
C such that C~*AC = D.

(ii) For every eigenvalue of A, its geometric and algebraic multiplicities are equal.
(iii) A has a set of n linearly independent eigenvectors.
(iv) K™ has a basis consisting of eigenvectors of A.

Proof. Let 1, ..., ux be the different eigenvalues of A and let us denote the algebraic multiplicities
of p; by m;(A) and m;(D) and the geometric multiplicities by n;(A) and n;(D).
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(i) = (ii): By assumption A and D are similar so they have the same eigenvalues by Theorem 8.47
and

m;(A) =m;(D) and nj(A)=n;(D) forall j=1, ..., k,
and Theorem 8.45 shows that
m;(D) = n;(D) forall j=1, ..., k,
because D is a diagonal matrix. Hence we conclude that also
m;(A) =n;(A) forall j=1,..., k.

(ii) = (iii): Recall that the geometric multiplicities n;(A) are the dimensions of the kernel of
A — pj;id. So in each ker(A — p;) we may choose a basis consisting of n;(A) vectors. In total we
have ny(A)+---+ng(A) = mi(A)+- - -+my(A) = n such vectors and they are linearly independent
by Corollary 8.44.

(iii) = (iv): This is clear because dim K" = n.

(iv) = (i): Let B={¢é, ..., ¢y} be a basis of K" consisting of eigenvectors of A and let dy, ..., d,
be the corresponding eigenvalues, that is, Ac; = d;¢;. Note that the d; are not necessarily pairwise
different. Then the matrix C' = (&;]---|¢,) is invertible and C~1AC is the representation of A in
the basis B, hence C~*AC = diag(dy, ..., dy). In more detail, using that ¢; = C€; and C~'¢; = &},

jth column of C™'AC = C7'ACE; = C'A¢; = C1(d;¢;) = d;C~'¢; = d;é;,

hence D = (d18] - -|d,€,) = diag(dy, ..., dy). O
An immediate consequence of Theorem 8.48 is the following.

Corollary 8.49. If a matrix A € M (n x n) has n different eigenvalues, then it is diagonalisable.

Proof. If A has n different eigenvalues A1, ..., Ay, then for each of them the algebraic multiplicity
is equal to 1. Moreover,

1 < geometric multiplicity < algebraic multiplicity = 1

for each eigenvalue. Hence the algebraic and the geometric multiplicity for each eigenvalue are equal
(both are equal to 1) and the claim follows from Theorem 8.48. O

Corollary 8.50. If the matriz A € M(n x n) is diagonalisable, then its determinant is equal to the
product of its eigenvalues.

Proof. Let A1, ..., A, be the (not necessarily different) eigenvalues of A and let C be an invertible
matrix such that C"1AC = D := diag(\1, ..., A\,). Then

det A = det(CDC™") = (det C)(det D)(det C~') =det D = [ A, O
j=1
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Theorem 8.51. Let A € M(n x n) and let pq, ..., ux be its different eigenvalues. Then A is
diagonalisable if and only if

K" = Eig, (A) @ --- ® Eig,, (A). (8.12)

where K =R or K = C depending on whether A is acting on R or on C.

Proof. Let us denote the algebraic multiplicity of each p; by m;(A) and its geometric multiplicity
by n;(A).

If A is diagonalisable, then the geometric and algebraic multiplicities are equal for each eigenvalue.
Hence

dim(Eig, (A) @ --- © Eig,, (A)) = dim(Eig,, (4)) + --- + dim(Eig,,, (A))
=n1(A)+ -+ np(4A) =m(A) + -+ mp(A) =n.

Since every n-dimensional subspace of K" is equal to K", (8.12) is proved.

Now assume that (8.12) is true. We have to show that A is diagonalisable. In each Eig, we choose
a basis B;. By (8.12) the collection of all those basis vectors form a basis of K. Therefore we found
a basis of K™ consisting of eigenvectors of A. Hence A is diagonalisable by Theorem 8.48. O

The above theorem says that A is diagonalisable if and only if there are enough eigenvectors of
A to span K". This is the case if and only if K™ splits in the direct sum of subspaces on each of
which A acts simply by multiplying each vector with the number (namely with the corresponding
eigenvalue).

To practice a bit the notions of algebraic and geometric multiplicities, finish this section with an
alternative proof of Theorem 8.48.

Alternative proof of Theorem 8.48. Let us prove (i) = (iv) = (iii) = (ii) = (i).

(i) = (iv): This was already discussed after Definition 8.22. Let D = diag(di, ..., dn) and let &1, ..., &y
be the columns of C. Clearly they form a basis of K" because C in invertible. By assumption we know
that AC'= C'D. Hence we have that

Ac; = jth column of AC' = jth column of CD = d; - (jth column of C) = d;c;.

Therefore the vectors ¢i, ..., ¢, are linearly independent and are all eigenvalues of A and hence they are
even a basis of K".

(iv) = (iii): Clear.

(iii) = (ii): Suppose that ¥1 ..., ¥, is a basis of K™ consisting of eigenvectors of A. Clearly, each of them
must belong to some eigenspace of A. Let ¢; be the number of those vectors which belong to Eig,,, (A).
Hence it follows that £; < n;(A) because the vectors are linearly independent and n;(A) = dim Eig,, (A).
So by Theorem 8.38 we have £; < n;(A) < m;(A) where m;(A) is the algebraic multiplicity of y;. Summing
over all eigenvectors, we obtain

n=0+ -+ <n(A)+ - +n(4) <mi(A)+ -+ mr(A) =n

The first equality holds because the vectors are a basis of K™ and the last equality holds by definition
of the algebraic multiplicity. Hence all the < signs are in reality equalities and ni(A) + -+ + nk(A) =
mi(A) + -+ + myr(A). Therefore
0=ni1(A)+ - +np(A) — [ml(A) + .+ mk(A)]
= [77,1 (A) —mi (A)] + o4 [nk(A) — mk(A)] .
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Since n;(A)—m;(A) <Oforall j =1, ..., k, each of the terms must be zero which shows that n;(A4)—m;(A)
as desired.

(i) = (i): For each j = 1,...,k let us choose a basis B; of Eig,,, (A). Observe that each basis has
n;(A) vectors. By Corollary 8.44, the system consisting of all these basis vectors is linearly independent.
Moreover, the total number of these vectors is ni1(A4) + -+ + nk(4) = m1(A4) + - - - + mi(A) = n where we
used the assumption that the algebraic and geometric multiplicities are equal for each eigenvalue. Hence
the collection of all those vectors form a basis of K. That A is diagonalisable follows now as in the proof
of (iv) = (i): O

You should now have understood

e why the eigenvectors of different eigenvalues of a matrix A are linearly independent,
e more generally, why the sum of the eigenspaces is even a direct sum,

e why a matrix is diagonalisable if and only if the vector space has a basis consisting of
eigenvectors of A,

e algebraic and geometric multiplicities,

e etc.
You should now be able to

e verify if a given matrix is diagonalisable,
e if it is diagonalisable, find its diagonalisation,

o etc.

Ejercicios.

1. Para cada una de las siguientes matrices, determine si son diagonalizables. Si lo es, encuentre
una D que es semejante. D = CAC™!.

3 1 -1 310 1 2 1
Ai=|1 3 -1], A4,=10 3 1|, A3=1[1 4 1],
-1 -1 5 0 0 3 11 1
1 4 2 -7 3 2 5 1
0 5 -3 6 2 0 2 6
A=ty o 5 1| =5 2 7
0 0 0 11 16 -1 3

2. Sea T : M(2 x 2) — M(2 x 2) dada por
T(A) = %(A—At).

Muestre que T' es diagonalizable.

3. (a) Sea D: P, — P, dada por Dp = p’. ;Es D diagonalizable?
(b) Sea D : P, — P, dada por Dp =p+ zp’ +p”. jEs D diagonalizable?
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4. Sean A, B € M(n x n).

(a) Si A, B son diagonalizables, jse sigue que A + B es diagonalizable?
(b) Si AB es diagonalizable, jse sigue que A o B son diagonalizables?

(c) Si A, B son diagonalizables, jse sigue que AB es diagonalizable?

5. Calcule A% para

-29 20 -4
A= 0 1 0
210 —-140 29

6. ;Para cudles valores de k,t € R, la matriz

) -1 0
0 3k+2t k—4t—5
0 0 5k — 8t
es diagonalizable?
7. Sea A € M(n x n) diagonalizable y sean dy,ds,...,d; todos sus valores propios distintos.

Muestre que (A—d; id,,)(A—dyid,,) ... (A—dgid,) = Onxp. (Sigue siendo cierta la afirmacién
si no suponemos que A es diagonalizable?

8. Sea A € M(n x n) triangular superior 6 inferior. ;Cudl es el polinomio caracteristico de A?
;Puede dar condiciones de cuando A es diagonalizable?

A C
V =
(®2><2 B)

(a) Muestre que el polinomio caracteristico de V' es la multiplicacién de los polinomios
caracteristicos de A y B.

9. Sean A, B,C € M(2 x 2) y sea

(b) Si C' = Oax2, muestre que V es diagonalizable si y solo si A, B son diagonalizables.

(c¢) (Es cierta la conclusién del inciso anterior si no suponemos que C' = Ogx2?

8.5 Symmetric and Hermitian matrices

In this section we will deal with symmetric and hermitian matrices. The main results are that all
eigenvalues of a hermitian matrix are real, that eigenvectors corresponding to different eigenvalues
are orthogonal and that every hermitian matrix is diagonalisable. Note that symmetric matrices
are a special case of hermitian ones, so whenever we show something about hermitian matrices, the
same is true for symmetric matrices.

Theorem 8.52. Let A be a hermitian matriz. Then every eigenvalue X of A is real.
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Proof. Let A be hermitian, that is, A* = A and let A be an eigenvalue of A with eigenvector v.
Then ¥ # 0 and Av = M. We have to show that A = A. Therefore

NFI2 = M7, ) = (A3, 7) = (A5, 5) = (7, A°5) = (7, A7) = (7, \8) = X, ) = N3],
Since @ # 0, it follows that A = X which means that the imaginary part of A is 0, hence A € R. O

Theorem 8.53. Let A be a hermitian matriz and let A1, Ao be two different eigenvalues of A with
eigenvectors U7 and Us, that is AUy = A\ and Aty = AavUs. Then vy L Us.

Proof. The prove is similar to the proof of Theorem 8.52. We have to show that (¢ ,¥3) = 0. Note
that by Theorem 8.52, the eigenvalues A1, Ay are real.

A (U1, T2) = (M0, To) = (AT, T2) = (U1, A*Ta) = (U1, Ala) = (U1, Aatha) = Xo (01, Ta) = Ao (U1 , Ua).
Since A; # Ay by assumption it follows that (7 ,v2) = 0. O

Corollary 8.54. Let A be a hermitian matriz and let A1, \o be two different eigenvalues of A.
Then Eigy, (A) L Eig,,(A).

The next theorem is one of the most important theorems in Linear Algebra.
Theorem 8.55. FEvery hermitian matrixz is diagonalisable.
Theorem 8.55%. FEvery symmetric matriz is diagonalisable.

We postpone the proof of these theorems to end of this section.
As a corollary we obtain the following very important theorem.

Theorem 8.57. A matriz is hermitian if and only if it is unitarily diagonalisable, that is, there
exists a unitary matriz Q and a diagonal matriz D such that D = Q7 1AQ = Q*AQ.

The formulation of the above theorem for real matrices is:

Theorem 8.57*. A matriz is symmetric if and only if it is orthogonally diagonalisable, that is,
there exists an orthogonal matriz Q and a diagonal matriz D such that D = Q71 AQ = Q'AQ.

In both cases, D = diag(\1, ..., A,) where the Ay, ..., A, are the eigenvalues of A and the columns
of ) are the corresponding eigenvectors.

Proof. Let A be a hermitian matrix. From Theorem 8.55 we know that A is diagonalisable. Hence
C" = FEig,, (A) @ ...Eig,, (4)

where p1, ..., u are the different eigenvalues of A. In each eigenspace Eig, . (A) we can choose an

orthonormal basis B; consisting of n; vectors vl, .. Uj ~where n; is the geometric multiplicity of
15 We know that the eigenspaces are pairwise orthogonal by Corollary 8.54. Hence the system of
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all these vectors form an orthonormal basis B of C™. Therefore the matrix ) whose columns are
the vectors of this basis is a unitary matrix and Q~1AQ = D.

Now assume that A is unitarily diagonalisable. We have to show that A is hermitian. Let @ be a
unitary matrix and let D be a diagonal matrix such that D = Q*AQ. Then A = QDQ* and

where we used that D* = D because D is a diagonal matrix whose entries on the diagonal are real
numbers because they are the eigenvalues of A. O

The proof of Theorem 8.57* is the same.

Corollary 8.59. If a matriz A is hermitian (or symmetric), then its determinant is the product
of its eigenvalues.

Proof. This follows from Theorem 8.55 (or Theorem 8.55*) and Corollary 8.50. O
Proof of Theorem 8.55. Let A € Mc(n x n) be a hermitian matrix and let pq, ..., ux be the
different eigenvalues of A with geometric multiplicities ny, ..., ng. By Theorem 8.51 it suffices to
show that

C" = Eig,,, (A) @ --- @ Eig,,, (A).

Let us denote the right hand side by U, that is, U := Eig,, (A) ® --- @ Eig,, (A). Then we have
to show that Ut = {6} For the sake of a contradiction, assume that this is not true and let
¢ = dim(U+). In each Eig, (A) we choose an orthogonal basis 179 ), 777(31.) and we choose and
orthogonal basis 1, ..., W, in U+. The set of all these vectors is an orthonormal basis B of
C™ because all the eigenspaces are orthogonal to each other and to U. Let @ be the matrix
whose columns are these vectors: @ = (17%1)\ e |177(li)|u71\ -+« |wWe). Then @ is a unitary matrix
because its columns are an orthogonal basis of C". Next let us define B = Q7 'AQ. Then B is
symmetric because B* = (Q 1AQ)* = Q*A*(Q~1)* = Q 1 AQ = B where we used that A = A*
by assumption and that Q! = Q* because it is a unitary matrix. On the other hand, B being the
matrix representation of A with respect to the basis B, is of the form

H1
. M1
M2

s
|

All the empty spaces are 0 and C'is an ¢ X £ matrix (it is the matrix representation of the restriction
of A to Ut with respect to the basis 0, ..., ). The characteristic polynomial of C has at least
one zero, hence C' has at least one eigenvalue . Clearly, )\ is then also an eigenvalue of B and if
ij € C! is an eigenvector of C, we obtain an eigenvector of B with the same eigenvalue by putting
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Os as its first n — £ components and ¥ as its last £ components. Since A and B have the same

eigenvalues, A must be equal to one of the eigenvectors fiq, ..., pr, say A = pj,. But then the
dimension of the eigenspace Eigwo(B) is strictly larger than the dimension of Eig, (A) which
contradicts Theorem 8.47. Therefore U+ = {6} and the theorem is proved. O

Proof of Theorem 8.55%. The proof is essentially the same as that for Theorem 8.55. We only
have to note that, using the notation of the proof above, the matrix C' is symmetric (because B
is symmetric). If we view C as a complex matrix, it has at least one eigenvalue A because in C
its characteristic polynomial has at least one complex zero. However, since C' is hermitian, all its
eigenvalues are real, hence A is real, so it is an eigenvalue of C' if we view it as a real matrix. O

You should now have understood

e why hermitian and symmetric matrices have real eigenvalues,

e why eigenvectors for different eigenvalues of a hermitian matrix are perpendicular to each
other,

e why a hermitian/symmetric matrix is orthogonally diagonalisable,

e that up to a rotation and maybe reflection, the eigenspaces of a hermitian matrix are gen-
erated by the coordinate axes,

e etc.
You should now be able to

e find eigenvalues and eigenvectors of hermitian/symmetric matrices,
e diagonalise symmetric matrices,

e write C" (or R™) as direct sum of the eigenspaces of a given hermitian (or symmetric)
matrix,

e etc.

Ejercicios.

1. Diagonalice ortogonalmente las siguientes matrices:

, & 6 2 4 2 -1 0 7;)_:1)’88
(a) ;B (2 3 2], (¢ -1 3 -1, (d

-2 4 12 9 0 1 o 0 0 3 0

0 0 0 3

2. De una matriz simétrica A € M (3 x 3) se sabe que el polinomio caracteristico es p(\) =
A* —B5A2 48\ — 4.
(a) Determine los valores propios de A y las multiplicidades geométricas y algebraicas.
(b) Se sabe que ker(A —id) = gen{3€> — 4€3}. Encuentre los espacios propios de A.

(¢) Encuentre una matriz A que cumple lo arriba.
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3. Diagonalice
_ 5 3(1+14)
A= <3(1 —i) 2 > :

4. (a) Dé una matriz simétrica tal que su kernel es el plano z — 3y + 2z = 0. ;Cuadl debe ser la
imagen de la matriz que escogi6?

(b) Dé una matriz simétrica que tenga por imagen el plano 5z — y + 2z = 0. {Cudl es su
kernel?

(c) Caracterice todas las matrices M (3 x 3) que tienen un tnico valor propio.

5. Obtenga una base ortogonal de R™ de vectores propios de T' donde T es la transformacién
lineal dada en el Ejercicio 3. en Seccién 7.4.

6. Sean A, B € Myy,mm(2 x2) y C € M(2 x 2) todas matrices con entradas reales. Considere

A C!
v=(2 %)

Muestre que V' € Mgym(2 % 2) y que ademés V' es diagonalizable.
7. Sea A, B € M(n x n) con entradas complejas. Muestre que:

(a) AA* y A*A son diagonalizables.
(b) Si A, B son hermitianas y AB = BA entonces AB es diagonalizable.

A O
O B
Mgym (4 x 4) y que ademas, los valores propios de V' son los valores propios de A junto con
los valores propios de B.

8. Sean A,B € Mgyym(2x2)yV = ( > donde O es la matriz cero. Muestre que V €

8.6 Application: Conic Sections

In this section we will study quadratic equations in  and y. Recall that we know how to deal with
linear equations in two variables. The most general form is

ar+by=d (8.13)

with constants a, b, d. A solution is a tuple (z,y) which satisfies (8.13). We can view the set of all
solutions as a subset in the plane R2. Since (8.13) is a linear equation (a 1 x 2 system of linear
equations), we know that we have the following possibilities for the solution set:

(a) a line if a # 0 or b # 0,
(b) the plane R?if a=0,b=0and d = 0,
(¢) the empty set (no solution) if a =0, b =0 and d # 0,
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Now we will consider the quadratic equation

’ az® + bry +cy® =d (8.14)

with constants a, b, ¢, d.

In the following we will always assume that d > 0. This is no loss of generality because if d < 0,
we can multiply both sides of (8.14) by —1 and replace a, b, ¢ by —a, —b, —c. The set of solutions
does not change.

Again, we want to identify the solutions with subsets in R? and we want to find out what type of
figures they are. The equation (8.14) is not linear, so we have to see what relation (8.14) has with
what we studied so far. It turns out that the left hand side of (8.14) can be written as an inner

product
<G <Z> (”yc>> with G = (b‘/’2 bf). (8.15)

The matrix G from (8.15) is not the only possible choice. Find all possible matrices G such that
(G(3),(3)) = az® + bay + cy’.

Question 8.5

The matrix G is very convenient because it is symmetric. This means that up to an orthogonal
transformation, it is a diagonal matrix. So once we know how to solve the problem when G is
diagonal, then we know it for the general case since the solutions differ only by a rotation and
maybe a reflection. This motivates us to first study the case when G is diagonal, that is, when
b=0.

Quadratic equation without mixed term (b = 0). ‘

10

If b = 0, then (8.14) becomes

with constants d > 0 and a,c € R.

Remark 8.60. The solution set is symmetric with respect to the z-axis and the y-axis because if
some (z,y) is a solution of (8.16), then so are (—z,y) and (z, —y).

Let us define

a ifa>0 c ife>0
o= +/|al, = /|c], hence a? = =7 and A= -
lal. 7= Vel {—a ifa <0 7 {—c if ¢ < 0.

We have to distinguish several cases according to whether the coefficients a, ¢ are positive, negative
or 0.

Case 1.1: @ > 0 and ¢ > 0. In this case, the equation (8.16) becomes

?2? + %y =d. (8.16.1.1)
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N x
|

FIGURE 8.1: Solution of (8.16) for detG >0 . If a > 0,b > 0, then the solution is an ellipse (if d > 0)
or the point (0,0) (if d = 0). The right picture shows ellipses with a and c fixed but decreasing d (from
red to blue). If a < 0,b < 0,d > 0, then there is no solution.

(i) If d > 0, then (8.16.1.1) is the equation of an ellipse whose axes are parallel to the z and
the y-axis. The intersection with the z-axis is at j:@ = +4/d/a and the intersection with
the y-axis is at i@ ==+./d/c.

(ii) If d = 0, then the only solution of (8.16.1.1) is the point (0,0) .

Remark 8.61. Note that the length of the semiaxes of the ellipse is proportional to v/d. Hence
as d decreases, the ellipse from (i) becomes smaller and for d = 0 it degenerates to the point (0, 0)
from (ii).

Case 1.2: @ < 0 and ¢ < 0. In this case, the equation (8.16) becomes
—a’z? — 7y =d. (8.16.1.2)

(i) If d > 0, then (8.16.1.2) has no solution because the left hand side is always less or equal to
0 while the right hand side is strictly positive.

(ii) If d = 0, then the only solution of (8.16.1.2) is the point (0,0) .

Case 2.1: a > 0 and ¢ < 0. In this case, the equation (8.16) becomes

o?r? — 2yt =d. (8.16.2.1)
(i) If d > 0, then (8.16.2.1) is the equation of a hyperbola . If 2 = 0, the equation has no
solution. Indeed, we need |z| > g such that the equation has a solution. Therefore the

hyperpola does not intersect the y-axes (in fact, the hyperbola cannot pass through the strip
_Vd <y< @)
«@ «@

o Intersection with the coordinate axes: No intersection with the y-axis. Intersection with
the z-axis at x = :t@ =+./d/a.
o Asymptotics: For |x| — oo and |y| — oo, the hyperbola has the asymptotes

Y= igx.
gl
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Note that the asymptote does not depend on d.

Proof. Tt follows from (8.16.2.1) that || — oo if and only if |y| — oo because otherwise
the difference a?2? — 42y? cannot be constant. Dividing (8.16.2.1) by 2% and by 7?2 and
rearranging leads to

2 2

Q@ d large 2 @
%:j—ﬁxége—w hence yr~+—a. O
x 2 s Y v

(i) Ifd = 0, then (8.16.2.1), becomes a?z%+~2y? = 0, and its solution is the pair of lines y = :I:%m .

Remark 8.62. Note that the intersection point of the hyperbola with the z-axis is propor-
tional to v/d. Hence as d decreases, the intersection points moves closer to the 0 and the turn
becomes sharper. If d = 0, the intersection point reaches 0 and the hyperbola become two
angles which look like two crossing lines.

Case 2.2: a < 0 and ¢ > 0. In this case, the equation (8.16) becomes
—ar? + 4%y =d. (8.16.2.2)
This case is the same as Case 2.1, only with the roles of x and y interchanged. So we find:
(i) If d > 0, then (8.16.2.1) is the equation of a hyperbola .

o Intersection with the coordinate axes: No intersection with the z-axis. Intersection with
the y-axis at y = :I:@ =+./d/c.

e Asymptotics: For |x| — oo and |y| — oo, the hyperbola has the asymptotes y = :I:%x.

(ii) Ifd = 0, then (8.16.2.1), becomes a?z2+~2y? = 0, and its solution is the pair of lines y = +2z .

Case 3.1: @ >0 and ¢ = 0. Then (8.16)
becomes a’z? = d.

e If d > 0, the solutions are the

two parallel lines x = :I:@ :

e If d =0, the solution is the line x =0 .

Case 3.3: a <0 and ¢ =0. Then (8.16)
becomes —a?x? = d.

e If d > 0, there is no solution .

e If d = 0, the solution is the line x =0 .

Case 3.2: a =0 and ¢ > 0. Then (8.16)
becomes y2y? = d.

e If d > 0, the solutions are the

two parallel lines y = :I:@ .

e If d = 0, the solution is the line y =0 .

Case 3.4: a =0 and ¢ < 0. Then (8.16)
becomes —v22? = d.

e If d > 0, there is no solution .

e If d =0, the solution is the line y =0 .

Case 3.5: a =0 and ¢ = 0. Then (8.16) becomes 0 = d.

e If d > 0, there is no solution .
e If d = 0, the solution is R? .

Note that in the Cases 1.1 and 1.2, det G = ac > 0, in the Cases 2.1 and 2.2, det G = ac < 0 and

in all remaining cases det G = 0.
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FIGURE 8.2: Solution of (8.16) for det G < 0 . The solutions are hyperbola (if d > 0) or a set of two
intersecting lines. The left picture shows a solution for a > 0, ¢ < 0 and d > 0. The right picture
shows hyperbolas for fixed a and ¢ but decreasing d. The blue pair of lines passing through the origin
correspond to the case d = 0.

‘Quadratic equation with mixed term.

Now we want to solve (8.14) without the assumption that b = 0. Let G = (b72 bf) and

z= (i) Then (8.14) is equivalent to

(GT,3) = d. (8.17)

If G was diagonal, then we immediately could give the solution. We know that G is symmetric,
hence we know that G can be orthogonally diagonalized. In other words, there exists an orthogonal
basis of R? with respect to which G has a representation as a diagonal matrix. We can even choose
this basis such that they are a rotation of the canonical basis €; and & (without an additional
reflection).

Let A1, A2 be eigenvalues of G and let D = diag(A1, A2). We choose an orthogonal matrix @) such
that

D =Q'GQ. (8.18)

Denote the columns of @ by ¢, and v5. They are normalised eigenvectors of G with eigenvalues \;
and Ay respectively. Recall that for an orthogonal matrix ) we always have that det Q@ = +1. We
may assume that det @ = 1, because if not we can simply multiply one of its columns by —1. This
column then is still a normalised eigenvector of G with the same eigenvalue, hence (8.18) is still
valid. With this choice we guarantee that @ is a rotation.
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From (8.18) it follows that G = QDQ~! = QDQ*. So we obtain from (8.17) that

d=(GZ,%) = (QDQ*Z,7) = (DQ*Z,Q*T) = (DI, Z') = (DT, Z') = \a'? + Xoy/?

Observe that the column vector (;,) is the representation of Z with respect to the basis o1, s

(recall that they are eigenvectors of GG). Therefore the solution of (8.14) is one of the solutions
we found for the case b = 0 only now the symmetry axes of the figures are no longer the z- and
y-axis, but they are the directions of the eigenvectors of G. In other words: Since @ is a rotation,
we obtain the solutions of az? + bxy + cy? = d by rotating the solutions of az? + cy? = d with the
matrix Q.

Procedure to find the solutions of az? + bxy + cy? = d.

e Write down the symmetric matrix G = @ b2 .
b/2 ¢
e Find the eigenvalues A\; and Ay and eigenvectors of G and define the diagonal matrix D =
diag(\1, A2). and the orthogonal matrix @ such that det Q =1 and D = Q7'GQ.

e Quadratic form without mixed terms: d = A\j2'? + \oy’? where 2/, ' are the components of
F'=Q 7.

e Graphic of the solution: In the zy-coordinate system, indicate the z’-axis (parallel to ;)
and the y'-axis (parallel to U2). Note that these axes are a rotation of the z- and the y-axis.
The solutions are then, depending on the eigenvalues, an ellipse, hyperbola, etc. whose
symmetry axes are the x’- and y/-axis.
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If we want to know only the shape of the solution, it is enough to calculate the eigenvalues A1, Az
of G, or even only det G. Recall that we always assume d > 0.

e If det G > 0, then we obtain an ellipse (which may be degenerate).

— If Ay > 0 and Ay > 0, then the solution is an ellipse with length of its axes 1/d/\; and
v/ d/A2. If d = 0 the ellipse is only the point (0, 0).

— If Ay <0 and Ay < 0, then there is either no solution (if d > 0) or the solution is only
the point (0,0) (if d = 0).

e If det G < 0, then we obtain a hyperbola (which may be degenerate).

— If Ay > 0 and Ay < 0, then the solution is a hyperbola which intersects with the z’-axis
at y/d/A1 and has no intersection with the y’-axis.

— If A\; < 0 and Ay > 0, then the solution is a hyperbola which intersects with the z’-axis
at y/d/A2 and has no intersection with the a’-axis.

In both cases, the asymptotes of the hyperbola have slope £+/A1/\a. If d = 0, the hyperbola
degenerate to the pair of lines y = +1/A1 /Ay .

e If det G = 0, then we obtain either the empty set, one of the axes, two lines parallel to one
of the axes, or R2.

Definition 8.63. The axis of symmetry are called the principal azes.

Example 8.64. Consider the equation
1022 + 6y + 2y = 4. (8.19)

(i) Write the equation in matrix form.
(ii) Make a change of coordinates so that the quadratic equation (8.19) has no mixed term.

(iii) Describe the solution of (8.19) in geometrical terms and sketch it. Indicate the principal axes
and important intersections.

Solution. (i) First we write (8.19) in the form (G#, ) with a symmetric matrix G. Let us define

G= (10 3). Then (8.19) is equivalent to

() G- 6

(i) Now we calculate the eigenvalues of G. They are the roots of the characteristic polynomial
det(G — A).

0=det(G—A)=(10-N)(2-A)—9=X 12X\ +11=(A—6)2-25= (A —1)(A - 11).

Hence the eigenvalues of G are
A =1, =11
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Next we need the normalised eigenvectors. To this end, we calculate ker(G — ;) using Gaufl
elimination:

. G (93 (31 s L
1=\3 1 00 T i \-3)

-1 3 -1 3 L1 (3

o (3 )=(1) = k)

(Recall that for symmetric matrices the eigenvectors for different eigenvalues are orthogonal.
If you solve such an exercise it might be a good idea to check if the vectors are indeed
orthogonal to each other.)
Observation. With the information obtained so far, we already can sketch the solution.

e The solution is an ellipse because both eigenvalues are positive.

e The principal axes (symmetry axes) are parallel to the vectors @ u @3. The ellipse inter-
sects them in £4/4/1 = £2 along the axis parallel to 07 and in +,/4/11 = £2/,/1/11
along the axis parallel to ¥/s.

Set

then
Q'=0Q" vy D=Q7'GR=Q'GQ.

Observe that det Q = 1, so it is a rotation en R2. It is a rotation by the angle arctan(—3).

(.13') g 1 (.13) 1 (x - 3y>
y/ y \/IO Sx y ’
then (820) gives

(o) ()0 () (- (:6) ()

and therefore

If we define
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(iii) The solution of (8.19) is an ellipse whose
principal axes are parallel to the vectors v; y ¥s.

LS

2’ is the coordinate along the axis parallel to 77,
1y’ is the coordinate along the axis parallel to 7.

Example 8.65. Consider the equation
S R R ) (8.21)

(i) Write the equation in matrix form.
(ii) Make a change of coordinates so that the quadratic equation (8.21) has no mixed term.

(iii) Describe the solution of (8.21) in geometrical terms and sketch it. Indicate the principal axes
and important intersections.

Solution. (i) First we write (8.21) in the form (GZ, #) with symmetric matrix G. Let us define

G=21 <_47 _16>. Then (8.21) is equivalent to

RO

(ii) Now we calculate the eigenvalues of G. They are the roots of the characteristic polynomial
0=det(G—A) = (- -N)(E-N)—18 = 2+ 32N-011 250 — \212)—3 = (A—1)(A+3).

Hence the eigenvalues of G are
A =-3, A=1.

Next we need the normalised eigenvectors. To this end, we calculate ker(G— ;) using Gaufl
elimination:

oL 416y _ 11 sl (a
1=\ 216 64 wlo o V. TACY A

e G L6 -6 11 1 (1
21 \-16 -4 17\0 0 NV TANE YA
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8.6. Application: Conic Sections

(iii) The solution of equation (8.19) are hyperbola

Observation. With the information obtained so far, we already can sketch the solution.

e The solution are hyperbola because the eigenvalues have opposite signs.

e The principal axes (symmetry axes) are parallel to the vectors ¥; and ¥. The intersec-
tions of the hyperbola with the axis parallel to ¥, are ++/2.

S 1 4 -1 A 0 -3 0
ot o-(30)-(30)

Q'=Q" vy D=Q7'GQ=Q'GQ.
Observe that det @ = 1, hence @ is a rotation of R?. It is a rotation by the angle arctan(1/4).

e W)
=) 0= (e ()2 ()= () ()

3 1
2= 32" +¢? = —1—7(495 +y)? + 1—7(—33 + 4y)2.

Set

then

If we define

hence

whose principal axes are parallel to the vectors
171 y 172.

2’ is the coordinate along the axis parallel to 77,
1y’ is the coordinate along the axis parallel to 7.

The angle between the z- and the x’-axis is
arctan(1/4).
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Asymptotes of the hyperbola. In order to calculate the slopes of the asymptotes of the
hyperbola, we first calculate in the z’-3’-coordinate system. Our starting point is the equation
2 =32 +y2.

2=-32"4+4? — y—/Q—SJrL — y—/—i 54
- x Y 2 - 22 ! - 202"

We see that || — oo if and only if |2/| — oo and that Z—: ~ +v/3. So the slopes of the
asymptotes in 2’-3'-coordinates are ++/3.

How do we find the slope in x — y-coordinates?

e Method 1: Use (). We know that if we rotate our hyperbola by the linear transforma-
tion @1 (i.e. if we rotate by arctan(1/4)), then we obtain hyperbola whose symmetry
axes are the z- and y-axes and whose asymptotes have slopes £3. Hence, in order to
obtain the asymptotes of our parabola, we only need to apply @ to the vectors w; y ws
which are parallel to the new asymptotes. The resulting vectors are then parallel to our

original hyperbola. In our case w; = <\}§> , Wy = (_1/§> Hence
G —0m = (4 (LYo L (443
1 Vit \~1 4)\V3) = T \—1+4v3)°

seone o (4D () (455

Therefore the slopes of the asymptotes of our hyperbola are

—1+4V3 ¥ ~1-43
443 4—3

e Method 2: Insert in the formulas. The asymptotes are lines which satisfy % = +/3.
Using 7/ = \/%7(495 —y) vy = \/;ﬁ(x + 4y), we obtain

sl @) ety
x/ \/%7(4:1777;) dr —y

+V3(4z —y) =z + 4y

(£4V3 — 1)z = (4 £ V3)y

y —1+4V3

T 4443

111

e Method 3: Adding angles. We know that the angle between the z’-axis and an
asymptote is arctan v/3 and the angle between the z’-axis and the z-axis is arctan(1/4).
Therefore the angel between the asymptote and the x-axis is arctan v/3 + arctan(1/4)
(see Figure 8.3.)

Last Change: Di 24. Jun 02:26:46 CEST 2025
Linear Algebra, M. Winklmeier



362 8.6. Application: Conic Sections

3224+ y2 =2 —1La? — B16zy + 12y° =2

» = arctan(1/4)
= a‘rctan(\/g)

FIGURE 8.3: The figure on the right (our hyperbola) is obtained from the figure on the left by applying
the transformation @ to it (that is, by rotating it by arctan(1/4)).

Example 8.66. Consider the equation
92 — 6y + y* = 25. (8.23)

(i) Write the equation in matrix form.
(ii) Make a change of coordinates so that the quadratic equation (8.23) has no mixed term.

(iii) Describe the solution of (8.23) in geometrical terms and sketch it. Indicate the principal axes
and important intersections.

Solution 1. o First we write (8.21) in the form (G¥, ¥) with symmetric matrix G. Let us define

G= ( ) _3>. Then (8.23) is equivalent to

_ (). )

e Now we calculate the eigenvalue’s of G. They are the roots of the characteristic polynomial

0=det(G—=X)=(9—=N(1—-X)—9=2x%—10\ = \(\ - 10).
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Hence the eigenvalues of G are

A =0, M\ =10.

Next we need the normalised eigenvectors. To this end, we calculate ker(G — ;) using Gaufl

elimination:
9 -3 3 -1 L1 1
Ceas(3 () = e

o« Goro=(L By (L3 = = —— (73
>3 -9 00 T Vo \ 1)

Observation. With the information obtained so far, we already can sketch the solution.

— The solution are two parallel lines because one of the eigenvalues is zero and the other
is positive.

— The lines are parallel to ¢, and their intersections with the axis parallel to v are

+1/25/10 = +,/5/2.

L 1 (1 -3 AM0)_ (0 0
Q(”””“‘)ﬁo(‘s 1)’ Dz((l) )\2><0 10)’

Q'=Q" y D=Q7'GQ=Q'GQ.

Set

then

Observe that det Q = 1, hence @ is a rotation in R2. It is a rotation by the angle arctan(3).

-+ 0)-3u(2)

If we define

then (8.24) gives

therefore
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e The solution of (8.19) are two lines parallel to !
the vector ©; which intersect the y'-axis at - ¥
+/25/10 = +,/5/2. iy
2’ is the coordinate along the axis parallel to 77, !
1y’ is the coordinate along the axis parallel to 7. !
The angle between the z- and the x’-axis is !
arctan(3). /

Solution 2. Note that

25 = 922 — 62y + y* = (3z — y)? = 5= |3z —yl.

Therefore the solution are two parallel lines given by

y=3r %5

which coincides with the result above. o

8.6.1 Solutions of az? + bxy + cy? = d as conic sections

The reason why the title of this section is “conic section” is because most of the solution sets of the
quadratic equations can be obtained as the intersection of a double cone with a planes.
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Y XX

FIiGUrE 8.4: Ellipses. The plane in the picture on the left is parallel to the zy-plane. Therefore
the intersection with the cone is a circle. If the plane starts to incline, the intersection becomes an
ellipse. The more inclined the plane is, the more prolonged is the ellipse. As long as the plane is not
yet parallel to the surface of the cone, the intersects only either the upper or the lower part of the
cone and the intersection is an ellipse.

s )

FIGURE 8.5: Parabola. If the plane is parallel to the surface of the cone and does not pass through
the origin, then the intersection with the cone is a parabola (this is not a possible solution of (8.14)).
If the plane is parallel to the surface of the cone and passes through the origin, then the plane is
tangential to the cone and the intersection is one line.
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&

FI1GURE 8.6: Hyperbola. If the plane is steeper than the cone, then it intersects both the upper and
the lower part of the cone. The intersection are hyperbola. If the plane passes through the origin, then
the hyperbola degenerate to two intersecting lines. The plane in the picture in the middle is parallel
to the yz-plane. Therefore the intersection with the cone is a circle.

8.6.2 Solutions of az? + bxy + cy? +rox +sy=d

Let us briefly discuss the case then the quadratic equation (8.14) contains linear terms:

| ax? +bry +cy® +rr+sy=d | (8.25)

We want to find a transformation so that (8.25) can be written without the linear terms ra and sy.

Let G = <b72 bé 2) and let A1, A2 be its eigenvalues. Moreover, let D = diag(A\1, A2) and @Q an

orthogonal matrix with det@ =1 and D = Q~'GQ.
In the following we assume that G is invertible.

Method 1. First eliminate the mixed term bzy.
If we set ¥’ = Q™' then az? + bxy + cy? = M\2'? + A\ay'?. Since 2’ and ¢/’ are linear in z and y,
equation (8.25) becomes
)\137/2 +)\2y/2 —I—T/:I}/ 4 Slyl _ dl.
Now we only need to complete the squares on the left hand sides to obtain
M+ /2% + Xy +5/2)% — (r'/2)* — (5'/2)* = d'.

Note that this can always be done if A; and A9 are not 0 (here we use that G is invertible).
If weset d’" =d' + (1'/2)% + (s'/2)%, 2" =2’ +1"/2 y' =y + §'/2, then

Mz 4+ Ay =d'. (8.26)
. % /2 =1 /2 —1= s : 2 2 1"
Since £" = o /2 +z = o /2 +Q ™' Z we see that the solution is the solution of \jz*+A2y® = d
/
but rotated by @ and shifted by the vector <Z,g>
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Method 2. First eliminate the linear term rz and sy.
Let us make the ansatz x = z¢ + T and y = yo + ¥. Inserting in (8.25) gives

d=a(ro+7)* +b(zo +7) (Yo + ) + clyo + )%+ r(wo + T) + s(yo + 7)?
= aZ? + bTy + cy° + [2az0 + byo + r]T + [2cyo + bxo + 5|y + az? + broyo + cyp. (8.27)

We want the linear terms in = and y to disappear, so we need 2axq+byo+r = 0 and 2cyg+bxro+s = 0.

In matrix form this is
r\ _(2a b To\ o
()= 2) (o) =2 (n):

Assume that G is invertible. Then we can solve for zg and yo and obtain (io) = —=
0

|
(1=
D
L
R
w 3
~

Now if we set d = d — az2 — bxoyo — cy2, then (8.27) becomes
d = aF® + bIj + i (8.28)

which is now in the form of (8.14) (if d is negative, then we must multiply both sides of (8.28) by
—1. In this case, the eigenvalues of G change their sign, hence D also changes sign, but @ does
not). Hence if we set #' = Q~'Z, then

d =Mz + Ay
and 7' = Q‘lf =Q U F—F) =Q ' F-Q T =Q T+ %Q_lG_l (2) So again we see that

the solution of (8.25) is the solution of A;z% 4+ ;% = d but rotated by @ and shifted by the vector
1 ,— _ r
e
Example 8.67. Find the solutions of
1022 + 6y + 2% + 8z — 2y = 4. (8.19’)

Solution. We know from Example 8.64 that

10 3 1 1 3 1 0
=5 2) e=m(s 1) =6 )
and that
2\ iz 1 [(x-3y AN £ | '+ 3y
@JQ <J w<%+ﬁ and @)Q@’ o \=32'+¢/ )
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Method 1. With the notation above, we know from Example 8.64 that(8.19’) is
4 =10z 4+ 62y + 2y> + 8z — 2y = 2> + 11y"* + 8z — 2y

8 2
:x12+11y/2+7(1’/+3y/)_7(_3$/+y/)

v 10 v 10
14 22
=224 2+ 1102 + ’
v10 Y vV 10y

7 2 1 2
= a:’+) +11(’+) -6,
( VIO T

hence

7 \? 1\?
z/+) +11(’+) =4+ 6 = 10.
( V10 Y V10

This is an ellipse oriented as the one from Example 8.64 but shifted by 7/4/10 in 2’-direction and
—1/+/10 in y/'-direction. The length of the semiaxes are v/10 and 4/13.

Method 2. Note that

() =20 () 2w (G0 ()= (D)= ()

Set t=z—xp=xz+1and y=y —yo =y — 2. Then

4=102% 4+ 6zy + 2> + 82 — 2y = 10(Z -~ 1)* +6(F = 1)(T+2) + 2T +2)> +8(T — 1) — 2(y + 2)
=102 — 20T+ 1+ 6Ty + 127 — 65 — 124+ 27> + 8y + 8+ 8T —8 — 2y — 4
= 1072 + 62y + 2% — 15

hence

19 = 1072 + 627 + 272 = 72 + 11y

(3)- () -6 (5 - (52 20) - m ()

You should now have understood

e that a symmetric 2 X 2 matrix which is not a multiple of the identity marks two distinguished
directions in R?, namely the ones parallel to its eigenvectors,
e why a change of variables is helpful to find solutions of a quadratic equation in two variables,

e etc.

You should now be able to
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find the solutions of quadratic equations in two variables,

make a change of coordinates such that the transformed equation has no mixed term,

sketch the solution in the xy-plane,

e etc.

Ejercicios.

1. Encuentre una substituciéon ortogonal que diagonalice las formas cuadraticas dadas y en-
cuentre la forma diagonal. Haga un bosquejo de las soluciones. Si es un elipse, calcule las
longitudes de los ejes principales y el dngulo que tienen con el eje x. Si es una hipérbola,
calcule en dngulo que tiene las asintotas con el eje x.

(a
(b

1022 — 6xy + 2y? = 4,

x? — 9y2 =2,

2?2 — 9y? = 20 (compare la solucién con la del literal anterior!)
1122 — 162y — y? = 30.

2% +day + 4y = 4.

(c
(d
(e
(

)
)
)
)
)
f) 2y =1.

(g) 522 — 2zy + 5y? = —4.
(h) 22 — 22y + 4y* = 0.

2. Encuentre la férmula de una elipse cuyos semiejes tienen magnitudes % y % y cuyos ejes
principales son paralelos a (1 2) y (—2 1).

3. Encuentre la férmula de una elipse cuyos semiejes tienen magnitudes 3 y 1 y cuyo primer eje
principal tiene un angulo de 30° con el eje z.

8.7 Summary

C™ as an inner product space

C™ is an inner product space if we set
n
(Z,w) = E 25

We have for all v, 227€ C" and ¢ € C:

7,2) = (Z,d),

T+ e, 2) = (0,2) + (0, 2), (2,04 cdl) = (Z,0)+¢(Z,w),
,2) = [12]1%,

v, 2Z) < |7 121,

[ ]
8y

o~ o~~~
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o |17+ 2% < |71 + 1|21

The adjoint of a matrix A € M¢(nxn)is A* = (A?) = (A)! (= transposed and complex conjugated).
The matrix A is called hermitian if A* = A. The matrix Q is called unitary if it is invertible and
Q =Q.

Note that det A* = det A.

Eigenvalues and eigenvectors

Definition. Let A € M(n x n). Then A is called an eigenvalue of A with eigenvector U if ¥ # 0
and Av¥ = M. The set of all solutions of A¥ = At for an eigenvalue A is called the eigenspace of A
for A\. It is denoted by Eig, (4).

The eigenvalues of A are exactly the zeros of the characteristic polynomial
pa(N) = det(A — N).

It is a polynomial of degree n. Since every polynomial of degree > 1 has at least one complex root,
every complex matrix has at least one eigenvalue (but there are real matrices without eigenvalues.)
Moreover, an n X n-matrix has at most n eigenvalues. If we factorise p4, we obtain

pa(A) = (A= p)™ - (A= )™
where p1, ..., p)k are the different eigenvalues of A. The exponent m; is called algebraic multi-
plicity of p;. The geometric multiplicity of p; is dim(EigM (A). Note that
e geometric multiplicity < algebraic multiplicity,
e the sum of all algebraic multiplicities is my + - - - + mg = n.

Similar matrices.

e Two matrices A, B € M(n x n) are called similar if there exists an invertible matrix C' such
that A= C~'BC.

e A matrix A is called diagonalisable if it is similar to a diagonal matrix.

Characterisation of diagonalisability. Let A € M¢(n x n) and let py, ..., pr be the different
eigenvalues of A. We set n; = dim(Eig,, (A4) = geometric multiplicity of u; and m; = algebraic
multiplicity of ;1;. Then the following is equivalent:
(i) A is diagonalisable.
(ii) C™ has a basis consisting of eigenvectors of A.
) n;
)

n; =m; forevery j =1, ..., k.
v) ni+---+n, =n.

(iii
(iv
The same is true for symmetric matrices with C” replaced by R™.

Properties of unitary matrices. Let () be a unitary n x n matrix. Then:

Last Change: Di 24. Jun 02:26:46 CEST 2025
Linear Algebra, M. Winklmeier



Chapter 8. Symmetric matrices and diagonalisation 371

o [det@| =1,
e If A € C is an eigenvalue of @, then || = 1.

e () is unitarily diagonalisable (we did not prove this fact), hence C™ has a basis consisting of
eigenvectors of (). They can be chosen to be mutually orthogonal.

Moreover, @ € M(n x n) is unitary if and only if ||QZ]| = ||Z]| for all Z € C™.

Properties of hermitian matrices. Let A € M¢(n x n) be a hermitian n x n matrix. Then:

e det A € R,
e If )\ is an eigenvalue of @, then A € R.

e A is unitarily diagonalisable hence C™ has a basis consisting of eigenvectors of A. They can
be chosen to be mutually orthogonal.

Moreover, A € M(n x n) is hermitian if and only if (A7, 2) = (¥, AZ) for all ¥, Z € C™.
Properties of symmetric matrices. Let A € Mr(n x n) be a symmetric n x n matrix. Then:

e A is orthogonally diagonalisable. hence R™ has a basis consisting of eigenvectors of A. They
can be chosen to be mutually orthogonal.

Moreover, A is symmetric if and only if (A7, Z) = (¥, AZ) for all ¥, Z € R™.

Solution of ax?+bxy+cy? = d. The equation can be rewritten as (G, &) = d with the symmetric

matrix
[ a b/2
S (b/? c > '

Let A1, A2 be the eigenvalues of G and let us assume that d > 0. Then the solutions are:

e an ellipse if det G > 0, more precisely,

— an ellipse with length of its axes y/d/A\1 and y/d/As if A1, Ao > 0 and d > 0,
— the point (0,0) if d =0,
— the empty set if A1, Ao < 0 and d > 0,

e hyperbola if det G < 0, more precisely,

— hyperbola d > 0,
— two lines crossing at the origin if d = 0,

e two parallel lines, one line or R? if det G = 0.
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8.8 Exercises
1. Sea ) una matriz unitaria. Demuestre que todos sus autovalores tienen norma 1.

2. Muestre que A y B son semejantes si y solo si A?, B! son semejantes.

3. Encuente todas las matrices que son semejantes a la identidad.

4. Son las matrices A = (1 2

5 1
_ . o 7 N
4 3) y B <0 1) semejantes? Hint. Ejercicio 5.(c).

5. Sea A una matriz con autovalores 1, ..., (g ¥ sea ¢ una constante.

(a) ;Qué se puede decir sobre los autovalores de cA? ;Qué se puede decir sobre los autoval-
ores de A + cid?

6. Dados la matriz A y los vectores u y w:

25 15 —18 0 -1
A=|(-30 —-20 36|, u = 1], w = 1
-6 —6 16 -1 0
(a) Diga si los vectores u y w son autovectores de A. Si lo son, cuéles son los vectores propios
correspondientes?
(b) Puede usar que det(A — \) = —A3 + 21\2 — 138\ + 280. Calcule todos los autovalores de
A.
I 2 A o 1 An
7. Sea A = 9 1) Calcule e := 3" /- A™.

Hint. Encuentre una matriz invertible C' y una matriz diagonal D tal que A = C~'DC y use
esto para calcular A".

8. (a) Sea ® : M(2 x 2,R) — M (2 x 2,R), ®(A) = A!. Encuentre los valores propios y los
espacios propios de ®.
(b) Sea P el espacio vectorial de polinomios de grado menor o igual a 2 con coeficientes
reales. Encuentre los valores propios y los espacios propios de T : P, — P, Tp =
P+ 3p.
(c) Sea R la reflexién en el plano P : x + 2y + 3z = 0 en R3. Calcule los valores propios y
los espacios propios de R.

9. We consider a string of lenth L which is fixed on both end points. It is excited then its vertical

elongation satisfies the partial differential equation g—;u(t,x) = aa—;u(t,x). If we make the
ansatz u(,z) = e“!v(x) for some number w and a function v which depends only on x, we

obtain —w?v = v”. If we set A = —w?, we see that we have to solve the following eigenvalue
problem:

T:V =V, Tv=2v"
with

V={f:]0,L] - R, fis twice differentiable and f(0) = f(L) = 0}.
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(a) Show that V is a vector space.
(b) Show that T is a well-defined linear opertor.

(c¢) Find the eigenvalues and eigenspaces of T'.

10. Encuentre los valores propios y los espacios propios de las siguientes matrices n X n:

11 -~ 1 1
11 .- 1 2

Compare con el Ejercicio 11..

11. Sea A € M(n x n,C) una matriz hermitiana tal que todos sus autovalores son estrictamente
mayores a 0. Sea (-,-) el producto interno estandar en C". Demuestre que A induce un
producto interno en C" a través de

C"xC" = C, (x,y) == (Az,y).
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Appendix A

Complex Numbers

A complex number is an expression of the form
a+ib

where a,b € R and i is called the imaginary unit. The number a is called the real part of z, denoted
by Re(z) and b is called the imaginary part of z, denoted by Im(z).
The set of all complex numbers is sometimes called the complex plane and it is denoted by C:

C={a+ib:a,beR}.

A complex number can be visualised as a point in the plane R? where a is the coordinate on the
real axis and b is the coordinate on the imaginary axis.

Let a,b,z,y € R. We define the algebraic operations sum and product for complex numbers
z=a+1ib, w =z + iy:

z+w=(a+1ib) + (z+iy) ==a+z+i(b+y),
zw = (a +1ib)(x + iy) := ax — by + i(ay + bx).

Exercise A.1. Show that if we identify the complex number z = a+1ib with the vector (Z) € R?,

then the addition of complex planes is the same as the addition of vectors in R™.

We will give a geometric interpretation of the multiplication of complex numbers later after formula
(A.5).

It follows from the definition above that i2 = —1. Moreover, we can view the real numbers R as a
subset of C if we identify a real number x with the complex number x + 0i.

Let a,b € R and z = a + ib. Then the complex conjugate of z is

Z=a—1b

and its modulus or norm is

|z| = Va? + b2.
Geometrically, the complex conjugate is obtained from the z by an reflection on the z-axis and its
norm is the distance of the point represented by z from the origin of the complex plane.
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Im Im
342 .
2+ ¢ ez=a+1ib
STE
t t 1 t 1 t  Re Re
=32 1 2 3 4
14 .
1_51
2.4 eZ=a—ib
F1GURE A.1: Complex plane.
Properties A.2. Let a,b,x,y € R and let z = a+1ib, w = x + iy. Then
(i) z=Rez+ilmz
(ii) Re(z+ w) = Re(z) + Re(w), Im(z + w) = Re(z) + Im(w).
(i) Z) =2 2Fw=2+W, Z0=2W
(iv) 2z = |2]2
(v) Rez = 2(2+%), Rez = 1 (2 — 2).
Proof. (i) and (ii) should be clear. For (iii) not that Z = a — ib = a + ib,
ztw=a+z+ilb+y)=a+z—ilb+y)=a—ib+zx—iy=a+ib+ax+iy=7z+w,
= (a —ib)(x —iy) = (a + ib)(x + iy) = Zw.

zZw = ax — by + i(ay + bz) = ax — by + i(ay + bx)

(iv) follows from

2Z = (a+ib)(a + ib) = (a + ib)(a — ib) = a® + b +i(ab — ba) = a* 4+ b* = |z|?

and (v) follows from
z+Z=a+ib+ (a+1ib) =a+ib+a—ib = 2a = 2Re(2),
z+Z=a+ib—(a+1b) =a+ib— (a —ib) = 2ib = 2iIm(z). O
We call a complex number real if it is of the form z = a + i0 for some a € R and we call it purely
imaginary if it is of the form z = 0 4 ib for some b € R. Hence

2z is real <— 2=z

[

z is purely imaginary = z=-Z

It turns out that C is a field, that is, it satisfies
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(a) Associativity of addition: (u+ v) +w = u+ (v + w) for every u,v,w € C.
(b) Commutativity of addition: v +w = w + v for every u,v € C.

(c¢) Identity element of addition: There exists an element 0, called the additive identity such
that for every v € C, we have 0 +v =v + 0 = v.

) Additive inverse: For all z € C, we have an inverse element —z such that z 4+ (—z) = 0.
) Associativity of multiplication (uv)w = u(vw) for every u,v,w € C.

f) Commutativity of multiplication vw = wv for every u,v € C.
)

Identity element of addition: There exists an element 1, called the multiplicative identity
such that for every v € C, we have 1 -v =v+ -1 = v.

(h) Multiplicative inverse: For all z € C\ {0}, we have an inverse element z~! such that
2ozl =1.

(i) Distributivity laws: For all u,v,w € C we have

u(w + v) = vw + uv.
It is easy to check that commutativity, associativity and distributivity hold. Clearly, the additive
identity is 0 +i0 and the multiplicative identity is 1 + 0i. If z = a + ib, then its additive inverse is
—a—ib. If 2 € C\ {0}, then 271 = wE = %. This can be seen easily if we recall that |z|* = 2Z.

The proof of the next theorem is beyond the scope of these lecture notes.

Theorem A.3 (Fundamental theorem of algebra). FEvery non-constant complex polynomial
has at least one complex root.

We obtain immediately the following corollary.

Corollary A.4. FEvery complex polynomial p can be written in the form

p(z) =clz = A)™ - (2= Ag)™ - (2 = A)™ (A1)
where A1, ..., A\, are the different roots of p. Note that ny + - -+ ni, = deg(p).
The integers nq, ..., ng are called the multiplicity of the corresponding root.

Proof. Let n = deg(p). If n =0, then p is constant and it clearly of the form (A.1). If n > 0, then,
by Theorem A.3 there exists u; € C such that p(u) = 0. Hence there exists some polynomial ¢;
such that p(z) = (2 — p)q1(z). Clearly, deg(q) = n — 1. If ¢y is constant, we are done. If ¢; is not
constant, then it must have a zero po. Hence q1(z) = (2 — p2)g2(z) with some polynomial go with
deg(g2) = n — 2. If we repeat this process n times, we finally obtain that

p(2) = c(z = ) (z = p2) -~ (2 = pan)-
Now we only have to group all terms with the same p; and we obtain the form (A.1). O
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Functions of complex numbers

It is more or less obvious how to form a complex polynomial. We can also extend functions which
admit a power series representation to the complex numbers. To this end, we recall (from some
calculus course) that a power series is an expression of the form

o0

Z en(z—a)" (A.2)

n=0
where the ¢, are the coefficients and a is where the power series is centred. In our case, they are
complex numbers and z is a complex number. Recall that a series > 2 @, is called absolutely
convergent if and only if ZZO:O |ay,| is convergent. It can be shown that every absolutely convergent
series of complex numbers is convergent. Moreover, for every power series of the form (A.2) there
exists a number R > 0 or R = oo, called the radius of convergence such that the series converges
absolutely for every z € C with |z — a| < R and it diverges for z with |z —a| > R. That means that
the series converges absolutely for all z in the open disc with radius R centred in a, and it diverges
outside the closed disc with radius R centred in a. For z on the boundary the series may converge
or diverge. Note that R = 0 and R = oo are allowed. If R = 0, then the series converges only for
z = a and if R = oo, then the series converges for all z € C.

Important functions that we know from the real numbers and have a power series are sine, cosine
and the exponential function. We can use their power series representation to define them also for
complex numbers.

Definition A.5. Let z € C. Then we define

— (=" o (—=1)" o 1
sinz = Z_:O m22n+1, COS z = Z [ 2271’ e’ = Z —2z". (A3)

n=0

Note that for every z the series in (A.3) are absolutely convergent because, for instance, for the series

(=D" 2n+1] _ N0 1| 2ndl i .
ey =0 CEsyI |z is convergent because |z|
is a real number and we know that the cosine series is absolutely convergent for every real argument.
Hence the sine series is absolutely convergent for any z € C, hence converges. The same argument

shows that the series for the cosine and for the exponential are convergent for every z € C.

for the sine function, we have Y 7 |

Remark A.6. Since the series for the sine function contains only odd powers of z, it is an odd
function and cosine is an even function because it contains only even powers of z. In formulas:

sin(—z) = —sin z, cos(—z) = cos z.
Next we show the relation between the trigonometric and the exponential function.

Theorem A.7 (Euler formulas). For every z € C we have that
e = cosz +1isin z,
1 . .
cos(z) = (e +e7 %),

sin(z) = — (e'* —e ™).
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Proof. Let us show the formula for €. In the calculation we will use that i?® = (i2)” = (—=1)" and
i2ntl — (12)n — (—1)"i and

. =1 =1 =1 = 1
iz __ i\ S nn :(2n) 2n :(2n+1) 2n+1
e —nz::om(lz) —;nll z —;(Qn)!l z —1—7;)7(2”_'_1)!1 z
<1 =1 — (-1)" o (=)
_ —1)" 2n —1)" 2n+1 _ 2n 2n+1
;(271)!( )z +n§(2n+1)!1( )z ; @n) “;(%H)!Z

=cosz +isinz.

Note that the third steps needs some proper justification (see some course on intergral calculus).
For the proof of the formula for cos z we note that from what we just proved, it follows that

o, iy 1 . . 1 .. .
5(6 +e %) = §(cos(z) +isin(z) + cos(—z) +isin(—z2)) = §(cos(z) +isin(z) + cos(z) — isin(z))

= cos(z).

The formula for the sine function follows analogously. O

Exercise. Let z,w € C. Show the following.
(i) e*e¥ = e*T%. Hint. Use Cauchy product.

(ii) Use the Euler formulas to prove cosacos = %(cos(aw — 8) + cos(a + B)), sinasinf =
% (cos(a — B) — cos(a + f3)), sinacos B = 3 (sin(a + ) + sin(a — 3)).

(iii) (cos2)? + (sinz)? = 1.

(iv) cosh(z) = cos(iz), sinh(z) = —isin(iz). In particular, sin and cos are not bounded functions
in C.

(v) Show that the exponential function is 27i periodic.

Polar representation of complex numbers

Let z € C with |z| = 1 and let ¢ be the angle between the positive real axis and the line connecting
the origin and z. It is called the argument of z. and it is denoted by arg(z). Observe that the
argument is only determined modulo 27. That means, if we add or subtract any integer multiple
of 27 to the argument, we obtain another valid argument.
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Im

@ e +Im(z) = |z|sin ¢

1

y
=}
5

FIGURE A.2: Left picture: If |z| = 1, then z = cos ¢ + isinp = e'?.
Right picture: If z # 0, then z = |z| cos ¢ + i|z|sing = |z|€'¥.

Then the real and imaginary part of z are Re(z) = cose and Im(z) = ising, and therefore
2z = cosp +ip = e¥. We saw in Remark 2.3 how we can calculate the argument of a complex

number.

Now let z € C\ {0} and again let ¢ be the angle between the positive real axis and the line

connecting the origin with z. Let Z = %. Then |Z] = 1 and therefore z = €. It follows that
z=|z|e. (A.4)

(A.4) is called de polar representation of z.

Now we can give a geometric interpretation of the product of two complex numbers. Let z,w €

C\ {0} and let o = arg z and § = argw. Then

2w = |z] € |w|e? = |z||w| el HF (A.5)

This shows that the product zw is the complex number whose norm is the product of the norms of
z and w and whose argument is the sum of the arguments of z and w.

Im

A
°

FIGURE A.3: Geometric interprettion of the multiplication of two complex numbers.
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Appendix B

Solutions

Solutions of selected exercises from Chapter 1

Soluciones de Seccién 1.1

) No tiene solucién.

b) Infinitas soluciones.

:) Solucién tnica x = 0,y = 0.
) Infinitas soluciones.

) No tiene solucién.

) Infinitas soluciones.

(a
(
(c
(d
(e
(f

Soluciones de Seccién 1.2

1.(a) Solucién unica. z =

1.(b) Solucién tnica. x =
1.(c) Infinitas soluciones.
1.(d) Ninguna solucién.
1(e)
L(f

\l\ccw\»—t

Il
o

y Y=
) Y

Infinitas soluciones.
) Solucién unica. x =

[SHEN]

y=2.
2. ke R\ {19}.
3. ke R\ {866, 8+ 66}

Soluciones de Seccion 1.4

1. 6.
2.a=3,b=1,c=1.

3. Si y = ax? + bx + c es tal parabola,

-5 - _3
entonces a +c= 35 y b= —3.

4. Las opciones posibles son:

o t# 1 k=10

—30.

5. 065, 164, 263, 362, 461, 560.

6. 10 clientes eran duenos de perros y 12 de
gatos.

7. 75.

8. Si la velocidad del conductor A es de 57’“77”

y la del conductor B es de 49]%“.
e El conductor A llega a Villavicencio a
las 6am.
e Los dos conductores no se encuentran

en carretera.

Si la velocidad del conductor A es de 1
la del conductor B es de 7057

km
95

e El conductor A llega a Villavicencio a
las 10am.

e Los dos conductores se encuentran en
carretera a las 9am.
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Solutions of selected exercises from Chapter 2

Soluciones de Seccién 2.1

1@
c)(_ol). ,

d) —arctan .

7 — arctan 2 3-

Si forman un paralelogramo.

Soluciones de Seccién 2.2

3.(a) Note que hay tres maneras cémo
acercarse a este problema: dos vectores d, b
son paralelos

1) si y solo si existen escalares p, A tal que
na = Ag;

2) si y solo si (@, b) = ]| |1B]l

3) si y solo si las rectas que generan son
paralelas, es decir, no se intersecan en
exactamente un punto, lo que se puede
verficar con el determinante.

4.(a)(i) a= -2

a)(il) a = 2.

a)(iil) a = —2(2 £ V/3).

a)(iv) a = 0

a)(v) No existe tal a.

4.(a)(
4.(a)(
4.(a)(
4.(a)( )
4.(b) Cuando a — oo el angulo entre @ y b
tiende a =F. Cuando o — —oo el angulo entre

ay b tlende a7y

Soluciones de Seccién 2.3

1.(a) projag: %Z;, proj; d = %6.

1.(b) Todos los ¥ que son perpendiculares a @,
es decir todo los vectores de la forma
T=1t(7?).

1.(c) Todos los ¥ = () tales que

|z + 3y| = 21/10. Note que son todos los
vectores de la forma v = ﬁé’—l— t( - )
Observe la relacién con los vectores de (ii).
Por qué es asi?

1.(d) No. Si. No

Soluciones de Seccién 2.4

Soluciones de Seccion 2.5

1.(a) 21/26.

1.(b) v/26.

1.(c) Todos los P(z,y, z) tales que

|BC x BP|| = 13, es decir,
—74+9y—>5z

H( 6—9z+32 )H = 13. Por ejemplo,
—14+52—3y

P((41 £ V/7117)/106,0,0) sirve.

2. 188.

) @

4. Todos los @ que son paralelos a (z)

. 1 3
Los que tienen norma 1 son ﬁ<g> y

1 3
‘ﬁ(%)
Soluciones de Seccién 2.6

2.(a)(i) No son paralelas.

2.(a)(ii) No tienen ningin punto en comun.

2.(a)(iii) P pertenece a L1, P no pertenece a

L2
2.(a)(iv) 255 = 152 = =11,
2.(b)(i) No son paralelas.

2.(b)(ii) Se cruzan en exactamente un punto,

a saber en (4,5, —1).

2.(b)(iii) P pertenece a Lj, P no pertenece a

Lo.

44a(i)z—y—2=0.

4.4.a(ii) P no pertenece a E.

saa(ii) {(_0)+t(-1):ter}.

(
(i
(
4.4b(i) 3z +3y — 4z =—1.
(
(i

4.4.b(ii) P no pertenece aFE.
4.4.b(iii = 3 =-Z=.

) Yy 241
4.4.c(i) 3z +z=4
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4.4.c(ii) P no pertenece a E.
ddc(iii) z=38t+1,y=2t 2=t—1, teR.

Soluciones de Seccién 2.7

1.(a) Se intersecan en (3,2,2).

1.(b) Existen infinitas rectas con dicha
propiedad.

5. ENF es un plano 6 es una recta que pasa
por Ay B.

Soluciones de Seccion 2.9

1. {imt Es rapldo si usa proyecciones.
2. b=(} )yb—(q)

4.(a) Falso.

4.(b) Falso.

4.(c) Verdadero.

4.(d) Verdadero.

7.(a)ii. Colisionan en el punto (7,10,—1) y en
tlempo t=2.

7.(b)ii. No colisionan.

7.(b)iili. Las dos estelas se mezclan en el
punto (13,20, —5).

13.(a) 3v/6.

14.(c) Q(=3,5,5).

14.(d) La distancia obtenida es v/11.

16.(b) Solo existe un tnico plano que cumple
tal condicién.

17.(a) No.

17.(c) 34z — 5y — 9z = 0 es el tnico plano con
las propiedades deseadas.

18.(b) A=p=1.
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Solutions of selected exercises from Chapter 3

Soluciones de Seccién 3.1

w01

1 0|0
1.(c) [0 1| 2].
0 0]o0
103 0 5
L) [o 1 2 o -3/2
000 1| 3/2
10 0] 2
1g) [0 1 0] 2
00 1| -3
100 0] 1
010 0|-3
L&) (o 01 o] 2
000 1| 5

2. Los a,b,c € R tales que a — 2b+ ¢ = 0.
3. —z? + 3z — 2.

5. El rolo pasé 6 dias en Medellin, 4 dias en
Villavicencio y 4 dias en Yopal.

Soluciones de Seccion 3.2

260 () =) +4):
oo (5) o))
)

2.(c) (y) =1(1)-
3.reR—{-3,2

Soluciones de Seccién 3.3

1.(a) Si.
1.(b) No.
1.(c) No.

Las soluciones del sistema homogéneo son

B

2. (a) No tiene solucién.
(b) No tiene solucién.
3.(a) a e R\ {2,-2}.

3.(b) a=2.
3.(c) a = —2.

Soluciones de 3.4

0 0
leyD=| 8 5
-6 —3

2.(b) No es posible efectuar la multiplicacién.

0 -2 5
2.(d) {0 —6 15
0 2 -5
19 —-17 34
2.(f) 8 —12 20
-8 —11 7
3 5
4. A= 1 o)
6 costy —sind
" \sind  cos? )’
7.a=d,c=0.

Soluciones de Seccién 3.5

3. Una solucién particular al sistema AZ = b
usando la inversa a derecha es

=0 0 |b
-1 1

Soluciones de Seccién 3.6

L (6 -3

1.e) No tiene inversa.

21 -3 -3 —6
4 -1 -4 1
sl 21 o 1 o
15 6 6 3
1 0 0
th) [0 —1/5 0
0o 0 3
2.

Last Change: Di 24. Jun 02:26:43 CEST 2025
Linear Algebra, M. Winklmeier



Chapter B. Solutions

385

(i) Solo tiene solucién trivial.
(ii) Tiene solucién no trivial.

3. A tiene inversa si a # 2,—2 y en tal caso

0 1 0
_ 1 2_q2 2
Al = 4—a? 2(a2(i4) 2((;;74)
1y 1 —2
a2 a2—4 a2—4
5.
1 0 0

0 cosd sind
0 —sin?d costd

Soluciones de Seccion 3.7

4. No se puede concluir que AB es simétrica.

Soluciones de Seccion 3.8

1.a) Si. 1.c) No. 1.f) No.

3.0) Qo1(~2) (3 ‘03>.

S = O
S W O

1
3.(c) Q21(5)Pa3@21(2) | O

0
4.b) E = Q31(—4).

4.(3) FE = P13.
4.6) FE = Q12(3)

Soluciones de Seccién 3.10

2 % T oy ~ o
5

7. [3/2
3

10. La matriz B no es invertible. La matriz D

3 15 -6
es invertibley D~' =L | =12 -3 24
15 -1 -11
_ 1 ( 50 29
24. X = & (_29 36 )
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Solutions of selected exercises from Chapter 4

Soluciones de Seccién 4.1

(a) -4
(c) 47
(e) 67
(2) 96

)

1.
1.
1.
1.

Soluciones de Seccion 4.2

1. =3/5, —1, —1.

2. 18.

3. Para todo a € R la matriz tiene inversa.
6.(a) 1y —1.

6.(b) 0y 1.

7. Hint. Use que A es invertible.

Soluciones de Seccién 4.3

2. 0.

3. 3.

4. Elija por ejem
desarrolle det[PQ, PR]. Compare con el
determinante de la férmula dada.

lo P como punto inicial y

Soluciones de Seccion 4.4

1b)x—7,y—%,z:—%.
_21 171 , _ 284 . _ 182
1’d)x7@7y727972*72797wf7%.
3 —6 2
2b) L[ 2 10 -8
—1 2 4
1 0 2 0
-1 1 2 =2
2.d) 1 0 -3 3
2 -2 =2 3
4
3. —4.

5. Use la relacién entre A y adj A.

Soluciones de Seccion 4.6

2. te R\ {0,—3,-2}.

4.c) Es invertible y su inversa es
1 -69 10 27
1 8 18 4 12
#1711 -6 -1
-1 -1 4 7
9. (=1)"H1p,.
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Solutions of selected exercises from Chapter 5

Soluciones de Seccién 5.1

Si es espacio vectorial.
No es espacio vectorial.
Si es espacio vectorial.
Si es espacio vectorial.
9. Si es espacio vectorial.
10. No es espacio vectorial.
13. Si es espacio vectorial.

NoEN

Soluciones de Seccion 5.2

1. Si es subespacio de V.
3. Si es subespacio de V.
5. Si es subespacio de V.
7. No es subespacio de V.
8. No es subespacio de V.
11. Si es subespacio de V.
14. Si es subespacio de V.

17.(b) Wi N Wa = {(2 g) Layb € R}.

Soluciones de Seccion 5.3

0
2. [ 1
~1
x?
23 — x, 1}
1
1
5

}{%
10

a) Son linealmente dependientes.
¢) Son linealmente dependientes.
)

W= N WO~
H@be’_‘o

14.(
14.(
14.(
14.(g) Son linealmente dependientes.
16. El conjunto dado es linealmente

dependiente y su generado es el plano

r—y+2=0
20.(a) Falso.
20.(c) Verdadero.

e) Son linealmente independientes.

20.(d) Verdadero.
20.(e) Verdadero.

Soluciones de Seccion 5.4

b) Tiene dimensién 3.

e) Su dimensién es 0.

(
(
(f
(

g) Tiene dimensién 2.

2.
2.(e)
2.(f) Tiene dimensién 2.
2.

3.(a) El conjunto dado es linealmente
dependiente.

3.(b) El conjunto dado si es base de W.
3.(c) El conjunto dado es base de R*.
3.(d) El conjunto dado solo tiene dos vectores.

3.(e) El conjunto dado es linealmente
dependiente.
4. Una base del subespacio dado es

2 0 0
0 4 0
0O f”10])7 11
—1 3 0

6. Hint. Si tiene una base de F, completela
a una base de R? con el vector normal del
plano.

10. « e R — {-1,2}.

11.(c) Si existen. Hint. Modifique un poco la
base canénica de P,.

Soluciones de Seccién 5.5

7

0

1
U+V={FeR:(Z,(-2,-1,1,1)) =0}y
dim(U +V) = 3.

3. La suma de V' y W no es directa.

1. UNV = span

4. Hint. Recuerde cudnto valen

dim Mym (3 % 3) y dim Myeym (3 X% 3).
5. (a) No.

5. (b) Si.
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Soluciones de Seccién 5.7

1.(a) Si es subespacio.
1.(d) Sf es subespacio.
f) No es subespacio.
h) Si es subespacio.
j) No es subespacio.
4. No.

(
1.(
1.(
1.(
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Solutions of selected exercises from Chapter 6

Soluciones de Seccién 6.1

2. No es transformacion lineal.

4. Si es transformacién lineal.

6. Si es transformacion lineal.

8. Si es transformacién lineal.

10. Si es transformacién lineal.

12. Si es transformacién lineal.

14. No es transformacion lineal.

15. 4. Im T, ker T son ambos el eje x.
15. 6. ImT esel planox +y—2=0y

6 —6

ker T = span 3 , _g

1 1

15. 8. ImT = span{z3,1} y
6
ker T' = span 2
-1

15.)10. ImT = M (2 x 2) y ker T = {Oax2}.
15.)12. ImT =R y ker T son las matrices de
a1 ai2 a13
la forma | as;  a9o as3
as1 aszz —(a11 + az)

17. Im T = span{w} y

kerT = {Z € R" : & L w}.

20. No existe.

Soluciones de Seccién 6.2

2.(a) ImT esel plano x —2z2 =0y

1
kerT' = span 0
-2
1
2.(b) ImT = R? y ker T' = span _1
2
1 -1
5 4
2.(c) ImT = span 21,1-3 y
1 0
0 2

1

ker T' = span 1

-1
2.(d) ImT = span{w} y ker T es el plano
r+3y—z=0.
5. Observe que Im A = R™.
7. Hint. Recuerde que
dimIm A + dimker A = n.

Soluciones de Seccion 6.3

b—a
2. [p(X)ls = b
c—2b+a

ef—e ”

3.(a) Recuerde que sinhz = &=,

e“+e "
—5

1 0 0
3.(b) A= {0 1/2 —1/2
0 1/2 1/2

coshz =

c+b+a
4. [a+bX +cX?p=| 2c+b
c

cos?  sind

—sinY  cos 19) ¥

4 _ (cos ¥ —sin 19)
can=Bs = \ging  cosd |

o), ()
(3, -(8)

9. Hint. Use la relacion

6. ABchan = (

ABﬁl — By, - AB,,gl —>canAcan—>Bl92 .

Soluciones de Seccién 6.4

0 1
L (0 ))

1 -1

[t
e}
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|
w
BN OO o oo

1.122.(1 0 0 0 1 0 0 0 1).

O N O OO
w o o oo

0 4/5 2/5
3.(d) <3 7/5 16/5)'

4.(a) Hint. Suponga una combinacién lineal
de vectores de B igualada a 0, evaltie en
r=0,z=m.

0 1 1 0
-1 0 0 1
0 0 -1 0

8.(a) W= (4,-3,0,7)".
8.(b) @ = (19, —18,3,—5)".

Soluciones de Seccién 6.6

20.(b) Se cumple para los polinomios con
coeficiente independiente cero.

20.(c) Se cumple para los polinomios en Ps.
21. Hay varias opciones, la mas natural es
considerar T¥ = (¥, W).

22.(a) Observe que si n = 2 entonces
dimker ¢ =1y si n = 3 entonces

dimker ¢ = 2.

22.(b) Elija ¢ tal que su kernel (que es una
recta) no pase por ninguno de los vectores
dados.
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Solutions of selected exercises from Chapter 7

Soluciones de Seccién 7.1

1.(a) No es base ortonormal de V'
1.(c) Si es base ortonormal de V.

1.(d) St es base ortonormal de V.
2.a=—-2 b = —§
4.(d) Hmt EbCOJa una base ortonormal del
plano 3z + 2y + 5z = 0.
5. Falso.

Soluciones de Seccion 7.2

cos? —sind 0
1. La matriz | sin? cos¢ 0| rota en un
0 0 1
angulo ¥ el plano xy.
2. Hint. Recuerde que Ag_.cqn €s ortogonal.
4.(a) Falso.
4.(a) Verdadero.

Soluciones de Seccién 7.3

s { (%))

7
1.(c) Larectat | 5
1
1.(d) Una base del complemento ortogonal es
-5 -7
3 5)
1]’ 0
0 1

3.(a) (‘;’) - ( ) 4 G
{k<

) Una base
1
1

}

ortonormal de W+ e

10 0
3.(c) | -1]| = + [ 0]. Una base
6 0
1
L 1
ortonormal de W 8 I3

Soluciones de Seccién 7.4

@@\w

1.
2.
3.

G
~

(:E') =T —2projy. &.

idy Okx(n-k) )
(n—k)xk  Om—k)x(n-k)

1o (Pels = (g

4.(c) Recuerde como se expresa [Py |cqn en
términos de [Pw]g.

4.(c) No hace falta hacer cuentas, aplique el
inciso anterior.

Soluciones de Seccién 7.5

1 1
1. Partiendo de la base 0, (1 se
-1 0
1 1
; ) L 1
obtiene: 5 0], NG ?
1 2
0 -1
2. Sea W el generado de e 0
0 1

Encuentre una base para W= y aplique
Gram-Schmidt en la base dada de W y en la
base obtenida de W+,

0
3. projy v = % ; y la distancia de v a W
1
L
es 75
4. Observe que dimIm A = 3 y una base de
1 1 2
3 1 1
Im A es ol ol |1
7 -1 1
Aplicando Gram-Schmidt se obtiene
1 11/3 2
1 |3 1 4 I it
VT 2|0 VE | 1/3 |0 Vs | 3
7 7/3 1
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Soluciones de Seccion 7.8

2. dimU = dim U+ = 2. Una base para U+

1 2
-2 -3
es 11 o
1
13 -2 -3
3.((a)iii & [ -2 10 —6
-3 —6 5
3 11 -1
.11 1 1 1
3.((b))iii 3 1 11 1
-1 1 1 3
5. Una base ortonormal para UL es
4 0 2
1 0 1 1 0
V7 o] o) ve7 | -17
-1 0 8
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Solutions of selected exercises from Chapter 8

Soluciones de Seccién 8.1

1. Al reducir la matriz se obtiene la
identidad.
2. Una base ortonormal para Im A es

1—14
\/% 31 y una base ortonormal para
441
—1 —2—2
1 1 ;
ker A es ﬁ (]j s \/7 -2 i" 21

4. a=1,b=0,c=0,e=2, f=-2.
6.(a) Si.
6.(b) No.
7.(c) La afirmacién del inciso (b) en C™ no es
alida.

<

Soluciones de Seccion 8.2

3.(a) Falsa.

3.(b) Falsa.

3.(c) Falsa.

5.(c) Use que B = CAC™! y la propiedad del
inciso (b).

5.(d) Observe que las entradas de la diagonal
de A'A son las normas al cuadrado de los
vectores columna de A.

Soluciones de Seccion 8.3

2. Su polinomio caracteristico es \*.
3. El polinomio caracteristico de D es
A=DA=2)(A=3)(\A—4).
4. Si empieza diagonalizando A se obtiene
A—l(l —1) (2 O)<2 1>

T3\l 2 0 5)\-1 1)°
5. Los valores propios de T"son 1 y —1.
6. Resuelva la ecuacién diferencial y = Ay’
sujeta a la condicién inicial y(0) = 0.
8. Si \ es valor propio de A, existe & # 0 tal
que AZ = AZ. Multiplique por A1,
10. Observe que & # 0 es un vector propio de
T si ¥ x & = AZ. ;Para cudles A la igualdad
anterior es cierta?
11. Vea el ejercicio 4.(a) de la seccién 7.4

13.(b) El polinomio caracteristico de A es A™.
14. Los valores propios de A son 0y 1.

16. Si A no es diagonalizable la afirmacién es
falsa.

Soluciones de Seccion 8.4

3.(a) No.

3.(a) Si.

4. Las tres afirmaciones son falsas.

5. A%0 = id3,3

6. k£5t6t=0>5k=25.

7. Exprese A = QDQ~! donde D es la matriz
de valores propios de A, por ende
(A—dyidy)(A—dsidy) ... (A —diid,) =
Q(D —dyid,) (D —dqid,) ... (D —dyid,)Q 1.
9.(c) Si no suponemos que C # Dax» la
conclusion de 9.(b) es falsa.

Soluciones de Seccién 8.5

2.(a) Los valores propios de A son 1y 2.

0
2.(b) Ey = span 3 y E5 es el plano
—4
3y —4z=0.
3. A=
1 (141 1 8 0 1—1 1
3\V1 —-1+¢/\0 -1 1 —(1+49))

5. Escoja una base ortonormal de Lt y
complétela a una base de R? con un vector
unitario de L. La representacion matricial de

-1 0 0
T en esta baseserda | 0 —1 0
0 0 1

6. Use el teorema 8.55*
7.(a) Use el teorema 8.55

7.(b) Use el teorema 8.55 y el ejercicio 8. de
la seccién 8.1.
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Soluciones de Seccion 8.6
1.(a) (z')? 4+ 11(y')? = 4 con ejes de rotacién
Vio \3)’ V1o 1

—9 T
1
1
1
3(y")* = 6 con ejes de rotacién
1 2
= 110
\/5<> <1>yas totas
_ —(1+2f 2v/3-1
Y= V= st
Yy
/
AT
a
’
’
7
7
/
/7
/7
!
Yy Y\\\ /I
~ ’
‘\\ ’
\\ /
SO 7
~ /7
~_ |
4 x

L(g) 4(a)* +6(y)* = —4.
3. 322 — 4By + T2 =9

Soluciones de Seccion 8.8

6.(b) Los autovalores de A son 4,7, 10.

{0 0 A_~-1(1 0
7.D—<0 5)ye =C (0 65)0.

8.(a) Los valores propios de ® son 1y —1y
los espacios propios son Mgym(n X n),
Masym(n x n).
8.(b) El tnico valor propio de T" es 3 con
espacio propio asociado span{1}.
8.(c) Los valores propios son 1, —1 y los
espacios propios son el plano x + 2y + 3z =0
1
vy larectat | 2
3
9.c Los autovalores de T son los valores de la

L27

su espamo propio es span{sin £ L2 t}.
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|A] (determinant of A), 140
-, 32, 46, 316
@, 209

(-,-), 35, 46, 316
<(0, W), 37

ll, 37

1, 37, 287, 317
~, 323

X, 49

A, 49

C, 373

cn, 315

M(m x n), 80
R2, 27, 30

R3, 48

R™, 45

Eig, (1), 328

Im, 373

L(U,V), 226, 273
Masym(n x n), 121
Mgym(n x n), 121
P,, 181

Re, 373

Sn, 139

UL, 287

dist (7, U), 295
adj A, 158

arg, 377

gen, 184

D4, 330

projy v, 293
projgz v, 43, 47, 317
span, 184

0, 48

7, 42

vy, 42

additive identity, 31, 167, 375

additive inverse, 169

adjoint matrix, 320

adjugate matrix, 158

affine subspace, 176

algebraic multiplicity, 333

angle between ¢ and w, 37

angle between two planes, 60
antisymmetric matrix, 121
approximation by least squares, 301
argument of a complex number, 377
augmented coefficient matrix, 13, 80

bases
change of, 246
basis, 197
orthogonal, 279
bijective, 227

canonical basis in R™, 198
Cauchy-Schwarz inequality, 39, 318
change of bases, 246
change-of-coordinates matrix, 249
characteristic polynomial, 330
coefficient matrix, 13, 80
augmented, 13, 80
cofactor, 141
column space, 237
commutative diagram, 259
complement
orthogonal, 287
complex conjugate, 373
complex number, 373
complex plane, 373
component of a matrix, 13
composition of functions, 100
cross product, 49

determinant, 19, 140
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expansion along the kth row/column, 142
Laplace expansion, 142
Leibniz formula, 140
rule of Sarrus, 144
diagonal, 120
diagonalisable, 324
diagram, 259, 330
commutative, 259
dimension, 200
direct sum, 204, 209
directional vector, 56
distance of ¥ to a subspace, 295
dot product, 35, 46, 316

eigenspace, 328

eigenvalue, 325, 327

eigenvector, 325, 327

elementary matrix, 123

elementary row operations, 81

empty set, 184, 186, 188, 197, 200

entry, 13

equivalence relation, 323

Euler formulas, 376

expansion along the kth row/column, 142

field, 374
finitely generated, 186
free variables, 87

GauB3-Jordan elimination, 85
Gauflian elimination, 85
generator, 184

geometric multiplicity, 328
Gram-Schmidt process, 298

Hoélder inequality, 318
hermitian matrix, 320, 346
homogeneous linear system, 12
hyperplane, 55, 206

idempotent matrix, 153

image of a linear map, 227
imaginary part of z, 373
imaginary unit, 373
inhomogeneous linear system, 12
injective, 227

inner product, 35, 46, 316

inverse matrix, 115
2x, 117

invertible, 109

isometry, 285

kernel, 227

Laplace expansion, 142

least squares approximation, 301

left inverse, 110

Leibniz formula, 140

length of a vector, see norm of a vector

line, 55, 206
directional vector, 56
normal form, 58
parametric equations, 57
symmetric equation, 57
vector equation, 56

linear combination, 183

linear map, 225

linear maps
matrix representation, 257

linear operator, see linear map

linear span, 184

linear system, 12, 79
consistent, 12
homogeneous, 12
inhomogeneous, 12
solution, 12

linear transformation, see linear map
matrix representation, 258

linearly dependent, 188

linearly independent, 188

lower triangular, 120

magnitude of a vector, see norm of a vector
matrix, 80
adjoint, 320
adjugate, 158
antisymmetric, 121
change-of-coordinates, 249
coefficient, 80
cofactor, 141
column/row space, 237
diagonal, 120
diagonalisable, 324
elementary, 123

Last Change: Di 24. Jun 02:26:43 CEST 2025
Linear Algebra, M. Winklmeier



Chapter B. Solutions

hermitian, 320, 346
idempotent, 153
inverse, 115
invertible, 109
left inverse, 110
lower triangular, 120
minor, 141
orthogonal, 153, 283
product, 102
reduced row echelon form, 83
right inverse, 110
row echelon form, 83
row equivalent, 85
singular, 109
snymmetrix, 346
square, 80
symmetric, 121
transition, 249
unitary, 320
upper triangular, 120
matrix representation of a linear
transformation, 258
minor, 141
modulus, 373
Multiplicative identity, 375
multiplicity
algebraic, 333
geometric, 328

norm, 373
norm of a vector, 32, 46, 316
normal form

line, 58

plane, 60
normal vector of a plane, 60
null space, 227

ONB, 279

one-to-one, 227

orthogonal basis, 279

orthogonal complement, 287, 287
orthogonal diagonalisation, 346

orthogonal matrix, 153, 283

orthogonal projection, 293, 294

orthogonal projection in R?, 42

orthogonal projection in R", 47, 293, 317
orthogonal projection to a plane in R3, 266

orthogonal system, 278
orthogonal vectors, 37, 317
orthogonalisation, 298
orthonormal system, 278
overfitting, 307

parallel vectors, 37
parallelepiped, 52
parallelogram, 52
parametric equations, 57
permutation, 139
perpendicular vectors, 37, 317
pivot, 83
plane, 55, 206
angle between two planes, 60
normal form, 60

polar represenation of a complex number, 378

principal axes, 355
product
inner, 35, 46, 316
product of vector in R? with scalar, 30
projection
orthogonal, 293
proper subspace, 173
Pythagoras Theorem, 294, 317

radius of convergence, 376
range, 227

real part of z, 373
reduced row echelon form, 83
reflection in R2, 264
reflection in R3, 266

right hand side, 12, 79
right inverse, 110

row echelon form, 83

row equivalent, 85

row operations, 81

row space, 237

Sarrus

rule of, 144
scalar, 28
scalar product, 35, 46, 316
sesquilinear, 317
sign of a permutation, 139
similar matrices, 323
snymmetrix matrix, 346
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solution

vector form, 88
span, 184
square matrix, 80
standard basis in R", 198
standard basis in P,, 198
subspace, 173

affine, 176
sum of functions, 100
surjective, 227
symmetric equation, 57
symmetric matrix, 121
system

orthogonal, 278

orthonormal, 278

trace, 327, 332

transition matrix, 249
triangle inequality, 33, 39, 318
trivial solution, 91, 187

unit vector, 33
unitary matrix, 320
upper triangular, 120

vector, 31
in R?, 27
norm, 32, 46, 316
unit, 33

vector equation, 56

vector form of solutions, 88

vector product, 49

vector space, 31, 167
direct sum, 209
generated, 184
intersection, 208
polynomials, 181
spanned, 184
subspace, 173
sum, 209

vector sum in R?, 30

vectors
orthogonal, 37, 317
parallel, 37
perpendicular, 37, 317
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